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The main goal of this paper is to study the motion of two associated ruled surfaces in Euclidean 3-space E’. In particular, the motion
of Bishop Frenet offsets of ruled surfaces is investigated. Additionally, the characteristic properties for such ruled surfaces are given.
Finally, an application is presented and plotted using computer aided geometric design.

1. Introduction

Motion is to add the time element to our curves and surfaces.
Motion theory has received a great deal of attention from
mathematical physics, biology, dynamical systems, image
processing, and computer vision. The problem is interesting
since we may set two different subjects on the same theoreti-
cal basis. One is a geometrical interpretation of integrable sys-
tems. Connections between the differential geometry of curve
motions and the integrable systems have been discussed. The
analysis is extended to more general types of motion and
other integrable systems [1-3]. The other is surface dynamics,
the dynamics of shapes in physical and biological systems, as
in crystal growth.

A variety of dynamics of shapes in physics, chemistry, and
biology are modeled in terms of motion of surfaces and inter-
faces, and some dynamics of shapes are reduced to motion
of curves. These models are specified by velocity fields or
acceleration fields which are local or nonlocal functionals of
the intrinsic quantities of curves. In physics, it is very interest-
ing to describe motions of patterns such as interfaces, wave
fronts, and defects [4]. Applications include kinematics of
interfaces in crystal growth [5, 6], deformation of vortex fila-
ments in inviscid fluid, and viscous fingering in a Hele-Shaw
cell [7, 8]. The subject of how space curves or surfaces evolve
in time is of great interest and has been investigated by many
authors [9-22].

Classical differential geometry of the curves may be sur-
rounded by the topics of general helices, involute-evolute

curve couples, spherical curves, and Bertrand curves. Such
special curves are investigated and used in some real world
problems like mechanical design or robotics by the well-
known Frenet-Serret equations because we think of curves
as the path of a moving particle in the Euclidean space [23].
Thereafter researchers aimed to determine another moving
frame for a regular curve. In 1975, Bishop pioneered “Bishop
frame” by means of parallel vector fields. This special frame
is also called a “parallel” or “alternative” frame of the curves
[24].

A practical application of Bishop frame is that it is used
in the area of biology and computer graphics. For example, it
may be possible to compute information about the shape of
sequences of DNA using a curve defined by Bishop frame. The
Bishop frame may also provide a new way to control virtual
cameras in computer animations [25]. Nowadays a good deal
of research has been done on Bishop frames in Euclidean
space [26, 27], in Minkowski space [28, 29], and in dual space
[30]. Recently, the authors in [31] introduced a new version
of the Bishop frame and called it a “type 2 Bishop frame” and
this special frame is extended to study many surfaces [32, 33].

Studies related to offset profiles date back to the nine-
teenth century. Offsets curves play an important role in areas
of CAD/CAM, robotics, cam design, and many industrial
applications. In particular they are used in mathematical
modeling of cutting paths milling machines. The classic work
in this area is that of Bertrand [34], who studied curve pairs
which have common principal normals. Such curves are
referred to as Bertrand curves and can be considered as offsets



of one another. The theory of the Mannheim curves has been
extended in the three-dimensional Euclidean space by [35,
36].

Recently, there have been a number of studies of offsets
ruled surfaces [37, 38], studied Bertrand and Mannheim off-
sets of ruled surfaces. Pottmann et al. [39] presented classical
and circular offsets of rational ruled surfaces. More recently,
Soliman et al. [40] studied geometric properties and invari-
ants of Mannheim offsets of timelike ruled surface with
timelike ruling.

The aim of this paper is to use the new version of type 2
Bishop frame which is studied in [23, 31, 41] and Frenet frame
to construct offsets base curves of two ruled surfaces. Thus,
the kinematics of such surfaces in terms of their intrinsic geo-
metric formulas are established. An application of these
surfaces and their motions is considered and plotted.

