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It is well known that single equilibrium orientation point in matrix rotation is represented by two equilibrium points in quaternion.
This fact would imply noneflicient control effort as well as problem in guaranteeing stability of the two equilibrium points in
quaternion. This paper presents a solution to design quaternion-based spacecraft attitude control system whose saturation element is
in its control law such that those problems are overcome. The proposed feature of methodology is the consideration on boundedness
of solution in the control system design even in the presence of unknown external disturbance. The same methodology is also
used to design cooperative spacecrafts attitude control system. Through the proposed method, the most relaxed information-state
topology requirement is obtained, that is, the directed graph that contains a directed spanning tree. Some numerical simulations
demonstrate effectiveness of the proposed feature of methodology.

1. Introduction

Over the past decades, spacecraft developments have been
done to bring wide-range missions, including earth observa-
tion and communication. Attitude control system plays an
important role in these missions. Many research efforts on
spacecraft attitude control design have been reported, that is,
linear matrix inequality- (LMI-) based robust mixed H,/H,
attitude control system design with linearization of dynamics
and kinematics approach [1]; LMI-based nonlinear contin-
uous attitude control design, [2]; proportional-derivative+
(PD+) type output feedback attitude control system with
uniformly practically asymptotically stability guarantee for
its equilibrium points [3]; attitude control system with dis-
continuous control law applying inverse cotangent function
[4]; and hybrid attitude control system with property of
robustness to measurement noise [5], to name a few.

From an attitude determination calculation, orientation
of spacecraft is obtained as a rotation matrix that belongs

to special orthogonal order-3 space, SO(3). However, some
parameterizations are usually employed in a design of attitude
control that is also employed in [1-5]—all of them employ
quaternion parameterization, except [1], which uses Euler
angle parameterization.

Because quaternion can represent spacecraft attitude
globally, it is useful for spacecraft whose missions require
doing reorientation maneuver over a large rotation angle.
In contrast, Euler angle parameterization cannot represent
spacecraft attitude globally due to its singularity property.
Note that quaternion—also called Euler parameters—is the
only parameterization consisting of four parameters and can
represent attitude or orientation globally [6]. Nevertheless, its
representation is not unique. There are two-antipodal values
that correspond to a single physical orientation or a single ori-
entation in matrix rotation representation. Therefore, single
equilibrium orientation point in matrix rotation representa-
tion is represented by two equilibrium points in quaternion.
This fact would imply nonefficient control effort called



unwinding phenomenon when only one equilibrium point
is regarded in quaternion-based attitude control design [7].
Besides, difficulty in guaranteeing stability appeared when
the two equilibrium points in quaternion are regarded. There
are many research results giving solution to this problem.
They include discontinuous control approach [4], optimal
control and finite time stability approach [8], backstepping-
based attitude control design [9], hybrid mechanism attitude
control [5, 10], and continuous nonlinear attitude control
employing augmented dynamic [11], to name a few.

In addition to above problem, numerous spacecraft
formation flying missions have been conceived and some
of them have been launched, for example, interferometric
synthetic aperture radar spacecrafts [12] and rendezvous
technology experiment [13]. Cooperative control is a main
issue for spacecraft formation control. In [14], Ren proposed
proportional-derivative (PD) type attitude controller with
several consensus algorithms for attitude formation. Hybrid
attitude controller with connected and acyclic exchange of
information-state topology for attitude formation has been
reported in [15]. In [16], PD type controller with con-
nected (undirected) exchange of information-state topology
for attitude formation has been designed through Input to
state stability approach where cooperative controller term is
regarded as external input of each spacecraft.

In this paper, attitude controller appearing in [17] is
utilized. Main contributions of this paper are attitude control
system designed through boundedness of solution approach,
that is, ultimately bounded solution and input to state stability
for single attitude control case and boundedness of solution
for cooperative attitude control case. Unlike the attitude con-
trol system employing PD controller that considers only one
equilibrium point in quaternion representation, the attitude
controller used in this paper considers two equilibrium points
in quaternion representation. Less strict information-state
topology requirement for attitude formation is also obtained,
that is, topology that consists of a directed spanning tree.
Preliminary result of this research has been presented in [18].

