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A finite-step iteration sequence for two finite families of asymptotically nonexpansive mappings is introduced and the weak and
strong convergence theorems are proved in Banach space. The results presented in the paper generalize and unify some important

known results of relevant scholars.

1. Introduction and Preliminaries

Throughout this work, we assume that E is a real Banach
space and K is a nonempty subset of E. A mapping T : C —
C is said to be asymptotically nonexpansive if there exists a
sequence {k,} c [1,00) with lim k, = 1 such that

n— 00

IT"x-T"y| <k,|x-y|, Vx.yeK, ¥n>1. ()

The class of asymptotically nonexpansive mappings was
introduced by Goebel and Kirk [1] in 1972 as an important
generalization of the class of nonexpansive self-mappings,
who proved that if K is a nonempty closed convex subset
of a real uniformly convex Banach space and T is an
asymptotically nonexpansive self-mapping of K, then T has
a fixed point. Strong and weak convergence theorems for
nonexpansive and asymptotically nonexpansive families of
mappings and for single maps have been established by many
authors (see [2-11]).

In [2], the authors introduced a multistep procedure
defined by (2); under some conditions, they proved that the
convergence of Mann-Ishikawa iterations is equivalent to the
convergence of the multistep iteration in Banach spaces:

x, €E,

Xn+1 = (1 - ﬁrll) Xy ﬁrlzTy;’

Y= (1= x4 B = L2m -2,

v = (=B Xy + BT, m22,

2)

where the sequences {ﬁ;}gﬂl c [0,1],i = 1,2,...,m satisfy
certain conditions.
In [3], Chidume and Ali studied a scheme defined by

x; €K,
1 1
Xpt1 = (1 - Bn) Xyt ﬁnT;lymm—z’

Ynim-2 = (1 - ﬁfl) Xn ﬁflT;yer—Sﬁ nxl, (3)

Yu= (L= BD) 3+ BT 22,

where {ﬁ;}:ﬁl is a sequence in [e,1 — €], € € (0,1).
In a real uniformly convex Banach space E, they proved
the following: (i) a weak convergence theorem for finite
families of asymptotically nonexpansive mappings where the
dual space E* of E satisfies the Kadec-Klee property; (ii) a
strong convergence theorem if one member of the family of
asymptotically nonexpansive maps {T;} satisfies a condition
weaker than semicompactness.
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Now, a finite-step iteration sequence for two finite fami-
lies of asymptotically nonexpansive mappings is introduced
as follows.

Let K be a nonempty closed convex subset of a Banach
space E,and let {T}}" , {S;}\2, : K — K be two finite families
of asymptotically quasi-nonexpansive mappings; the iterative
sequence {x,} is defined by the iterative scheme

x;€E (j=12...,7),
1 1 1
Xy = (1 - ﬁn) $1% + BT\ Vg
4 . o
Vog = (=B ) St + B TR
i=12,....m-2,
—1
Yneans = (1= B) S + By T

m>=>2, nx>r,

(4)

where {ﬂ;}:ﬁl c [e,1 — €] withe € (0,1), {g}", is a
nonnegative integer sequence in [0, 7), and r,m € N are fixed
numbers.

Remark 1. In (4), takingr = 1,T; =T, S; = I, and g; = 0 for

alli = 1,2,...,m, then we obtain (2); taking r = 1, S; = I,
y;thiﬂ = Vyamoivo and g; = 0 for alli = 1,2,...,m, then we
obtain (3).

In this paper, the finite families of asymptotically quasi-
nonexpansive mappings are defined in Banach spaces. Under
certain conditions, we construct an iterative scheme and
prove the following: (i) a weak convergence theorem for
finite families of asymptotically quasi-nonexpansive map-
pings, where the uniformly convex Banach space satisfies
Opial’s condition; (ii) necessary and sufficient conditions
for convergence in real Banach spaces and a strong con-
vergence theorem if the finite families of asymptotically
quasi-nonexpansive mappings satisfy condition (B). Our
results generalize and unify many important known results
of relevant scholars.

In order to prove the main results of this work, we need
some basic concepts indicated as follows.

Let E be a Banach space, and let K be a nonempty closed
convex subset of a E. A mapping T with domain D(T') and
range R(T) in E is said to be demiclosed at p [3] if whenever
{x,} is a sequence in D(T) such that x, — x* € D(T) and
Tx, — p,thenTx" = p.