2. Geometry of Motion Curves
and Surfaces in E’

2.1. Motion of Curves. Leta : I — E° be an arbitrary curve
in E’. Recall that the curve « is said to be of unit speed if
(o, &'y = 1, where (, ) is the standard scalar (inner) product
of E°. Denote by {T(s), N(s), B(s)} the moving Frenet frame
along the unit speed curve a. Then the Frenet formulas are
given by [42]

T 0 x 0 T
2 N|=|-« 0 7||N]. 1)
Os

B 0 -7 0 B

Here, T, N, and B are the tangent, the principal normal, and
the binormal vector fields of the curve «, respectively. x(s)
and 7(s) are called curvature and torsion of the curve a,
respectively.

In the rest of the paper, we suppose everywhere thatx # 0
and 7 # 0.

Let a* = a&*(s) be a unit speed regular curve in E°. The
type 2 Bishop formulas of a* (s) are defined by [23, 31, 41]

T 0 0 k[T
9 N“[=]0 0 -k, | |N"|. (2)
Os

B* k, k, o |[B*

Here, T*, N*, and B* are the tangent, the principal normal,
and the binormal vector fields of the curve a”, respectively.
The Bishop frame or parallel transport frame is an alter-
native to the Frenet frame. Thus, the matrix relation between
type 2 Bishop and Frenet-Serret frames can be expressed as

T sinf(s) cosO(s) 07T
N*| =|-cosO(s) sinf(s) 0| |N|. (3)
B* 0 0 1 B
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Here, the type 2 Bishop curvatures are defined by

ky (s) = —TcosB(s),

(4)
ky(s) =—Tsin0(s).
It can be also deduced as
fl
0 =x f=2 (5)

1+ fY k,
The frame {T*,N*, B*} is properly oriented, and 7 and 6(s) =
_[05 k(s)ds are polar coordinates for the curve a” = a*(s). We
will call the set {T*,N*, B*, k;, k,} type 2 Bishop invariants of
the curve a* = a” (s).

Using Frenet formulas (1) many geometries [1-3, 9, 15-
19] studied connections between integrable evolution and the
motion of curves in a 3-dimensional Euclidean space. They
considered that @ = (s, t) denote a point on a space curve at
the time ¢. The conventional geometrical model is specified
by the velocity fields

?)_(: =v'T +v*N ++'B, (6)

where T, N, and B are the unit tangent, normal, and binormal
vectors along the curve and v', v*, and v’ are the tangential,
normal, and binormal velocities, respectively. Velocity fields
are functionals of the intrinsic quantities of curves, for
example, curvature, x, torsion 7, and their s derivatives.

The time evolution equations for Frenet frame T, N, and
B are given by

T 0 ap a][T
= [Nf=|-an 0 ay|[N], @)
B —a;3 —ay; 0 B

where

aV2 3 1
a;, = a— - TV + KV 5
S

3
a13:(aals+rv2), (8)
on (127

K 0s K

Using type 2 Bishop frame, Kiziltug [41] considered the flow
of the curve a™ as the following:

Ja’™

ot _ V*IT* + V*ZN* + ‘V*SB*, (9)
ot
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and in view of type 2 Bishop formulas (2), Kiziltug [41]
obtained the time evolution equations for such frame as fol-
lows:

T* 0 a, a;1[T"
a * * * *
3 N'|=|-a, 0 ay]||[N], (10)
B* -a), —a,; 0 B*
where
* av*z *3
a, = (? + kv ),
* aV*3 * *
a13:<x—k1v 'k 2), (11)

. _(10a5 K *)
az3‘<k1 s +k1a12 -

2.2. Motion of Surfaces. Here, and in the sequel, we assume
that the indices {i, j, k,I,m} run over the ranges {1,2}. The
Einstein summation convention will be used; that is, repeated
indices, with one upper index and one lower index, denoted
summation over its range.