Opverall, this paper is organized as follows. Section 2
discusses the system model. This section consists of nota-
tion, kinematics, and dynamics model of spacecraft and
information-state exchange framework of the cooperative
spacecrafts used in the rest of the paper. Section 3 describes
controllers design and simulations. Finally, some concluding
remarks are stated in Section 4.

2. Modeling

In this paper, a spacecraft is considered a rigid body. In
the following descriptions, subscripts or/and superscripts
b, I, and d denote spacecrafts fixed body frame, inertial
reference frame, and spacecraft’s desired frame, respectively.
For brevity, the spacecrafts fixed body frame, the inertial
reference frame, and the spacecrafts desired frame may be
written as body frame, inertial frame, and desired frame,
respectively. Here, set of n-dimension real column matrices,
set of n x m real matrices, and set of positive integers are
denoted by R", R™", and Z.,, respectively, where n,m €
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Z.o- Given y € R"and Y € R™", | y|| is 2-norm of column
matrix y; A, (Y) and A, (V) are minimum and maximum
Eigen value of Y, respectively; y” and Y” are transpose matrix
of y and Y, respectively; Y > 0 means that Y is a positive
definite matrix.

Following [19], vectors are defined as follows:

max

#=r"'F, &)

where F, is a vectrix associated to the body frame, that is,
a column matrix with three unit vectors [, I,, and ,—F; =
~ o 9T

[11 I, 13] ;7 € R’ is a column matrix whose three
components of 7 are expressed or decomposed into the body

b . .
frame; " is skew-symmetric matrix of °.

4

2.1. Spacecraft Kinematics and Dynamics Model. Consider the
rotation matrix R, to transform a vector expressed in F; to
be expressed in F that satisfies (2):

Rbd = Fb . Fg — FZ = FZth. (2)

Taking the time derivative of (2) w.r.t. (with respect to) Fy,
0 =Fj( #de R,; + Ry,) is satisfied. Moreover, it implies (3),
that is, the SO(3) rotation matrix based kinematics equation
of body frame w.r.t. desired frame:

: b
Ryq = =, @p4 Rpg- 3)

The corresponding quaternion-based kinematics equation of
body frame w.r.t. desired frame is given by

. . . T
dva = [’7bd fzfd] > (4)
where
S I N
Mpa = 3 bd Ppd>
(5)

) 1 b
&a = 5 ( uEbd + Myal ) @y

Since quaternion is member of unit sphere order-3, $?, g, =
T )

[qbd szd] satisfies ||gyll” = 1, where #,; = cos(¢y/2) € R

and g5 = Gyy sin(¢yy/2) € R7; G, is the corresponding Euler

axis and ¢, is the corresponding Euler angle. Note that, here,

this kinematics also represents attitude error.

Dynamic of the rigid body rotation system decomposed
in Fy, is given by the Euler equation [19] (6):

]cbZ, =- Hle ]le +7+d, (6)

where positive definite matrix ] € R>? is a spacecraft
moment of inertia about its center of mass located in the
origin of F, (kg m?); wgl € M is angular velocity of F, w.r.t.
F, decomposed in Fy, (rad/s); 7 € R’ is the total external
control torque about its center of mass located in the origin
of F, (Nm); and d € R’ is the external disturbance torque
or total environmental effects, for example, gravity-gradient
effects, solar radiation, magnetic field torques, and air-drag.
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2.2. Cooperative Attitude Framework. Index of a spacecraft in
a group composed by n-spacecrafts is denoted by subscript
(and sometimes both subscript and superscript) (i) and
its neighbor is denoted by subscript (and sometimes both
subscript and superscript) (j), where 1 < i, j < n € Z,.
For example, F,;) denotes body frame of spacecraft i.

