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We introduce and investigate a new subclass .#(f3,#) of meromorphic functions. Some interesting properties such as inclusion
relationship, coefficient estimates, neighborhoods, and partial sums are proved. Connections of the results with known results are
also considered.

1. Introduction For# > 1, Wang et al. [1] (see also Nehari and Netanyahu
[2]) introduced and studied a new subclass .Z () of X con-
Let X denote the class of functions f of the form sisting of functions f satisfying
1 zf' (2)
f(Z)=—+ZakZ> €)) 2R< > - zeU%). (6)
= )7 e
which are analytic in the punctured open unit disk: We note that meromorphic starlike functions and related
. topics attract many authors’ attentions; see (for example) the
U ={z:2€C,0<|z| <1} = U\ {0}. (2)  earlier works [3-8] and the references cited therein.
Let

Let & denote the class of functions of the form

fz) =2+ iakzk (meN:={1,23...}) (7)

p(z) =1+ ZPka, (3) kemt1
k=1
be analytic in U. Assuming that ¢ € C and 0 < f3 < 1, we say
which are analytic U and satisfy the condition that a function f € #,,(a, p) if it satisfies the condition
R(p(z)) >0 (zel). (4) 1 I
(p(2) ER(Zf (Z)+oczf (Z))>(xﬁ<ﬂ+g—1)+ﬁ—%
A function f € ¥ is said to be in the class #S8* () of f@ f@ (8)
meromorphic starlike functions of order « if it satisfies the (z eU).
inequality

) The function class #,,(«, 3) was introduced and studied
zf (2) x| recently by Ravichandran et al. [9], Liu et al. [10], Singh and
< f(z) ) <-a (zel%0sac<l). ) Gupta [11], and Wang et al. [12].


https://core.ac.uk/display/192698176?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

In [13], Wang et al. introduced a subclass of meromorphic
function Z( B, A) which satisfies the condition

sz”(z) 1 ﬁ
B )<ﬁ)\<x\+§>+5—)t

% < zf' (2)
f(2) ©)

< >0 %Sk<lzeU>

It was proved that the class F (B, 1) is a subclass of the
M S* (L) of meromorphically starlike functions of order A.

Motivated essentially by the above works, we introduce
and investigate a new subclass of ¥ of meromorphic func-
tions.

Definition 1. Suppose that # > 1. Let .#(f3,77) denote a sub-
class of ¥ consisting of functions satisfying the condition that

m(zf (2) + B2 2" (2)

@ Pre ) >3 v ) -

(10)
(zeU).

We note that, for 8 = 0, the class . (0, ) reduces to . (#).

In the present paper, we aim at proving some inter-
esting properties such as inclusion relationship, coefficient
estimates, neighborhoods, and partial sums for functions in
the class (3, 1).

The following lemmas will be required in our investiga-
tion.

Lemma 2 (see [14]). Let Q be a set in the complex plane C and
suppose that @ is mapping from C* x U to C which satisfies
D(ix, y;2) ¢ Q for z € U and for all real x, y such that y <
—(1 + x%)/2. If the function y(z) = 1 + ¢z + czz2 +-ee s
analytic in U and (D(t//(z),zy/'(z);z) € Qforallz € U, then
R(y(2)) > 0.

Lemma3. Letny > 1,0< < 1,and-1+2+y > 0. Suppose
also that the sequence {A}.2, is defined by

_—1+2,B+y
Al_—l—ﬁ ,
2(-1+2B8+y) k=1 )
B -1+2B+y
M= G DT+ (k-2 f] [”mZ_IA'” '
Then
Ak:—l:f[;ﬂ/

meD[1+m-2)p]-2(1-2-y) (12)

(m+2)[1+(m-1)p]

m=1

(k>2).
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Proof. From (11), we have

k-1

(k+1)[1+(k—2)ﬁ]Ak=2(—1+2[3+y)[1+ YA,

m=1

>

k
(k+2)[1+ (k-1 Bl A =2(-1+2B+7) [1+ Y A,
m=1

(13)
Combining (13), we find that
Apa _ k+)[1+(k=-2)B]+2(-1+2B+7y) keN).
A, (k+2)[1+(k-1)p]
(14)
Thus, for k > 2, we deduce from (14) that
Ak:ixﬁx...xﬁxAl
A Ar, A,
k[1+(k=-3)B]+2(-1+2B+7y)
(k+1)[1+(k-2)p]
(k—l)[1+(k Hpl+2(-1+2B+7y)
k[1+(k-3)p]
... 2(1-B)+2(-1+2B+y) —-1+2B+y
3[1+0p8] 1-8
-1+ 2B+y
== 5
Mlm+ D) [1+m-2)B]-2(1-2-7v)
fl (m+2)[1+(m-1)p] '
(15)
This completes the proof of Lemma 3. O
Lemma 4. Let
2n -2
I’]>]., 0Sﬁ<m (16)
Suppose also that f € X is given by (1) and
Y [k+Bke—1)+y]|a <y -1, (17)
k=1

where (and throughout this paper unless otherwise mentioned)
the parameter vy is defined as

y::n—%ﬁ(2q2+n+1). (18)
Then f € M(B,n).

