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A two-stage discrete T-S fuzzy model controller, which is formed by a motion controller and a dynamic controller connected in
series, is presented to solveUUV (unmanned underwater vehicle)movement control problem for recovering.Themotion controller
is designed based on the uncertain T-S model and the concept of discrete fuzzy vector. The position error between UUV and
moving platform as the input of themotion controller is converted into the speed commands of UUV at the next time.The dynamic
controller design is based on the theory of fuzzy regionmodel and a relaxed condition for Lyapunov stabilization function is derived
in the form of linear matrix inequalities, which generate force and torque required to complete the recovery task. The feasibility
and the efficiency of the proposed control scheme are illustrated through the simulations that UUV follows moving platform.

1. Introduction

Since invented, UUV plays an important role in many
missions, such as the exploration and military applications.
There is an energy storage limitation for underwater vehicle
to perform the sustained missions. After navigating for a
period of time, a UUV has to return to the moving platform
to replay data, download new missions, and so forth, so the
recovery operation of UUV is an indispensable process. Due
to its importance as technical support for autonomic recovery
of UUV, the research of the motion and dynamic control
method is of significant value in the process of recovery.

With the development of a control engineering theory,
many techniques have been applied to the control of UUV.
Due to its inherent nonlinearity in the dynamic model, non-
linear techniques, like neural network control [1], adaptive
control [2, 3], fuzzy control [4, 5], sliding mode control [6, 7],
and back stepping control based on Lyapunov stability theory
[8], have been widely applied.

Themain advantage of T-S fuzzy system is that its outputs
can be expressed as a function of its inputs [9]. With this
modeling method the nonlinear system is described as a
dynamic linear combination of several linear subsystems by

IF-THEN rules. For each T-S linear subsystem, individual
controller can be designed to satisfy certain performance.
Then the global controller is built using PDC (parallel
distribute compensation) framework. Because of the ability to
approximate any smooth nonlinear function at any accuracy,
T-S fuzzy model with time delay is widely studied in theory
and applications [10]. The problem of 𝐻

∞
control of T-S

fuzzy systems is considered in [11]. A more concise condition
of system stability and controller existence is proposed. The
concept of T-S fuzzy region is presented in [12].The T-S fuzzy
regionmodel is obtained bymeans of the uncertain T-S fuzzy
model and the fuzzy region controller is developed by means
of the method of PDC.

RobustUUV tracks and arrives to the recovering platform
with the presence of environmental disturbance, which is one
of the most difficult and challenging problems in realizing
recovery in high accuracy. Fuzzy logic control approach,
which offers high robustness and resistance to disturbance,
has been adopted recently in many papers to deal with
nonlinear UUV control problem, such as [13, 14]. Some
problems of UUV control have been solved successfully using
fuzzy methods. A fuzzy algorithm appears to be the most
suitable solution for the problem of recovery. In the study of
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Figure 1: Two-stage discrete T-S fuzzy control system.

other similar problems, tracking planners have been designed
to compute the entire trajectory for the UUV [15, 16]. This
requires very accurate and timely information about the
dynamics of UUV and its environment disturbance, which,
however, cannot be obtained easily and accurately. In order
to overcome these lacks, two-stage T-S fuzzy schedule is
designed in this paper. In the designed control system, the
motion controller and the dynamic controller are connected
in series to form a two-stage controller. The concept of
discrete fuzzy vector and the theory of fuzzy region model
are adopted in control algorithm which does not rely on each
specific waypoint or each accurate target points although the
platform is moving all the time. With the same equipment,
the required accuracy can be obtained when the vehicle is
approaching the docking device in recovering process.

2. Problem Statement

In general, the process that a moving platform autonomously
recovers a UUV can be divided into three typical stages: ren-
dezvous stage, homing stage, and docking stage. This paper
aims at the second stage, in which UUV tracks the moving
platform, arrives the area near the docking mechanism, and
then waits for the next docking stage.

The designed motion planning system consists of fuzzy
motion controller and dynamics controller, which provides
the necessary speed and course guidance to a UUV in the
condition that the platform is moving all the time. Some
assumptions in planning approach are as follows.

(1) In this stage, moving platform keeps cruising at a low
speed along a certain track near the rendezvous and
is ready for docking.

(2) After reaching the set point, UUV conducts real-time
tracking of the moving platform immediately.

(3) The transmitter unit of ultrashort baseline (USBL)
sonar is mounted on the docking mechanism of
moving platform, and the receiving unit of USBL is
mounted on UUV. And UUV can detect the position
of docking device of moving platform timely using
USBL.

(4) When the distance between UUV and dockingmech-
anism on the moving platform is less than 10m, UUV
is considered to keep upwith themoving platform. At
the moment when the docking instruction is received
from the moving platform, the working state of UUV
shifts into the docking phases.

3. Design Scheme

Since UUV is an underactuated device with a lateral drift
angle, if only considering the kinematic design problem
and regardless of the second-order nonholonomic dynam-
ics problem, the system control performance cannot be
guaranteed. The proposed fuzzy recovering scenario in this
work includes two parts which are connected in the series,
described in Figure 1. The former part is UUV motion
planning controller, which is designed by the idea of the
uncertain T-S Fuzzy model. The inputs of motion planning
controller are position information of UUV relative to the
moving platform and the outputs are the speed commands
of UUV at the next time. Uncertain T-S fuzzy model is
ascertained by fuzzy vector, and its consequent parameters
are identified by the recursive least squares algorithm. The
latter part is UUV dynamical controller to generate force and
torque required to complete the recovery task, in which the
idea of the fuzzy region model is adopted. Both of the parts
apply the advanced fuzzy algorithm and solve the problem
presented in this paper perfectly by the union of them.