The dynamic of spacecraft i in a group is represented by

bi) bi)
= 1Pl Jiy @y + Ty + diy- 7)

b)) _
J i@y =
Quaternion-based kinematics equation that represents orien-

tation of body frame of spacecraft i, F,;, w.r.t. body frame of
spacecraft j, Fy;), is

. ) T T
Gococy = [y sba)b(f)] ’ o
where
ooy = eyl ©
Moho() = =5 Eoib(j) o)’
. 1 b(i)
Sip(j) = 5 (ysh(i)b( 7 Hoap() ! ) Cotn(j) 1)

Information-state exchange between spacecraft in a group
composed by n-spacecraft is modeled by a directed graph

topology
G,y = (ViEw A, (11)

where V, = {v;} is the node set; E,, € V, x V,, is the edges
set; and A, = [ag;] € R™" is the adjacency matrix of the
graph G,, where 1 <i, j <n € Z,,,.

The entry of adjacency matrix ag; ;) = 1 if spacecraft i
receives information-state from spacecraft j, where v(;) is the
parent node and v; is child node and (v(;)v(;)) € E,,. If there s
no information-state exchange from spacecraft j to spacecraft
i, then ag;);) = 0. Self-edge is not allowed, that is, ag;);) = 0. In
a directed graph, ag; ;) # 4 ;- If the graph G, has at least one
node with a directed path to all other nodes then G,, is called
to have a directed spanning tree.

3. Control Systems Design and Simulations

Equations (12) and (13) [17] are the feedback term for (6)
and (7), respectively, where k € R and L ¢ R3>* are
tuning parameters. The function @,  is a column matrix of
saturation function that, defined element-wise, follows the
scalar saturation function ¢, (14), with the saturation limit

0<¢p<A1/3eR:

b
T=-k (Ubdsbd + D, — de) ~ Loy,

=k (ﬂbdfbd - ‘{’sbd) - Lle’

(12)

3
n
Ti) =~ Z A6)(j) (k (ﬂb(i)b(j)eb(i)b(j) + q)sb(i)d(j) - sb(i)d(j))
j=1
b(i)l
+wa(i)lk)
- b(i)l
1
== auj) (k ('lbu)h( DEB@BG) ~ \Febaw) + wa(i)l) )
j=1
(13)
¢ x>¢
¢e=1x, —p<x<¢ (14)
¢, x<—¢.

3.1. Problem Statements of the Control Systems Design. Next
subsection would discuss the proposed attitude control
design for single spacecraft case as well as cooperative
spacecraft case. By utilizing Lyapunov stability theory, k € R
and L € R¥* have to be found such that the solution of single
spacecraft attitude control system composed by (6) and (12)
is ultimately bounded if d = 0 and is input to state stable if
d #0. Similarly, a cooperative spacecraft attitude control has
to be designed by determining k € R and L € R and
information-state exchange topology such that the solution
of each spacecraft in a group is ultimately bounded if d =
0 and is input to state stable if d #0. The authors suggest
the readers should refer to [20] for definition of ultimately
bounded solution and input to state stability.

3.2. Single Spacecraft Case. It is well known that Lyapunov
stability theory requires the existence and uniqueness of a
solution, for a given initial condition, for all future time.
The following proposition states that the system composed
by (6) and (12) satisfies existence and uniqueness solution
requirement because the system is locally Lipschitz [19].

Proposition 1. Consider the system (6). Suppose d = 0. The
spacecraft attitude control system composed by (4)-(6) and (12)

is locally Lipschitz in (qug = [Mpa sbd]T, wh) € §* x R,

Proof. For brevity, let a)gl = w,, del /dt = a’)Zl s Epd, = Eps
P P P

and Mo, = p> where p = {1, 2}. Then, consider the following:

=1
& -4
Joo, — J,

=l + e - &l + oy - Jao P

15)
=
| £ -&
Jo, - Jw,

= it =il + s = & + oy T



Since (5) are continuously differentiable, then the following
inequalities can be obtained

. & —& =
I — o] < € w, — @, <t |a—&
Wy — W,
(16)
=1
lér -l <t |e-&|
W) — W,
where £,,¢, € R > 0.
Now consider ||Jw, — Jw, | as follows:
[T, = Ja|| = “ — w1 Jw, —k(’7151 + O, —81) - Lw,

+,0 Jw, + k (11282 +0, - 82) + Lw2|| ,

(17)

éoy = Jeoy | < || - 01 oy + 0, T, |
+ |-k (me, — &) +k(ne, — )| (18)
+ "—kCD‘El + kCD£2

