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We introduce and study a subclass of analytic functions related to Robertson functions. Here we discuss the coeflicient estimate for

function in this class.

1. Introduction

Let A be the class of functions f of the form

f@)=z+)a,z" )
n=2

which are analytic in the open unit disc E = {z : |z|] < 1}.
Also let S* and C denote the well-known classes of starlike
and convex functions, respectively.

For any two analytic functions f given by (1) and g with

gz)=z+ anz”, for z € E, ()

n=2

the convolution (Hadamard product) is given by

(frg)(z)=z+ ianbnzn, for z € E. (3)

n=2

Using the concept of convolution, Ruscheweyh [1] introduced
a differential operator D° given by

D° =% . iy 9) a,z",
/@ (1-2)°" /& Z+;z¢"( e (4)
6>-1)
with
6+ 1),,
¢, (0) = CER )

where (x),, is a Pochhammer symbol given as

n=0,

(%), = {1’ ©)

x(x+1)(x+2)---(x+n-1), neN.

It is obvious that Dof(z) = f(2), le(z) = zf’(z), and

Z(Zn—lf (z))(”)

D'f(2) = =", Wo=neNy={01,2..}.

7)
The following identity can easily be established:
@+1)D* f(2) =D f &) +2(D°f (). (8)

Now with the help of Ruscheweyh derivative, we define a class
VD, («, 3, b,5) of analytic functions as follows.

Definition 1. Let f(z) € A. Then, f(z) € VD,(«, 3,b,0), if
and only if

i 2 2D'f(2)
R“{e (“z*z—mm )}
2 D‘S“f(z)
i (57 )

where ¢ > 0,0 < 8 < 1,6 > -1, Ais real with || < 7/2, and
beC\ {0}

9)
+ Bcos A,
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By giving specific values to o, 3, A, b, and ¢ in
VD, («a, B, b, ), we obtain many important subclasses studied
by various authors in earlier papers, see for details [2-5], and
list some of them as follows:

(i) VD,(0,0,2,0) = S} and VD, (0,0, 1,1) = K}, studied
by Spacek [6] and Robertson [7], respectively; for the
advancement work, see [8, 9].

(ii) VDy(«, 3,2,0) = SD(«,p) and VDy(e, 5,1,1) =
KD(e, 8), studied by both Owa et al. and Shams et
al. [10, 11].

(iii) VD,(1,0,2,0) = USP(A), VD,(1,0,1,1) = UCSP(A),
introduced by Ravichandran et al. [12].

(iv) VDy(a, 3,b,8) = VD(«, B, b, §), considered by Latha
[13].

(v) VDy(0, 5,2,0) = S*(B), VD, (0,3,1,1) = C(B), the
well-known classes of starlike and convex functions
of order f3.

From the above special cases, we note that this class
provides a continuous passage from the class of starlike
functions to the class of convex functions.

We will assume throughout our discussion, unless other-
wise stated, thatw > 0,0 < 8 < 1,8 > -1, A is real with
Al < 7/2,and b € C\ {0}.

2. Some Properties of the Class VD, («, 3, b, §)
Theorem 2. If f(z) € VD, («, 3,b,0) with 0 < o < 3, then

f(z) e VD, (0,(113:—2),&6). (10)

Proof. Since Rew < |w| for any complex number w, f(z) €
VD, (e, 3, b, ) implies that

af, 2. 2D"f( )}
Re {e (1 b + b D°f (2)
2D f(2) 2

b D°f(z) b

af,_ 2. 2D"f@
Z(XRC{@ (I—E-FEW)}

>(x| + BcosA

(11)

+(B-a)cosA

which implies that

af, 2 2D5+1f(z>>
Re<le (1_E+E D‘Sf(z)

>(/§’—oc)cos)t
(1-«a)

(12)
, (z€E).
And hence, we obtain the required result.

