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Rough set was defined by Pawlak in 1982. Concept of soft set was proposed as a mathematical tool to cope with uncertainty and
vagueness by Molodtsov in 1999. Soft sets were combined with rough sets by Feng et al. in 2011. Feng et al. investigated relationships
between a subset of initial universe of soft set and a soft set. Feng et al. defined the upper and lower approximations of a subset of
initial universe over a soft set. In this study, we firstly define concept of soft class and soft class operations such as union, intersection,
and complement. Then we give some properties of soft class operations. Based on definition and operations of soft classes, we define
lower and upper approximations of a soft set. Subsequently, we introduce concept of soft rough class and investigate some properties
of soft rough classes. Moreover, we give a novel decision making method based on soft class and present an example related to novel

method.

1. Introduction

The concept of soft set was introduced by Molodtsov [1]
in 1999 as a general mathematical tool for dealing with
problems involving uncertain data. Maji et al. [2] defined
some concepts and operations on soft sets such as soft
subset, soft equality, soft union, soft intersection, and soft
complement. Cagman and Enginoglu [3] redefined soft set
operations suggested by Maji et al. [2] and developed a
decision making method called uni-int decision making
method. Cagman [4] made some contributions to the theory
of soft sets to fill gaps of former definition and operations.
Rough set theory was proposed by Pawlak [5] as an
alternative approach to fuzzy sets theory and tolerance theory
and has been applied successfully to a lot of fields such
as machine learning, pattern recognition, and data mining.
Dubois and Prade [6] defined lower and upper approxima-
tions of a fuzzy set to extend concept of rough set and they
proposed the rough fuzzy sets. Soft sets were combined with
fuzzy sets and rough sets by Feng et al. [7]. In 2011, Feng et
al. [8] introduced soft rough approximation space and soft
rough set based on the novel granulation structures called
soft approximation spaces and presented basic properties of
soft rough approximations supported by some illustrative

example. They also defined some new types of soft sets such as
full soft sets, intersection complement softs set, and partition
soft sets. Meng et al. [9] proposed a new soft rough set
model and derived its properties. They also established a
more general model called soft rough fuzzy set. Irfan Ali [10]
discussed concept of approximation space associated with
each parameter in a soft set and defined an approximation
space associated with the soft sets and established connection
between soft set, fuzzy soft set, and rough sets. Feng [11] gave
an application of soft rough approximations in multicriteria
group decision making problems. Zhang [12] defined a new
rough set model and investigated its some fundamental
properties. He also presented a decision making method for
intuitionistic fuzzy soft sets based on this new rough set
approach. Zhang [13] studied parameter reduction of fuzzy
soft sets based on soft fuzzy rough set and defined some
new concepts such as lower soft fuzzy rough approximation
operator and upper soft fuzzy rough approximation operator.
To find approximation of a set, Shabir et al. [14] proposed
modified soft rough sets. Sun and Ma [15] proposed a new
concept of soft fuzzy rough set by combining the fuzzy soft
set with the traditional fuzzy rough set. They also defined
concept of the pseudofuzzy binary relation and based on
this concept they defined the soft fuzzy rough lower and



upper approximation operators of any fuzzy subset in the
parameter set. In this paper, we define concept of soft
class and soft class operations based on decision makers set
and investigate some fundamental properties of soft class
operations. Then, we define soft rough class approximations
and soft rough class and investigate some properties of them.
Furthermore, we present a method to evaluate the decision
makers and give an example to illustrate the process of this
method. Proposed method can be used in many areas such
as industrial engineering, economy, and social sciences. In
particular, in industrial engineering, it can be used effectively
for Quality Lifecycle Management and Choosing Product.

2. Preliminary

Let U be an initial universe, let E be the universe of all possible
parameters related to the objects in U, and let #(U) be power
set of U.

Definition 1 (see [1]). Consider a nonempty set A such that
A C E. A pair (f, A) is called a soft set over U, where f isa
mapping given by f: A — PU).

In this paper, we will use the following definition given by
Cagman [4] for basic set operations on soft sets.

Definition 2 (see [4]). A soft set f over U is a set valued
function from E to ?(U). It can be written as a set of ordered
pairs:

f={(e f(e):eckE}. 1

Note that if f(e) = 0, then the element (e, f(e)) will not
appear in soft set f. Set of all soft sets over U will be denoted
by S(U).

Example 3. Let U = {u,, u,, Uy, Uy, Us, Ug, Uy, Ug} be the uni-
verse containing eight houses and let E = {e}, e,, €5, €, €5, €}
be the set of parameters. Here, ¢; (i = 1,2,3,4,5,6) stand
for the parameters “modern,” “with parking,” “expensive,”
“cheap,” “large,” and “near to city,” respectively. Then, the
following soft sets are described by Mr. A and Mr. B who want
to buy a house, respectively:

f=Aler w13, 1}) s (e, fur g 7 ug})
(€3, {14y, 14y, 143, ug})} )
9 = {(ex {uy, 15, u6}) . (€3, U) , (&5, {uu, ugs us, u})} -
Definition 4 (see [4]). Let f, g € S(U). Then,

(1) if f(e) = 0, foralle € E, f is said to be a null soft set,
denoted by @;

(2) if f(e) = U, forall e € E, f is said to be absolute soft
set, denoted by U;

(3) f is soft subset of g, denoted by f < g, if f(e) < g(e)
foralle € E;

(4) f=g,if fSgandgC f;
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(5) soft union of f and g, denoted by f U g, is a soft set
over U and is defined by f U g : E — P(U) such that
(fUg)e) = f(e)ugle) foralle € E;

(6) soft intersection of f and g, denoted by f N g, is a
soft set over U and is defined by f N g : E —» P(U)
such that (f N g)(e) = f(e) N g(e) for all e € E;

(7) soft complement of f is denoted by f© and is defined
by f°: E — P(U) such that f°(e) = U \ f(e) for all
e € L.