4. Motion Planning Controller Design

This section presents the research approach and the motion
planning scheme in recovering process.

4.1. Motion Planning Strategy. Amotion planning strategy in
recovering process is conceptualized on how UUV should
follow and approach the moving platform in the same head-
ing with minimum distance error under disturbed situation.
While tracking the moving platform, UUV must avoid the
certain areas in order to ensure the UUV safety, to avoid the
collision of UUV and moving platform and to ensure the
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Figure 2: Spatial position relation between UUV and moving
platform.

recovery success rate. The area is called restricted navigation
area.

To determine the best motion planning approach for the
UUV following moving platform, four competition goals are
identified [17].

(1) UUV has to avoid the restricted navigation area
during the whole process (including its approaching
moving platform) while keeping tracking of moving
platform. In this way, the moving platform should
not simply be treated as a particle and the restricted
navigation area must be modeled according to the
shape of the ship. Docking mechanism is located in
the front of moving platform hull. In this paper the
two restricted navigation areas of UUV are set up
around the moving platform, as shown in Figure 2.

(2) To maintain small distance to moving platform, 𝐷
1

and 𝐷
2
are defined as the vertical and horizontal

distances between UUV and moving platform center
in the 𝑥𝑦-plane) and 𝛼 is defined as the angle between
UUV forward direction and moving platform for-
ward direction.

(3) Without any lateral thrusters, it is very difficult to
maintain UUV heading toward moving platform
perfectly in case of the water current perturbing. The
fuzzy algorithm in this paper is recursive and it can
work out these problems, for the targets are constantly
redefined and the recovering of the vehicle is ensured
as it is moving toward moving platform.

4.2. Discrete Fuzzy Vector Map. The novel idea adopted in
this work [9, 18–21] is to implement a fuzzy controller by
discretizing the following regions into cells. In the regions,
a fuzzy vector field for recovering is generated. Figure 3
illustrates the discrete vector. The fuzzy vector map in the
local frame is represented by𝐷

1
,𝐷
2
, and𝛼 axes.Thedistances

𝐷
1
and 𝐷

2
and the angle 𝛼 are not drawn in scale. The fuzzy

vector field shown in local map is being discretized into 9
cells (c1–c9), explained in Section 4.3, which can be used for
motion guidance.

Depending on 𝐷
1
, 𝐷
2
, and 𝛼, the respective cells and

algorithmswill be used to determine the desired vehicle speed
and heading for motion at the next time. The heading and
speed commands from the motion planning controller are
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Figure 3: Discrete fuzzy vector map.

subsequently sent to the T-S fuzzy dynamics controllers to
control thrusters and rudders.

4.3. The Uncertain T-S Fuzzy Model. In order to successfully
achieve the vehicle following moving platform, the T-S fuzzy
model is constructed. The main advantage of this fuzzy
system is that its outputs can be expressed as a function
of its inputs [9]. With this modeling method the nonlinear
system is described as a dynamic linear combination of
several linear subsystems by IF-THEN rules. For each T-S
linear subsystem, individual controller can be designed to
satisfy certain performance.Then the global controller is built
using PDC (parallel distribute compensation) framework. In
this motion planning controller based on T-S fuzzy, there are
three inputs (𝐷

1
, 𝐷
2
and 𝛼) and three outputs (longitudinal

speed, lateral speed, and heading).
The function of this system can be generally represented

as

𝑦
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where 𝑢
𝑑
, V
𝑑
, and 𝑟

𝑑
are the final crisp values or defuzzified

output, which represent vehicle speed and heading. 𝑢
𝑖
, V
𝑖
, and

𝑟
𝑖
are the fuzzy function output expressed in local fuzzy frame

map in the 𝑖th rule. 𝜔
𝑖
and 𝜂
𝑖
are the defined parameters for

the 𝑖th rule.𝑀
𝑖𝑗
is the membership function for the 𝑗th input

𝑥
𝑗
in the 𝑖th rule [20, 21].
The set of linguistics values for the first input 𝑥

1
is {very

far, far, near, over}, the set of linguistics values for the second
input 𝑥

2
is {left, small left, center, small right, right}, and

for the set of third input 𝑥
3
is {very big, big, middle, small}.
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Figure 4: Membership of three inputs.

Themembership functions for linguistics variables are shown
in Figure 4.

The choices of all coefficients in function (1) would impact
the following performance. To gain smooth surface of the
speed and heading of control output and not to exhibit
discontinuities between adjacent sectors, all the coefficients
in fuzzy model could be obtained by identification. The
process of identifying the coefficientswould be stated in detail
in the next section.

4.4. Fuzzy Parameters Identification. In the foregoing model
building, amodel structure process has just been built and the
parameters of model have not been given.Then Fuzzy model
consequent parameters are given to be some specific values
by identification method. Due to its simplicity and high
identification accuracy, the recursive least squares method is
adopted in this paper to identify the model parameters.

T-S fuzzy system structure model is as follows:
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where 𝑘 represents the 𝑘th sampling in the above formulas.

System output can be expressed as
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Here 𝐴
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is membership function, taken as the normal

type, whose analytical formula is as follows:
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The output variables of T-S model are defined as
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(8)

Here the parameter vector𝐴 is the consequent parameter
to be identified.

In order to obtain optimization parameter vector𝐴online
by iterative mode and avoid solving the inverse matrix, the
model consequent parameters achieve online learning by
recursive least squares method.