E is said to satisfy Opial’s condition [5] if, for any sequence
x, € E, x, — x implies that limsup,_, lx, — x| <
limsup, _,  lIx, — vl for all y € E with y # x, where x, — x
denotes that {x,,} converges weakly to x.

Let {T;}!", be the self-mappings of K and F(T;) denotes
the set of fixed points of T;.

Definition 2. {T;}!", is said to be a finite family of asymptot-
ically nonexpansive mappings if there exists a sequence u,, €
[0,00),lim,, _, . u, = 0,suchthat |[T7x-T: y|| < (1+u,)|x—yl
foralln e Nand x, y € K.
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Definition 3. {T;}!", is called a finite family of asymptotically
quasi-nonexpansive mappings if there exists a sequence u,, €
[0, 00), lim,, _, . ou,, = 0, such that [T7'x — p|l < (1+u,)llx— pll
foralln e N,and x € K, p € F(T), where F(T) + .

Remark 4. The class of asymptotically quasi-nonexpansive
mappings is a generalization of the class of nonexpansive
mappings and asymptotically nonexpansive mappings.

Definition 5. {T;}" |, {S;}", are said to satisfy condition (B) if
there exists a nondecreasing function f : [0,00) — [0, 00)
with f(0) = 0, f(r) > 0 forall ¥ € (0,00), such that
max; ;. tlx — Tixll, [x — Sixll} = f(d(x, F)) for all x € K,
where F = (1, F(T;) N F(S;) #0 and d(x, F) = inf,. .pllx -
x|

2. Weak Convergence Theorems for
Asymptotically Quasi-Nonexpansive
Mappings in Banach Spaces

Lemma 6 (see [4]). Let{a,},>, and{l,} > be two nonnegative
real sequences satisfying

A <(1+1)a, VneN, (5)

where )2, 1, < +00; then lim a, exists.

Lemma 7 (see [5]). Let p > 1, r > 0 be two fixed numbers
and let E be a Banach space. Then E is uniformly convex if
and only if there exists a continuous, strictly increasing, and
convex function g : [0,00) — [0, 00) with g(0) = 0 such that
IAx + (1 =Dyl < Mxl? + (1 = Viyl? - w,(Dgllx - yl)
forallx,y € B.(0) ={x € E: ||x|| < r}, and A € [0, 1], where
w,(A) = A1 - MNP+ (1= )AL,

Lemma 8 (see [6]). Let K be a nonempty closed subset of a
uniformly convex Banach space E, and let T : K — K be an
asymptotically nonexpansive mapping. Then I-T is demiclosed
at zero; that is, for each sequence {x,} ¢ K, if {x,} converges
weakly to p € K and {(I — T)x,,} converges strongly to 0, then
p € F(T).

Lemma 9 (see [7]). Let E be a Banach space which satisfies
Opial’s condition and let {x,} be a sequence in E. Let u,v € E
be such thatlim,, _, . l|x,—ul andlim,, _,  lIx,—v| exist. If {x,, }
and {xmk} are subsequences of {x,} which converge weakly to u
and v, respectively, then u = v.

Lemma 10. Let K be a nonempty closed convex subset of a
Banach space E, and let {T;};" |, {S;}'", be two finite families
of asymptotically quasi-nonexpansive self-mappings of K with
sequences {ul}" {vi}" ¢ [0,00), and F = (!, E(T;) N
F(S;))#0. Let {x,} be the sequence defined by (4), if the
following conditions are satisfied:

(i) T2, < +00, Y2 v < +00;
(ii) lx - Toyl < IS;x - Tyl for all x,y € K and i =

1,2,...,m.