Example 5. Let us consider soft sets f and g given in
Example 3. Then,

fUg= {(el’ {”1’”3’”4}) ,(62,{%,”3,144, “6>”7>”8})’
(63>U) > (‘35’ {”2’”4>“5>”6})}’

fhg={lex{w}), (es {ur, 1, s, ug})} (3)

fc = {(51’ {”2’ Us, Ug> Uz, “s}) > (62> {”2, Us, Us, “6}) >
(33, {”4>“5’”6’”7}) > (e4,U) > (es’U) > (ee’U)}-

Definition 6 (see [8]). Let S = (f, A) be a soft set over U.
Then, the pair P = (U, S) is called soft approximation space.
Based on the soft approximation space P, we define the two
operations,

apr (X)={ueU:3acA, [uc f(a)cX]},

apt, (X) (4)
={ueU:3acA [ucf(a), fa@nX +0]},

assigning to every subset X < U two sets aprP(X) and

aprp(X), which are called the soft P-lower approximation and
the soft P-upper approximation of X, respectively. In general,
we refer to EP(X ) and apr,(X) as soft rough approximations

of X with respect to P. Moreover, the sets
POS, (X) = apr  (X),
NEG, (X) = —aprp (X), (5)
BND;, (X) = &t (X) - apr  (X)

are called the soft P-positive region, the soft P-negative
region, and the soft P-boundary region of X, respectively. If
aprP(X) = aprp(X), X is said to be soft P-definable; otherwise
X is called a soft P-rough set.

Example 7 (see [8]). Let U = {uy, u,, us, uy, us, tg}, let E =
{e1,ey.e5.€4.65,66), and let A = {e;,e,,es5,e,} < E. Let
S = (f,A) be a soft set over U given by Table1 and the
approximation space P = (U, S).

For X = {u;,u,,us} € U, we have aprP(X) = {u,} and
aprp(X) = {uy, u,, us, u,}. Thus EP(X) # aprp(X) = {us}
and X is a soft P-rough set. Note that X = {u;,u,,us} €
aprp(X) = {u;,u,,u;,us} in this case. Moreover, it is easy
to see that POSp(X) = {u3}, NEGp(X,) = {u;,u,}, and
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TABLE 1: The tabular representation of the soft set S. TaBLE 2: The tabular representation of the soft class f,.
Uy U, Us Uy Us Ug fo 1. d, /. d, fa
e 1 0 0 0 0 1 e {uy, us, uy} {uy, uy} {uy, ug, us}
e, 0 0 1 0 0 0 e, {uy, uy, us, ug} {us, ug} {uy, uy, us}
e, 0 0 0 0 0 0 e, {uy, uy, us, ug} U {}
e, 1 1 0 0 1 0 e, {1 {uy, us, uy, ug} {us, ug}

BNDP(X) = {uy, u,, u3}. On the other hand, one can consider
X, = {us,u,} € U. Since apr, (X)) = {us} = aprp(X,), by
definition, X is a soft P- deﬁnable set.

3. Soft Classes

In this section, we define concept of soft class and soft class
operations. Also we obtain some basic properties of soft class
operations.

Definition 8. Let E be a parameter set, let U be an initial
universe, and let D = {d; : i = 1,2,...,n} be a set of decision
makers. Indexed class of soft sets {f; : f; : E = P(U), d; €
D} is called a soft class and is denoted by fp,.

If, forany d; € D, f; = @, the soft set f; does notappear
in soft class fp,.

Throughout this study E, U, and D denote parameter set,
initial universe, and decision makers set, respectively.

From now on, all soft classes over parameter set E, initial
universe U, and decision makers set D will be denoted by

SEEW).

Example 9. Let E = {e,, e,, e5,e,} be a parameter set, let U =
{uy, vy, us, Uy, Us, Ug, Uy, Ug} be an initial universe, and let D =
{d,,d,, d;} be a set of decision makers. If we consider soft sets

fa> fa,> fa, given as
Sa, = {lew {uruz ub) (e, fur, gy s, ugh)
(€5, furs 1, s, g}) (€4, D)}
a, = e {u 1)) (e, {5, u6}) s (3, U)
(eg> {furs s, 17 ug})}
Ja, = (e {up us, us}) (e, {un upur}) (65, 41)
(€4 fus, us})}

then f, = {4, fa,» fa,} is a soft class. We can represent a soft
class in tabular form as shown in Table 2.

(6)

Definition 10. Let fr, € SEL(U). If, for all d; € D, fa, =
then f}, is called an empty soft class and is denoted by (D

Definition 11. Let f, € SEL(U). If, forall d; € D, f; =T,
then f, is called a universal soft class and is denoted by %.

