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Abstract The dynamics of scalar fields as dark energy
is well approximated by some general relations between
the equation of state parameter w(z) and the fractional
energy density £2,4. Based on the approximation, for slowly
rolling scalar fields, we derived the analytical expressions
of w(z) which reduce to the popular Chevallier—Polarski—
Linder parametrization with an explicit degeneracy relation
between wo and w,. The models approximate the dynam-
ics of scalar fields well and help eliminate the degeneracies
among wg, wo, and £2,,0. With the explicit degeneracy rela-
tions, we test their effects on the constraints of the cosmo-
logical parameters. We find that: (1) The analytical relations
between wo and w, for the two models are consistent with
observational data. (2) The degeneracies have little effect on
2m0. (3) The 1o error of wg was reduced about 30 % with
the degeneracy relations.

1 Introduction

To explain the cosmic acceleration found by the observations
of type Ia supernovae (SNe Ia) in 1998 [1,2], we usually
introduce an exotic energy component with negative pres-
sure to the right hand side of the Einstein equation. This
exotic energy component, which contributes about 72 % to
the total energy density in the universe, is dubbed dark energy.
Although the cosmological constant is the simplest candidate
for dark energy and is consistent with current observations,
other possibilities are also explored due to the discrepancy
of many orders of magnitude between the theoretical esti-
mation and astronomical observations for the cosmological
constant. Currently we still have no idea about the nature of
dark energy. In particular, the question whether dark energy
is just the cosmological constant remains unanswered. For
reviews of dark energy, please see Refs. [3-9].
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One way of studying the nature of dark energy is through
the observational data. There are many model-independent
studies on the nature of dark energy using the observational
data [10-39]. In particular, one usually parameterizes the
energy density §24(z) or the equation of state parameter
w(z) of the dark energy. Motivated by the tracking solu-
tion [40,41] for a wide class of quintessence [42] poten-
tials in which the equation of state parameter w(z) varies
slowly, Efstathiou approximated w(z) with w(z) = wo —
o In(1 + z) in the redshift range z < 4 [16]. However, the
parametrization most used for approximating the dynamics
of a wide class of scalar fields is the Chevallier—Polarski—
Linder (CPL) parametrization with w(a) = wo + w, (1 — a)
[36,37]. Because of the degeneracies among the parame-
ters $2,,0, wo, and w, in the model, complementary cos-
mological observations are needed to break the degenera-
cies. The measurement on the cosmic microwave background
anisotropy, the baryon acoustic oscillation (BAO) measure-
ment and the SNe Ia observations provide complementary
data.

On the other hand, a minimally coupled scalar field ¢ was
often invoked to model the quintessence [42—44], and the
phantom [45]. For a scalar field with a nearly flat potential,
there exist approximate relations between the equation of
state parameter w = p/p and the energy density parame-
ter 24 [40,41,46-52]. As discussed above, the dynamics of
scalar fields can be approximated with the CPL parametriza-
tion and the generic w — £24 relations, so we expect that
the degeneracies among the parameters wg, w,, and 240
can be broken. By using the generic w — £2 relations, we
can break the degeneracy between w(z) and §24(z). Further-
more, w(z) can be approximated by the CPL parametriza-
tion with w, expressed as a function of wg and £240, so
the two-parameter parametrization reduces to one-parameter
parametrization [53]. The CPL parametrization with analyt-
ical relations among the model parameters helps tighten the
constraints on the model parameters.
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In this paper, we derive two particular CPL models with
w, proportional to 1 4+ wop, and we study the effects of the
degeneracy relations between w, and wq by using the follow-
ing data: the three year Supernova Legacy Survey (SNLS3)
sample of 472 SNe Ia data with systematic errors [54]; the
BAO measurements from the 6dFGS [55], the distribution of
galaxies in the Sloan Digital Sky Survey (SDSS) [56] and the
WiggleZ dark energy survey [57]; the seven-year Wilkinson
Microwave Anisotropy Probe (WMAP7) data [58]; and the
Hubble parameter H (z) data [59,60].