The objective function is defined as
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where 𝑦∗
𝑖
is the actual value of the system output and 𝑦

𝑖
is

the output of the model. The minimum value of the objective
function 𝐽 may be determined by a standard least squares
method or Kalman filtering method. Consider
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component of 𝑌, then recursive algorithm is as follows:
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Set the initial parameters 𝐴
0
= 0 and 𝑆

0
= 𝜅𝐼, where 𝜅

is the real number generally more than 10000, 𝐼 is a𝑀 ×𝑀

dimensional unit matrix, and𝑀 = (𝑚 + 𝑛 + 1) × 𝑁.

5. Dynamic Controller Design

For UUV underwater with recovery mission, motion plan-
ning controller module has been completed in the previous
section and the expectation of UUV position and velocity
information are acquired.This informationwill be used as the
inputs of the next stage of dynamic controller. This section
uses parameter uncertain T-S fuzzy region model to design
UUV tracking moving platform controller.

5.1. The Concept of T-S Fuzzy Region. The literature [12] puts
forward the concept of fuzzy regions. Namely, in practice, the
premise vector 𝑍(𝑡) ∈ 𝑅𝑛 of the structure of the fuzzy system
has at most 2𝑛 rules to be activated at anymoment.Therefore,
at any time only 2𝑛 LMIs need to be solved in designing the
fuzzy controller. Obviously it would be much easier to solve
such control problems with this model.

Let 𝑟, 𝐺, and 𝑓 be the number of system rules, the
number of fuzzy regions, and the number of activated rules
in each fuzzy region, respectively. 𝑔 is the number of premise
variables and 𝑞 is the number of fuzzy sets of every variable.
For general T-S fuzzy models, (12) can be obtained:

𝑟 = 𝑞
𝑔

, 𝐺 = (𝑞 − 1)
𝑔

, 𝑓 = 2
𝑔

. (12)
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Figure 5: Fuzzy region division and the membership of fuzzy
regions.

5.2. Uncertain Time-Delay T-S Fuzzy Region Model. This
paper is to transform the uncertain T-S model region in
document [12] into the T-S uncertain time-delay fuzzy region
model. The system model is expressed as follows:
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, . . . , 𝑧
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(13)

𝑅𝑅
𝑖 is the 𝑖th rule of the T-S fuzzy regionmodel. Region

𝑖𝑛

is the 𝑖th fuzzy region of 𝑧
𝑛
(𝑡), which essentially is a special

fuzzy set and its membership function structure is shown in
Figure 5.𝑀𝑖

𝑞
,𝑀𝑗
𝑞
, and𝑀𝑘

𝑞
denote one fuzzy set, respectively,

𝑞 denotes the total number of membership functions in 𝑧
𝑛
(𝑡),

𝑞 = 1, . . . , 4. (𝐴
𝑙𝑖
, 𝐵
𝑙𝑖
) represents the 𝑖th fuzzy subsystem

of the 𝑙th fuzzy region, 1 ≤ 𝑙 ≤ f. These subsystem
numbers are arranged from small to large according to the
original fuzzy system serial number. 𝐴󸀠

𝑙𝑖
, 𝐵󸀠
𝑙𝑖
, and 𝐴󸀠󸀠

𝑙𝑖
are the

uncertain coefficient matrices and delay coefficient matrices
of the system, respectively, the subscript determining rule of
which is the same as 𝐴

𝑙𝑖
, 𝐵
𝑙𝑖
. ∑𝑓
𝑙=1

𝛼 = 1 and 𝛼
𝑙
= 𝛼
𝑙
(𝑧(𝑡))

is the normalized activation degree of the fuzzy rules of
the corresponding fuzzy region, similar to the normalized
activation degree 𝜂

𝑖
(𝑧(𝑡)) of the general T-S fuzzy model.

Here, T-S fuzzy region model is equivalent to the two level
of T-S fuzzy model structure based on the original T-S
fuzzy model membership structure information, and whose
consequent part is equivalent to a local T-S fuzzy model. 𝑡

𝑑
is
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the delay time.The state equation (14) of uncertain time-delay
T-S fuzzy region mode can be determined. Consider

𝑥̇ (𝑡) =

𝑀

∑

𝑖=1

𝛾
𝑅

𝑖

𝑓

∑

𝑙=1

𝛼
𝑙
{𝐴
𝑙𝑖
𝑥 (𝑡) + 𝐴

󸀠

𝑙𝑖
𝑥 (𝑡) + 𝐵

𝑙𝑖
𝑢 (𝑡)

+𝐵
󸀠

𝑙𝑖
𝑢 (𝑡) + 𝐴

󸀠󸀠

𝑙𝑖
𝑥 (𝑡 − 𝑡

𝑑
)} ,

(14)

𝛾
𝑅

𝑖
=

𝛿
𝑅

𝑖

∑
𝑀

𝑖=1
𝛿
𝑅

𝑖

, 𝛿
𝑅

𝑖
=

𝑛

∏

𝑗=1

Region
𝑖𝑗
(𝑧
𝑗
(𝑡)) . (15)

Region
𝑖𝑗
(𝑧
𝑗
(𝑡)) represents the membership of 𝑧

𝑗
(𝑡) in the

fuzzy region Region
𝑖𝑗
.

Assumption. The matrix [𝐴󸀠
𝑙𝑖
, 𝐵
󸀠

𝑙𝑖
] of parameter uncertainty is

norm bounded, in the form of

[𝐴
󸀠

𝑙𝑖
, 𝐵
󸀠

𝑙𝑖
] = 𝐷

𝑙𝑖
𝐹
𝑙𝑖
(𝑡) [𝐸
󸀠

𝑙𝑖
, 𝐸
󸀠󸀠

𝑙𝑖
] , (16)

where 𝐷
𝑙𝑖
, 𝐸󸀠
𝑙𝑖
, and 𝐸

󸀠󸀠

𝑙𝑖
are known real constant matrices

of appropriate dimensions and 𝐹
𝑙𝑖
(𝑡) is an unknown matrix

function with Lebesgue-measurable elements and satisfies
𝐹
𝑙𝑖
(𝑡)
𝑇

𝐹
𝑙𝑖
(𝑡) ≤ 𝐼, 𝐼 is a unit matrix.

