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Drawing inspiration from the idea of combining multiwavelets on the interval with frame theory organically, we study minimum-
energy multiwavelet frame on the interval [0,1] (MEMWFI). Firstly, left boundary multiscaling functions, right boundary
multiscaling functions, and the definition of MEMWFI are put forward, and the equivalent characterizations of MEMWFI are
given. Then, two algorithms of constructing MEMWFI are proposed. Finally, the decomposition formula, reconstruction formulas,

and numerical examples are given.

1. Introduction

The notion of frame was introduced by Duffin and Schaeffer
[1]. It is a generalization of basis and can be viewed as some
kind of “overcomplete basis.” A basis in a Hilbert space allows
each element to be written as a linear combination of the
elements in the basis, and the combination is unique. An
overcomplete frame also allows one to represent each element
via it, but the representation is not unique. This property
plays an important role in mathematics, signal analysis, time-
frequency analysis, and so on [2-20]. In nearly thirty years,
frame theory has been growing rapidly. Wavelet frames are a
class of important frames among all kinds of frames.

Let H be a complex, separable Hilbert space. A sequence
{fr : k € Z} of elements in H is a frame for H if there exist
constants A, B > 0 such that

AP = Y UASF <BUE, vren g
kez

The numbers A, B are called frame bounds. A frame {f; : k €
Z} is tight if we can choose A = B as frame bounds. A frame
{fr : k € Z}isexactifit ceases to be a frame when an arbitrary
element is removed. When A = B = 1, then

f= z (fifi) fio VfeH. ()

kez

Chui and He [6] proposed the concept of minimum-energy
wavelet frames, which can reduce the computational com-
plexity and maintain the numerical stability, and do not
need to search dual frames in the decomposition and recon-
struction of functions. Therefore, many people paid a lot of
attention to the study of minimum-energy wavelet frames.
Petukhov [8] studied minimum-energy wavelet frames with
symmetry. Huang and Cheng [16] studied minimum-energy
wavelet frames with arbitrary integer dilation factor. Gao and
Cao [17] researched minimum-energy wavelets frames on the
interval and its applications. Huang and Li [18] studied the
algorithms of constructing minimum-energy wavelet frames
on the interval. Recently, Huang et al. [19] and Liang and Zhao
[20] have been concerned with the algorithms of constructing
minimum-energy multiwavelet frames. In [19], the authors
gave the definitions of multiwavelet frame multiresolution
analysis for L*(R) and minimum-energy multiwavelet frame.
But, in many practical applications, one is often interested
in the problems which are confined to a finite interval, such
as the differential equation solving, image processing, and
signal analysis. Therefore, we should pay more attention to
minimum-energy multiwavelet frames on the interval; under
this case, we can combine the features (symmetry, compact
support, and regularity) of multiwavelets on the interval
with the superiority (redundancy, good numerical stability,
and lower computational complexity) of minimum-energy
wavelet frames.



Throughout this paper, let Z, R denote the set of integers
and real numbers, respectively. N denotes the set of positive
integers. Leta,r > 2,and a,r € N.

The organization of this paper is as follows. In Section 2,
we give the main results; left boundary multiscaling func-
tions, right boundary multiscaling functions, and the def-
inition of MEMWTFI are put forward; the equivalent char-
acterizations of MEMWTFI, two algorithms for construct-
ing MEMWFI, and the decomposition and reconstruction
formulas of MEMWFI are proposed. Finally, numerical
examples are given in Section 3.

2. Main Results

In order to give the definitions of MEMWFI, left boundary
multiscaling functions, and right boundary multiscaling
functions, welety > 0, j, = min{j: a’ >y, j € Z}.

Definition 1. 1f a closed subspaces sequence V;([0, 1]), j > j,
in L2([0, 1]) satisfies

(1) V;([0,1]) € V3, ([0, 1), j = jos

(2) Ujsj, V;([0,1]) is dense in L*([0, 1]);

(3) Mz, Vi([0,1]) = V; ([0, 1]);

(4) é(x) € Vi([0,1]) & flax) € Vi, ([0,1]), j = jo, j €

) f(x) € Vi([0,1]) & f(x+aTk) € Vi([0,1]), j >
Jor jik € Z;

(6) there exists a vector-valued function ¢(x) = (¢;, ¢,

) B¢, €V ([0,1]) with supp¢ =
[0, y] such that

{¢: (a’x-k), 1=7<r, 0<k<K, | 3)

forms a frame of V; ([0, 1]), where K; is the biggest

integer number to make supp ¢(a’ x)U supp ¢(a’ x—
K]o) C [0> 1])

then we say V]-([O, ID(G = j,) is a multiwavelet
frame multiresolution analysis on the interval with
dilation factor a and multiplicity r or a multiwavelet
frame multiresolution analysis on the interval [0, 1]
and denote it as MWFMRA (V;[0, 1]). The function
¢(x) is vector-valued scaling function (multiscaling
function).

For a MWFMRA (Vj[O, 1]), we let VjH([O, 1) =
vi([o,1]) + Wj([O, 1]). If we can find vector-valued functions
v (%), Y2 (%), ..., v (x) such that {y/(a’ox —k) : 1 < T <
r,1<i< M0 <k<K,}isaframe for W; ([0,1]), then
we say {1//1(x), wz(x), ceo wM(x)} is a multiwavelet frame on
the interval, where y'(x) = (y;(x), y,(x),..., ll/;(x))T, i=
1,2,..., M.

