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The main purpose of this paper is to study the split fixed point and equilibrium problems which includes fixed point problems,
equilibrium problems, and variational inequality problems as special cases. A damped algorithm is presented for solving this split

common problem. Strong convergence analysis is shown.

1. Introduction

Very recently, the split problems (e.g., the split feasibility
problem, the split common fixed points problem, and the
split variational inequality problem) have been studied exten-
sively, see, for instance, [1-19]. Now we recall the related
history. Let H, and H, be two Hilbert spaces and C ¢ H,
and Q ¢ H, two nonempty closed convex subsets. Let A :
H, — H, be abounded linear operator. The split feasibility
problem is to solve the inclusion:

xeCNAT(Q) 6)

which arise in the field of intensity-modulated radiation
therapy and was presented in [1]. The iteration p""' =
proj(p" — ¢A*(I — Py)Ap") is popular with ¢ € (0, 2/1A1P).
Further, Xu [3] suggested a single step regularized method.
Dang and Gao [4] developed a damped projection algorithm.
If C and Q are the fixed point sets of mappings U and
T, respectively, then (1) becomes a special case of the split
common fixed point problem:

Find x € Fix (U) n A™! (Fix (T)). ()

Censor and Segal [5] invented a scheme below to solve

(2):

P =U(p" - A (I-T)Ap"), neN. 3)

Cui et al,, [6] extended the damped projection algorithm
to the split common fixed point problems. Lety : C x C —
R be a bifunction. The equilibrium problem is to find x™ € C
such that

w(xT,x) >0, VxeC. (4)

We will indicate with EP(y) the set of solutions of (4).
In the present paper, our main purpose is to study the
following split fixed point and equilibrium problem.

Find a point u® € Fix (W)NEP (v)
(5)
such that Au® € Fix (S) N EP (),

where Fix(S) and Fix(W) are the sets of fixed points of
two nonlinear mappings S and W, respectively; EP(y) and
EP(¢) are the solution sets of two equilibrium problems with
bifunctions y and ¢, respectively, and A is a bounded linear
mapping. Denote the solution set of (5) by

® = {x € Fix (W) NEP(y) : Ax € Fix(S)NEP (¢)}. (6)
We develop a damped algorithm to solve this split fixed

point and equilibrium problem. Strong convergence of the
suggested damped algorithm is demonstrated.
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2. Concepts and Lemmas

Let H be a real Hilbert space with inner product {,-) and
norm | - ||, respectively. Let C be a nonempty closed convex
subset of H. A mapping W : C — C is called nonexpansive
if

"ler - Wit " < “xJr - xi" , (7)

k4

for all x",x* € C. We call proj. : H — C the metric

projection if for each x” € H
“xb ~ proj. (xb)” = inf{"xb - xTH xl e C}. (8)

It is well known that the metric projection proj : H — Cis
firmly nonexpansive, that is,

[proic (") - projc. (+*)|° o
< <xdr - x¥, proj. (xT) — projc (x*)>

for all x™, x* € H. Hence proj. is also nonexpansive.

Lemmal (see [20]). Let C be a nonempty closed convex subset
of a real Hilbert space H. Let ¢ : C x C — R be a bifunction
which satisfies the following conditions:

(H1) w(xi,x*) = 0 for all xt e G

(H2) vy is monotone, that is, w(x*, xh) +1//(xT,x1) < 0 forall
xF,x" e G

(H3) for each xh,x¥,x% e C, limtlol//(tx” +(1-txf,x%) <
w(x', x);

(H4) for each xeC xt l/f(xT,x*) is convex and lower

semicontinuous.

Let® > 0 and x € C. Then, there exists x" € C such that
1
b ¥ £ o T ¥
xLxT)+—(x"—-x",x"—x')=0, Vx" eC. 10

Further, ifU:g(xT) ={xleC: w(x”,x*) + (1/@){(x* -
x'x" = xTy >0, for all x* € C}, then the following hold:

(i) UY is single-valued and U, is firmly nonexpansive, that
is, for any x",x* € H, [USx" —ngill2 < (USx -
ngi,xT - xi);

(ii) EP(y) is closed and convex and EP(y) = Fix(Ug).

