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Background

Frames, which generalize the concept of bases, can take on infinitely many different rep-
resentations for a given vector (Christensen 2008). Duffin and Schaeffer (1952) intro-
duced the concept of frame to study some deep problems in nonharmonic Fourier series.
After the fundamental paper by Daubechies et al. (1986), frame was popularized from
then on. Now, frames are useful in some areas such as the signal and image process-
ing, neural networks, data compression and sampling theory, among others. For signal
processing frames can provide resilience to additive noise (Daubechies 1992), resilience
to quantization (Goyal et al. 1998), numerical stability of reconstruction (Daubechies
1992), and greater freedom to capture signal characteristic (Benedetto and Colella 1995;
Benedetto and Pfander 1998; Unser 1995).

Later on, being the generalization of the frames, fusion frames were introduced by
Casazza and Kutyniok (2004) and Fornasier (2002) to handle some large systems which
are impossible to handle effectively by just a simple frame. The essence of fusion frame
is the construction of global frames from local frames in Hilbert space. So the character-
istic fusion frame is special suiting for application such as distributing sensing, parallel
processing and packet encoding, and so on. Now, many excellent results of conventional
frames have been achieved and applied successfully, which properties of the conven-
tional frames may be extended to the fusion frames? It is a tempting subject because of
the complexity of the structure of fusion frames compared with conventional frames.

In this paper, we mainly study the equalities and inequalities of fusion frames. On
some equalities for conventional frames were first found by Balan et al. (2007) when the
authors studied the optimal decomposition of a Parseval frame. Later on, many authors
such as Gavruta (2006) and Zhu and Wu (2010) developed or improved some equalities
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or inequalities of the conventional frames on the basis of the work in originally in Balan
et al. (2007).

Preliminaries
First we will briefly recall the definitions and basic properties of fusion frames. For
more details we refer to Casazza and Kutyniok (2004) and Asgari and Khosravi (2005).
Throughout the paper, H is a Hilbert spaces, and I = {1,2,..., M} is a subset of N, Iy
denotes the identity operator on H.

A family of the vector ® = {¢;}ic; C H is called a frame, if there exist constants
0 < A < B < cosuch that for any f € H,

AIFI? < D 1if 0l < BIFI (1)

iel
The constants A and B are known respectively as the lower and upper frame bounds.

Definition 1 Let {W;},c; be a sequence of closed subspaces in H, and {w;};c; be a fam-
ily of weights, i.e., w; > 0 for all i € I. Then W = {(W;, w;)}ies is a fusion frame, if there
exist constants 0 < C < D < oosuch that for any f € H

CIFI* < Y wilmw, (HI* < DIFI?, )

iel

where 7y, denotes the orthogonal projection of H onto W;. We call C, D the fusion frame
bounds. The frame W = {(W;, w;)}ie; is called a tight fusion frame if C = D, and is called
a Parseval fusion frame if C = D = 1. If we only know that W = {(W}, w;)};cs satisfies
the upper inequality in (2), then W = {(W}, w;)};s is called a Bessel fusion sequence with
Bessel bound D.

Let W be a Bessel fusion sequence for H. The synthesis operator T* : I>(I) — H is
defined by

T*({fikien) = Y wimw; (), Y{fidier € (D).

iel

The adjoint operator T : H — [2(I) given by T (f) = {wimw, (f)}ics is called the analysis
operator. In Casazza and Kutyniok (2004) we know that

S:H—MH, =) wrwf,

iel

which is a bounded, self-adjoint, positive and invertible operator with CI); < § < DIy,
and satisfies

(Sff) = _ wilmwfI*.

iel
Then the following standard reconstruction formula takes places for all f € H,

f=887=> winw,(S7Y),

iel
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and

(ST Sy =D wilmw ST I

iel

Casazza and Kutyniok (2004) define the dual fusion frame of fusion frame, which is simi-

lar to the canonical dual frame in the classical frame theory.

Definition 2 (Casazza and Kutyniok 2004) Let {(Wj, wi)}ic; be a fusion frame
with fusion frame operator S. Then {(S™! W}, w;)}ics is called the dual fusion frame of
{(Wi, wi)}ier.

If W = {(W;, wi)}ier is a Bessel fusion sequence in H, for every J C I we define the

operator Sy by
Sif =Y winwf, 3)
ie]

it is trivial to show that S; is a self-adjoint, bounded linear operator in H, and denote
Je=1I\]J.