Definition 12. Let fp,gp € SEEU). Then, fp, is a soft
subclass of gp, denoted by fp, C gp, if, for all d; € D,

Ja, € 9a,-

Example 13. Let E = {e,, e,, 5, e,} be a parameter set, let U =
{u,, uy, us, uy, Us, Ug, Uy, Ug} be an initial universe, and let D =
{d,, d,,d;} be a decision makers set. If

fal1 = {(eys {uay, 3, 1) s (e, {1y, 14y, s, g }) s
(e5 {ur, up, uz, 1)), (e0s 1)}

}
)
en {u ). ey, fus ug}) » (€3, U),
)
}

—~
o

41U “3)“7:“8} }

) (ez’{”17”4’”7}))(e3’{})>

7)

ga, = {(ev fui,u5}) (e {un up ug}) (e, {2, us})
(esr 1

ga, = {(ev fur}) (o2, {3, u}) s (€3, furs 3,115, ug})
(eg> furs 5, u7)}

9a, = {(en fup,us}) s (e {uua}) . (5, 11)
(es> fus, us})}

then soft classes can be written as f, = {f;, fa, fa,} and
9p =19a,> 9a,> 9a,}-
Note that, for all d; € D, since g, € fy, dp C fp-

Proposition 14. If fp, gp, and hy, € SE5(U), then
(1) fD c %;
(2) 0 C fD;
) fpE fps
(4) fp E gpand g E hp = fp C hp.
Proof. If fp, gp, and hy, € &%g(U), then, for all d; € D,
M) f, €U = frE%
() fa, € fa,= fp E fos
(4) fd,- c gdx’ and gdi c hdz‘ = fd,- c hd,-; then, fD E g9p
and gp, C hp = fp C hp,. 0

Definition 15. Let fp, gp € SEE(U). Then, f, and gy, are
equal soft classes if and only if fD gp and fp 3 gp. This
relation is denoted by f, = gp.



Definition 16. Let f and g € S(U) and let f € g. Then,
according to the soft set g, degree of subsethood of soft set
f> denoted by f_, is defined as follows:

z |f (€)|

0.
ecE |g( )l I (e) . (8)

|E

Here, E is set of parameters such that g(e) # 0.

Definition 17. Let fp, gp € SEHU), let fp # @, and let D;
and D, be two subsets of D such that D, UD, = D and D, N

D, = 0 IfVd; € D, f; € gq,and Vd, € D, f; € gd,then
fpis called almost-subclass of soft class gp and is denoted by

fpEa 9p-

From now on, decision makers set D; will denote set of
d; € Dsuch that f; € g,.

Definition 18. Let fp, gp € SEH(U) and let fC, gp. Then,
according to the soft class gp, degree of subclasshood of soft
class fp, denoted by a( fp, gp), is defined as follows:

a(fp 9p) = |D| dz f 9)

€D,

Here, for all d; € D), f; < g, and f)(d) =
(L/IEy]) Yeer(1 £a,(e)l/1ga,()]), such that g, (e) # 0.

Example 19. Let us consider soft class f}, given in Example 13
and soft class gy, given as follows:

9a, = {(er {ur u3up17})
(eys {1y thy, gy sy thgy 4} (€3, {1ty s 13y gy )
(es fua D}
ga, = {(er, {ur, 1y, us, ug}) , (e, {us, ug, ur}) , (e3,U) - (10)
(eqr {102ty s, s 1y, 1))}
9a, = {(er> {uno 1)), (e {1 us17}) (3, 1) »
(es {ush)}

Here, since f; € ga» fa, € ga,»and fy, € ga, IDy| = 2.
Then,
. 1 fa, (&)
fg (dl) =141 Z . '
[E| g, (o)
= L 075+ 0.66 +0.80 + 0) = 0.5,
4
' ' (11)
o 1 fdz (e)
fg (d2) =141

|E,| i[9, (@)

1
= 1 (0.50 + 0.66 + 1 + 0.66) = 0.71.
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Thus,

a(fp9p) = % (0.55+0.71) = 0.84 (12)

and fpC, gp-
Corollary 20. Let fp, gp € S%ED(U). Then

1) ifVd; € D, f; = g4, then a(fp, gp) = 1;
2) if fp C gp» fp may be almost-subclass of soft class gp;

3) if fpC,9gp» fp may not be a subclass of soft class gp,.

Definition 21. Let fp,gp € SEL(U). Then, union of soft
classes f, and gp,, denoted by fD U gp» is defined by class
of soft sets as follows:

foUgp = {fd,. Ugg :d; € D}- (13)

Example 22. Let E = {e, e,, 5, e,} be a parameter set, let U =
{uy, u,, us, uy, us, Ug, U, ug} be an initial universe, and let D =
{d,,d,,d;} be a decision makers set. If

fa, = {(exs {1, us}) » (e, {13, 1 s g})
(e {1, 13, us, ugh) » (ess )}
fa, = {(er {ur us}) (e fus, s}) » (e, {11, ua})
(e4> {15, 1, ugh)}
a, = {(er: {us us, ug us}) (e {urs g ug}) (3, 1)
(eq> fuay, upr ush}
(14)
9a, = (e fur, 3,14}, (e, fusr }) » (e, {13, s, g}
(eq> {3 1)}
9a, = (e fup13}) (e, {113, 1y }),
(3 {14y, thyy 143, 146}, (e {14y, a3, 117, g )}
9a, = {(e1> {1 us, ug}) > (e, fuay ua}) (e, 1),

(eq: {us, uz, ug})},

then soft classes can be written as f, = {f;, fa, fa,} and
9p =19a,> 9a,> 9a,}-
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Here,

fdl U 9a, = {(eqs {uy vy uzs g, us}) s (en, {uas, tg gy Uz, ug}) s (€3, {ug, Uz, us, g, ug}) 5 (e, {uzo us})}
foUagp =4 fa, U da, = (e {un, up, us}), (e, {uts, uis, gy ug}) s (€3, {tay, 1y uz, s, 1)) s (45 {uy, g, s, gy ugf) £ (15)

fd3 U 9a, = {(ers {tay tgy us, gy uz}) s (e, {uy, gy gy ug}) s (€3, 1) 5 (e {uy, gy s, 17, g )}

Proposition 23. If f,, gp, and hy, € S%IE)(U), then

M) fpU fp= fps
(2) fpu®=fp
(3) fpu?% =%
) fpu ff, = %
() fpUgp=9pU fps
(6) (fpUgp)Uhp = fpu(gpUhp).
Proof. Let fp, gp, and hyy € SEH(U). Then, for all d; € D,

() fpU fp = fp»since fu U fu = fas

(2) fpU@ = fp,since f; 0D = fas

() fpU% =%,since f; U U=0;

(4) fpU f5 = U, since 14, G f;i =U;

(5) fpUdgp=gpU fpsince f; U gy = g4 U fus

(6) (fpU gp) Uhp = fpU(fpUhp),since (f; U gy) U
ha = f4,0(ga, U hy).