2.1. Left and Right Boundary Multiscaling Functions. Let
¢(x) be a vector-valued scaling function and generate a
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multiwavelet frame multiresolution analysis for L*(R) with

corresponding multiwavelet frame ¥ = {y',v?,...,yM}.
Suppose ¢(x) satisfies the refinable equation
4!
¢ (x) = ) P (ax—k) (4)
k=0

with supp ¢ = [0, y].
Lety, = (a—-1)y, N = [y/al.

Theorem 2. Define left boundary multiscaling functions </5§‘,k
and right boundary multiscaling functions ¢fk5 as follows:

k-N
L ppu—
¢ ()= Y Crnbin (x)|[0)1] , 0<sk<N-1,

n=—y+1

. /-1 < (5)
¢fk (x) = Z Crn®in (x)'[o,l] ’

n=al—y+1+k
0<k<N-1,1<s<a-1,
where Cy.,,,Cy. are r x r coefficient matrices. Denote
®; = {¢r0k=0,1,.... N=Li¢, 1, k=0,1,....a’
-y k=0,1,...,N-1,1<s<a-1:1<7t  (6)
Sr}.

If {Ck,} and (C,} make {¢, k = 0,1,...,N - 1}
and {gbf);:, k =01,...,N-1s = 1,2,...,a — 1} satisfy
frame condition, respectively, then there exist coefficient matri-
ces Py, PR, P Poss such that the matrix-valued refinable

equations of @ ; are expressed as follows:

ak+N;

N-1
L L (L L
\/a(pj,k = Z Pk,n¢j+l,n + Z pk,n¢j+1,n’
n=0 n=0

0<k<N-1,
ak+y, )
\/a(/)j,k = z Pn—ak¢j+l,n’ 0<kc< a] -V (7)
n=ak

ak+N, N-1
Rs _ R,s _ R,s (R,s
\/a(/)j,k - Z Pk,n¢j+1,a1“—y—n+ ZPk,n¢j+l,n’
n=0 n=0
0<k<N-1,1<s<a-1,

where Ny =y, —aN, N, = (a—1)y —aN, and ®; can form a
frame of Vi([0, 1]) when j > j,.

Proof. The proof is similar to Theorem 2.2 in [17]. O

Theorem 3. Let (/)ﬁ and (/)jf;f be the left boundary multiscaling
functions and right boundary multiscaling functions defined in
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Theorem 2. Let vector-valued functions {1//;;‘,1 <i< Mk
0,1,. 1 il < i < Mk = 0,1,...,d -y},

{VJR”1 < Mk=01,..,N-1s=12,...,a-1}
be expressed as follows:
ak+N,
Li
= Zan ;+1n+ Z qk,;¢j+1,n>
n=0
0<k<N-1,
) akty, )
Vay = Z Quakbjiim 0<k<a -y, (8)
n=ak
ak+N,
R, R, R,
\/—1// o= qkil(fsfrl altl—y-nt Zlescln ]+sl,n’
n=0
0<k<N-1,s=12,...,a-1,
where N; =y, —aN, N, = (a — 1)y — aN. Denote

L, i _ j
Vo= {yrt e k=01, ,N= Ly, k=0,1,....a’

R,s,i

Y)V’T]k)kz(),l)---,N—l,1SSSa—1:lsi (9)

SM,ISTSr}.

If coefficient matrices Qk o qk " Qf; ' qf;' such that {V/L’ k=

0,L,...N~1Li=12..,Mband{y",k=01... N~

L,s=12,...,a-1,i = 1,2,...,M} satzsfyframe condition,
respectively, then ¥, is a frame of W,([0, 1]) for any j > j,.

Proof. The proof is similar to Theorem 3.2 in [17] and
Theorem 3.2 in [18]. O

Definition 4. Let @;,'¥}, j € Z be defined in Theorems 2 and
3, respectively. If any f € L*([0, 1]), one has

2 lwor= 3 Il 3 1 )

0 N €D;

and then the family of functions \¥; are called a minimum-
energy multiwavelet frame on the interval [0,1] (MEMWTFI)
associated @; with dilation factor a and multiplicity .

By Parseval identity, (10) is equivalent to

Y (foye= 3 (fimg)ng+ Y. {fory) iy

0€®jy 1y My €Pj 1y €¥jq 1)
fel”(0,1]).

2.2. Construction of MEMWEFI. For convenience, we denote
the following:

1 €j=aj—y,)t
2)S;=fk:-N<k<da —y+(a—-1)N}

=a(N-1).

3) ;= (.., ¢j,kT, ..)Tis|S.|r dimension column vec-
tor; and ¢, are left boundary multiscaling functions
and right boundary multiscaling functions defined in

Theorem 2:
bik
L
S k=-N,...,-1,
B> k=0,...,a' -y,
R,1 —
¢j,k7e]_71, k—€j+1,...,€j+N, (12)
=19 R2 _
¢j,k7€j7Nil, k=¢+N+1,...,¢;+2N,
¢§;;;}_(a_2w_l, k=e€+@-2)N+1,...,¢;+(@-1)N.
i i T T . .

(4) \Pj = (~-~"/’j,k ,...) are |Sj|r dimension column
vector; and 1//; . are multiwavelet frames defined in
Theorem 3:

i
Vik
L _
wj);Wk, k=-N,...,-1,
Wj‘,k’ k=0,....al -y,
R,1,i _
wj,k—,ej—l’ k=¢+1,....,¢6; + N, (13)
I vt k=¢+N+1,..,¢+2N,
R,a—1,
wjk“e’(uzw p k=€+@-2)N+1L....¢;+(@-1)N,

wherei = 1,2,..., M.If ¥ is seen as a set of functions,
then ‘I’j = {‘PJ-I,...,‘I’]I»V[}.