5.3. Robust Fuzzy Region Controller Design. In order to prove
the main theorem in this section, the following lemmas are
written:

Lemma 1. If a piecewise smooth quadratic Lyapunov equation
(17) satisfies condition (18),

𝑉 (𝑥) = 𝑥
𝑇

𝑃𝑥 =

𝐿

∑

𝑖=1

𝜆
𝑖
𝑉
𝑖
(𝑥) =

𝐿

∑

𝑖=1

𝜆
𝑖
𝑥
𝑇

𝑃
𝑖
𝑥, (17)

𝑉̇
𝑖
(𝑥) =

𝑑𝑉
𝑖

𝑑𝑡
< 0, for 𝑥 ̸= 0, 𝑖 = 1, 2, . . . , 𝐿, (18)

where, 𝑃
𝑖
= 𝑃
𝑖

𝑇

> 0, 𝑃
𝑖
∈ 𝑅
𝑛×𝑛, and 𝑖 = 1, 2, . . . , 𝐿, then

the autonomous system (14) is globally asymptotically stable at
equilibrium point 𝑥 = 0.

Lemma 2. Given constant matrices 𝐷,𝐸, and a symmetric
constant matrix 𝐻 of appropriate dimensions, the following
inequality holds:

𝐻 + 𝐷𝐹𝐸 + 𝐸
𝑇

𝐹
𝑇

𝐷
𝑇

< 0 (19)

if only for some 𝜀 > 0,

𝐻 + [𝜀
−1

𝐸
𝑇

, 𝜀𝐷] [
𝑅 0

0 𝐼
] [

𝜀
−1

𝐸

𝜀 𝐷
𝑇
] < 0, (20)

where 𝐹 satisfies 𝐹𝑇𝐹 ≤ 𝑅,

The PDC fuzzy controller is

𝑢 (𝑡) =

𝑀

∑

𝑖=1

𝜆
𝑅

𝑖
𝐾
𝑅

𝑖
𝑥 (𝑡) (21)

𝐾
𝑅

𝑖
is the feedback gain of thecontroller.

By putting (21) into (14),

𝑥̇ (𝑡) =

𝑀

∑

𝑖=1

𝑀

∑

𝑗=1

𝜆
𝑅

𝑖
𝜆
𝑅

𝑗

𝑓

∑

𝑙=1

𝛼
𝑙
{𝐴
𝑙𝑖
𝑥 (𝑡) + 𝐴

󸀠

𝑙𝑖
𝑥 (𝑡)

+ 𝐴
󸀠󸀠

𝑙𝑖
𝑥 (𝑡 − 𝑡

𝑑
)

+ 𝐵
𝑙𝑖
𝐾
𝑅

𝑗
𝑥 (𝑡) + 𝐵

󸀠

𝑙𝑖
𝐾
𝑅

𝑗
𝑥 (𝑡)}

=

𝑀

∑

𝑖=1

(𝜆
𝑅

𝑖
)
2

𝑓

∑

𝑙=1

𝛼
𝑙
{(𝐴
𝑙𝑖
+ 𝐴
󸀠

𝑙𝑖

+ (𝐵
𝑙𝑖
+ 𝐵
󸀠

𝑙𝑖
)𝐾
𝑅

𝑗
) 𝑥 (𝑡)

+𝐴
󸀠󸀠

𝑙𝑖
𝑥 (𝑡 − 𝑡

𝑑
)}

+

𝑀

∑

𝑖<𝑗

𝜆
𝑅

𝑖
𝜆
𝑅

𝑗

𝐽

∑

𝑙=1

𝛼
𝑙
{(𝐴
𝑙𝑖
+ 𝐴
󸀠

𝑙𝑖
+ (𝐵
𝑙𝑖
+ 𝐵
󸀠

𝑙𝑖
)𝐾
𝑅

𝑗

+ 𝐴
𝑙𝑗
+ 𝐴
󸀠

𝑙𝑗

+ (𝐵
𝑙𝑗
+ 𝐵
󸀠

𝑙𝑗
)𝐾
𝑅

𝑖
) 𝑥 (𝑡)

+ 𝐴
󸀠󸀠

𝑙𝑖
𝑥 (𝑡 − 𝑡

𝑑
)}

(22)

when 𝑖 ̸= 𝑗, 𝜆𝑅
𝑖
𝜆
𝑅

𝑗
≡ 0 [12], formula (22) is simplified as

𝑥̇ (𝑡) =

𝑀

∑

𝑖=1

(𝜆
𝑅

𝑖
)
2

𝑓

∑

𝑙=1

𝛼
𝑙
{(𝐴
𝑙𝑖
+ 𝐴
󸀠

𝑙𝑖

+ (𝐵
𝑙𝑖
+ 𝐵
󸀠

𝑙𝑖
)𝐾
𝑅

𝑗
) 𝑥 (𝑡)

+𝐴
󸀠󸀠

𝑙𝑖
𝑥 (𝑡 − 𝑡

𝑑
)} .