Let our surface, moving in 3-dimensional Euclidean space
E®, be given at time t by the position vector

X =x"e,,

‘y y: 1)2)3’ (12)

where x? = x"(u/,t) are the Cartesian coordinates in some
fixed in time Cartesian frame e, and u' are convective curvi-
linear coordinates. Then, the two tangent vectors and the unit
normal vector to the surface are given by

_ 0
ou'’
E, - E, x Ez’
V9
respectively. Thus, the metric g;; and the coeflicients of the
second fundamental form h;; are given by

E =X, i
(13)

g5 = (En E;).
g =Det(g;), (14)
b= (B ) = (B ),
where (, ) is the Buclidean inner product.

Thus, the Gaussian curvature G and the mean curvature
H are given by

_ Det (hij)
Det (gij) ' (15)

H=_—tr (gijhjk) ,

1
2

respectively, where (g™) is the associated contravariant met-
ric tensor field of the covariant metric tensor field (gy;); that
is, gikgjk = 8’]

As one moves along the surface (at a fixed time), the tan-
gent and normal vectors change according to the Gauss-
Weingarten equations,

E, kg E,
ij - Uij
o | B2 E, kK ki
w . =1... > hj=g h,‘j’ (16)
k
E; hj -0 E;

where 1"1.]; are called the Christoffel symbols of the 2nd kind,
which are given as
1 (991  0gy 99
k== e 17
i~ 29 (au’ " ou ou' )
From the compatibility conditions of (16), we get the Gauss-
Codazzi equations,
Rijkl = hikhjl - hilhjk’
(18)
Vihjk = thik’

where R;j; is the Riemann tensor and V; is the covariant
derivative,

k
Vifj = fj,i - rijfk’
Vif = fl+Tl (19)

k
Vivjf = f,ij - Fijf,k'

Nakayama et al. [11, 14, 21, 22] introduced the dynamics of the
surface, where the velocity of the surface is expressed by

0X

= _viE,

ot v

VY=V (1), (20)

y: 132)3;

where V' and V? are the tangential and the normal velocities,
respectively.

Using (13), (16), and (20) we can obtain the time evolution
equations for the local frame,

El
5 | B2
ot
E3
(21)
“VRE+VVE D Vieving ||
2
ki 3 i
-9 (Vz +thij) 0 E;



Thus, using (13), (16), one can see that the time evolution
equations for g;; and h;; are given by

%,

- _ 3 i i
5 " 2V + ViV YV, (22)
ahij 3 ky -3 k k
¥ ViViV7 = hyhi Ve + hy ViV + hy ViV
(23)
+ VIVl
respectively.

2.3. Bishop Frenet Offsets of Ruled Surfaces. Inview of relation
(3) and inspired by the concepts of Bertrand and Mannheim
offsets of ruled surfaces [35-38], we can reformulate the fol-
lowing definitions of Bishop Frenet offsets for ruled surfaces.

A pair of curves a” and a are said to be Bishop Frenet
curves if there exists a one-to-one correspondence between
their points such that both curves have a common binormal
vector at their corresponding points (B* = B). Such curves
will be referred to as “Bishop Frenet offsets.”

Thus, we can write the relation between the curves &* and
«as

a' =a+y(s)B, (24)

where y = y(s) is distance between corresponding points on
the curves «” and a.

If we take the derivative of the above equation and adopt
the relation B* = B, we can see that /' = 0. On the other
hand, from the distance function between two points, we have

d(a”,a)=|a" —af = |y (s)B| =y > 0. (25)

Thus, we can say that y is a nonzero positive constant.

The ruled surface X* is said to be Bishop Frenet offset of
the ruled surface X if there exists a one-to-one correspon-
dence between their rulings such that the binormal vector B
of the base curve of X is the binormal vector B* of the base
curve of X*. In this case, (X,X") is called a pair of Bishop
Frenet ruled surfaces.

Thus, we can write the parametric representation of the
ruled surfaces X and X* as follows:

X(s,v)=a(s)+vB(s), |[B]=1, veR, (26)

X (s,v)=a"(s)+vB"(s), |B*|=1, veR
(27)

or X" (s,v) =a(s)+(y+v)B(s), B =B,

where a and a” are the base curves of X and X, respectively.