Then lim,, _, . llx,, — T;x, |l = 0 and lim,, _, ||x,, — S;x,|l = 0.
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Proof. Let x* € F,v, = max,_.,{u,, v} for each n. Since <(1+v,)"" ( (1 - B2 --/3:,"_1) [, = x|
(o]
Yoo, < 400, Y2 v < +oo foreachi, Y0 v, < +00. L2 et 1 et .
ol B [ <D
Step 1. We prove that, for all x* € Fandi = 1,2,...,m - . i i}
L lim, , llx, — x| and lim,, _, ||y}, — x*| are existent and < (14,)" x, = x| = L+ 1) %, - %7,
equal. (8)
1 21t follf’lqus2 from (4) that we obtain that for any i = where |, = Cl - C2 v2 £t O Since Y,
e > 1(C1 v, + C2 v2 +---+Cr m) < +oo, from Lemma6
P forallx* € F, hmn ﬁoollxn x| exists. Moreover, it is easy to
Vn-q see that lim,, _, [y, — x"| also exist foralli = 1,2,...m -1
. £ 1 ik
l ) T i, 151,
i1 ,+1 ,+1 Step 2. We prove that lim,_, lx, — T;x,] = 0 and
S (1 - ) “Sl+1x " i1 Vg, — X lim,, , o lIx, = S;x,ll = 0.
Since E is uniformly convex Banach space, from
i+1 * t]
(1 = Ba ) (14 v) [ = %7 © Lemma 7, letting p = 2, we get
i+1 i+1 * 12
B (L) |y, — eer = %7
It
=(1+w,) ||1— Sx +/3T1ynq1
> 1- i+1 x _x* + i+1 i+1 _x* , 1 1 A\ 112
(=B ) e = ="+ B 9, = x7]) (1= BL) (St - x7) + B, (T;«yn_ql )
and for i = m — 1, we have <(1- /3,11) IS7x,, ~ x|
-1 * 1 12 1
y;”_qm_l_ _(ﬁ”(l_ﬁ") +(1_ﬁ") ) ||T1y” -q; x”")

= [ (1= B) Sy + B T = 7|
< (U= B Sp0 = %7+ By [T = %7
<(1-87) (1+v,) |x, - 7|
+ B (14 v,) |x, = 7|
= (1+v,) |, = x7]|-

Then, from (4), (6) and (7), we get

||xn+1—x*||
" S X, + BTy, . x"
( )"SX -Xx ”+ﬁ “len -q, -x

< (1 - [)’n) (1+v,)]|Ix, - x|

*

+ ﬁrlz (1 + Vn) "y‘i—% -

= (1+Vn)

X ((1 - ﬁrl;) [, = x*

<(1+,)

x ((1=BuBa) I = %" + BuBa |, -

*

)

*

S(l+vn)2((l—ﬁrll) -x 2)

?) - 263g (

)

T\ Vneg, — S
)

2

*

i
"y”_%' B

1+1 i+1 i+1 |2
- " ” ) 1+1x +ﬁ T"'ly" 1 X

<(1-4) nsﬁlx

1+1 i+1
+1y" ~di+1

i+1 ||

i+1/n-q;4

)

—x “ +ﬁl+1

n
= Sis1%n

_wz(

<(1+v,)
x (1= B e = "I + B2

—Zeg "

i+1 *

)

i+1

n
+1yn i1 Si+1xn||) >

(10)

foranyi=1,2,...,m—-2and

2

*

||y” Am-1
=|(-8

<(1-

™S + BT, — x|
m|v [ +ﬁfmﬁxn—xw2 ay
0y (B 9 (1T, ~ S
28 (T, - S -

< (1 + Vn) “xn - x*”



From (9), we have
269 ([T g, = S
<(1-B) (4w 2 =[x - %) 12)

+ B, ((1 + Vn)zu)’i—ql x| - 1 — x*||2).

Since lim,,_, o [lx,, — x*|| and lim,HOOIIyL — x| are existent
and equal, we have

Jim g (|75, = Si) = 0. (1)
Because g is strictly increasing and continuous and g(0) =

"T1 Vg, S?xn“ — 0 (asn— 00). (14)

Further, similar to the computations above, using (10) and

(11), we also can get for any i = 1,2,...,m — 2
Tim_ |77y, = Sixa| = 0, lim |T,x, - S,x,] = 0.
(15)
Hence, foralli = 1,2,...,m — 1, we can obtain
dim |17y, = Six,| =0, lim [T5x, - S, = 0.
(16)

Since [|x = T;yll < |IS;x — T;yll for all x, y € K, we have [|x —
Tyl < ISx — T!"y|, and then

. n_i . n_i n
lim " l.ynfqi—xn“ < lim “ iynfqi—Sixn =

>

n— 00 n— 00
Vi=1,2,....,m—1 17)
Jim [ T7x, - x| < lim ||T}.x, - S).x,[ = 0.