(23)

For the T-S fuzzy model of uncertain nonlinear systems,
based on the concept of fuzzy region, the following stability
theorem is obtained:

Theorem 3. If there are symmetric and positive definite
matrices 𝑃

𝑖
, 𝑄
𝑖
, some matrices 𝐾𝑅

1
, . . . , 𝐾

𝑅

𝑀
, positive scalars 𝜀

𝑙𝑖
,

and the following LMIs are satisfied:

[
[

[

Φ
𝑙𝑖

∗ ∗

1

2
[𝐸
1

𝑙𝑖
𝑄
𝑖
+ 𝐸
2

𝑙𝑖
𝑌
𝑗𝑖
] −𝜀
𝑙𝑖
𝐼 ∗

𝑅
𝑇

𝑙𝑖
0 −𝜀

−1

𝑙𝑖
𝐼

]
]

]

< 0, (24)

where 𝑖 = 1, 2, . . . 𝐿; 𝑙 = 1, 2, . . . , 𝑓, and 𝑌
𝑖
= 𝐾
𝑖
𝑃
−1

𝑖
,

Φ
𝑘𝑖

= 𝑄
𝑖
𝐴
󸀠𝑇

𝑙𝑖
+ 𝐴
󸀠

𝑙𝑖
𝑄
𝑇

𝑖
+ 𝑌
𝑇

𝑖
𝐵
𝑇

𝑙𝑖
+ 𝐵
𝑙𝑖
𝑌
𝑖
, then the fuzzy

controller (21)makes theT-S fuzzy region system (14) globally
asymptotically stable.
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Proof. (1) The Lyapuov function of each fuzzy region is
defined as

𝑉
𝑖
(𝑥) = 𝑉

𝑖1
(𝑥) + 𝑉

𝑖2
(𝑥) ,

𝑉
𝑖1
(𝑥) = 𝑥

𝑇

(𝑡) 𝑃
𝑖
𝑥 (𝑡) ,

𝑉
𝑖2
(𝑥) = ∫

𝑡

𝑡−𝜏

𝑥
𝑇

(𝑡) 𝑄
𝑖
𝑥 (𝑡) 𝑑𝑡.

(25)

(2) According to the theory of Lyapuov, solve 𝑉̇
𝑖
(𝑥) ≤ 0

(i) According to the Newton-Leibniz formula, the
time derivative of 𝑉

𝑖
(𝑥) is

𝑉̇
𝑖
(𝑥 (𝑡)) = 𝑥̇

𝑇

(𝑡) 𝑃
𝑖
𝑥 (𝑡) + 𝑥

𝑇

(𝑡) 𝑃
𝑖
𝑥̇ (𝑡)

+ 𝑥
𝑇

(𝑡) 𝑄
𝑖
𝑥 (𝑡) − 𝑥

𝑇

(𝑡 − 𝑡
𝑑
) 𝑄
𝑖
𝑥 (𝑡 − 𝑡

𝑑
) .

(26)

(ii) Based on (22), (26) can be rewritten as follows:

𝑉̇
𝑖
(𝑥 (𝑡))

=

𝑀

∑

𝑖=1

(𝜆
𝑅

𝑖
)
2

𝑓

∑

𝑙=1

𝛼
𝑙
𝑥
𝑇

(𝑡) {[(𝐴
𝑙𝑖
+ 𝐴
󸀠

𝑙𝑖
)

+ (𝐵
𝑙𝑖
+ 𝐵
󸀠

𝑙𝑖
)𝐾
𝑅

𝑗
]
𝑇

𝑃
𝑖

+ 𝑃
𝑖
[(𝐴
𝑙𝑖
+ 𝐴
󸀠

𝑙𝑖
)

+ (𝐵
𝑙𝑖
+ 𝐵
󸀠

𝑙𝑖
)𝐾
𝑅

𝑗
]} 𝑥 (𝑡)

+ 2

𝑀

∑

𝑖=1

𝑀

∑

𝑖=1

𝜆
𝑅

𝑖
𝜆
𝑅

𝑗

𝑓

∑

𝑙=1

𝛼
𝑙
{𝑥
𝑇

(𝑡) 𝑃
𝑖
𝐴
󸀠󸀠

𝑙𝑖
𝑥 (𝑡 − 𝑡

𝑑
)

+ 𝑥
𝑇

(𝑡 − 𝑡
𝑑
) 𝑃
𝑖
𝐴
󸀠󸀠

𝑙𝑖
𝑥 (𝑡)}

+

𝑀

∑

𝑖=1

𝑀

∑

𝑖=1

𝜆
𝑅

𝑖
𝜆
𝑅

𝑗

𝑓

∑

𝑙=1

𝛼
𝑙
𝑥
𝑇

(𝑡) 𝑄
𝑖
𝑥 (𝑡)

−

𝑀

∑

𝑖=1

(𝜆
𝑅

𝑖
)
2

𝑓

∑

𝑙=1

𝛼
𝑙
𝑥
𝑇

(𝑡 − 𝑡
𝑑
) 𝑄
𝑖
𝑥 (𝑡 − 𝑡

𝑑
) .

(27)

In order to express simply, define the following
variables:

𝑆
1
= 𝑥
𝑇

(𝑡) {[(𝐴
𝑙𝑖
+ 𝐴
󸀠

𝑙𝑖
) + (𝐵

𝑙𝑖
+ 𝐵
󸀠

𝑙𝑖
)𝐾
𝑅

𝑗
]
𝑇

𝑃
𝑖

+𝑃
𝑖
[(𝐴
𝑙𝑖
+ 𝐴
󸀠

𝑙𝑖
) + (𝐵

𝑙𝑖
+ 𝐵
󸀠

𝑙i)𝐾
𝑅

𝑗
]} 𝑥 (𝑡) ,

𝑆
2
= 𝑥
𝑇

(𝑡) 𝑃
𝑖
𝐴
󸀠󸀠

𝑙𝑖
𝑥 (𝑡 − 𝑡

𝑑
) + 𝑥
𝑇

(𝑡 − 𝑡
𝑑
) 𝑃
𝑖
𝐴
󸀠󸀠

𝑙𝑖
𝑥 (𝑡) .