Journal of Applied Mathematics

3. Motion of Frenet Ruled Surface

In this section, the fundamental quantities g;;, h;; and their
evolution of ruled surfaces (26) and (28) are obtained, respec-
tively. Thus the Gaussian, mean curvatures, and their evolu-
tion of such surfaces are given. For this purpose, let a ruled
surface generated by the binormal vector B of the Frenet
frame, moving in 3-dimensional Euclidean space E’, be given
at time f by the parametrization [11]:

X (s, v,t) = a(s,t) + vB (s, 1), (28)

where X(s, v, 0) = X(s, v), a(s, 0) = a(s), and B(s, 0) = B(s).

3.1. Curvatures of X. From (26) and using Serret-Frenet
formulas (1) it is easily checked that the coeflicients of the first
fundamental form g;; of X are given by

gn =\

92 =1L

912 =0, 2
g = Det (g,-j) =4,

where A = 1+ 272 > 0.
Using (13), the unit normal vector field to the surface X is
given by

E; = —% (viT+N). (30)

This leads to the coeflicients of the second fundamental form
h;; of X given by

1 o2 2
hy, =——(k—vr +v«k1°),
11 \/X( )
h,, =0,

T
h,, = —,
12 \/X (31)
2
h=Det (hy) = -,
d
| = —.
ds

Thus, using (15) one can see that the Gaussian and mean cur-
vature functions of X are given, respectively, by the following.

Lemma 1. Consider

(32)
1

= PYEE (V‘r' - /\K).

From (17) one can see that the Christoffel symbols 1"1.]; of X are
given by the following.
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Lemma 2. Consider

Flll = % (VZTT,),

1
rllz = rzll 2 (VT2> ’ 33)
2 = —vi?

11

and other components equal zero.

3.2. Curvatures’ Evolution of X. Actually, here and in the
sequel is a remarkable fact that when we calculate dg;;/0t and

oh;;/ot of X, we have to compute the velocities V? of X. Thus,
using (6), (7), and (20) with the assumption that velocities of
the curve a are v' = 0, v* = x, and v’ = T, one can see that
the tangential velocities V' and the normal velocity V* of X
are given by the following.

Corollary 3. Consider

v= % [vzr/ll -vA, — wc‘r] ,
V=1, (34)

V3

% [v)»l +VTA, — K] ,

where A, = (1/x)2rx" + k7' + 7" = 7°) and A, = KT+ 7.
Using (19), (33), and (34) one can obtain the following:

vV = KZ—VAZ e dsdy - [7 (2w =7 +1)
br(2 = (&4 307)) 7 e
e (2 2vr) )

o[22 () 20 2 ()
—2(vV +2)7) + o (a4’ + 1) - P
v 26 (a2 - 1)}, e

2_ 1
kA2

- 2T+ 1)1' + 1 (41/213 - 21)},

VA% {vr (Vsz - 2) Ay—kK (v31'3 -2V

ATEE % {v3r3/\4 +K (v313 + 1) — 2v2x273} ,

v,V2 =0,

where Ay = 1+ vi*and A\, = 21’ — 7" + .

Based on the above results, we have the following.

Corollary 4. The evolution equations for the metric tensor g;;
of X are given by

99 _ 2
ot K2\2

{VZTK'AA4 - [13 (ZVZK' -+ 1)
+7T (ZK' -V (T” + 3vr'2)) +7 vt -
+17 + v (T" +2v7% + 21") + Vsz]

+1% [212 (K" - VZT’T”) + 2077

+1 (v27(3) -2 (VZK, + 2) T')

+x (41/3121’ — vt %% + 30t 3AT)]} , G0

0
% = é {—v (V4T4 + 2) Ay +K (VST4TI

+°T (31’ - 41) +2vr —2vtrt - 2) — 2P (V4T4

),

992

=0.
ot

In view of (19), (31), and (34), one can obtain

3 24 315  4( I 12\ 4
V,V,V” = {v;c [—VTT +v (TT -7 )T

K352

" I ! I 1
+2V2(2TT —3T2)T2—3VTT3+3(T2+TT )]
+ 0 [K"12 + (K'T' + T(S)) 77"