Lemma 2 (see [21]). Let H be a Hilbert space and C ¢ H
a closed convex subset. Let W : C — C be a nonexpansive
mapping. Then, the mapping [-W is demiclosed. That is, if {p"}
is a sequence in C such that p" — v weakly and (1-W)p" —
u strongly, then (I - W)y = u.

Lemma 3 (see [22]). Assume that {n,} is a sequence of
nonnegative real numbers such that

M1 < (1 - Kn) My+6Gp» NE N, (11)
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where {x,} is a sequence in (0,1) and {g,} is a sequence such
that

(1) z:ﬁl Ky, = 005
(2) limsup,, _, ., (c,/x,) <00r Y2 g,| < 0.

Then lim =0.

‘rl—>00’17’l

3. Main Results

Let H, and H, be two Hilbert spacesand C ¢ H, andQ ¢ H,
two nonempty closed convex subsets. Let A : H; — H, bea
bounded linear operator with its adjoint A*. Lety : CxC —
Randletgp : Dx D — R be two bifunctions satisfying
the conditions (H1)-(H4) in Lemmal. Let S : D — D and
W:C — C be two nonexpansive mappings.

Algorithm 4. Let x,, € H,. Define a sequence {x,,} as follows:

P =wUr[(1-¢,)

X (p" +cA" (SU? - 1) Ap")], VneN,

(12)

where 1, %, and ¢ are three constants satisfying ¢ € (0,00), x €
(0,00), ¢ € (0, 1/]|AI*), and {,,} is a real number sequence in
(0, 1).

In the sequel, we assume that

O = {x e Fix(W)NEP (y) : Ax € Fix(S) N EP ()} #0.
(13)

Theorem 5. If {,} satisfies lim, ,  {, = 0, Yo, {, = 00
and lim,, _, . (,.1/C, = 1, then {p"} generated by algorithm
(12) converges strongly to projg (0) which is the minimum-norm
element in ©.

Proof. Let p = projg(0). Then, p € Fix(W)NEP(y) and Ap €
Fix(S)NEP(p). Setz" = UZAp", y" = (1-{,)(p" +cA™ (SUY -
DAp™ andu” = UY[(1 - ,)(p" + cA™(SU? — 1) Ap™)] for all
n € N. Then " = UYy". From Lemma 1, we know that UY
and UY are firmly nonexpansive. Thus, we have

|2" - Ap| = [UZAp" - Ap|| < [Ap” - Ap], (14)

Ju" = pll = U¥y" = pll < |y" - Il (15)

|sugAp" - Apl” = ||sU? Ap" - SUZ Ap|

< |ugap" -Uf Ap|’

<|lap" - Ap|" ~ |ufap" - Ap".
(16)
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Note that From (16), (21) and (22), we have

||un+1 _ un“ _ "ULu/ynH _ Ulu/yn” <Pn _ p,A* (Sz" _ Apn)>

- v
< " n > 1 n n 1
g = > (Is2" - apl” +[152" - ap"
Zn+1 _ Zn“ — ||UZ)APH+1 -U? ) ,
T (18) “J4p" - 4p[)
<[4 - 4¢7). s
-[sz" - Ap"]
From (12) and (15), we have < % (J4p" - aplf - =" - 4p" (23)
K "o AP | Ap" - Ap|?
Tl =i - pl <l - pl s -l 09 Fls = AFT A - a0l)
- lIsz" - 4"
Observe that 1, ., 2
=5l - A"
Iy" - P||2 =[(1-¢,) - l”Sz” - Ap"||2.
n * n n 2 2
x(p" = p+cA™ (S2" = Ap")) - G,p
<(1-¢,) "(P - p+cA™( || By (20) and (23), we deduce
+ ol
(20) .
=(1=3)[ " - pl+26 Iy" - ol
X (P" - p AT (82" - Ap")) <(1-¢,) [HP" - p|” + ClAI|sz" - Ap"|
(5= 4] e3¢ (31" - ap'f
an 2
+ .
" 1 n |2 2
2= 4" ) |+ llol (a4
Since A™ is the adjoint of A, we have =(1-¢,)
n 2 2 2 n n||2
n * n n X1 —pi + SIAlI" —¢) ||Sz - Ap
<P —PaA (SZ _AP )> [“ ” ( )“ ”
n 72 2
(A (p" = p),S2" = Ap") ~cl=" = Ap"[°] + &l
= (Ap" - Ap+S2" - Ap" 1) <(1=8) Ip" - oI + Sallol
(82" - Ap"),Sz" - Ap")
_ (52" Ap.SZ" — Ap") —|[s2" - APnHZ- It follows from (19), we get
Using parallelogram law, we obtain “ s p” <|y" p“
e A REA T S
(82" - Ap,Sz" — Ap™) o
L 15— Aol + 1527 — Aol < max {[lp" - pl" |p[}
= - (Isz" - Ap[" +[js2" - 4p”| (22)

-|lAp" - Ap”z) . The boundedness of the sequence {p"} yields.