2 CPL parametrization with degenerate wy and w,

For a quintessence field, the equation of state parameter
w(z) is related with its fractional energy density 24 =
8 Gpy/3H 2 as follows [49]:

1+ w(z) = k2($) 24 (2) (1 — w(2))?/6, (1
d
ﬁ = k()24 (2)(1 — w(2)), )

where « (¢p) = —3H ¢ / V (¢). For scalar fields satisfying the
slow-roll conditions,

Ldv 2<<1
V dé ’

the dark energy density pg(a) is nearly constant and it devi-

L&V 3)
V dg? '

ates from the cosmological constant by the order fal(l +
w)da/a. Since 1 + w(z) K 1, to the zeroth order approxi-

mation, the fractional energy density £24(a) can be replaced
by the cosmological constant

~1
2a@ =[1+@5 —1a7] @)

and the dynamics of the potential can be approximated by the
linear expansion of k(¢) as k(¢) = ko + k1(¢p — o) [49].
With these approximations, w(a) was derived as [49]

SZA(a)TKl/3 )

2 2

On the other hand, w(z) = y — 1 also satisfies the relation
[46]

dy _ =3yQ2-y)+r2—-y) /3y 2
42 31— )24 (1 — 24)

, 6)

where A(¢p) = —V 1 (¢)dV (¢)/d¢. For slow-roll scalar
fields, y <« 1 and X is almost constant. Assuming that
M) = Md)p=¢, = Ao, a general relationship between w
and the energy density §24 for both quintessence and phan-
tom models was found [46,47,61],

@ Springer
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1+ w= (14 wgy) |:\/77 — <,Q_¢ — 1) tanh_l(‘/[2¢,)j|

-2
1

x [\/TT)O — (.(24;01 —1)tanh™! !2¢0i| NG))
Note that the above result holds for thawing models [62]
with the potentials satisfying the slow-roll conditions (3).
It does depend on the specific form of the potential V (¢);
furthermore, it also approximates the dynamics of tachyon
fields [61,63]. When w is close to —1, the fractional energy
density £24 can to the zeroth order be approximated by the
cosmological constant §2 4 [46,47,49], so

-2
1
w(a) = —1 + (14 wq) [m - (.deo‘ — 1)tanh™! :24,0}
x [,/1 + (:2(;01 — a3 - (Q(;OI — a3
2
xtanh ™! [1 4 (2,9 —1)a*3]*'/2] : ®)

In accordance with Ref. [46], it is explicitly shown in
Fig. 4 that the analytical result (8) fits w(a) well for thaw-
ing quintessence models with the potentials V (¢) ~ ¢2,
V() ~ ¢~2, and V(¢) ~ exp(—Ar¢p). In Ref. [47], it was
explicitly shown in Fig. 1 that the analytical result (8) gives
the behavior of w(a) for thawing phantom models with the
potentials V(¢) ~ ¢°, V(p) ~ ¢, V(p) ~ ¢ 2, and
V(¢) ~ exp(—A¢). Therefore, we can use w(a) given by
Eq. (8) to approximate the thawing scalar fields. If we Taylor
expand £24(a) and w(a) around a = 1, we get

2¢ ~ 2¢0[1 —3(1 — £240)(1 — a)] (€))
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Fig. 1 The evolutions of w(a) for the potentials V(¢) ~ ¢ and
V(¢) ~ ¢, the SSLCPL model (8) and (10) and the SSWCPL model
(14) and (16). The initial conditions are taken as 240 = 0.72 and
wo = —0.9 for the quintessence and wg = —1.1 for the phantom
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and

2450”7 = /290 — (29 — D tanh ™' ((/20)
w = wo + 6(1 + wp) =y — =
24077 = (250 — D tanh™! ((/240)

(10)

x(1 —a).

Therefore, we derive the CPL parametrization with w, deter-
mined by wg and £24¢ starting from Eq. (7). We call this
model the SSLCPL model. In particular, we get [53,63]

(250 — DIy/S2g0 — tanh =" (\/$240)]
~12

2407 = (259 — Dtanh~! ((/240)
(11)

wa = 6(1 + wo)

When £240 = 0.7, we get w, = —1.42(1+wyg), whichis con-
sistent with the numerical result w ~ wy—1.5(14+wp)(1—a)
obtained in [46,47]. Note that we derived the analytical
expression of w, within the CPL parametrization which cap-
tures the main dynamics of the thawing scalar fields, and
this expression is not just a phenomenological dark energy
parametrization: it actually approximates the dynamics of
thawing scalar fields. For the SSLCPL model, we only have
two model parameters £2,,0 and wq for the spatially flat case.
To see how well the approximation performs, in Fig. 1 we
show the evolutions of w(a) for the power-law potentials
V() ~ ¢ and V(¢) ~ ¢, and the approximations (8)
and (10). It is clear that the relative error brought about by
the approximation is under a few percent. For the power-law
potential V(¢) ~ ¢" with other numbers of power n, the
relative error is also a few percent.