Put A = 0,b = 2, and 6 = 0 in Theorem 2; we obtain the
following result. O
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Corollary 3 (see [10]). If f(z) € SD(w, B) with0 < a < f3,
then

f(z)eS*(ﬁ_a>. (13)

1-

SetA =0,b =1, and§ = 1 in Theorem 2; one has the following
result.

Corollary 4 (see [10]). If f(z) € KD(a, B) with 0 < o < f,
then

f(z)eK(%). (14)
Theorem 5. If f(z) € VD, («, 3,b,0), then
161 ||
ool < g (15)

G+1)blly (8+1)1bl]4]
|a,| < 1+ —10)
(”‘1)|1—“|¢n(6)]~:1 Jjil -« (16)

n=3,

where

Il = V(1 = B)’cos?A + (1 - a)’sinA. 17)
Proof. We note that for f(z) € VD, (a, 3,b,6),

i 2 3D5+1f(Z)) (B-a)
Re {e (1_b+ p D‘Sf(z) > (1—o) cos A, )

z € E.

Let us define the function p(z) by
pz)=(1-a
x [¢* (1-2/b+2/b) (D" f (2) ID°f (2)))]

—(B-a)cosA) x((1-B)cosA+i(1-a)sin)A) .
(19)

Then, p(z) is analytic in E with p(0) = 1 and Re p(z) > 0. Let

p2)=1+)pz2" (20)
n=1

Then, (19) can be written as

2 2D f(z)

b b Df(a)
(21)
(1-B)cosA+i(l-a)sinA &,
=1+ ) Pz
e (1 - ) =
and using (8), we have
i (1-a) !
s (@) - (P°f @)
(22)

=ty (D°f () (21)&")
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which implies that

i, _ bn(6+1)
" 2(1-a)(n-1)g, (o)

XAPpr + P2 B aypy g+

+ ¢, 1 (8)a, pi}s
(23)

where we have used (4) and (5). Now applying the coeflicient
estimates |p, | < 2 for Caratheodory function [14], we obtain

& +1)1bl 4|
|an| <
(n-1)1-alg,(d) (24)
X[1+¢, () |ay] + -+ + @,y (&) |a,_y|].-
Forn =2,
161 ||
a _— (25)
|ay| < TR
which proves (15).
Forn = 3,
(8 +1)1bl|n] [ (6+1) || |,7|]
a;| < 1+ . 26
& 211 -l 95 (9) 11-a 20

Therefore, (16) holds for n = 3. Assume that (16) is true for all

n=3,4,...kand consider
6+ 1) bl |5|
a <
] (k+1-1)[1 - o @y ()
y (1+(8+1)Ibllf1l)
1 - af
+(6+1)|b||17| 1+(6+1)|b||17|
2|1 -« [1 -«
N G+ bl |n| & 1—[ (éfl)lbllnl
(k—l)lll—txl jll—«af
_ @+UMM|“KI+®+DWMU
k|1—0¢|</)k+1(5)j:1 jlIl—af '

(27)

Thus, the result is true for n = k + 1, and hence by induction,
(16) holds for all n > 3.

If weset A =0,b =2,and é = 0 in Theorem 5, we get the
result proved in [10]. O

Corollary 6. If f(z) € SD(w, f3), then
2 (1 /3)
|ay| <

(28)

|an|< 1)“ H( Il—gl)) (n>3).

3
Remark 7. If we take « = 0 in Corollary 6, we have
1 n
< i—205), >2

which was proved by Robertson [15].

By setting A = 0,6 = 1,and § = 1 in Theorem 5, we obtain
the result in [10].

Corollary 8. If f(z) € KD(«, ), then

o < 425
20-8) (. 20-B)
|“”|Sn(n-1)|1-oc|g<1+j|1—o¢| S
(30)
Remark 9. Letting & = 0 in Corollary 8, we have
|a|<—]_[(1 2p), (n22) (31)

j=2

given by Robertson [15].
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