O
Definition 24. Let fp, gp € SE5(U). Then, intersection of

soft classes f, and gp,, denoted by f,Mgp, is defined by class
of soft sets as follows:

foNgp=1{fs 0 ga :d; €D} (16)

Example 25. Let us consider soft classes f, and gp, given in
Example 22. Then,
foNgp

fat1 n 9a, = {(ers {wi}) > (en {ua}) (€5 {us is})  (ens (1)} 17)
= fd2 A 9a, = {(er{us}) (ex.{us}) , (3, {u2}) » (e fu7, ug})}
fal3 n YGa, = {(ers {us, ug}) s (ex {tn}) s (3, 11) » (e {uss})}

Proposition 26. If f1,, gp, and hp, € S%E(U), then
M fonfp = fpi
(2) fpno=0;
@) fon% = fp;
@) fon fp = 0;
(5) fpNgp=9pN fps
(6) (fpMgp) Mhp = fp N (gp Mhp).

Proof. Let fp, gp, and hy, € SEE(U). Then, for all d; € D,
() fpN fp = fp>since fu N fu = fas
(2) fpN @ = Q,since f; N O = D;
() fpN% = fp,since f; N U= fas
(4) fpN ff, = @, since f, A f§ = ®;
(5) fpNgp =gpnN fp,since f; N gy =ga N fu;
(6) (fpNgp)Mhp = fp N (fpMhp), since (f4 N 94) N
hy, = fa, 0 (ga, O hg).
O

Proposition 27. If fp, gp, and hp, € SEE(U), then

(M) fpu(gpnhp) = (fpUgp)N(fpUhp);
(2) fpn(gpUhp) = (fpNgp)U(fpMhp).

Proof. The proof can be easily obtained from Definitions 21
and 24. O

Definition 28. Let fr, € SE5(U). Then, soft complement of

soft class fp,, denoted by f5, is defined by class of soft sets as
follows:

fb={f; :d; e D}. (18)
Here, fsi =U\ fa foralld; € D.
Proposition 29. If f, € SE5(U), then

D) (f5) = fs
) O =%.

Proof. The proof can be easily obtained from Definition 28.
O

Proposition 30. If fp, gp € SEL(U), then
M (fpUgp)* = fHN g
2) (fpNgp) = fpU gy
Proof. Let fp, gp € SEE(U). Then, for all d; € D,
M (fo U gp)° = fi, 1 gp» since (fy, 0 94)" = fi, 1 g3

(2) (fp N gp)° = fp 1 g since (fy, 7 g4)" = £5, 0 g,
O



Proposition 31. Ifij € S%ED(U) (j=1,2,...,n), then

1) (UL £, = M- £,V forall d; € D;
@ (Vi f;,)" = Uiy, ) forall d; € D.

Proof. Since f; are soft sets foralld; € D (j = 1,2,...,n),
the proof is clear. O

Proposition 32. Let f; € SEEU). Then,

W (LI £3,)° =TT ()5
@) (T f3,)" = L ()"

Proof. The proof is obvious from Propositions 30 and 31. [

Definition 33. Let f, € SEE(U) and let g € S(U). Then,
[p is called soft partition of soft set g if and only if all of the
following conditions hold:
1) D¢ fp.
(2) Ugep fa,(e) = gle), foralle € E.
() If fa, fa, € fpand i # j, then fy (e) N fy (e) = 0, for
alle € E.

Definition 34. Let f, € S%E(U) and let g € S(U). If, for all
e€E,

geyc s @, (19)

d;eD
then soft class f, is called soft cover of soft set g.

Example 35. Let us consider soft class f,, given in
Example 22. Then, soft class f}, is soft cover of soft set
g given as follows:

g = {(er {ur, ug}) » (eg {gs us, ugh) , (€5, {1y, us})
(eq {tgs us})}

Definition 36. Let fr, € SEH(U). If, forall e € E and d; € D,
Ua,ep fa,(e) = U, then soft class fp, is called full soft class and
is denoted by f D

20)

Proposition 37. Let fp, gp, € SE5(U) be two soft covers of
soft set h € S(U). Then, fr, N gp is a soft cover of soft set h.

Proof. Assume that f, and gp, be two soft covers of soft set
h; then, for all e € E, h(e) < Ud,-eD fa,(e) and h(e) <
Usep 94, (@)- Hence, h(e) < (Ug.ep f4€) 1 Uy ep 9 (©)) =

Ua,en(fa,(e) N gy (e)) for alle € E. So, soft class f, M gp is a
soft cover of soft set h. O

Proposition 38. Let fp, gp € SEH(U) be two soft covers of
soft set h € S(U). Then, fp U gp, is a soft cover of soft set h.