Define

Pll P12
P:= P, ) (14)
P32 P33

where P}, P,,, P,,, Ps,, Ps; are block matrices as follows:

L L L
Po,o P0,1 PO,Nfl
L L L
P1,0 P1,1 Pl,N—l
Py = >
L L L
PN 1,0 PN 1,1 7 PN—I,N—l
L L
Poo - po,N1
L L
Pio 0 o Pran,
Py, = >
L L
Pno1o PN-14N,



P, --- P, py1
P.... P ... P
Py, = ’ ‘ .h >
Py -+ P, Py1
P1
P2
Py, = . >
pu—l
Py, = diag (P Py,
R
Pon, Poo
R,i R,i
Prasn, 0 hig
Pi = . . >
R
pN—l)u+N2 le—l,O
R,i R,
Po,ol POII\T—
P, = : R
R, R,
PNllo ’ PNIINI
i=1,...,a-1.
(15)

Similarly, we can define
Qi Qp
Q= Qs ,
Q& Qi

i=1,2,...,M, (16)

where le, Qiu’ Q;Z, Qéz, Q;3 have the same form as P,;, P,,,
P,,, Ps,, P53, respectively.
Then, by Theorems 2 and 3, we have

\/E(DszCD

j+1
. (17)
Vat = Q.
The Fourier transform of (17) is
\/56] = P(Z) 6]‘”’
S (18)
Va¥; = Q (2) @, ),
where
1
P(z) = —Dj'PD;,y,
"N S
Q (Z) - ;Dj QDj+1> (19)
D; = diag (ei“’(_N)/“j I,..., eiw(efﬂ)/“jlr) .
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With these P(2), Q(2), ®;, ¥}, i = 1,2,...,
will give the characterizations of MEMWFIL.

M, j > j,, we

Theorem 5. The following statements are equivalent:

(1) ¥;, isa MEMWFL

(2) For any |z| = 1,

(20)

j+1|r'

M . .
a (P (2)" P(z)+ ZQ’ ()" Q (Z)> = I
i1

(3) Foranym,l € S

j+1°

M
Z <Pk*,mPkJ + ZQ;c*mQ;cl> - aam,l]r =0, (21

keS; i=1

where P ,,,, ch)m denote the v x r block matrices from
((k = D)r + 1)th row to krth row and ((m — 1)r + 1)th
row to mrth column in P,Q', respectively, and P(z)"
denotes the complex conjugate of the transpose of P(z).

Proof. By using Theorems 2 and 3, (11) can be rewritten as

Z Z <f’ ¢r,j+1,k> ¢r,j+1,k

keS; ., =1

= 2 2 (fobejk) brin (22)

keSj =1

Z <f’ l//i,j,k> V/i,j,k'

keS; 7=1

+
S

11
—_

For convenience, for every f ¢ L*([0,1]), we denote
(fs¢jr1) as r dimension column vector ¢, ;, where the

tth component of ¢j,1 4 is (f>Pr jur)- Similariy, we denote
(fs 1//] 1) as r dimension column vectors d' Then, the

former formula is equivalent to

j+Lk*

Z <f’ ¢'j+1,k>T ¢j+1,k

keSjiy

- Z <f¢1k> ¢Jk+z Z <f 1V1k> 1/’Jk

i=1 ke§;

T
- z< 22 T hubyas) 2 % s -
keS les les

Mz

+

T
< Z le¢;+1l> z le¢]+ll
keS; ZeS les

Il
—_

M . .
Y Y b)) (szpk,z + Zo;sfmo’k,l) Bioni
i=1

l
“ks 1 mES;, ke,
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which is equivalent to

Y Y )

leS;,y meSj,,
Ao (24)
Z (Pk,mPk,l + ZQ;c,mQ;c,l) - aam,llr ¢j+1,l
keS; i=1
=0
or
T
Z Z <f’ ¢j+1,m> am,l¢j+1,l =0,
leS;,; meS;,, (25)

VfeL’((01]),
where &, = Zkesj (P Prcs + ol Q;:mQ;c,l) = ad, ;.

We multiply the same identities in (20) by ) f 1 (w/a), to
get

M
wa(mz)* D (w+)Q (@)Y (w))
i=1

(26)
—~ w
=0,u(5):
and this is equivalent to
(0770, B0
g —1 i * G = w
+;(Dj QD) ¥ (“’)> =0, (;)
Mo
= P"Vad; (x)+ ) (Q) Vad; (x)
i=1 (27)
=ad;,, (x) = P*Pd)j+1 (x)
M o\ .
+Y(Q) Q@ (x) =ady,, (x) = (P*P
i=1
M L\ .
+y (Q) Q’) Dy (x) = adj,, (x)
i=1
or
Z “m,l¢j+1,l =0, Vie Sj+1' (28)

meS;,,

In other words, the proof of theorem can be reduced to the
proof of the equivalence of (21) and (25). It is obvious that (21)
= (28) = (25). To show (25) = (21), take any f € L*([0, 1])
and define

Bi(f):= Z <f> ¢j+1,m>T Oy VD€ St (29)

meS;,,

The Fourier transform of (25) is

Z B (f) e el _ g, (30)

ISy,

Then B(f) = 0, VI € S ,; that is,

< > ocfml¢j+1’m> =0, I€S,. 31)

meS;,,
Because f € L*([0,1]) is a compact support function,

Bi(f)=0, VleS,, Vfel*(0,1]);  (32)

that is,

<f’ Z “:n,l¢j+1,m> =0,
meS;,, (33)

€S, VfeL*([0,1]).