From (16) and (17), fori = 1,2,...,m—1

180 =l < |70 = T yg | + |17 Yy = %4 — 0
“Smxn - xn” < "Smxn - T::lxn" + "T:axn - xn"

— 0 (asn — 00),

(18)

SO
"xn+1 - xn”

"1— Sx +ﬁT1ynql—xn“

(19)

< (1 - /3n) "Srllx

— 0

X " +/3 "Tl yn—ql n”

(as n — 00).
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Hence from (16) and (18), fori = 1,2,...,m — 2, we have

i
Xn = y“_%' 'l

= e = (1= B) S + B TN )

i+1

n i+1

< "xn 1+1yn qiv1

n
'Si+1xn

z+1x ” + ﬁ

— 0,

(20)
[0 = 72
= [, = (1= B,) Spixn +ﬁn x,)|
n = Tou]| — 0
(as n — 00).

It follows from (17) and (20) that, fori = 1,2,...,m — 1,

[EAEA
< ||T?xn T a7y =
(21)
< ) g g ] — 0
(as n — 00).
Together with (17), fori = 1,2,...,m
|T!x, - x,| — 0 (as n— ©0). (22)
From (19) and (22), for any i = 1,2,...,m, we have
%, = T
o P Y P L
| T sy = T x| + | T, - T,
< = |+ s = 17 -
(L V) s =%l + (14 ) [T, = x|
= @+ v00) [ = x|+ o = T 0 |
+ (1) [T, = x| — 0

(as n — 00).
Together with (16) and (20), fori = 1,2,...,m — 1, we have

”S?xn - Tinxn"

< [5ix = 7y o Tl
. (24)
< “S x, - T} yn q“+(1+vn) y;_q,_—xn —0
(as n — 00).
Together with (16), fori = 1,2, ..., m, we have
[$'x, = T'x,| — 0 (as n — 00). (25)
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Since [IS;x,, — T x|l < IS7x,, — T;"x,, |, together with (23) and
(25), fori=1,2,...,m, then

”xn - Sixn"

< e = Tl + 17760 = S
(26)
< |x, = T"x,|| + | T} %, = SFx,| — ©

(as n — 00).

O

Theorem 11. Under the assumptions of Lemma 10, if E is a
uniformly convex Banach space satisfying Opial’s condition,
then the sequence {x,},_, given by (4) converges weakly to a
common fixed point of {T;};" | and {S;}}" .

Proof. By using the same proof as in Lemma 10, it can be
shown that foranyi=1,2,...,m

lim |x, - Six,[|=0. (27

nli_)ngo ||xn - T,-xn“ =0, Jim

SoI—-T;and I - S, are demiclosed at 0.

Since E is uniformly convex and {x, } is bounded, we may
assume that x, — uasn — oo, without loss of generality.
By Lemma 8, we have u € F. Suppose that subsequences {x,, }
and {x,, } of {x,} converge weakly to u and v, respectively.
From Lemma 8, u, v € F. By Lemma 10, lim, _, . [|lx,, —u] and
lim, _, . llx,, — v| exist. It follows from Lemma 9 that u = v.
Therefore {x,} converges weakly to a common fixed point of
{T;}, and {S;}}";. O

3. Strong Convergence Theorems for
Asymptotically Quasi-Nonexpansive
Mappings in Banach Spaces

In this section, we prove strong convergence theorems of the
iterative schemes (4) in Banach spaces.

Theorem 12. Under the assumptions of Lemma 10, the
sequence {x,}°2, given by (4) converges strongly to x' € F
if and only if lim inf d(x,,F) = 0, where d(x,,F) =
inf pepllx, — pll-

n— oo

Proof. Necessity is obvious. We only prove the sufficiency.
Suppose that liminf, |, d(x,,F) = 0. As proved in
Lemma 10, for each x* € F, we have ||x,,; — x"[| < (1 +
I)x, — x*|; that is, d(x,,,F) < (1 + I,)d(x,,F). From
Lemma 6, lim,, , . d(x,, F) exists, based on the assumption
that lim,, _, . d(x,, F) = 0.

Next, we can prove that {x,} is a Cauchy sequence in K.
In fact, for any x* € F,

[y = x| < (X +1,) |x, —x"||, Yn>1, (28)

where Y72, 1, < +00. Hence for any positive integers n, m, we
have

”'xn+m - xn”

< e = %7+ e = %7 (29)

n+m

< (1 + Lypnt) |Ximes = 7| + ||, = x7| -

Since x > 0, then 1 + x < e*. Thus, we get

"xn+m - xn"
< i = 27+ s = %7

i SRR R

< it mims = %7 + [, — x7] (30)

n+m—1

e R B Y

<(1+M)|x, - x|,
where M = etk < 00. So we have
[ = %]l < (14 M) |, = x7 . (31)

This shows that {x,} is a Cauchy sequence in K, since K
is a nonempty closed convex subset of a Banach space E; that
is, K is a complete space. Without loss of generality, we can
assume that {x, } converges strongly to a common fixed point
peF. O

Theorem 13. Under the assumptions of Lemmal0, if
{T;},{S:}12, satisfy condition (B), then the sequence {x,}
defined by (4) converges strongly to a common fixed point
x* ePF.