The proof of Lemma 4 is similar to that of Theorem 1 in
Wang et al. [1] and so is omitted.
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2. Main Results

We begin by proving the following result which shows that
(B, 1) is a subclass of A (n).

Theorem 5. Suppose thatn > 1 and 3 > 0. Then
M (Bon) € A (). (19)
Proof. Define

_S @@

p(2): - n>1lzel). (20)
Then p is analytic in U. It follows from (20) that
zf" (2) (n-1)zp' (2)
_ = 1-(n-1 —_— . (21
o 1t (n-1)p(2) + ey sy S
Combining (20) and (21), we obtain that
zf' (@) ( .2f" (2) )
1
f@ (/3 @
=Bn-1)zp' @)+ B(n-1)p* (@) (22)

(-1 B+ B-1)p2) +n(fn+p-1)
=0 (p(2),2p' (2);2),
where
O (r,51) = B(n-1)s+B(n-1)"r
(-1 2B+ p-1)r+n(Pn+p-1).

(23)
For all real x and y satisfying y < —(1 + x*)/2, we have
R {¢ (ix, y;2)}

=B(1-1)y~Bn—1)"x"+n(By+ 1)

1+x° (24)
<-Bln-1) =5 -Bly-1)"x
1
+n(Br+B-1)< B2 +n+1)-n

If we set
a={em®> %ﬁ(2q2+11+1)—;1}, (25)

then ®(ix, y;z) ¢ Q for all real x,y such that y <
—(1 + x?)/2. Moreover, from definition (10), we know that
(D(p(z),zp'(z); z) € Q. Using Lemma 2, we conclude that
R(p(z)) > 0 for all z € U, which implies that f € ().
This completes the proof of Theorem 5. O

Now we consider the coefficient estimates for functions
belonging to the class (3, 7).

3
Theorem 6. Suppose that
2n -2
n>1, Osﬁ<#. (26)
If f € (B, n), then
-1+2
|ay| < %/;K
] = =2
(27)
_’ﬁ(m+1)[1+(m—2)/3]—2(1—2/3—y)
el (m+2)[1+(m-1)p]
(ke N\ {1}).

Proof. Suppose that f € (B, 7). Then there exists 7 € P
such that
zf' (2)
@

ZZfH (Z)

@ (zeU").

(28)

+y=(-1+2B+y)1(2)

+p

It follows from (28) that

2f @+ B2 f () = [(-1+2B+y)7(2) =] f (2). (29)

Combining (1) and (29), we have
IR X 2 & X
<——+Zkakz >+/3<—+Zk(k—1)akz )
Z = Z =
=|(-1+28+ 1+ Y52 |-y |- =+ Yaz).
crezmen (i Fat )] (0 Bt

(30)
Evaluating the coefficient of 2" in both sides of (30) yields
2(1-P)a, = (-1+2B+7y) 1y, (31)
(k+1)[1+(k-2)B]a
k-1 (32)
=(-1+2B+y) (Tk+1 + ZTk—lal> .
1=1

By observing the fact that || < 2 for k € N, we find from
(31) and (32) that

142
o = =252,
2(-1+28+7) [ k1 ] (33)
< 1+ m
] k+ D1+ (k-2)p] mzzlw

(k>2).



Now we define the sequence {A;};2, as follows:

A, = -1 +2[3+y)
1-p
(14264 Y
2(-1+2B+y
A 1 A,
k(mnhﬂkﬂﬁ[+z
In order to prove that
|ak| < Ak (k € N) 5 (35)

we use the principle of mathematical induction by noting that

la| <A, = %@”’ (36)
Therefore, we assume that
la,| <A, (m=12,..,kkeN). (37)
Combining (32) and (33), we get
|ak+1| (kfg) E1++25<+ );)ﬁ [1 + Z |%,|j|
(38)

2(-1+2B+y
<m+nuﬂkzm]b+2A

= Ak

Hence, by the principle of mathematical induction, we have
|ak| < Ak (k € N) (39)

as desired. By means of Lemma 2 and (33), we know that (12)
holds. Combining (39) and (12), we readily get the coefficient
estimates asserted by Theorem 6. O

Using Lemma 4, we introduce the §-neighborhood of a
function f € X of the form (1) by means of the following
definition:

Ns(f) = {gez:g(z)=§+2bkzk,
k=1

wk+Pk(k-1)+y
Z—

o1 |ak—bk|38(620)}.
k=1

(40)

By making use of definition (40), we obtain the following
result.