+||-Lw, + Law,| -

Since fa(wp) == ,% Jw, and fb(qp,sp) = —k(npsp - &),
where p = {1, 2}, are continuously differentiable functions,
then the following inequalities can be obtained:

=1
“fa (wl)_fa (wZ)” S“’;c ”(01—(4)2“ Sec )
W) —w,
L) GG

£ (@1) = £y (w3)] < €4 e _¢ <b|le &,
) w, - w,

where £,,¢; € R > 0.
Now, recall (18) and (19), since the term with saturation

m
function satisfies || — kCD‘El + k@, || < klle; — &l < k| a-e

>

&8
W) ~w,
where k > 0, then the following inequalities can be obtained:

[Te, = Ja |
M= M= M=
<l le—&|+llle—&||+k]|e—g
W) — W, W) — W, W) — W,
/) (20)
FAnax (L) [ €1 — &
W) — W,
M=
<l +li+k+ A D) -5,
W, —w,

where symmetric matrix L > 0.
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Recall (15), (16), and (20), then the following inequalities
can be obtained:

=1,
él_éZ
Ja, — Jw,
m— |’
1772
<(E+G+(C+b+k+ A (D)) | & -2
W) —w,
21
=1,
= | § -4
Ja, — Jw,
3 M =1
S\/€§+€Z+(€C+€d+k+kmax(L)) &g-8|,
W) — W,

where €,,¢,,¢,,£;, k > 0 and symmetric matrix L > 0.

The last inequality in (21) states that the system com-
posed by (4)-(6) and (12) is locally Lipschitz in (q,; =
[Mba shd]T, w?) € 8 x R, It implies that the system has a
unique solution for all future time. O

Proposition 2. Consider the system (6). If d is continuous
and bounded for all t > 0, then the attitude control system
composed by (4)-(6) and (12) satisfies local Lipschitz in (qy; =

("ba €bd]T, Wl d) € $* x R x R,
Proof. Follow idea of the proof of Proposition 1. O

Theorem 3. Consider the system (6) and suppose there is no
external disturbance, that is, d = 0. If scalar k is positive,
matrix L and moment of inertia | are symmetric and positive
definite, then solution of the quaternion-based attitude control
system composed by (4)-(6) and (12) is ultimately bounded.

Proof. Consider S, a set that consists of all g,;, (22), and
positive definite function (23):

S= {de € 9{3 1< f’lbd <1le m,f’]id + Sgdehd = 1} (22)

T
L €bd
V = kel g+ —why Job = [ 51 Pl B, (23)
bd PRGN P72 o)

kI 0 100
p= 1. 1=lo1o0]. (24)
[0 ‘]] 001

where

2

To make sure that P is a positive definite matrix, thatis, P > 0,
hence k > 0 € R and symmetric matrix ] > 0 € R¥3 I J has
three different eigenvalues, then V' will be bounded below by
«, and bounded above by «,, where «; and «, are class K,
functions given below:

2

2
0 = Ao PV ] £V < 0y = A (P) (25)

Sbg
bl @

bl
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Now, take time derivative of (23). Since the desired angular
velocity w!), is zero, wf, = Y. In addition, note that &, uEbd =

T
wi’l ”a)Zl = 0 (see Fact 3.10.1 in [21]). Following these, (26) is

satisfied:
. T T
V= kwlljl ¥, - wﬁl Lle (26)

V is a nondecreasing function since V' is not always negative.
Fortunately, the unit quaternion is bounded by the unit
sphere order-3 property (27):

"‘11301"2 = ’lid + egdsbd =1 (27)

Therefore, the solution ¢,; is bounded above by 1 as shown
below:

lewa D] <1, t>0. (28)

As a direct consequence of (28), ¥, (t) is bounded above by
Ky, that is,

B :max<|3.<\/g—$)2,(l—$)2} <1. (29)

In addition, for all positive scalar k and positive definite

symmetric matrix L, if V' > 0, then the solution wé’l(t) is
bounded, that is,

|

\Psbd

k
||wfj,“ < PN (30)

Note that L has to be a symmetric and positive definite matrix
to make sure that all eigenvalue of L are positive so that, along
with k > 0, (30) is satisfied.