Proof. Assume that f, and g, be two soft covers of soft set
h; then, for all e € E, h(e) ¢ Ud,.eD fa,(e) and h(e) <
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Ud,en 94, (€)- Hence, h(e) € (Ugep fa,(€)) U (Ugen 94,(€)) =
Ua.ep(fa,(e) U g4 (e)) for all e € E. So soft class f, Ll gp is a
soft cover of soft set h. O

Corollary 39. Let f, € SEE(U). Then, forall g € S(U), f
is a soft cover of soft set g.

4. Soft Rough Classes

In this section, we define soft rough class and investigate its
some properties.

Definition 40. Let fr, € SE5(U). For e; € E, parameterized
class (e j—class) of soft class fp,, denoted by C fD(e j), is defined
as follows:

Cp (¢) = {fa () +d; € D} 1)
Example 41. Let E = {e,,e,,e5,e,} be a parameter set, let
U = {uy,u,,us, uy, Us, Ug, Uy, Ug} be an initial universe, and

let{d,,d,, d;} be a set of decision makers. Let us consider soft
sets fy, f4,, and f;, given as follows:

Sa, = {lew {uruz ub) (e, fur, gy s, ugh)
(€5, furs 1, s, g}) (€4, 1)}

fa, = (e, {u 1)) s (e, {5, u6}) s (3, U)
(eg> furs s, 7 ug})}

Ja, = (e {up us, us}) (e, fun upur})  (e5,41)
(€4 fus, ug})}s

then all of parameterized classes of f, are as follows:

(22)

Cy, (e1) = Hup us iy} {ugs o} {ug us, us b
CfD (32) =
Cr, (e3) =

) =

CfD (64

(23)

{{
oty s ttsr ttg} » {301t} » {10 115} }
Huty, g 3, 15} U, 3}
{

(1w us vz, ugh s {us, ught

Definition 42. Let fr, € SE5(U). Then, for g € S(U) and

e € E, e-lower approximation, denoted by g, (e), is defined
—JD

as follows:

g, (e)
Zfp 24)

={ueU:3f, () €Cy (e),uc fy(e)Sglo)}.

e-upper approximation, denoted by ny(e), is defined as
follows:

gy, (e) = {ueU:3f, () eCy (e),u

€ f4,(e), f4 ()N gle) # 0} .

(25)
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Moreover, the sets

POS; g (e) = ng (e),
NEGy g(e) =g, (e), (26)

BND¢ g (e) = 94, (e) - ng (e)

are called the e-positive region, the e-negative region, and

e-boundary region of g ¢ é’%”f)(U). Here —ng(e) is

complement of set ng(e). If gf (e) = ~‘_]fD (e), g is said to be
—JD

e-definable; otherwise g is called e-rough set.

Proposition 43. Let fr, € SEL(U). Then we have
9. @=J{fs@:fs,cqgE}
=fo d;eD

gr, @ = {fs@: fs,(e)ng(e) # 0}

d;eD

(27)

forall g € SU).

Definition 44. Let fp, € §%g(U) and let g € S(U). Then,
soft fp-lower approximation, denoted by apr . g, is defined
—JD

as follows:
ngg: {(e,ng (e)) :eEE}. (28)

Also, soft fj,-upper approximation, denoted by apr; g, is
defined as follows:

a_prng = {(e,ny (e)) te € E} (29)

Moreover, the sets

POS; g = apr, g = {(e,ng (e)) te€ E} ,

NEG g = -apr; g = {(e,-g,, () : e € E},

BND, g =apr, g -
fo9 = 8Py, 9 ~ 3T

= {(e, ng (e) - §fD (e)) te€ E}

are called the soft fp-positive region, the soft f,-negative

region, and soft f-boundary region of g € $(U), respec-

tively. If apr. g = apry, g, fp is said to be soft f,-definable;
—JD

(30)
g

otherwise g is called a soft f,-rough class.

Example 45. Let us consider soft class f, given in
Example 41. Let g = {(ey, {uy, us, uy, us}), (ey, {us, ug, us}),
(e3,U), (ey, {5, 7, ug})} € S(U). Then,

apr, g = {(es g s, 4}), (e s h). (02, 0),
(ex fus )}

a0 = {(e s, 135,10 ),

(e, {11y, s, 11y, gy s 117)) » (5, 1),

(ex g s, 115,47, 5}

{(ey, {uy, uzs ug}) s (5 {ugo ug}) 5 (€5, U), (31

(ex fus )}

{(ev g1 5)) (e, [ 5]) (e, 1),

POSng =

NEG/, g =
(en fup ugo ug})}

BND g = {(e}, {t, us}) » (e, {1y, o s, u7})  (e5, 1) »
(e {uy, us us})}

Lemma 46. Let fp, gp € SEEU) and leth,k € S(U). Then,
foralle € E and for all d; € D,

(1) ifh # U, h # ®,hy,(e) = 0 and hy/(e) = U
(2) ifh =T, hy () = hy(e) = U

(3) hyle) = hyle) = 0;

@) hy () =hy () UL, (o);

(5) hf g, (€) 2 hy (€) Uhy, (€);
(6) hy g (&) 211, (€)1, (€]

( ) th”ﬂD(e) = th(e) n Egn(e)'

Proof. Let fp, gp € S%ED(U) and let h, k € §(U). The proofs
of (1), (2), and (3) are clear from definitions of e-upper and
e-lower approximations:

(4) Letx € thugD(e). Then, x € fd,- (e)Uggyle) € h(e) for
some d; € D. Thus x € fdi(e) C h(e)orx € gdi(e) c
h(e). So x € th(e) U th(e) and thugD(e) c th(e) u
h_ (e). To prove the reverse inclusion, assume that x €
h (e)Uh (e) Then, x € h (e) orx € h (e) So, for
somed € D X € fd (e) € h(e) or x € gd (e) C h(e)
and x € fd (e) U 94, (e) C h(e). Thus, x € hf Ugp (e).
Then we have thugD(e) Ch D(e) U th(e)thugD(e)

hg (e) Uhy, (e).