Then, we can get

z “m,l¢j+1,m =0, le Sj+1’ (34)

meS;,

and this is equivalent to a,,; = 0,, Vm,l € S;,;.
Related to the proof, 0 is zero vector with appropriate size,
and 0, is r X r zero matrix.

Theorem 5 characterizes the necessary and sufficient
condition for the existence of the MEMWFI associated with
¢. But it is not a good choice to use this theorem to construct
MEMWFEFI with arbitrary dilation a. For convenience, we
need to present some algorithms of constructing MEMWFI.

2.3. Algorithms of Constructing MEMWFI. With matrices
P,Q,i = 1,2,...,M, we formulate the following block
matrix:

.%=(P*,Q1*,Q2*,..-,QM*), (35)

and then, (21), the characterization of MEMWFI, can be
rewritten as

%ﬂ* = aIISj(,Ir' (36)

Now we present two algorithms of constructing
MEMWETI starting from a multiscaling function and a scalar
scaling function, respectively.

Algorithm 1. (1) Take a proper multiscaling function ¢(x).

(2) Calculate the parameters y,y,,N = [y/al,j, =
[log,y1, Ny, N,

(3) Choose proper coefficient matrices Cy,,, 0 <k < N —
L-y+1<n<k-NandC,,0<k<N-1, a’ —p+1+k <
n<a’-1,1<s<a-1,and construct boundary multiscaling
functions using (5); in addition, we can get ®; .



(4) Use Theorem 2, ascertain coefficient matrices P,f ,0<
kin<N-1;p;,,0 <k <N-1,0 <n<ak+N,and p,0 <
k<N-1,0 <n<ak+NyPys, 0<kn<N-1; 1 <s<a-1
to get the block matrix P.

(5) Take coefficient matrices Qi;,o < k,n < N -
L0 <k<N-1L0<n<ak+N;Q,0<n<y
anqu” 0<k<N-1, 0<n<ak+N2,Qf”0<kn<
N-1; 1 <s<a-1,1<i< M toconstruct the block matrixes
Q',i=1,..., M, and ensure that they satisfy (21) with P.

(6) Use the coefficient matrices Q' which we have got
in step (5) to construct MEMWEFI ¥, = {‘I’}O, ... ,‘I’]].\O/I }, by
Theorem 3.

(7) Draw the graphs of ®@; and ¥; by Matlab.

Algorithm 2. (1) Take a proper scalar scaling function ¢(x)
(the quadratic sum of recursion coeflicients can not be larger
than 1).

(2) Use ¢(x) to get refinable vector-valued function ¢(x);
for example,

$(x) = (9 (x),9 (). ),
$(x)=(px),p(x—1),...,0x-r+1)", (37)
¢ (x) = ((p(ax),(p(ax—1),...,(p(ax—r+1))T,

and so on; we can find the sequence of matrices {P,} which
satisfies refinable equation with ¢. We should know that
the necessary and sufficient conditions for MEMWFI in
Theorem 5 reduce to sufficient conditions when the set of
components in the vector-valued function ¢(x) is linearly
dependent.

(3) Turn to steps (3)-(7) of Algorithm 1.

We should note that the refinable vector-valued function
¢ in Algorithm 2 can not be a multiscaling function.

2.4. Decomposition Formula and Reconstruction Formula of
MEMWEFI. The decomposition formula and reconstruction
formula of MEMWFEFI are obtained by Theorems 2, 3, and
5, which are similar to those of orthogonal wavelets or

N-1 M N-1
L _ L,i qL,i
\/EC]-HJ,— Z en ;k+z ZQkﬂd]k’ 0<n<N-1

k=0 i=1 k=0
M N-1

Rs R,s L,s,i qL,s,i

]+1n_ k,n Jk+z ZQ d]k’
i=1 k=0
N-1

Mz

\/achrln - Zpkn ]k+

Il
o

i=0 k=0

L
qkn ]k+zpn ukC]k+ZZQn ak ]k’
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multiwavelets on the interval. Firstly, for Vf ¢ L*([0,1]),

denote
¢ = (frdyn)
i = (S
ik = (S o
o= (50 e
o= (fvii) -
5 = (i)
i=1,..,M; s=1,...,a-1.

Theorem 6. The decomposition formula of MEMWFI is

ak+N,
L
\/acj,k - Z k.n ]+1n+ Z pkn ]+1n’
0<k<N-1
ak+y,
— j
vacj,k - Z Pn—ukcj+1,n’ 0<k<a - Y
n=ak
ak+N, ak+N;
Rs _ Rs Rs
\/acj,k - Z pkn j+lLaltl—y— nt Z k,n ]+1n’

0<k<N-1,1<s<a-1
(39)
ak+N;