2 5[ 1 4 "3 3) 2 1 3
TV [KT +T T —T()T +4t 1 T-3T ]

+ vt [(K" - T") o+ (1/2 +8«'t + 27(3)) 7

rn !
+2T 7T 1—413]

- [(T”T3 + (T'2 - 21(3)) "+ 4t T+ 1'3)]} ,

1
K252

! " ! " !
+ K2 [VSTS (TK +7T ) + V3T2 (4T2K +317 -1 2)

V,V,V? =V,V, V3 = A2,

2 ! ! 1 12 " 4 5 1
+v(r (3K —T)+2TT + 2T )+T -VTT

"

+v°r (TT —27% - 37'2)] +K [ZTK"

! " [
+v12(—2‘m -7 +T3)+2KT



2 2.1 3 [ rn 3
+vr(211< +T(T()—4KT)—3TT )+T()
2 1 3 4 4 1 2 21 ! 3 5
—3TT]+VKT(VTT +vT°T + 6T — VT

- 31/13)}

3 T
(ARG

+ 1 (3‘[ - 31/213)} R

{3‘VT)L4 - (V2T2 +3vt — 2) 7

1
Vil =~ {VZTT' (KA - vr') A VA

-

——

"
+ VT

>

—

Voh, = — {VZTT’ (K)L - VT’) v + T')L} ,

—_ >

Vihy, = — { - K(V3T4 + VTZ)},

-

V,ohy, = % {VTZ (;c/\ - VT,)} ,
Vihy, =1 +vr°,

Vohy, = Ve,

Vihy, = Vyhy, = 0.

(37)

Using (23) and combining (31), ((34) and (35)) with (37), we
have the following.

Corollary 5. The evolution equations for h;; of X are given by

B o (P e ()

-3vr'e’ + 207 (ZTT" - 31"2) T +3 (1'2 + TT”))

+7° (K”TZ + (K'T' + T(3)) T - T'T”)

-7 (K'T4 +7'0 -9 a1 - 31'3)

+t (K" - T”) T+ (7'2 +8't + 21(3)) 7

+ (ZT'T"T - 41'3) vt - (T”T3 + (1'2 - 21’(3))) 7

+ (4‘[,‘[‘”‘[ + 1'3) v - ( "y T”) %+ (7K'T'
12

+ 1(3))1 +31 7T V' + (K,TZ + 1(3)) V- K”} ,

ohy _ T
ot kM2

+ 207 + dvr - 2) 7 — i (v4‘r4 + 3 - 4)} R

{V‘[ (V2T2 + 4) Ay —K (v4‘r4 +vr
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% = KZ;W {AK'A4 + K2 [VSTS (TK' + T”)

3 2 21 " 12
+VT (4TK +31t7 -1 )

! ! " 1) n !
+v(12(3x —T)+2TT +2T2)+T —-virr
" ! 1) ! !
+v°T (TT —27%¢ -3¢ 2)] +KTT /\(KA— VT )

(VA +ve(vr+ 1)+ (V- 1)}

(38)

Taking (15) into account and using the above results one could
have the evolution of the Gaussian and mean curvatures of X
as follows:

G _ 0 Det (hij) ]
OH 10

respectively.

4. Motion of Bishop Frenet Offset of
Ruled Surface

In this section, the fundamental quantities 9;; and hi*j of

Bishop Frenet offset X* are obtained. The velocities V*¥ of X*
are obtained. Thus the formulas of the evolution of the st and
2nd fundamental quantities of X* are derived. For this pur-
pose, let a Bishop Frenet offset of ruled surface generated by
binormal vector B of the type 2 Bishop frame, moving in
3-dimensional Euclidean space E°, be given at time t by the
parametrization [1]:

X* (s, 1) =a” (s,8) + vB* (s,1), (40)

where X*(s,v,0) = X*(s,v), a*(s,0) = a*(s), and B*(s,0) =
B*(s).