Setv" = p" + ¢A™(SU? — I)Ap". Then, we have

n+1 n n
14 4

2_“ n+l
=" -p

+C [A* (Szn+1_APn+1)_A* (Szn_APn)]Hz

ol T
+ 2C <pn+1 _ Pn’
A* [(Szn+1 _ Apn+1) _ (Szn _ Apn)]>

+ ¢

< Hp"” _ pn||2
+ ZC <Apn+1 _ Apn ,
Szn+1 — Sz — (Apn+1 _ Apn)>
+ CZHA”Z"SZnJrl _ Szn _ (Apn+1 _ Apn)“z

n+l n||?

p

= e
F AP s - 52" - (4p™ - ap")
+2¢ (82" - 87",

Sz - 82" - (Ap™" - Ap"))
~2gflsz"! - 2" - (4™ - 40"
o A ¥

+ C2||A||2||SZH+1 _ S — (Apn+1 _ Apn)“

(]

2

SZn+1—SZn2

+ ||Szn+1 _ Szn _ (Apn+1 _ Apn)"2
_”APnH _ APn“Z)

_ 2c"SZnH Y (Apn+1 _ Apn)“z

n+l n||?

P

+ (1417 =)

% .|Szn+1 Sy - (Apn+1 B Apn)"z

+C(|SZ"+1 S 2 |'(Apn+1 _Apn)||2)

A* (Szn+1 _ Apn+1)_A* (Szn _ Apn) ”2
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< “pn+l _ pn||2
+(CIAIP - <)
x ||Szn+1 _ S — (Apn+1 _ APn)HZ

+ C( 2 Zn||2 _ ||Apn+1 _ Apn"2)_

(26)
Since ¢ € (0, 1/[|A||), we derive by virtue of (18) and (26) that
'|Vn+1 — < pn+1 _ pn ) (27)
According to (17) and (27), we have
||Pn+1 _ Pn" _ ||Wun+1 _ Wun
< "unﬂ _ un"
< yn+1 _ yn
= "(1 - (rﬁ-l) Vn+1 - (1 - Cn) Vn" (28)
= "(1 - (VH-I) (Vn+1 - Vn) + ((n - (n+1) Vn”
< (1 - cn+1) ”Vn+1 - . + |Cn+1 - (nl "Vn“
< (1=Cu) [P = P"| + 1sr = Sl V']l -
It follows that
ntl _ n < |Cn+1 _Cnl “V”” (29)
cn+1

Since {p"} is bounded, we can deduce {v"} is also bounded.
From (29), we have

. n+1 n|| _
nlgrolo P “P= 0. (30)
Hence,
. n n|| _
Jim " - W' = 0. (31)

Using the firmly-nonexpansivenessity of UY, we have
lw = ol = Uy - pIf
<y -pl* - Uty -y (32)
=y - ol - -y
Thus, we get
o = ol < " - £l
<ly"-pl* - lu" -y
< (=) le" - plI* + &ullol - " - I

(33)
It follows that
" =y <lp" = ol = o = | + el
< (le" = pl+ e = 2 )l = |+ Callel”
(34)
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This together with (30) and (CI) implies that
Jim [l - "] = 0. (35)
Note that
P o <1y -l
<(1=¢)[e" - ol

(36)
+(1-4,) (CIAF —5) 52" - 4"’
= (=85l = A" + Gl
Hence,
(1-4) (s = SIAP)Isz" ~ 4p"
+(1-8,) " - 4p"|
n n 2
<lp" - ol =" - p| +&ulol’ (37)
<(le" =l + ™" =) ™" = £
+5lpl
which implies that
Jim 52"~ Ap] = Jim "~ A" =0, a8)
So, we get
Aim_ [|sz" = 2" = o. (39)
Since
Iy = p"ll = lsA™ (SUZ = 1) Ap" + ¢, w0)
< clAlfse" - 4]+, 1],
we get
Jim [lp" = y"[ =o0. (41)
From (31), (35), and (41), we get
Jim [p" = wp'| = 0. (42)
Now, we show that
limsup (p, y" - p) > 0. (43)
n—00