Li _ Li L L,i
\/Edj Zan ]+1n+ Z qk,ncj+1,n’
n=0

0<k<N-1
ak+y,
i i j
Vad), = Y Qi 0<k<al -y
n=ak
ak+N,

Rys,i _ R,s,i R,s,i Rs
\/adj‘k = Z q ]+1a)+1_y n+ ZQ ]+1 o
0<k<N-1,1<s<a-1,i=1,..., M,

and the reconstruction formula of MEMWEFI is

0<n<N-1,1<s<a-1

0<n< N,
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M N-1
l
\/—c]+1n \/—c;+1 N, +al+n' = Z pkN +ul+n'C]k+Z Z kN, +al+n’ k+ZPN1+" "+a(l-k)€ k+ZZQNl+" "+a(l- k)d]k’
k=I+1 i=1 k=I+1
0<I<N-2,1<n' <a Nj+l<n<a(N-1)+N,
M
_ i i j+1
vac,,, = ZPn,akcj,k + ZZanakdj’k, (@a-1)y-a+l<n<ad’ —ay+a-1
k i=1 k
(40)
\/achrl,n = \/achrl,(N—1—l)a+NZ—n’+(a7“—ay+a)
a-1 N-1 M a-1 N-1
_ R,s,i R,s,i
=2 Pk (N-1- la+N2—n’c]k 0 D (N-1-Da+N,-n' 4], +ZP (N-1-I-K)a+N,-n'+(a/* ~ay+a) € jik
s=1 k=I+1 i=1 s=1 k=I+1
(41)
+ZZQ(N 1-I-k)a+N,— n+(u1“—ay+a)d] k>
i=1 k
, ) )
0<I<N-2,0<n<a-1,ad" —ay+a<n<d™ —ap+aN-1
a-1N-1 M a-1N-1
_ R,s,i R,si
\/acjﬂ»n - Z Zpkaﬁ‘w n Jk +Z qkafﬂw ndJk +an ak€jk +ZZQn ak Jk’
s=1 k=0 i=1 s=1 k=0 (42)

Proof. The decomposition formula can be obtained by Theo-
rems 2 and 3, and the reconstruction formula is gotten from
Theorems 2, 3, and 5. O

3. Numerical Examples

In this section, we present some numerical examples to
show the effectiveness of the proposed algorithm with dilator
factorsa = 2, a = 3.

N (x) is mth order cardinal B-spline with dilation factor
a; the refinement equation of N, (x) is the following:

N (w) = 2, (z)ﬁf;(g),

) ai\m (43)
hfn(Z)=< +z+-a-~+z ) ,

where z = e7/%,

110000
001111

j+1

j+1
a" —ay+aN <n<a" -y

3lLa=2

Example 1. With a = 2, the symbol of the B-spline N; (x) is

W (z) = —+;z+1z (44)

4
Take ¢,(x) = Ny(x),$(x) = Ny(x = 1),¢(x) = (¢ (x),
¢2(x))T, and ¢(x) satisfies

1 (/11 11
o= (2 Yoo} Moo
00 00
+<1 1)gb(2x—2)+<1 1>¢(2x—3)}.

In fact, for ¢(x), we can choose different set of coeflicient
matrices such that it satisfies the above equation.

Lety = 3 = y,N = [y/a] = 1,j, = [log,yl =
Taking C, , = C(l))3 =0,Cy, = C(l),2 = I,, M = 3. Then,
we can obtain a set of multiscaling functions on the interval
by Theorem 2 and coefficient matrices by Theorem 5,

11110000
1 00001111
2 11110000 ’
00001111
111100
000011
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00 1-11-1
1-11-100 0 0
L1 0000 1-11-1
Q=_ >
2 1-11-10 0 0 0
0000 1 -1 1 -1
-1 1 -11 00
00 0 0 -11
V31,
-2 0 20
;1 0 -V2 0 V2
Q:_ bl
2 2 0 20
0 -V2 0 V2
-2, 2I, OI,
V31,
0 0 00
s 1 0 V2 0 V2
Q=7
2 0 0 00
0 -V2 02

The graphs of ¢, left (right) boundary multiscaling func-
tions, and MEMWFI are showed in Figure 1.

The graphs of the first row in Figure 1 are the multiscaling
function ¢ and its boundary multiscaling functions, and the
rest of rows belong to MEMWFI associated with ¢.

We can discover from Figure 1 that each component of
multiscaling function and MEMWEFI is (anti)symmetrical.
The boundary multiscaling functions have advantages of
simple structure and some of them are (anti)symmetric.

Example 2. With a = 2, the symbol of 3rd order B-spline
N32(x) is

0I, 0I, 6I,
(46)

Take ¢;(x) = N3(2x),$,(x) = N;3(2x — 1),¢(x) = (¢,(x),
¢,(x))", and ¢ satisfies

1 (/13 31
sio=1( Yoo+ (2 o

00 o
o)

Certainly, for ¢(x), we can choose different set of coeffi-
cient matrices such that it satisfies the above equation.
Lety =2 =1v,N = [y/a] = 1, j, = [log,y] = 1. Taking

(48)

h§ (2) = l+§z+§z2+lz3. (47) CO,,I. = C(l,)1 = (1/3)I,, M = 4. By Theorems 2 and 5, we can
8§ 8 8 8 obtain that
3100
1
131 -
3
1 133100
pP=- R
4 001331
1
- 131
3
0013
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3 L1
3 9
11 1
0 — -1 —=
3 3
o 1 =3 3 -1 0 0
=y 0 0 -1 3 -3 1 ’
1 11
—— 21 — 0
3 3
11
-2 23
9 3
286
6022 o
Ve 27 .
1 I
00 42 &
27 27
L1 V3 0 -Vi2 0 V3 0
=3 0 V3 0 -viI 0 3
19  [19
N N
27 \27
286
0 222 0 V6
30
286
6 0 —= o
Ve o\
2
0 —J§— 0 0
9
.1 V3 0 00 -v3 0
L= 0 V300 0 3
32
0 0 2
R K
286
22 0 6
27 Ve
10
01
286 286
. 1 22200 22 0
Q"= 81 81
0 288 0 0 _./%88
81 81
10
01

The graphs of ¢, left (right) boundary multiscaling func-
tions, and MEMWFI are showed in Figure 2.