Theorem 7. If f € X satisfies the condition

f(z)+ ezt

(e€Cslel <86 >0), (41)
1+¢

AR
then

Ns(f) ca(Bn). (42)

Journal of Function Spaces

Proof. It is easily seen from (10) that a function g € (3, #)
if and only if

2N

zg' (2)+ Bz’g" (2) + g (2) ”
zg' (2) + 229" (2) + 2y - 1) g (2) (43)

(zeUoeCslol=1),

which is equivalent to

(gzﬂq&o (zeU), (44)

where

1 (o]
0(2) ==+ Y g2"
2 =

ket Bk(k-1)+1-[k+pk(k-1)+(2y-1)]o
% = 28+ (-2 +2B+2y)0 '
(45)

It follows from (45) that

|Ck|
C|k+Bk(k-1)+1-[k+Bk(k-1)+(2y—-1)]o
B 2,8+(—2+2ﬁ+2y)o

k+ﬁk(k—1 )+ 1+ [k+ pk(k +(2y-1)] ol
(2+2ﬂ+2y)|a| 2[5
=k+ﬂk(k—1)+y (ol =1).
y-1
(46)

Furthermore, under the hypotheses of Theorem 7, (44) yields
the following inequality:

Iw >8 (zelU;6>0). (47)
Suppose that
x(z)=§+dez"6/Vs(f)- (48)
k=1

It follows from (40) that
((f- X) x0) ()| |5

Z dk CkZ

<z |Zk+/3k(k—l)+y| —dy| <.
(49)
Combining (47) and (49), we have
9 @|_|If+(x-Hl*0)(2)
z-1 - z-1
y ‘( fx e)(z) ‘((X f) Q@]

(50)
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which implies that

QE%HQ¢0 (z e U). (51)
z
Thus, we have
X(2) € No(f) c M (Bm). (52)
This completes the proof of Theorem 7. O

Finally, we derive the partial sums of functions in the class
M (B1).

Theorem 8. Let f € X be given by (1) and define the partial
sums f,(z) of f by

f@ =2+ Ya (men). (53)
Z =

Suppose also that

§k+ﬁk(k—1)+y|ak

<1. 54
k=1 y-1 I (54)
Then
) f e .uB.n);
(2)
f(z) 71+ﬁn(n+1)+2 ‘
m<fn(z))2n+ﬁn(n+1)+l+,y (neN,ZG[U)’
(55)
fn(z) n+ﬁ7’l(7’l+1)+]+y ‘
m<f(z))2 n+Pr(n+1)+2y (neN;zeU).
(56)

Each of the bounds in (55) and (56) is the best possible for each
neN.

Proof. (1) It is easy to see that the result follows directly from
Lemma 4.

(2) Note that
1 1 -1
n+ +/3n(n+)+y>n+/3n(n )+y>1 (neN).
y-1 y-1
(57)

Thus, we have

< n+fnn+1)+1+y &
Z|ak|+ 1 Z ||
k=1 Y k=rt1 (58)
wk+Bk(k-1)+
k=1

Y-

By setting
n+pPnm+1)+1+y
y-1
_(f(z) n+pfnmn+1)+2 >

fn(z)_n+ﬂn(n+l)+1+y

((n+pnn+ D+1+y) /(y =152, @
1+ ZZ:I aka+1

hy (z) =

=1+

(59)
we find from (58) and (59) that

h (z)-1
hy(z)+1
3 ((ntpnr+ D+ 1+9)/(y = D)) T2, |l

“2-2% 0 = ((r+Brn+ D+1+9)/ (v = 1)) X2 0]
<1 (zel),

(60)
which implies inequality (55).
If we put
_ l _ Y- 1 n+l1
f(z)_z n+pnn+1)+1+y (1)
then
f@ oyl e
£, (2) n+pPnm+1)+1+y
n+pPnmn+1)+2 (62)

n+pPnm+1)+1+y
(z— 1),

which shows that the bound in (55) is the best possible for
eachn € N.
Now, we set

n+pnn+1)+2y
y-1
.<fn(z) _n+ﬁn(n+1)+1+y>
f(2) n+pnmn+1)+2y

(D +2y) [ (y 1) 52 2™
1+ ZZZI akzk+1 '

h, () =

(63)
In view of (58) and (63), we conclude that
h,(z) -1
h,(z) +1
L (B ) 1 20) ) (1) SR
T 22 % e - ((n+ Br(n+ 1) +2) / (y = 1)) i e
<1 (zel),

(64)



which leads to inequality (56) asserted in Theorem 8. The
bound in (56) is sharp with the extremal function f given
by (61). We thus complete the proof of Theorem 8. O

In what follows, we turn to quotients involving deriva-
tives. The proof of Theorem 9 is similar to that of Theorem 8
and so the details may be omitted.

Theorem 9. Let f € X be given by (1) and define the partial
sums f,(z) of f by (53). If the condition (54) holds, then

f' (=) Brn(n+1) - ny '
<f,i(2))2n+ﬁn(n+1)+1+y (neN;zel),
fi@\ _ n+pn(n+1)+1+y .
ER(f'(z))zﬁn(n+1)+(n+2)y (neN;z eU).
(65)

The bounds in (65) are sharp with the extremal function given
by (61).
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