From (28)-(30), V is bounded as follows:

k-x;
/\min (L)

1 2
V <kt Ay () < ) = K. (31)

Consider (26); using property (29), the following inequalities
are obtained:

V< e ¥ b = Ao

< ko ol = A (0 |

2

& & 2
< ki, afgl = Amin (L) (jg + Amin (L) [|epall (32)
2
& &
< kK3 CL?Z - Amin (L) aijlhjdl + /\min (L)

ZVI’

5
TABLE 1: Parameter simulation for single spacecraft case.
Parameters Value
1.49 0.054 0.0442
J, [22] 0054 151 0
0.0442 0 1.56
T
9ar [1 00 0]
T
Gy (0) [-V1/3 0 V173 1/3]
T
@b, (0); @Yy (£),t =0 [0 0 0
k 1
100
L 010
001
¢ 0.57
where [[¥, |l < 3 < x; and V, is given as follows:
el &l
¥ bd bd
Vi= —(1-DAm D) | Bl —OAmin L) ||
el Wp1
(33)
g
+kicy | G+ A, (L), 0<O<1.
Wp1

Therefore, inequality (34) is fulfilled for every ” ng “ satisfying
(35):

2
V<-(1-0)A, 0|7, (34)
Wy;
Ebd > kK3 + \/(kKS)Z + 49Amin2 (L) _ (35)

W), 20, (L)

In according to Theorem 4.18 in [20], solution of the system
is ultimately bounded with the ultimate bound as follows:

Sl = (@), (36)
bl O

Remark 4. Note that k; in (35) clearly satisfies II‘I’de | <#x; <
«;. This fact implies that p in (35) is possible to be smaller
when g, is getting smaller. Since p is getting smaller, then
the ultimate bound is smaller. Thus, if lim, , ,p = 0, then it
will be equivalent to asymptotic stability of the set consisting

of two equilibrium points {(q,s = [1pa sbd]T,le) e S xR?:
ehd = 0, wgl = 0}

The solid line in Figure 1 depicts the response of Euler
angle attitude control system designed based on Theorem 3
using parameters in Table 1. The response is also compared
by Euler Angle response of the attitude control system (4)-(6)
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FIGURE 1: Euler angle response, ¢,;; Theorem 3 (solid line) and PD-
like control law (dash-dot line).

using a well-known PD-like control law, 7 = —ke,; — Lwﬁd—
depicted by dash-dot line.

As seen from Figure 1, the attitude control system employ-
ing PD-like control law exhibits unwinding phenomenon
because it is designed by considering only one equilibrium
point in quaternion parameterization. Figure 2 shows more
clearly that unlike the attitude control system employing PD-
like control law, the designed control system converges to
the closer equilibrium point, [-1 0 0 0]. Figure 3 shows
the opposite direction of rotation between the two control
systems. This situation implies the efficiency of energy con-
sumption as shown in Figure 4. In addition, the responses
depicted in Figures 2 and 3 show that the situation explained
in Remark 4 is promising.

Now, suppose that the external disturbance of system (6)
is continuous and bounded, that is,

ld@®)ll<c, deR’, ceR, t=0. (37)
Theorem 5. If scalar k is positive and matrix L is symmetric
and positive definite, quaternion-based attitude control system
composed by (4)-(6) and (12) is input to state stable.

Proof. Using the same energy-like function (23), its time
derivative is given as follows:

. T T T
V = k) ¥, — W) Lop, + b d. (38)

Note that, according to (37), the disturbance is bounded by
4l < c. Following the way of proof of Theorem 3, for 0 < 0 <
1, (40) is satisfied:

&
i, (39)

V <= (1 - 6) /\min (L) wbl
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where x; satisfies "‘Psbd | < x5 <y, x; is the same as (29) and

every “ Zﬁd, “ satisfies (40):

2
Epg min (L)

(ks +c¢) + \/(k;c3 +c)’ +4601
>
wyy

- 20A i (L)

= prss (€) -
(40)

min (

According to Theorem 4.19 in [20], the system is input to state
stable with ultimate bound of the system’s solution being as
follows:

€bd

o? < 0‘1_1 (2 (piss (€))) . (41)
bi

O

To verify Theorem 5, a simulation is run using the same
parameters in Table 1 and a disturbance function,

3-1072 sin (107tt)
5107 sin (107t) (42)

d(t) = i
21072 sin(lOrrt— 5)

as shown in Figure 5. The boundedness of solution properties
of the designed attitude control system in the presence of
disturbance is confirmed by Figures 6 and 7. Figure 9 shows
the control action of the designed control system in order
to have robustness property in the presence of disturbance
as shown in inset of Figure 6. In addition, Figure 8 is
presented as comparison control action without the presence
of disturbance.

3.3. Cooperative Spacecraft Case. Bounded solution of coop-

erative spacecraft attitude control system involves attitude
Ep(i)b(j)
<o
it will be shown that through the boundedness of solution
approach, cooperative attitude system could be designed.

errors between spacecrafts, that is,

” In this subsection

Theorem 6. Consider the cooperative spacecraft attitude con-
trol system composed by (7)-(10) and (13). Suppose scalar k is
positive and matrix L and moment of inertia ] ; are symmetric
and positive definite, for 1 < i < n € Z,,. Suppose external
disturbance d,; is continuous and bounded function, ||d ;|| < c,
c € R, forl <i < n e Zy,. If at least there is a directed
spanning tree in the topology representing information-state
exchange between spacecraft i and spacecraft j in a group
composed by n-spacecrafts, then solution of the cooperative
system is bounded.

Proof. Consider the energy-like function (43):

n n
_ T L voyT,  b0)
V=K Y a6 () etiei) + D 2%@n T @i (43)
i,j i
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FIGURE 6: Euler angle response, ¢,;; Theorem 5.

Then, its time derivatives can be written as follows:

b(i)

n

y T

V =k Y a6 m() Tos @y
L]

b(i)

1
+Z“’b, kZ“m(])( “Motip() Eob() + ey ~ L“’h(i)l)

C i) T
1
+ Zwb(i)l dg)-
i

(44)
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FIGURE 7: Attitude responses; Theorem 5.

b(i) b(i) b()
Since wy, MbG) = wb(, Rb(z)b(])wb(J)l

is satisfied.

b(i) b(i)
Wyt = Dy then (45)

n
- T b(i)
V=-k Z Fi) (i) b () Tob(i) P )1
L]
i) T b(i)
* Z Wy K Z Hi)(j) ( 00 L“’b(iﬂ) (45)

C i) T
1
* Zwb(i)l dgi)-
i

Regarding property of spacecraft orientation and angular
velocity, there is inequality as follows:

d .
V <k Y ai [ eon| lleE}yH
i,j

bii) T b(i) bi) T
+k Z aG)(j) “’b(l)z (‘Psb(i,b( ) b(l)z) Z Wy Ay
(46)

Noting that ||’1b(t)b(])€b(l)b(]) " < 1/2, |Id(1) ” <c and the bound

of |, v || then the following inequality can be obtained:

n . n )
V< k% Z a)(j) ||“’£8)z|| + ks Z o |
i, i
] ] (47)
n ' n '
-k Z a(i)(j))tmin (L) ||wll:((:;l|'2 +cC Z ||ng31|' S
i,j i
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2 2
where |V ew’()ll <Ky <k =max{3-(V1/3-a), (1l -a)’} <
1. And

: 1i W’ i o)
V<V = ksNag | PO | + ke bl
< @) 3 2. %)(j)
25 Nevni ¥ En(i)b()
b(i) |12
w
— kY ag A (L) o
i)”*min
Z v Ep(i)b( )

n n i
+ kZa(,-)( M min (L) "Sb(i)b( f) "2 + CZ ““’281" :
1] !