The graphs of the first row in Figure 2 are multiscaling
function ¢ and left (right) boundary multiscaling functions,
and the rest of graphs belong to MEMWEFI.

We can discover from Figure 2 that each component of
multiscaling function and MEMWFI is (anti)symmetric and
smooth in this example. Left (right) boundary multiscaling
functions are smooth and some of them are (anti)symmetric.

(49)

Every pair of left boundary multiscaling functions and right
boundary multiscaling functions are mutually symmetric.

Example 3. The previous two examples are constructed when
r = 2; we will give an example based on B-spline with » = 3
here.

With a = 2, the symbol of 4th order B-spline N, (x) is

1 4
—+—z+
16 16

4
2+ —2+—z"

T (50)

Hi(@) = 16
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)
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|
J
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U
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1

0
0

0.5

1
FIGURE 1: Graphs of multiscaling function and left (right) boundary multiscaling functions and MEMWFI with dilation factor 2 and

Take ¢, (x) = N,(3x),¢,(x) = N,(3x — 1), ¢5(x) = N4(3x —
2), d(x) = (¢, (x), d,y(x), </53(x))T, and ¢ satisfies

410 000
1456 +{ 464 |¢2x-1)+( 100 [p(2x-2)
014 6 41
pe=21l 001 g0
000

(51)
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FIGURE 2: Graphs of multiscaling function and left (right) boundary multiscaling functions and MEMWEFI with dilation factor 2 and

1
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Lety =2 =y,,N = [y/a] = 1, j, = [log,y| = 1. Taking e \/E 0 000
Co1 = Cy, = (1/4),, M = 6. Then, by Theorems 2 and 5, 4 ¥4
> , 33 1 15 15
we can get that (Q32,Q33)=§ 3 0 5 000 |»
15 [15
0 —\/—5 Dvoo
v 2 V2
VI9 0 0 000
410000 4 a1 47
) (Q@vQn)=5( o ~ 0 000
464,00 0 0 V33000
014641 4
14 2 00 0 V300 -—— 00
146410000 « 1l o0 1 o000 Too
1 Q=3 >
=3 001464100 , 8 4
0000146 41 00—$00\/§000
1 46
HERPE 1 000 V33 07 0
4 4 _ 47
00%‘164 (Qsz’st)_g 000 0 y— 0 |
000014/, 000 O 0 V19
000 -vV7 v7 0 000
VI9 00 0 0 0 s 1
| . Q=gl 000 2 0o 2000,
1 1 I
(QuQu)=g| 2 325 0 0 4 000 0 -7 V7000
1 6 4 1 —
0 -2 —= —— —= 2536 [2536
2 2 2 2 000

441\ 441

,202 202

000 — 0 -\=
21 21
0

W\jm

—

000 -V14 V14 0 000 (Q,Q%) =

|

1
Q;2:g 000 2v2 0 -2v2000 |,

000 0 14 -V1400 0 21

1 4 6 1 808 8% 000
2727222 ° 2V
L ) Q) =5 (22 o 22 500
0 0 —5 23 2 ( 32 33) 1 01
0 0 0 00 19 2536 2536

21

1 Al 1 1
(Qaz’Q33):§ 3
0 == == 000
441 \ 441
V34 -\34 0 000 G36aaT
1 000 0 0
(Q.Qh)=>| v20 0o 20000 |, 7056
8 6 6y 1 82945
0 -V35 V35 000 (QnQh)=5| 000 o0 220 :
1764
127
2y 70 000 0 000 0 0 \/E
7 7
ngéoooozxﬁoooo, 000-V7 V7 0 000
1
16 4 6 -1 _
0000 0 74— - Q=gl 000 2 0 2000 f,
000 0 -vV7 V7000
000 V35 -V35 0
1 127
(Q§2,Q§3)=g 000 -v20 0 20 |, 0 0 000
- 1 82945
000 0 V34 V3 (Q5,Q5) == 0 \]— 0 000 |,
_ 8 1764
15 15 636841
000 = —\/[= 0 0 0 000
) 2 2 7056
3043\ _ 1 15 15 ) )
(Q]lez) - 8 0 0 0 § 07 - E > Qll1 Qllz
000 0 2 —\/E Q= Q,, , i=1,2,...,6.
4 4 i i
1 4 Q32 Q33 9x15
- Z40 -3 000
L 33 (52)
Q= 00002v200 0 ,

8 The graphs of ¢, left (right) boundary multiscaling func-
tions, and MEMWFI are showed in Figure 3.

0000 -3 04%

Wi—= o o



Mathematical Problems in Engineering

0.8

0.2

13

0.2

0.1

0.05 §

0.2

-0.2

0.1

0.05

—-0.05
\

-0.1

0.2

0.1

-0.1

-0.2

1’/4L
"\
0.1}
1
o
{1
I \
0.05 ‘-‘\ ;
R
-
AN
0 \ AR
0 0.5 1

F1GURE 3: Continued.



14

Mathematical Problems in Engineering

FIGURE 3: Graphs of multiscaling function and left (right) boundary multiscaling functions and MEMWFI with dilation factor 2 and

multiplicity 3.