(28)

(iii) Applying Assumption into (28), then

2𝑆
1
= 𝑥
𝑇

(𝑡) (𝐴
󸀠𝑇

𝑙𝑖
𝑃
𝑖
+ 𝑃
𝑖
𝐴
󸀠

𝑙𝑖
+ 𝐾
𝑇

𝑗
𝐵
𝑇

𝑙𝑖
𝑃
𝑖
+ 𝑃
𝑖
𝐵
𝑙𝑖
𝐾
𝑗
) 𝑥 (𝑡)

+ 𝑥
𝑇

(𝑡) [𝑃
𝑖
𝐷
𝑖
𝐹
𝑖
(𝑡) (𝐸

󸀠

𝑖
+ 𝐸
󸀠󸀠

𝑖
𝐾
𝑖𝑗
)

+ (𝐸
󸀠

𝑖
+ 𝐸
󸀠󸀠

𝑖
𝐾
𝑖𝑗
)
𝑇

𝐹
𝑖

𝑇

(𝑡) 𝐷
𝑇

𝑖
𝑃
𝑖
] 𝑥 (𝑡)

≤ 𝑥
𝑇

(𝑡) (𝐴
󸀠𝑇

𝑙𝑖
𝑃
𝑖
+ 𝑃
𝑖
𝐴
󸀠

𝑙𝑖

+𝐾
𝑇

𝑗
𝐵
𝑇

𝑙𝑖
𝑃
𝑖
+ 𝑃
𝑖
𝐵
𝑙𝑖
𝐾
𝑗
) 𝑥 (𝑡)

+ 𝑥
𝑇

(𝑡) 𝑃
𝑖
𝐷
𝑖
𝐷
𝑖

𝑇

𝑃
𝑖
𝑥 (𝑡)

+𝑥
𝑇

(𝑡) (𝐸
󸀠

𝑖
+ 𝐸
󸀠󸀠

𝑖
𝐾
𝑖𝑗
)
𝑇

(𝐸
󸀠

𝑖
+ 𝐸
󸀠󸀠

𝑖
𝐾
𝑖𝑗
) 𝑥 (𝑡) ,

(29)

2𝑆
2
= 𝑥
𝑇

(𝑡) 𝑃
𝑖
𝐴
󸀠󸀠

𝑙𝑖
𝑥 (𝑡 − 𝑡

𝑑
)

= 𝑥
𝑇

(𝑡) 𝑃
𝑖
𝐴
󸀠󸀠

𝑙𝑖
𝑄
𝑖

−1

𝐴
󸀠󸀠𝑇

𝑙𝑖
𝑃
𝑖
𝑥 (𝑡)

+ 𝑥
𝑇

(𝑡 − 𝑡
𝑑
) 𝑄
𝑖
𝑥 (𝑡 − 𝑡

𝑑
) + 𝑥
𝑇

(𝑡) 𝑄
𝑖
𝑥 (𝑡) .

(30)

(iv) Substitute (29) and (30) into (27), and let 𝑉̇
𝑖
≤ 0,

then

𝐴
󸀠𝑇

𝑙𝑖
𝑃
𝑖
+ 𝑃
𝑖
𝐴
󸀠

𝑙𝑖
+ 𝐾
𝑇

𝑗
𝐵
𝑇

𝑙𝑖
𝑃 + 𝑃
𝑖
𝐵
𝑙𝑖
𝐾
𝑗
+ 𝑃
𝑖
𝐷
𝑖
𝐷
𝑇

𝑖
𝑃

+ (𝐸
󸀠

𝑖
+ 𝐸
󸀠󸀠

𝑖
𝐾
𝑖𝑗
)
𝑇

(𝐸
󸀠

𝑖
+ 𝐸
󸀠󸀠

𝑖
𝐾
𝑖𝑗
)

+ 𝑃
𝑖
𝐴
󸀠󸀠

𝑙𝑖
𝑄
−1

𝐴
󸀠󸀠𝑇

𝑙𝑖
𝑃
𝑖
+ 𝑄
𝑖
≤ 0.

(31)

(3) According to Lemmas 1 and 2 and applying Schur
complement theorem, the quadraticmatrix inequality
will be line Matrix inequality. Then the conclusion in
Theorem 3 is obtained.

6. Movement Controller of following Moving
Platform Design

6.1. Fuzzy Region Control LawDesign. Without water current
influence, heave direction movement and the rotation in the
roll and pitch direction are ignored, then the kinetic equation
of UUV can be simplified as the compressed form as the
following [12]:

𝑀V̇ + 𝐶 (V) V + 𝐷 (V) V + 𝑔 (𝜂) = 𝜏,

̇𝜂 = 𝐽 (𝜂) V,
(32)
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where 𝜂 = [𝑥, 𝑦, 𝜓]
𝑇, V = [𝑢, V, 𝑟]𝑇, 𝜏 = [𝜏

𝑢
, 0, 𝜏
𝑟
], 𝑢 =

𝑉 cos𝛽, V = 𝑉 sin𝛽, 𝑀 = diag{𝑚
𝑢
, 𝑚V, 𝑚𝑟}, and 𝐷 =

diag{𝑑
𝑢
, 𝑑V, 𝑑𝑟},

𝐶 (V) =
{

{

{

0 −𝑚𝑟 𝑌V̇V
𝑚𝑟 0 −𝑋

𝑢̇
𝑢

−𝑌V̇V 𝑋
𝑢̇
𝑢 0

}

}

}

,

𝐽 (𝜂) =

{

{

{

cos𝜓 − sin𝜓 0

sin𝜓 cos𝜓 0

0 0 1

}

}

}

.