From the evolution equation satisfied by £24,
.Qé) = —3wR2s(1 — 2y), (12)
we take the approximate solution for £24 with constant equa-
tion of state, w = wy,

B .Q¢()a_3w
1= 240 + Rpoa’

2 (13)

SO

-2
w(a) = =1 + (1 4 w) [\/;270 ~ (259 — 1 tanh™! \/Fw}
x [\/W— (259 — Da®”

2

x tanh =14+ (25 — 1)a3w]_1/2] (14)
Then Taylor expansion £24(a) around a = 1 gives
24 =11 +(9q;01 — D[l =3wd —a)]}"". (15)

Substituting Eq. (15) into Eq. (7), we obtain

w(a) = wo — 6wo(l + wo)
(240 — DIy/2p0 — tanh =" (\/240)1(1 — a)
X

—1/2 - _
2507 = (259 — 1) tanh ™! (\/240)

(16)

so again we get the CPL parametrization with

(250 — DIy/$2p0 — tanh ™! (/240)]
~12

250" = (259 — Dtanh™'(/240)
(17)

wa =—6wo(1+wp)

We call this model the SSWCPL model. For the SSWCPL
model, we only have two model parameters, £2,,0 and wy,
for the spatially flat case. In Fig. 1, we show the evolutions
of w(a) for the approximation (14) and (16). It is clear that
the relative errors brought about by the approximations are
under a few percent. Contrary to the intuition that the approx-
imation with £2,, may be inappropriate, the numerical results
show that the relative error due to the approximation is still
small, so it is a good approximation. For both the SSLCPL
and the SSWCPL models, we find that w, o 1 + wq, so
the models are automatically consistent with ACDM model
with wg = —1 and w, = 0. We would like to emphasize
that the models we proposed well approximate the dynamics
of a wide class of thawing scalar fields in the whole red-
shift region as shown in Fig. 1; they are different from both
ACDM and wCDM models which cannot the approximate
dynamical scalar fields, and they eliminate the degeneracy
between wg and w, for the CPL parametrization. Although
the CPL parametrization remains a good approximation for
the dynamics of a wide class of scalar fields at low redshifts,
the degeneracy among the model parameters is still a prob-
lem for the fitting of cosmological data; our models break the
degeneracy and help tighten the constraints on cosmological
models.

3 Observational constraints

We apply the SNe Ia, BAO, WMAP?7, and the Hubble param-
eter H(z) data to test the effects of the degeneracy relations
(11) and (17) on the constraints of £2,,,0 and wg. The SNLS3
SNe Ia data consist of 123 low-redshift SNe Ia data with
z < 0.1 mainly from Calan/Tololo, CfAI, CfAIl, CfAIll, and
CSP, 242 SNe Ia data over the redshift range 0.08 < z < 1.06
observed from the SNLS [54], 93 intermediate-redshift SNe
Ia data with 0.06 < z < 0.4 observed during the first season
of the SDSS-II supernova survey [64], and 14 high-redshift
SNe Ia data with z > 0.8 from Hubble Space Telescope [65].
For the fitting to the SNLS3 data, we need to add two more
nuisance parameters « and .
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Fig. 2 The marginalized 1o -0.6 0.6
and 20 constraints on the flat
SSLCPL model. The upper
panels are for the 1o and 20 -08 0.3
contour plots of £2,,0 — wo and ’
wo — wy. The lower panels = - 2°
show the reconstructions of
w(z) and Om(z) by using the 0
. -1.2
constraints on £2,,,0 and w
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The BAO data [57] consist of the measurement at the red-
shift z = 0.106 from the 6dFGS [55], the measurements
of the distribution of galaxies at two redshifts z = 0.2 and
z = 0.35 [56] in the SDSS and the measurements of the
acoustic parameter at three redshifts, z = 0.44, z = 0.6 and
z = 0.73, from the WiggleZ dark energy survey [57]. For the
BAO data, we need to add two more nuisance parameters,
2ph?* and 2,,h?.