The graphs of the first row in Figure 3 are multiscaling
function ¢ and left (right) boundary multiscaling functions,
and the rest rows belong to MEMWFL

We can discover from Figure 3 that each component of
multiscaling function and MEMWFI is (anti)symmetric and
smooth in this example. Left (right) boundary multiscaling
functions are smooth and some of them are (anti)symmetric.
Every pair of left boundary multiscaling functions and right
boundary multiscaling functions are mutually symmetric.

32.a=3
Example 4. We will construct this numerical example based

on 2nd B-spline N, (x). With a = 3, the symbol of N23 (x) is

1+2z+322+22° + 24
5 )

(53)

K (z) =

Take ¢ (x) = N,y(x),¢,(x) = Ny(x = 1),¢d(x) = (¢;(x),
¢,(x))", and ¢ satisfies

110 20
¢(x) = 3 <l(0 0>¢(3x)+<0 0>¢(3x—1)

30 20
+(01)¢@x—a+<02)¢@x—m

10 00
+(03)¢6x—®+<02>¢6x—$

00
(2 Yoo,

In fact, we have other choices to get the refinable equa-
tions associated with ¢.

Lety =3,y, = (a-1)y =6,N = [y/a] = 1, j, = [log,y] =
1. Taking

(54)

1 2
Co—r = Co,z = Co,z =0,
1 , 1 (55)
Co1 = V2C, = V2G5, = D,

where 0, denotes 2 x 2 zero matrix, I, denotes 2 X 2 unit
matrix. Then, we can construct MEMWFI by Theorem 2 and
Theorem 5 (see Figure 4). It is so lengthy that we do not
write the expression of P,QY, Q% Q% Q% Q% Q° here. The
graphs of ¢, left (right) boundary multiscaling functions, and
MEMWETFI are showed in Figure 4.

The graphs of the first row in Figure 4 are multiscaling
function ¢ and its left (right) boundary multiscaling func-
tions, and the rest of rows belong to MEMWFIL.

We can discover from Figure 4 that each component of
multiscaling function and MEMWFI is (anti)symmetric in



Mathematical Problems in Engineering

0.5

0.5

L R1
¢ ¢
0.6 0.4
A 0.3
0.4 N
/ \
/ \
/ \ 0.2
A i\,
0.2 ! \ h
! \ /
! \ 0.1 ,
/ '\ /.
/ '\ I‘
oL \ 0 L
0 0.5 0 0.5
1L 1R1
0.6 v 0.6 v

4L 4R1
0.5 v 0.4 v
0.2
0 \
\
\
-0.2 \
L
i
-0.4 Al
1 !
0 0.5 0 0.5

FI1GURE 4: Continued.




16 Mathematical Problems in Engineering
5L 5R1
0.4 1 L4 v
0.2 0.5
0 0
-
-
-0.2 -0.5 v
\
-0.5 !
—0.4 -1
0 1 2 3 0 0.5 1 0 0.5 1
6 6L 6R1
0.8 v 15 v %
h 1
n
0.6 i
. 1 P
n I
0.4 [ o
[} | R 0.5
fo 05t /v
I \ -
0.2 i ; ‘.l
[ i ;
! ! i i
0 1l \ 0 . 0
0 1 2 3 0 0.5 1 0 0.5

FIGURE 4: Graphs of multiscaling function and left (right) boundary multiscaling functions and MEMWFI with dilation factor 3 and

multiplicity 2.

this example. Left (right) boundary multiscaling functions
have advantages of simple structure and some of them are
(anti)symmetric. The second right boundary multiscaling
function has the same graph with the first.

Example 5. We will construct this numerical example based
on 3rd B-spline N;(x). With a = 3, the symbol of N33 (x)is

1+43z+622+722+6z4 +32° + 2°
27 '

Take ¢, (x) = N;(x), $,(x) = N3(x), $(x) = (¢, (), $,(x))",
and ¢ satisfies

_Lf(roy, 3OV
sio=3( Yosos 2 ocen
6 0\ a0 (TO)
(¢ o] Yo

60 30
+<0 6>¢(3x—4)+(0 3)¢>(3x—5)

10
o(y ) )per-ol.

Certainly, we have other choices to get the refinable
equations associated with ¢. The components of the multi-
scaling function are linear dependence. It does not satisfy

(56)

K (z) =

the assumption in Section 2. The sufficient and necessary
conditions for minimum-energy frames in Theorem 5 reduce
to sufficient conditions. We can still use Theorem 5 to get
MEMWEI.

Nowy = 3,9, = (@a-1)y = 6N = [y/a] = 1,j, =
[log,y] = 1. Take
Cop = C(l),z = Cé,z =0y,
(58)

1
Co-1 = \/EC(I)J = \/Ecé,l = 312~

Then, we can construct MEMWEFI by Theorem2 and
Theorem 5 (see Figure 5). It is so lengthy that we do not write
the expression of P, QL Q% Q% Q% Q°, Q% Q7, Q8 here. The
graphs of ¢, left (right) boundary multiscaling functions, and
MEMWEFI are showed in Figure 5.

The graphs of the first row in Figure 5 are ¢ and its left
(right) boundary multiscaling functions, and the rest of rows
belong to MEMWEFI associated with ¢.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.



Mathematical Problems in Engineering

L R1
¢ ¢ ¢

0.8 0.2

0.6 0.15
0.2

0.4 0.1
0.1

0.2 0.05

0 0 0

0 1 2 0.5 1 0 0.5 1

1R1

0.5 1 0

FIGURE 5: Continued.