(33)

𝑢, V, and 𝑟 are vertical velocity, lateral velocity, and rotary
angular velocity of the UUV, respectively, and 𝑉 is synthetic
speed of robot and 𝛽 is lateral drift angle.

In order to design a T-S fuzzy region control law, first of
all, formula (32) is expressed as T-S fuzzy model. 𝑢, V, and
𝑟 are selected as antecedent variables and their membership
functions are triangular. Each antecedent variable in their
own domain has three Fuzzy sets.

6.2. Simulation Analysis. Take an underactuated underwater
vehicle SIRENE as an example, the actual parameters of the
robot model from towing experiment in the literature [22] is
given as the following:

𝑚 = 4000Kg, 𝐼
𝑧
= 2660Kgm2,

𝑋
𝑢̇
= −290Kg, 𝑋

𝑢
= −360Kg/s,

𝑋
|𝑢|𝑢

= −805Kg/m, 𝑌V̇ = −310Kg,

𝑌V = −420Kg/s, 𝑌
|V|V = −1930Kg/m,

𝑁
̇𝑟
= −95Kgm2, 𝑁

𝑟
= −110Kgm/s,

𝑁
|𝑟|𝑟

= −555Kgm.

(34)

Put these structure parameters into UUV model to get
the coefficient matrices of UUV fuzzy subsystems model,
respectively. Consider

𝐴
󸀠

1
+ 𝐴
󸀠󸀠

1
= [

[

0 6.45 + 𝜑
1

−5.29

−11.76 0 9.75 + 𝜃
1

3.96 + 𝜉
1

−4.78 0

]

]

;

𝐴
󸀠

2
+ 𝐴
󸀠󸀠

2
= [

[

0 4.56 + 𝜑
2

−6.55

−9.62 0 5.97 + 𝜃
2

4.34 + 𝜉
2

−2.58 0

]

]

;

𝐴
󸀠

3
+ 𝐴
󸀠󸀠

3
= [

[

0 5.86 + 𝜑
3

−7.43

−10.54 0 8.25 + 𝜃
3

5.01 + 𝜉
3

−3.74 0

]

]

;

𝐴
󸀠

4
+ 𝐴
󸀠󸀠

4
= [

[

0 6.97 + 𝜑
4

−4.77

−9.41 0 8.32 + 𝜃
4

3.83 + 𝜉
4

−5.69 0

]

]

;

𝐴
󸀠

5
+ 𝐴
󸀠󸀠

5
= [

[

0 7.35 + 𝜑
5

−6.24

−12.74 0 10.12 + 𝜃
5

5.95 + 𝜉
5

−6.53 0

]

]

;

𝐴
󸀠

6
+ 𝐴
󸀠󸀠

6
= [

[

0 6.25 + 𝜑
6

−4.86

−11.03 0 9.72 + 𝜃
6

5.42 + 𝜉
6

−7.19 0

]

]

;

𝐴
󸀠

7
+ 𝐴
󸀠󸀠

7
= [

[

0 8.11 + 𝜑
7

−6.44

−11.63 0 9.38 + 𝜃
7

6.05 + 𝜉
7

−5.37 0

]

]

;

𝐴
󸀠

8
+ 𝐴
󸀠󸀠

8
= [

[

0 8.41 + 𝜑
8

−5.95

−10.54 0 11.04 + 𝜃
8

5.76 + 𝜉
8

−6.64 0

]

]

;

𝐵
󸀠

1
+ 𝐵
󸀠󸀠

1

= [

[

−0.0023 + 𝜌
1

0 0

0 −0.0064 + 𝜙
1

0

0 0 −0.0076 + 𝜁
1

]

]

;

𝐵
󸀠

2
+ 𝐵
󸀠󸀠

2

= [

[

−0.0045 + 𝜌
2

0 0

0 −0.0062 + 𝜙
2

0

0 0 −0.0099 + 𝜁
2

]

]

;

𝐵
󸀠

3
+ 𝐵
󸀠󸀠

3

= [

[

−0.0062 + 𝜌
3

0 0

0 −0.0059 + 𝜙
3

0

0 0 −0.0046 + 𝜁
3

]

]

;

𝐵
󸀠

4
+ 𝐵
󸀠󸀠

4

= [

[

−0.0019 + 𝜌
4

0 0

0 −0.0008 + 𝜙
4

0

0 0 −0.0041 + 𝜁
4

]

]

;

𝐵
󸀠

5
+ 𝐵
󸀠󸀠

5

= [

[

−0.0047 + 𝜌
5

0 0

0 −0.0082 + 𝜙
5

0

0 0 −0.0087 + 𝜁
5

]

]

;

𝐵
󸀠

6
+ 𝐵
󸀠󸀠

6

= [

[

−0.0035 + 𝜌
6

0 0

0 −0.0081 + 𝜙
6

0

0 0 −0.0094 + 𝜁
6

]

]

;

𝐵
󸀠

7
+ 𝐵
󸀠󸀠

7

= [

[

−0.0049 + 𝜌
7

0 0

0 −0.0087 + 𝜙
7

0

0 0 −0.0083 + 𝜁
7

]

]

;
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𝐵
󸀠

8
+ 𝐵
󸀠󸀠

8

= [

[

−0.0028 + 𝜌
8

0 0

0 −0.0065 + 𝜙
8

0

0 0 −0.0079 + 𝜁
8

]

]

;

𝐴
󸀠󸀠󸀠

𝑖
= [

[

𝜒
1
sin (𝑡 − 𝑡

𝑑
) 0 0

0 𝜒
2
sin (𝑡 − 𝑡

𝑑
) 0

0 0 𝜒
3
sin (𝑡 − 𝑡

𝑑
)

]

]

𝑖 = 1, 2, . . . , 8;