(5) Let x € Ef (e)u E (e) Then we have that x € ﬁf (e)

orx e hg (e). By deﬁnmon, there exists some d; € D

such that x € fd (e) and fd (e) Nh(e) # Dor x €
ga, and g, (e) N h(e) # 0.50 x € fa(e) U g, (e) and

(fa,(e) U gy (e)) Nhe) # 0. Thus, x € thugD(e). We
concluded that h fouign(€) 2 h f(e)U EgD(e).



(6) Let x € h (e) n h (e) By definition, there exists
some d; € D such that x € fd (e) € h(e)and x €
94, (e) € h(e).So x € (fd (e)n 94, )(e) € h(e). Hence,
x € hf . (e). Thus, we conclude that hf M9p (e) 2
hy (@) Nh, ().
(7) Letx € Ef (e) nﬁ ,(€). Then we have that x € ﬁf (e)
and x € h (e) By deﬁnltlon there exists some d; €
D such that x € fa(e)and f; (e) N h(e) # @ and x €
94, and 94, (e) N h(e) ;ﬁ 0. So x e fd,. (e) N 94, (e) and
(f4,(e) N dy (€)) Nhe) # 0. Thus, x € hy o, (e). We
concluded that Ef ngp (e) 2 Ef (e)n ﬁ (e) To prove
the reverse inclusion, assume that x € h . (e); then
X € fd (e)n 9a, (e) such that (fd (e)n 9a, (e)) N h(e) +
0 and (fd, (e) n hd (e)) N (gdl (e) n h(e)) + 0. Hence,
(fa,(e) N hy (e)) # 0 and (ga,(e) N hy(e)) # 0. Since
X € fd,. (e) and (fdi(e) n hdi (e)) # 0, x € sz(e) and
in a similar way x € EgD(e). We get that EfDHgD(e) c
hg (e) Nhy (e). Then, hy o, (e) = hy () Nhy (e).
O
Theorem 47. Let f, gp € oS’%f;(U) and h € SU). Then,
M apr, () =apr, () Oapr (k)
(2) 3F 1, (W) 2 3F, () O 3T, ()
(3) apr fDHgD(h) 2 apr fD(h) n @gD(h);
(4) G, (W) = 30T, (0) 1 5, ()
(5) apr () = ®
(6) apry(h) = @

(7) ifvd, e D, h + U, apr, (h) = ® and apry, (h) =

(8) ifVd; € D, h =U, apr_(h) = U and apry, (h) = U
Proof. By using Lemma 46, the proof can be easily made. [
Theorem 48. Let fr, € SE5(U) and let h,k € S(U). Then,

(1) apr (@) = 3, (@) = @

@ apr (0) = apt;, (0) = U

B)Yhk= @f (h) Ef (k);

4 hik= @fD(h) c ﬁfl)(k);

(5)apr (hT1K) Sapr () Mapr (k)

(6) &t (1 1 k) € apt () 1 ape , (K);

(7)apr (1K) S apr, (k) Dapr, (k)

(8) apr,, (h O k) = apt . (h) U apr ;, (K).

Proof. (1) It is straightforward.
(2) It is straightforward.
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(3) Let x € th(e). Then, for some d; € D, x € fd,. (e)

h(e). Since (h) € k, h(e) < k(e), and x € fdi(e) C k(e).
Therefore x € k fD(e) and h fD(e) ck fD(e); From definition
of soft f,-lower approximation apr (h) c apr (k)

(4) Let h € k. Then, for all d; € D h(e) N fd (e) c k(e)n
fd (e) and h(e) N fd (e) £ 0, k(e) nfd (e) # 0 for somed; € D.
Therefore h se) Sk fD(e~). From definition of soft f,-upper
approximation apr . (h) < apr (k).

(5) Sinceh Nk € hand h A k C k, from (3), apr (h A
k) c apr, (k) and apr (h N k) c
Therefore, aprf (h N k) C aprf (h) N @f (k).

(6) This is similar to proof (5).

(7) Since k € h U k, from (3), apr, (k) € apr, (h T k).

Similarly, apr = (h) € apr _ (h U k). Therefore, apr . (h U k) 2
—fb —fb —fb

apr _ (k), respectively.
—fp

spr, () O 3pr, )

(8) Let (e, f(e)) € ﬁfn(h U k). By definition of soft fp-
upper approximation, there exist some e € E such that u €
f(e) and f(e) N (h U k)(e) # 0. Hence, we get that either
f(e) nh(e) # @ or f(e) Nk(e) # 0. Then, (e, f(e)) € ﬁfl)(h)
or (e, f(e)) € ﬁf[)(h). This shows that

apry (hUk)C apr, (h) Uapr, (k). (32)

To prove the reverse inclusion, note that k € h U k and
h € h U k; then from (3) ﬁfD(k) c @fD(h U k) and
apt; (h) c apr . (h U k), respectively. Thus,
a_prfD (h) O a_prfD (k) ﬁfp (hUk). (33)
From (32) and (33),
apr, (hUk)=apr, (h) Uapr, (k). (34)
O

Definition 49. Let f, € S%B(U) and let h,k € SU). We
define

B k= apr () =apr_ (K),
bk, =, 0, G)
h:ka — h\-/ka = l’l"\ka.