4.1. Curvatures of X*. From (27) and using Bishop formulas
(2) it is easily checked that the coeflicients of the first funda-
mental form gi’; of Bishop Frenet offset are given by

gfl =17
9;2 =1

<o (41)
912 =Y

g~ =Det (g,»j) =A%

where A* = {(1 + vk;)* + v*k2} > 0 and k,, k, are the type 2
Bishop curvatures of the curve a* given from (4).
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Using (13), the unit normal vector field of the Bishop
Frenet offset X" is given by

1
E; = — {vk,T" — (1 + vk, )N"}. 42
3 \/A_* { 2 ( 1) } ( )
This leads to the coefficients of the second fundamental form
hl.*j of Bishop Frenet offset given by

" 1
h = 7= {v* (Kiky = kyK) = iy}
hy, =0,
.k (43)

2

h* = Det () = =53

According to (15) one can get the Gaussian and mean curva-
tures of Bishop Frenet offset X, respectively, as follows.

Lemma 6. Consider
k3
- A*Z ’

H' = s v (kK = (ke + D)}

G =

(44)

From (17), one can obtain the Christoffel symbols T, i;k of Bishop
Frenet offset X* as follows.

Lemma 7. Consider

1

= (0 + 1)K+ koK)
M == 5 (R k) k), (43)
r*Z — —)L*F*l

11 12>

and other components equal zero.

4.2. Curvatures’ Evolution of X*. By a similar manner to
Section 3.1, to calculate ag;;. /ot and ah;‘j /0t, we have to com-

pute the velocities V*? of X*. Thus, using (9), (10), and (20)
with the assumption that velocities of the curve a* are v*! =
0,v** = k;,and v** = k,, one can get the tangential velocities
V* and the normal velocity V* of X* as the following.

Corollary 8. Consider

vl - _% [PIoAS + VAL = vk,
‘/*2 = k2, (46)
AR LS L S ]

\/A_*

where A} = (1/k)(K) + k5 = k\K)), A5 = k), — kik,, and
A3 = (1 +vk)).

Having (19) and (33) in mind and taking into account the
above corollary and after straightforward computations we get
the following:

14
*2

v,V =
! KA

{[-VK + w’kik; + (kv

2 (K - 4k) VP = 1) K = o7 (v} (K, + 2K5)

+ k3 ) I + Ky 4Ky =3I +2) + v (K

v (K2 = 2kD) ) ey + ) (2K + ) — 207Kk
K] = vk + 2 (kS + Kk, - 2Kk ) K
= 5vky (K5 + K ) ky + KKy + Ky k)

+ vzkzk; (vzki + 1) (kg + k;’)},

v,V =

kA% {Vzkzl1 (Vk; - 3kz) - Vzk? (sz (k; (47)

+h3) - ky) + k5 (VIok) — vk, + Ky (VG + V7K,
+2) + v’k - 4°K3) — ky (VIGK, - 2vk K, + K,
+ 7k, (Ky = 2kyky +K3)) = VKK, + vk, (VG

-2) (& +k)}

1

v,V =
’ ke A*

{v[(vAg + Ky + vK3) (K (2Kk, — vK))

+ky (vhy = 1) Ky + viik, = vk, (K +15))]}
V,V** = 0.
Considering the above obtained results, we can formulate the
following.
Corollary 9. The evolution equations for the metric tensor g;.

of X* are given by

o1, __2
ot kirr?