Choose a subsequence {y"} of {y"} such that
limsup (p, y" ~p) = lim (p.y" =p).  (44)

Notice that {y™} is bounded, we can choose {y"i} of {y"}
such that y" — z. Without loss of generality, we assume
that y" — z. From the above conclusions, we derive that

pl =z, U, =2,
(45)

Ap" — Az, 2 — Az.

By Lemma 2, (39), and (41), we deduce z € Fix(W) and Az €
Fix(S).
Next, we show that z € EP(y). Since u” = UY y"", we have
1
n ot T no_n n T
> + = -—u,u - >0, Vx' e€C. 46
v (u X ) L <x uu -y > X (46)
By the monotonicity of y, we have
1 T n o n n T .n
- - Py - 2 b b 47
l <x u',u' -y > q/(x u ) (47)

and so

<xT_uni’Uni:yi> 21//(xw‘,uni)' (48)

Since u” - y"| — 0, u, — z, we obtain (u, — Y[t — 0.
Thus, 0 > w(xT,z). Fort with0 < t < 1and xT € C, let
y' =tx" + (1 - t)z € C. We obtain y(y', z) < 0. Hence,

0=y (\y) <ty (V. x") + -0y (¥.2) <ty (,x").
(49)

S0, 0 < w(»',x"). And, thus, 0 < w(z, x"). This implies that
z € EP(y). Similarity, we can prove that Az € EP(¢). To this
end, we deduce z € Fix(W)NEP(y) and Az € Fix(S)NEP(¢).
That is to say, z € ©. Therefore,
limsup (p, " - p) = lim (p,y" - p)
n— 00 1— 00
= lim (p,z - p) (50)
> 0.
Finally, we prove p" — p. From (12), we have

n+1

I = ol <1y - oI
=(1-¢) (" = p) - Lup|’
<(1=8) v = ol =28, (p. " - p)

S(1_Cn)||pn_p“2_2(n<p’yn_p>'

Applying Lemma 3 and (50) to (51), we deduce p" — p. The
proof is completed. O

(51)

Algorithm 6. Let p° € H, arbitrarily define a sequence {p"}
by the following:

P =W ((1-5) (0" +6A S-D AP, (52)

forall n € N, where ¢ € (0, 1/]|Al*) and {¢,.} is a real number
sequence in (0, 1).

Corollary 7. Suppose ®, = {x € Fix(W) : Ax € Fix(S)} #0.
If {C,} satisfies lim, . .(, = 0, >2,{, = oo, and
lim,,_, ,0,1/C, = 1, then the sequence {p"} generated by
algorithm (52) converges strongly to p = projg, (0) which is
the mum-norm element in ©,.



Algorithm 8. Let p° € H, arbitrarily define a sequence {p"}
by the following:

P UY (1-5) (0" e (U2 D) AY),  (5)

for all n € N, where 1, k, and ¢ are three constants satisfying
1 € (0,00),x € (0,00), ¢ € (0,1/]|Al*), and {C,} is a real
number sequence in (0, 1).

Corollary 9. Suppose ®, = {x € EP(y) : Ax € EP(¢)}#0.
If {C,} satisfies lim, , (, = 0, ¥2,{, = oo, and
lim, _, 8,1/, = 1, then the sequence {p"} generated by
algorithm (53) converges strongly to p = projg (0) which is the
mum-norm element in ©,.

Algorithm 10. Let p° € H, arbitrarily define a sequence {p"}
by the following:

P! = proj ((1-8,) (" +64° (projq - 1) Ap")) . (54)

forall n € N, where ¢ € (0, 1/||AJ*) and {¢,,} is a real number
sequence in (0, 1).

Corollary 11. Suppose ®; = {x € C : Ax € Q}+0. If {(,}
satisfies lim,, _, ¢, = 0, Yoo, , = 00, and lim,, _, o, (,,.1 /¢, =
1, then the sequence {p"} generated by algorithm (54) converges
strongly to p = projg_(0) which is the mum-norm element in

,.
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