These binary relations are called the lower soft class rough
equal relation and the upper soft class rough equal relation,
respectively.

Theorem 50. Let f, € SEE pU) and let h, k, W, and k' €
S(U). Then,

Wh~pkeoh~ (hTk)~; k
@ h~; Wk~ K= hHTk ~, (W TK);
B h~; k=>hTU\k ~
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Whikk~; ®@=h~; O
G)hSkh~; U=k~ U.

Proof. (1) Assume that hAfD k; then @fD(h) = @fD(k).
From Theorem 48, we know that ﬁfD(h Uk = a_prfD(h) ]
@fD(k). Thus, ﬁfD(h Uk = ﬁfl)(h) = @fD(k) and so
h—~ (h 0 k)~ I k .C.onversely, suppose that h —~ . (h ]
k) —~ ;. k. From transitivity of ~ . h —~; k.

(2) Suppose that h —~ h' and k~g¢ k'; then, from
definition, apr, (h) = @fD(h') and aprg, (k) = ﬁfD(k').
From Theorem 48, ﬁfD(h U k) = ﬁfp(h) ] ﬁfp(k)
and ﬁfD(h' 0K)= ﬁfD(h') U ﬁfD(k'). Hence, we get
apr (hUk) =apr, (h' Uk')andso (h T k) ~ ~f (W TK.

(3) Let h/-\f k Then, from definition, apry, (h) =
aprf (k). By Theorem 48, aprf (hT T\ k) = aprf (h) O
aprfD(U \ k) and aprfD(U) = aprfD(k) U aprfD(U \ k).
It follows that apr; (U) = apr, (h O (U \ k). Therefore,
hO U\ k) ~; U

(4) Leth € k and let k ~ , @ From Theorem 48, we get
@fl)(h) c ﬁfD(k) =apr; ¢ = O. Thus, a_prfD(h) =0 =
apr;, ®andsoh~ .

(5) Suppose that h € k and h ~f U. By Theorem 48
we have apr (k) 3 apr, h = aprfDU. Also, since k <
apr;, (k) c a_prfDU. Hence, apr, (k) = a_prfD(U), and so
k—; U. O

Definition 51. Let fp, gp € SEL(U) and let h € S(U). We
define

fo=—n9p = apr (h) = apr (h) R

fo~ngp = i, (h) =apr, (h), (36)

fo=n9p <= fo—1n9p = fp 19D

These binary relations are called the lower soft class rough h-
equal relation and the upper soft class rough h-equal relation,
respectively.

Theorem 52. Let fp, gp, f1, and gy, € SEL(U) and let h €
S(U). Then,
M fp
2) fp
©N
(4) fpE 9p>9p
() fb E 90 fp

Proof. (1) Assume that f, ~; gp; then ﬁfl)(h) = ﬁgl)(h).
From Theorem 47, we know that apr; gD(h) = ﬁf[)(h) N
B, (). Thus, Tt () = apr, () = apr, ()
and so fp —~, (fp M gp) ~, gp- Conversely, suppose that
fo—~n(fpN9gp) —~n gp.- From transitivity of ~,, f, ~, gp-

~n9p © fo—~n(fpN3gp) ~n9Ips

~nfi» 90~ 9p = (fp 1 f1) ~4 (gp N gp);
Ath:}fDﬂ(%YgD)Ah%;

~w9= fp—~n0

~p U = gp—~LU.

(2) Suppose that f—, f, and gp —;, gy then, from
definition, ﬁfD(h) = ﬁﬂ)(h) and a_prgD(h) = a_prg;)(h).
From Theorem 47, a_prfDngD(h) = ﬁfD(h) n ﬁgl)(h) =
P ) 0 39ty (). So 3Dy, () = 3Dty0,(0) and
(fo M gp) ~i (f5 1 gp)-

(3) The proof can be made by similar way to proof of (1)
and (2).

(4) Let fp C gp and gp —~, ©. Then, apr, (h) = apry(h)
and since f, C gp, apr; (h) C apry(h) = ®. Therefore,
apr; (h) = apry(h). We have f, —~, @

(5) The proof can be made by similar way to (4). O

5. Decision Making Using Soft Rough Class

In this section, some concepts are defined to construct a
decision making method using soft rough class and a decision
making algorithm is given. Then, an application of proposed
decision making method is made for a real problem.

Definition 53. Let f, € SEL(U) and let g be a soft set
(reference soft set) over U. Then consistency degree of soft
set g related to parameter e € E and soft class f},, denoted by
y]g(D (e), is formulated as follows:

| 9, ©

(37)
[3,, @

CE

According to soft class f, consistency degree of soft set
g> denoted by I‘?D, is formulated as follows:

fD |E| nya (38)

ecE

Definition 54. Let f, € SEH(U) and let g be a soft set over
U. Then, relative consistence degree (rcd) between soft class
fp — 1d;} and soft set g related to parameter e € E, denoted
by y]g(D_ (£, (€)s i formulated as follows:

’ fu {fa;} ©)

1970, @]

g 39
V-t (€)= (39)

Between soft class fi, — {d;} and soft set g total relative
consistency degree is formulated as follows:

g

1 9
et = _nyp—{ £ @) (40)
|E| ecE

Definition 55. Let f, € SEL(U) and let g be a soft set over

U.ThenT? -TY . | iscalled effectiveness of decision maker
fo T fofa}

d; and is denoted b}; e(d;).