2K + 30k K7k - Koky

- WK K + 20 0k, - 4K K + VKKK
— KK + 5VKNK + 6v Kok — 4V ICKLK]
+ 20K + 4k K — vk K - 3V K K

VKK + VK K — VKK — vk



~VISK —viok: + v ECK - 20 KK

+ 3V kKK - VKK + 4 Kk K - 2v KK
+ 20K — VIGK K + 2vk kK + VKKK
- 8V kokyk: + 2v KoKk + 2v KKK )

%, _ _1
ot kA7

{i5 [-v'I5 (Vi +2) + vIGK, + 2vk,
+vI5 (-2v°k) + 3v7K))

+ky (—2v'K) +20°K) + 8v + 2) - 20°KS + 20K |
+kyky [vH (=3K0k) = 3K3) + v Ik, + 20k,

+ V2 (2K + 3k,k) - 2k5 + 4k ) + 2k, |

+v* (vklky —k3) (K) +13)}

ag;z
ot

=0.
(48)

Using (19), (43), and (46), one can get the following:

\ 1
A A
K3A*5/2

{302 (A3ki + vigky) 02 (k)
+ VP + K+ ok + Kok, ) Ky

+v’ky (I3 - Ky ky = K57 + 60) = ) (K3

= 200" ((kyv + 1) K]+ vhoky ) ) VI + v (3K5K5
+ k) ky = vk (k; +K5) + VRS ((Ky - K3) +1)
kv (K —v (kg - ok, +K)) ) ky = (K +K))
kot

1
VLV =V, v s
K2\ *512

v (-h5 + 2vk3k,
+ky = viy )+ v (—vis + (3v'Ky - 4) kg

+v (11K, — vk ) ky — VK5 + 4K}

+v (v - 6Ky )) kG - (2v°K;

+v((ky - 3ky) v* +4) k3

+(2ky V' = 17K5v* + 6) k3

—v (VG + (kv +24) Ky — 5vk) ) ky + 50K

'kl}’
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1

*3
AAGEE e

{k, [vic] (2vk, - 3k,)

+ ki (=3k, (VK + 1) + 4vk, + 37K )

+ ky (—3vkyky + 2K} + vk, (3K5 — koK) + 3K3) )
+3vk, (k) +K3)]}

Vil = oy (V] = kD) A =02 (vkoK]

— N3k5) (ASKL + viKS) + Ky (Vi + Ky + vkg)} ,

Vb, = =z V(K +K2) (k] - oK)

= 3v%ky (koky = kyky) + v (2kk! = 3k,K)) + K5}
Vol = = [V (oK) = A3K) (ASK + vhokS)

— ky (VK + Ky +viG) + koA
Vb, = = v (ko) (k] = A3}
Vihy, = —k, (VK] + Ky +vES) — K5,
Vohy, = —ky (VK + Ky + VK3,
V,h;, = Vihy, = 0.

(49)

From the foregoing results, using (23), and after straightforward
computations we conclude the following.

Corollary 10. The evolution equations for hi*j of X* are given
by

oh;
i = o (K (8 K D)
1

—v (K + k) )+ v [—vki + (vV (I — k) — 1) ki
+v(v(K = kyky + K5 ) = Ky ) ey + v (K + Ky )| Ky
+v* (ky (v* (I - K5) - 1)

+v (v (3K5K — Ky ey — K+ K)) = K))) RS

+v (35K + k) ky = vky (K + K5 ) Ky

+ vk, [vig + (K - 1) v2 + 1) K

+v(ky = v (K = kyky + 15 ) ) ey = v (I + K5 )|



Journal of Applied Mathematics
AP K (V (R -K) - 1)
v(v(3KoK; — Ky ky — K + K5) — k3]
+ A2 (i) (v (kg = K) - 1)
v (v(3K3K; — Kk = K+ 5V) — k7)) + A2
2k — Ky (kY +3K)) = (2K + k) v Kl

M,  k
? - /\*5/2

{vk; (2vk} - 3k,)

+ k5 (3K, (VI + 1) + 49k, + 3v7K3)

+ky (=3vi,K, + 2K + vk, (3K, — Kok, + 3K3))
— kA" [k (v (K - K3) + 1)

+ vk, (Ky = v (K —koky +43)) + vk;
—v(K) +K3)] + 3vk, (k3 +K3)}

oh
2oL (2 2ukdk, + K -

" 7
ot A )k

[+ (39K, 4) 6 v (128 =

— vk} + 4k + v (v — 6Ky )| K - v [2v7K;
v((Kk; - 3Ky) v +4) k3 + (2K, v° = 17k30° + 6)