Proof. It follows from Lemma 10 that, for anyi = 1,2,...,m,
we have

lim |x,-Sx,[|=0. (32

lim |x, - T;x,| =0, Jim

n— 00

Since {T;}",,{S;}", satisfy condition (B), we have
lim, ,  f(d(x,, F)) = 0.

Since f is a nondecreasing function with f(0) = 0, f(r) >
0 for all r > 0, such that, for all x,, € E, lim, _, . d(x,, F) = 0;
by Theorem 12, we obtain that {x,} converges strongly to a

common fixed point x* € F. O



Corollary 14. Under the assumptions of Lemma 10, the itera-
tion sequence {x,} is defined as follows:

x;€E (j=12...r),

xn+1=(1_/3) +/3T1yn B
i 1 1 1
y;—i :( ﬁH ) i+1%n +ﬁl+ l+1y:’l+(l+l)’ (33)
i=1,2,...,m-2,
-1
y:ln—(m—l) = (1 - ﬁ:zn) S:1xn + ﬁZLT::txn’

2<m<r, nxt,

where {B.}7, C [e,1—¢€] withe € (0,1).

(i) If E satisfies Opial’s condition, then {x,} converges
weakly to a common fixed point x* € F.

(ii) If {T;},, {S;}, satisfy condition (B), then {x,} con-
verges strongly to a common fixed point of x* € F.

Proof. By taking {g,}}", = iforalln > 1in (4), from Theorems
11 and 13, the conclusion of the corollary follows. O

Corollary 15. Under the assumptions of Lemma 10, the itera-
tion sequence {x,} is defined as follows:

x, €E
ﬁ )S Xn +ﬁT1yn’

yn = (1 - ﬁi1+1)sz+1x + ﬁl+lT1+1y;+l’

Xn+1 = (

(34)
i=1,2,....m—2,
= (1= B S + BT,
m22,

where {B.}7, C [e,1 - €] withe € (0,1).

(i) If E satisfies Opial’s condition, then {x,} converges
weakly to a common fixed point x* € F.

(ii) If {T;}2,, (S}, satisfy condition (B), then { L} con-
verges strongly to a common fixed point of x* € F.

Proof. By takingr = 1,q; = Oforalli = 1,2,...,m in
(4), from Theorems 11 and 13, the conclusion of the corollary
follows. This completes the proof. O

Corollary 16. Let K be a nonempty closed convex subset of a
uniformly convex Banach space E, and let {T;}" | be a family
of asymptotically quasi-nonexpansive self-mappings of K with
sequences {u;}zl c [0,00) such that Z;ﬁl u; < +00 and
F = (2, F(T;) #9. The iteration sequence {x,} is defined by
(2) satisfying {17, < [e,1— €] withe € (0, 1).

(i) If E satisfies Opial’s condition, then {x,} converges
weakly to a common fixed point of {T;}!",.
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(ii) If {T;}1%, satisfies condition (B), then {x,} converges
strongly to a common fixed point of {T;}}" .

Proof. By takingr = 1, {S;}", = I, and y’+1 = Voprm-(is2) fOr
alli=0,1,...,m—2in (4), we get (3). From Theorems 11 and
13, the conclusion of the corollary follows. O

Corollary 17. Let K be a nonempty closed convex subset of a
uniformly convex Banach space E, and let {T;}!", be a family

of nonexpansive self-mappings of K with sequences {r <
[0, 00) such that Y2, u; < +o0o and F = (., F(T;) #0. The
iteration sequence {x,} is defined by (2) satisfying {ﬁ;}:’il C
[e,1 — €] withe € (0,1).

(i) If E satisfies Opial’s condition, then {xn} converges
weakly to a common fixed point of {T,

(ii) If {T;}}", satisfies condition (B), then { n} converges

1

strongly to a common fixed point of {T;}:" .
Proof. Bytakingr = 1,{T{"}", = T,{S;};", = I,and {g;};", = 0
for all m > 1 in (4), we get (2), which was introduced by
Rhoades and Soltuz in [2]. From Theorems 11 and 13, the
conclusion of the corollary follows. O
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