(48)

Therefore, there are k > 0 and symmetric matrix L > 0 such

that V/ implies that || b(:
b(b(j)
t>0.

n and

is bounded for 1 < i, j <

9
x1072
5
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.
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(b)
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E
Z 0 o 1
<
_5 n
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Time (s)
(d)
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g
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T
; Theorem 3.

b(i)
Lot “ is not bounded. Without loss of

Now, suppose
> SUpP Eu(i)b())

generality, taking k = A, (L) = ¢ = 1, the following

inequality is obtained:

s b(;) n wb(,)
Vv b(i)l
Vv < V= Za(,)(] (]) c (i)
Eb(i)b(j) i,j b(i)b(j)
h(l)l

Z“( i)()

Z%(;) ||8b<z>h( b ”
i,j

b(j)

" B
+ 2 ko]
1

(49)

b(i)
Wiyt ", where, inherently,
Ep(ie(j)

and IIwZEgl I, such

Then, there is a sufficiently large ’

b(j)
Ruiynj) Da(iy
Ebo)w

b(i)
oy
Eb(i)b(j)

also sufficiently large

b(x)l

that V > 0, and the i increasing || 0!
J

are resulting V>o.
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Let the information-state exchange topology consist of
@iy
Eo(i)b(j)
the following inequality is obtained:

one directed spanning tree and

= ¢ # 00; therefore,

'\7<\7:%(n—1)0+(n—1)0—(n—1)02+(n—1)+n0

=—(n- 1)02+%(5n—3)0+(n— 1.

(50)
((1/2)(5n - 3) +
\/((1/2)(5n—3))2+4(n— 1))/2(n - 1), V < 0. Note
that it implies that V' < 0. Therefore, by contradiction, it is
shown that “ w,ﬁ’(f;,. is bounded. O

(i
Eb(ib(j)

This contradicts that, for o >

Remark 7. Through the proof by contradiction described
b(i)

above, solution of the cooperative system “ a‘b‘:izzz_) " is bounded
)b(j

for all k > 0 and symmetric matrix L > 0 where that

only requires a directed spanning tree in information-state
exchange topology.

Remark 8. Note that here the condition of information-
state exchange topology is less-conservative condition, for
example, directed spanning tree. In contrast, for example,
[15] requires acyclic topology and [16] requires connected
(undirected) topology.

Simulation of cooperative attitude control case is run
using ¢, k, and L as shown in Table 1 and the same disturbance
function as used in the previous subsection. The simulation
used three spacecrafts with different moment of inertia
and three different initial attitudes as shown in Table 2.
Meanwhile, initial angular velocities of all spacecrafts are
zero. A cyclic directed graph representing information-state
exchange is applied in the simulation (Figure 10). Figure 11
shows that each spacecraft converges to absolute attitude
about 95°. It implies, as shown in Figure 12, that the relative
attitudes between spacecrafts are regulated.
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4. Concluding Remarks

Dynamics of spacecraft rotational motion based on Euler
equation and quaternion-based kinematics describing the
spacecraft attitudes have been presented. For cooperative
spacecrafts case, information-state exchange is modeled by
directed graph. Using these models, design of attitude control
through boundedness of solution approach for single and

cooperative spacecrafts have been proposed. The control
designs are done by regarding two equilibrium points.

In single spacecraft attitude control system case, the
attitude control system has been designed, for zero distur-
bances, via ultimately bounded solution and for nonzero
disturbances, via input to state stability approach. For zero
disturbances, if the ultimate bound is zero att — co, then it
is equivalent to asymptotic stability. In cooperative spacecraft
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TABLE 2: Parameter simulation for cooperative spacecrafts case.

Parameters Value
1.49 0.054 0.442
](1) 0.054 1.51 0
0.0442 0 1.56
1.49 0 0.0442
Jo 0 151 0.054
0.0442 0.054 1.56
1.49 0 0.054
Jo) 0 156 0.442
0.054 0.442 1.51
T
day (0) [-V1/3 0 V1/3 1/3]
T
Gy (0) [0 V173 173 \/1/3]
T
4y (0) (V173 0 V173 —/1/3]

attitude control system case, the cooperative system has
been designed via the boundedness of solution approach.
If the information-state exchange topology has directed
spanning tree, then the cooperative spacecraft attitude system
is bounded. In addition, all theorems stated in this paper
have been verified in simulations. The transient responses
and steady state responses demonstrate effectiveness of the
proposed methodology.
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