K —v (VG + (kP + 24) K} — 5vk) ) k,

+ 50k — 6k + v ((kv* + 14) Ky — 5vkS) | &3

+v [—2v3k§ +v7 (v2 (k; + Sk;) - 4) K

—v(2ky v’ + (5ky - 7k3) v* + 6) K

- (&

iy

2

+ kK, = 2k ) vt + 7V - 34k + 3)

+v (507K, + (—ky v’ + 5kyv? + 23) K — 9vk) ) k,

— 9v'ky + 4k + v (10vKSY - (5kyv* + 16) k3 )| k)
+(Ky = ky ) IS — Ky ks + Ky (K + K Ky — Ky v
— kyksy — (5K} + 11k3) K5 + 5k + 5 (kyk,

— k) ky + 5Ky vt (4k; — 5 (ky - 2k, ) K3

= 8Ky K5 + 7k; (K + k) ky — 10k k3 ) v

(50)

Regarding the above obtained results, the evolution of the Gaus-

sian 0G* /0t and mean curvatures OH" /ot of X* can be
obtained using the same technique as in (39).

5. Application

In this section, we give an example of how the evolving offsets
base curves (&, «”) and generators (B, B*) of a pair (X, X")
of Bishop Frenet ruled surface will look like after a period of
time and the effect of the evolution on curves’ frames. This is
given through some illustrated figures. For this purpose we
consider a helix curve & as a base curve of the ruled surface

X:
a={cos( ),sin(
Thus, its binormal vector is given by
1 s N
B=— {sm(—),—cos(—),l}.
v "M\ V2

Using relation (24), the parametrization of the base curve of
the ruled surface X* takes the following form:

Jal @

Sl
sl

(52)

v @

&l

+ \/ECOS(%) fsm(%) —l//COS(

o

Thus and using the parametrizations of surfaces (26), (27),
(28), and (40) we can show Figures 1, 2, and 3 as follows.

Figure 1 shows the original pair (X, X") of Bishop Frenet
ruled surface at t = 0 and it is noticed that the vector B is in
direction of the vector B*.

Figure 2 shows the evolution of the pair (X, X*) of Bishop
Frenet ruled surface. In this case, the function cos t affects the
pair (X, X*) and these surfaces are plotted for different values
of the time t. The evolution of the pair (X, X") expands and
collapses under these values of the time t and it is noticed that
the motion of the pair (X, X") conserves the motion of the
moving frames associated with the offsets base curves (&, ™),
respectively; that is, the vector B is in direction of the vector
B".

Figure 3 shows the evolution of the pair (X, X*) of Bishop
Frenet ruled surface. In this case, the function e’ affects the
pair (X, X*) and these surfaces are plotted for different values
of the time ¢. Also, the same result as in Figure 2 is obtained;
that is, the vector B is in direction of the vector B*.
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F1GURE 1: The original pair (X,X"), B/B*,t =0,y = 1,s € [-m, 7],
v € [-6,6].

Figure 2: The evolution pair (X,X*), B/B*,t = 08,y = 1,
s € [-m, 7], v e[-6,6].

N

FiGure 3: The evolution pair (X,X*), B/B*,t = 03,y = 1,
s € [-m, ], v € [-6,6].

6. Conclusion

We conclude that, by changing the applied time-varying func-
tions on the pair (X, X"), it is found that the moving frames
associated with the offsets base curves (&, a™) describe a par-
allel transport frame motion. This study plays an important
role in the construction and motion of new offsets of ruled
surfaces by giving a new frame. We can apply this idea on

Journal of Applied Mathematics

many different surfaces using different methods. The field is
developing rapidly, and there are a lot of problems to be solved
and more work is needed to establish different results of new
surfaces in different spaces. We hope that this idea will be
helpful to mathematicians who are specialized in this area.
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