For the WMAP7 data, we use the measurements of the
shift parameter and the acoustic index at the recombination
redshift [58], and we need to add two more nuisance param-
eters §2,h% and §2,,h2.

The Hubble parameter H(z) data consist of the mea-
surements of H(z) at 11 different redshifts obtained from
the differential ages of passively evolving galaxies [60,66],
and three data points at redshifts z = 0.24, z = 0.34 and
z = 0.43, determined by taking the BAO scale as a standard
ruler in the radial direction [59]. The H (z) data span to the
redshift regions z = 1.75.

After obtaining the constraints on the model parame-
ters, we reconstruct w(z) and apply the Om diagnostic [67]
to detect the deviation from the ACDM model. Om(z) is
defined as

E%(z) -1

Om(z) = m,

(18)

where the dimensionless Hubble parameter E(z) = H(z)/
H(z=0).

Now we consider the effects of the degeneracy relations
(11)and (17) on £2,,0 and wy for the spatially flat case £2¢ =

@ Springer

0. Fitting the SSLCPL model to the observational data, we

get the marginalized 1o constraints £2,,0 = 0.275f8:8}? and

wo = —1.081‘8:(1)&, with 2 = 432.6. By using the degeneracy
relation (11) and the correlation between £2,,,0 and wg, we
derived the marginalized 1o constraint w, = 0.1 11’8:%‘21. We
show the marginalized 1o and 2o contours of £2,,0 and wy,
and wo and w, in Fig. 2. By using the correlation between
2,0 and wg, we reconstruct the evolutions of w(z) and
Om(z) in Fig. 2.

Fitting the SSWCPL model to the observational data, we
get the marginalized 1o constraints £2,,0 = O.276Jj8:8{‘3L and
wo = —1.0940.10 with x> = 432.6. By using the degener-
acy relation (17) and the correlation between §2,,,0 and wg, we
derived the marginalized lo constraint w, = 0.12‘_F8:ig. We
show the marginalized 1o and 2o contours of £2,,9 and wy,
and wo and w, in Fig. 3. By using the correlation between
2,0 and wy, we reconstruct the evolutions of w(z) and
Om(z) in Fig. 3.

Fitting the CPL model to the observational data, we get

the marginalized 1o constraints £2,,0 = 0.278f8:8}?, wy =

—1.07017 and w, = —0.337933 with x2 = 432.4. We show
the marginalized 1o and 20 contours of £2,,0 and wg, and
wo and w, in Fig. 4. By using the correlations among the
parameters, we reconstruct the evolutions of w(z) and Om(z)
in Fig. 4. These results are summarized in Table 1.

Before comparing the constraints for the SSLCPL and
SSWCPL models with the familiar CPL model, we need to
check the consistencies of the degeneracy relations (11) and
(17). So we put the 20 contour plots of wg and w, from
Figs. 2, 3 and 4 together in Fig. 5. We see that the analytical
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Fig. 3 The marginalized lo ~0.6

and 20 constraints on the flat
SSWCPL model. The upper
panels are for the 1o and 2o
contour plots of £2,,0 — wo and
wo — wg. The lower panels ;o -
show the reconstructions of
w(z) and Om(z) by using the
constraints on £2,,,0 and w
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Fig. 4 The marginalized 1o —0.6
and 20 constraints on the flat
CPL model. The upper panels 0.8

are for the 1o and 20 contour
plots of £2,,0 — wo and

wo — wg. The lower panels are = -1
the reconstructions of w(z) and
Om(z) by using the constraints
on £2,,0, wo, and w,

0.2 0.25

0.6 0.8 1
-3
0.3 0.35 -1.4 -1.2 -1 -0.8 -0.6
mo0 WO
0.6

Oom(z)

0 02 04

Table 1 The marginalized 1o constraints from observational data

Model 2 wo Wy
Flat SSLCPL 02751001 —1.087041 0.11+0.12
Flat SSWCPL 0.27670:014 ~1.09 +£0.10 0.1270:1¢
Flat CPL 0278%5011 105553 ~0.33703