0.5 1



18

5L

Mathematical Problems in Engineering

5R1
0.5 Ld . L4 0.5 Ld
- :
! ‘-\ i 0.5
0 \ 0
/
\‘ I.
.
. ]
.
- !
L
-051 ;!
N
-0.5
0 0.5 1 0 0.5

—

8L 8R1
2 Ld 0 . hd : 0.3 v
1 !
i !
1 -0.1 v
F 0.2
Pl
0 / ) -0.2 V!
~ ’ P
\ / F
N by 0.1
-1 N -0.3 by
L
-2 -0.4 0
0 3 0 0.5 1 0 0.5 1

FIGURE 5: Graphs of multiscaling function and left (right) boundary multiscaling functions and MEMWFI with dilation factor 3 and

multiplicity 2.

Acknowledgments

This work is supported by the National Natural Science Foun-
dation of China (Grant no. 61261043), the Natural Science
Foundation of Ningxia (Grant no. NZ13084), and Research

Project of Beifang University for Nationalities (Grant no.
2013QZP07).

References

[1] R.J.Dufhinand A. C. Schaeffer, “A class of nonharmonic Fourier
series,” Transactions of the American Mathematical Society, vol.
72, pp. 341-366, 1952.

[2] I. Daubechies, A. Grossmann, and Y. Meyer, “Painless
nonorthogonal expansions,” Journal of Mathematical Physics,
vol. 27, no. 5, pp. 1271-1283, 1986.



Mathematical Problems in Engineering

(3]

(4

(20]

I. Daubechies, Ten Lecture on Wavelets, Society for Industrial
and Applied Mathematics, Philadelphia, PA, USA, 1992.

E. Herndndez and G. Weiss, A first course on wavelets, Studies
in Advanced Mathematics, CRC Press, Boca Raton, Fla, USA,
1996.

J. J. Benedetto and S. Li, “The theory of multiresolution
analysis frames and applications to filter banks,” Applied and
Computational Harmonic Analysis, vol. 5, no. 4, pp. 389-427,
1998.

C. K. Chui and W. He, “Compactly supported tight frames
associated with refinable functions,” Applied and Computational
Harmonic Analysis, vol. 8, no. 3, pp. 293-319, 2000.

C. K. Chui, W. He, J. Stockler, and Q. Sun, “Compactly sup-
ported tight affine frames with integer dilations and maximum
vanishing moments,” Advances in Computational Mathematics,
vol. 18, no. 2-4, pp. 159-187, 2003.

A. Petukhov, “Symmetric framelets,” Constructive Approxima-
tion, vol. 19, no. 2, pp- 309-328, 2003.

O. Christensen, An Introduction to Frames and Riesz Bases,
Birkhauser, Boston, Mass, USA, 2003.

I. Daubechies, B. Han, A. Ron, and Z. Shen, “Framelets: MRA-
based constructions of wavelet frames,” Applied and Computa-
tional Harmonic Analysis, vol. 14, no. 1, pp. 1-46, 2003.

A. Ron and Z. Shen, “Affine systems in L,(R?): the analysis of
the analysis operator,” Journal of Functional Analysis, vol. 148,
no. 2, pp. 408-447,1997.

A. Ron and Z. Shen, “Affine systems in L,R” II: dual systems,’
The Journal of Fourier Analysis and Applications, vol. 3, no. 5, pp.
617-637, 1997.

M. Ehler, “On multivariate compactly supported bi-frames,” The
Journal of Fourier Analysis and Applications, vol. 13, no. 5, pp.
511-532, 2007.

M.-]. Lai and J. Stockler, “Construction of multivariate com-
pactly supported tight wavelet frames,” Applied and Computa-
tional Harmonic Analysis, vol. 21, no. 3, pp. 324-348, 2006.

M. Bownik, “A characterization of affine dual frame in LZ(IR"),”
Applied and Computational Harmonic Analysis, vol. 8, no. 2, pp.
282-309, 2000.

Y. D. Huang and Z. X. Cheng, “Minimum-energy frames
associated with refinable function of arbitrary integer dilation
factor;” Chaos, Solitons & Fractals, vol. 32, no. 2, pp. 503-515,
2007.

X. P. Gao and C. H. Cao, “Minimum-energy wavelet frame on
the interval,” Science in China, Series F: Information Sciences,
vol. 51, no. 10, pp. 1547-1562, 2008.

Y. D. Huang and Q. E Li, “The construction of minimum-energy
wavelet frames on the interval with dilation factor a,” Science
China Information Sciences, vol. 43, no. 4, pp. 469-487, 2013.

Y. D. Huang, Q. F. Li, and M. Li, “Minimum-energy multi-
wavelets frames with arbitrary integer dilation factor; Mathe-
matical Problems in Engineering, vol. 2012, Article ID 640789,
37 pages, 2012.

Q. Liang and P. Zhao, “Minimum-energy multi-wavelets tight
frames associated with two scaling functions,” in Proceedings of
the International Conference on Machine Learning and Cyber-
netics (ICMLC ’10), vol. 1, pp. 97-101, July 2010.

19



Advances in Advances in Journal of Journal of
Operations Research lied Mathematics ability and Statistics

il
PR
S Rt
£ 2 §

\ ‘

The Scientific
\{\(orld Journal

International Journal of
Differential Equations

Hindawi

Submit your manuscripts at
http://www.hindawi.com

International Journal of

Combinatorics

Advances in

Mathematical Physics

%

Journal of : Mathematical Problems Abstract and Discrete Dynamics in
Mathematics in Engineering Applied Analysis Nature and Society

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Journal of
'

al of Journal of

Function Spaces Stochastic Analysis Optimization

Journal of International Jo