Now we will give relations between two decision makers
in decision maker set D.
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TaBLE 3: The tabular representation of the soft class f,.

o fdl fdz fd3 fd4 de

t1 {ul,u3, u4} {Ml, uz} {MZ, Us, us} {ul,u3} {up Us, us}
L, {up Uy, Us, Ms} {Mga M6} {Ml, Uy, u7} {up Uy, us} {}

i3 {uy, vy, uy, ug} {15 Uy, U3, Uy, Us, Ug} {} {uy, uy, 1y} {uy, ug}
t4 {} {u1>u3) u7:u3} {u5> ug} {M7, ug} {up Us, us}
ts {Mz, Uy, u7} {Ml: uz} {”3: Us, u7} {u2) Us, ug} {up Uy, us}

Definition 56. Let fp, € SEH(U) and let g be a soft set over
U. Effectiveness relations between d; and d; are defined as
follows:

(1) Ife(d;) >4 e(dj), d; is more effective than dj.

(2) Ife(d;) =, e(dj), d; has same effect as dj.

(3) Ife(d;) <y e(dj), dj is more effective than d;.
Algorithm 57.

Step 1. Construct a soft class fj, and reference soft set g over
U.

Step 2. Find the consistency degree of soft set g denoted by
y]g(D (e) related to parameter e € E.

Step 3. Find consistency degree of soft set g according to soft
class fp.

Step 4. Find total relative consistency degree between soft
class fp — {d;} and soft set g.

Step 5. Find effectiveness of each decision maker d; € D.

Step 6. Chose effective decision maker.

6. Applied Example

Assume that an investment company wants to employ stock
market analysts. Five persons apply for this position in the
company and the department of human resources wants to
make appropriate choice among the applicants. Therefore,
department of human resources wants some previous eval-
uations made by applicants d,,d,,d;,d,, and d; for firms
Uy, Uy, U, Uy, Us, Ug, Uy, Ug in different times t,,t,, 5,1, t5 in
the last two years.

Step 1. According to the appreciation criteria, evaluations of
applicants d,, d,, d;, d,, and d performed in different times
specified by human resources department are represented by
soft sets fy, fa > fa,» fa,» and f4_ given as follows:

fa, = At {uy s, ug}) s (8, {uy, ug, us, ugh) s

(ta’ {ul’ Uy, Uz, ”8}) > (t4’ {}) > (ts’ {”2’ Uy, “7})} >

TABLE 4: The tabular representation of the consistency degree of soft
setgfort; (i=1,2,3,4,5).

tl tz t3 t4 tS
i 0.800 0.666 1.000 0.600 0.500

fa, =t funua}) (82 {us, 1)) »
(tg {uys Uy, Uiy thgy tis, g }) 5 (Eas {1ty U3, 1 Ug )
(ts: fur ua})}s
Sa, =t o 13, us}) s (8 {1, g 17}) s (83, 1) »
(t0> fus, ug}) » (£, fuz us s}
Ja, =t funush) s (6 {1, ugh) s (83, {1, 1)) 5
(t4: fup ugh) , (ts fup us ugh)}
fag =1t {unusush) (1, 1) (83, furs ug})

(t4’ {”p Us, ”5}) > (t5> {”1’ Uy, ”6})} .
(41)

Department of human resources has real results previously
obtained in specified times: t,, t,, t5, t,, and ;. These real
results are represented by soft set g (reference soft set) as
follows:

g = {(t1, {uy uzs ug, us}) , (b {ug, g u}) (83, U),

(tg {us, gy ug}) , (s, {ug, g, gy 1z} )}

42)

Tabular representation of soft class fr, = {fs, fa,> fa, fa,>
fa,} is shown in Table 3.

Step 2. Using (37), consistency degree of soft set g for time
parameters t,, t,, t5, t,, and ¢5 is obtained as in Table 4.

Step 3. Using (38) and Table 4, consistency degree of soft set
g related to soft class f, is obtained as FJ‘ZD =0.713.

Step 4. Using (39), relative consistency degrees of soft set g
with respect to soft class fp, are as in Table 5. And, from (40),
total relative consistency degrees of soft set g with respect to
soft class fp, are as in Table 6.
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TABLE 5: Relative consistency degrees between soft set g and f}, —

{d;}.

/b t t, t; ty ts

Y?D’{fdl} 0.750 0.400 1.000 0.600 0.250
V?D_{fdz} 0.750 0.000 1.000 0.600 0.375
V?D’{fd3} 0.200 0.400 1.000 0.400 0.571
Y?D—{f@} 0.800 0.500 1.000 0.400 0.666
Vo 0600 0666 1000 0600 0571

TaBLE 6: Total relative consistency degrees between soft set g and
soft class f, — {d;}.

Total relative consistency formula Values
T ) 0.600
r}?D—{fdz} 0.535
erD_{ fau) 0.514
T 0.673
L () 0.687

Step 5. Using Definition 55, effectiveness of the applicants d,,
d,, ds, d,, and d5 is obtained as follows:

e(d,) =0.113,
e(d,) =0.278,
e(d;) =0.199, (43)
e(d,) = 0.040,
e(ds) = 0.026.

Step 6. From Definition 56, effectiveness of applicants can be
ordered as follows:

e(d,) >ge(d3) >ge(d1) >ge(d4) >ge(d5)' (44)

Then, d, is the most effective decision maker in soft class
fp by soft set g.

7. Conclusion

In this paper, we have defined concepts of soft class, soft
class operations, and soft rough class. Then we have presented
a decision making method based on the soft rough class.
Finally, we have provided an example that demonstrated that
this decision making method can successfully work. It can be
applied to problems of many fields that contain uncertainty.
Next, we can define fuzzy soft class and fuzzy soft rough class
and their operations as generalization of soft classes and soft
rough classes. Also a reduction method can be developed
based on soft class and soft rough classes.
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