06 0.8 1 0 0.5 1

degeneracies (11) for the SSLCPL model and (17) for the
SSWCPL model are consistent with the wy — w, contour for
the CPL model obtained from the observational constraints,
and the variation of w(z) (w,) is constrained much tighter
with the help of analytical relations (11) and (17). The effects
of the degeneracy relations (11) and (17) on £2,,0 are mini-
mal. The 1o errors of wg for SSLCPL and SSWCPL models

@ Springer
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Fig. 5 The marginalized 20

contours of wg and w, for the
SSLCPL, SSWCPL and CPL
models

are reduced around 30 % with the degeneracy relations (11)
and (17) compared with that in CPL model. Comparing the
results from the three models, we find that all three models
fit the observational data well because they give almost the
same value of x2. In terms of the Akaike information cri-
terion (AIC) [68] or Bayesian information criterion (BIC)
[69], the SSLCPL and SSWCPL models fit the observational
data a little better than the CPL model does. All three models
are consistent with ACDM model at the 1o level, as shown
explicitly by the w(z) and Om(z) plots in Figs. 2, 3 and 4.

With the constraints on the model parameters £2,,0 and wy,
we get the constraints on the forms of the thawing potential
V(¢) by using the following relations:

do \?
(dlna> =3m>, 24 (@)1 + w(a), (19)
1
V(a) = EpcrO(l — w(a))2¢(a)(H(a)/ Ho)?, (20)

where mp, = (8w G)~!/2 and the current critical density

Per0 = Sm%l Hg. The allowed lo regions of the thawing
potentials for the phantom and quintessence cases are shown
in Fig. 6. For the phantom case, the scalar field climbs up the
potential, the potential V (¢) = 985 shown with the dashed
line is inside the allowed lo region. For the quintessence
case, the scalar field rolls down the potential, the potential

@ Springer
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Fig. 6 The lo constraint on the thawing potential. The left side is
for the phantom field and the right side is for the quintessence field.
The potential is in units of the current critical density p.-0. A¢ is the
difference between the scalar field ¢ and its current value ¢ . The dashed
lines show the potential V (¢) = $%-83 for the phantom case and V (¢) =
¢ for the quintessence case

V(¢) = ¢ shown with the dashed line is inside the allowed
lo region.

4 Conclusions

From the relationship (7) for thawing models with a nearly
flat potential and the CPL approximation for a wide class
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of dynamical dark energy models, we derived the SSLCPL
and SSWCPL models which break the degeneracies among
£240, wo and w,. The two models reduce to the CPL model
with only one free parameter wy. The relative errors on the
equation of state due to the SSLCPL and SSWCPL approxi-
mations are under a few percent, so these models capture the
main dynamics of the thawing model and approximate the
dynamics of a wide class of thawing models well. Instead
of studying a particular dynamical dark energy model, the
SSLCPL and SSWCPL models can be used to probe the
general properties of dynamical dark energy. The proposed
degeneracy relations for wo and w, are consistent with that
found for the familiar CPL model, so the SSLCPL and
SSWCPL models are self-consistent. Current observational
data constrain the current value of the equation of state wy
of dark energy around —1 with more than 10 % error. The
current value of the variation of the equation of state w, is
loosely constrained, with the relation between wg and w,
which is proportional to 1 + wg found in the SSLCPL and
SSWCPL models; w, is tightly constrained and wy < —1
at the 1o level. Both models give almost the same minimum
x? as the original CPL does when fitting to the observational
data. In terms of AIC or BIC, the models fit the observa-
tional data a little better than the original CPL does. With
the help of the relations (11) and (17), the lo error bar of
wy is reduced by about 30 %. The result is almost the same
when we replace the WMAP7 data by the Planck data [70-
72]. Both the SSLCPL and the SSWCPL models have only
one free parameter and they help tighten the constraint on the
property of dark energy.

With the tighter constraints on the parameters £2,,0 and
wo, we obtain the constraints on the thawing potential V (¢).
For the phantom case, the potential V (¢) = ¢*% is consis-
tent with current observations. For the quintessence case, the
potential V (¢) = ¢ is consistent with current observations.
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