𝜒
1
= 0.25, 𝜒

2
= 0.75, 𝜒

3
= 0.5;

(35)

𝜉
𝑖
, 𝜑
𝑖
, 𝜃
𝑖
, 𝜌
𝑖
, 𝜙
𝑖
, and 𝜁

𝑖
represent the fuzzy system uncer-

tain parameters and change within 30% of the nominal value.
According to PDC design concept, the fuzzy controller

is composed of eight control rules. After the conditions of
Lemma 1 being solved with MATLAB’s LMI control toolbox,
the following coefficient matrices are gotten:

𝐾
𝑅

1
= [

[

−23.672 18.927 16.312

23.583 −12.331 19.082

−13.482 15.927 24.007

]

]

;

𝐾
𝑅

2
= [

[

21.225 −14.782 14.312

−10.978 −15.965 17.761

12.201 13.820 25.084

]

]

;

𝐾
𝑅

3
= [

[

19.101 17.566 12.483

−23.583 14.109 15.406

−17.362 −12.772 28.746

]

]

;

𝐾
𝑅

4
= [

[

18.232 17.389 −11.091

18.326 19.107 −17.343

16.595 −17.625 13.516

]

]

;

𝐾
𝑅

5
= [

[

19.535 −12.527 15.207

27.736 −13.309 −19.971

16.333 17.803 18.664

]

]

;

𝐾
𝑅

6
= [

[

23.672 18.927 −16.312

−23.583 12.331 19.082

13.482 −15.927 24.007

]

]

;

𝐾
𝑅

7
= [

[

27.997 29.338 −16.753

21.787 −25.161 19.083

19.422 17.658 −29.335

]

]

;

𝐾
𝑅

8
= [

[

−26.103 18.927 14.312

−28.266 12.331 19.082

11.482 23.758 −20.864

]

]

.

(36)

In simulation experiment, the trajectory of moving plat-
form is a circle with the radius 𝑅 of 300. The initial position
and attitude ofmoving platform are 𝑥

𝑑
= 𝑅, 𝑦

𝑑
= 0, and𝜓

𝑑
=

𝜋/2. Moving platform speed is 2m/s. The initial position
and attitude of UUV are 𝑥

0
= 𝑅 − 𝑅/3, 𝑦

0
= −30, and

𝜓
0
= 𝜋/6. The minimum speed of UUV is set to be 1 kn

and the maximum speed is set to be 4 kn. The maximum
deflection angle velocity is 10 deg/s. The maximum thrust of
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Figure 6: Lateral position error curve.
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Figure 7: Longitudinal position error curve.

the propeller output is 2000N and the output rudder angle
range of vertical rudder is [−30, 30] deg. Sampling time in
simulation is 1 s.

In order to be compared with the algorithm proposed
in this paper, another two-stage Mamdani fuzzy controller
is designed in simulation. The inputs and outputs of this
traditional fuzzy controller are the same as the proposed
controller.The number of fuzzy sets and the number of fuzzy
rules are set by experience. The following simulations are
designed to demonstrate the performance of the two control
scheme in the movement control of the UUV in recovering
process.

Figures 6 and 7 show the longitudinal position and lateral
position error curve ofUUVusing the two controllers. All the
position errors are close to zero in the simulations. However
the position errors of Mamdani fuzzy controller are more
obvious.The simulations show theUUV can keep upwith the
moving platform quickly by the proposed controller, which
meets the requirements of the UUV recovery process.

Figure 8 shows theUUVheading error curvewith the two
control algorithms. By comparing the two curves, it can be
seen that the pitch angle of UUV keeps up with the moving
platform pitch angle (the pitch angle of reference trajectory)
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Figure 8: Heading angle error curve.
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Figure 9: Response curve of the thrust.

more quickly. The error around the corner is about three
degrees within normal error range.

The response curves of the thrust and the rudder are
shown in Figures 9 and 10. The two simulations show that
there are little differences in the response curve of force and
torque generated by the two controllers. By using them, UUV
can track moving platform as soon as possible, but in the
starting stage of the tracking task, the propeller of and the
vertical rudder of the new controller had the larger outputs
and the rudder did not reach saturation state. No violent
oscillation occurred to the propeller and rudder during the
process of tracking.

Figures 11 and 12 show the UUV and moving platform
trajectory in the recovering process. Figure 11 is the stage
when UUV did not keep up with moving platform. UUV
has detected the restricted navigation zones on the stern of
moving platform and began to evade it while maintaining
tracking the moving platform. Figure 12 is the final stage
of the simulation indicating that UUV keeps following the
moving platform in the whole process after tracking on it,
which meets the requirements of the UUV recovery process.
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Figure 10: Response curve of the rudder.
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Figure 11: UUV tracking moving platform simulation in case 1: 𝑡 =
100 s.
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Figure 12: UUV tracking moving platform simulation in case 2: 𝑡 =
700 s.

7. Conclusions

This paper proposed a new movement control approach
to the problem of recovering UUV. The controller takes
the position information as a planning element, real-time
plan speed, and heading to guide UUV to keep tracking
moving platform. This approach does not require any real-
time velocity, thereby greatly reduces the cost of the docking
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platform. The proposed two-stage T-S fuzzy theory is based
on the concept of discretization to generate the fuzzymap and
the uncertain fuzzy regionmodel, which can reduce LMIs and
loosen the stable conditions. The simulation results demon-
strate the feasibility and the effectiveness of the recovering
guidance approach.

UUV underwater recovering is a difficult research field.
UUV movement is affected by the ocean currents in marine
environment; thus, the tracking of the UUV planning, track-
ing control, and themovement of moving platform under the
action of ocean currents should be taken into consideration
in the further research.
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