Gavruta (2007) gives a more general alternate dual reconstruction formula, that is,
given a fusion frame W = {(W}, w;)};e; with frame operator S and a Bessel sequence
V = {(Vi, vi)}iel, there is

f= Zviwiﬂws_lﬂwf, Vf € H.

iel

In this case we call V ={(V,v))}lics an alternate dual fusion frame of
W = {(W;, wi)}ier.

In the study of longstanding conjecture of signal processing community: a signal can
be reconstructed without information about the phase. Balan et al. (2006) found some
new frame equalities. In order to compare with the “Main results” section, we list the
important equalities in Balan et al. (2007) as follows.

Theorem 1 (Balan et al. 2007) Let {f;}ic1 be a Parseval frame for H. Then for any ] C I
and f € H we have

STULME = 1D (AP

icJ ie]
=Y WL = 1D (Al “)
ieJe ieJe
Remark 1 A frame {g;};c; is called alternate dual frame of {f;};c; and f = > (f,2)fi

iel
f € H. Then we get a more general result about the alternate dual frame (Gavruta 2006).

Theorem 2 Let {f;}ics be a frame for H with an alternate dual frame {g;};c; C H. Then
forany ] C I and any f € 'H we have
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Re (Z(f,g»{f,fi)) — I ¢ gfill?

ie] ie]

ieJ¢ ieJ¢

®)
= Re(Z (f,giMf,fi)) =1l 2 (- anfill.

Zhu and Wu (2010) generalized the equality (5) to a more general form which does not
involve the real parts of the complex numbers.

Theorem 3 Let {f;}ic1 be a frame for H and {g;}ic1 C 'H is an alternate dual frame of
{fiYic1. Then for any ] C I and f € 'H we have

(;mgWﬁO—ngmgWP

(6)
=<Z%§WﬁO—HZ%gWR

igJ¢ i€J¢
Next, we extended this equality to fusion frame.

Main results

Motivated by the work of Balan et al. (2007) and Gavruta (2006), in this section, we con-
tinue this work about fusion frames and get some important equalities and inequalities
of these frames in a different case.

Lemma 1 (Zhu and Wu 2010) Let P and Q be two linear bounded operators on H such
that P+ Q = Iy Then P — P*P = Q* — Q*Q.

Now, we present main theorems of this section.

Theorem 4 Let {(W;, wi)}icr be a fusion frame for H with the fusion frame operator S,
{(Vi, vi)}ier is the alternate dual fusion frame of {(W;, w;)}ier. Then, for any ] C I and any
feH,

S viwi(S mw, (), v f) — | Y viwimy, S w11
i€] ie]
= > viwilmyf, S w f) — | S viwimy, St f |12

ieJ¢ ieJe

Proof Forany ] C I, we define a bounded linear operator Sj as

Sif = Zviwian’anf, Vf € H.
ie]

Page 4 of 10
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Clearly, S; + Sjc = Ij4. This, together with Lemma 1, implies that

Z]ViWi(S_lﬂvm(f),ﬂvf) — | §Viwiﬂv,-5_17fwfllz
= Z;Viwz‘(sflﬂw,ﬂ(f),ﬂvf) — (Sif, Sif)

- (S]frf> - <S]*S]f)f>

= (S;ff) = (SieSpef o f)

= {f,Spef) — (Spef> Spef)

={f, 3 viwiny, S mw,f)

ieje
— IS viwirry, S tw f 112
igJ¢
= Y viwi(mryf, S mwf)
ieJ¢
— I X viwimry, S w112, 7
In the situation of Parseval fusion frames the equality is of special form. O

Corollary 1 Let {(W;, w;)}ier be a Parseval fusion frame for H with the fusion frame
operator S = Iy, {(V;, vi)}ier is the alternate dual fusion frame of {(W;, w;)}ic1. Then, for
any ] Clandany f € H,

S viwilmw, (), wvf) — I Y viwirry, o f 1|2
ic] ic]
= > viwilmvfomwf) — | S viwimy,mw f 11>

ieJ¢ ieJ¢

Remark 2 Clearly, when the dual fusion frame of {(Wj,w;)}icr is itself, i.e.,
{(Vi, vi)tier = {(Wi, wi)}ier, which was obtained Theorem 2.2 in Xiyan et al. (2009) as a
particular case from the above result.

In fact, similarly to the proof of Theorem 4, we can give a more general result as follow.
Moreover, the result has another proof in Xiao et al. (2014).

Theorem 5 Let {(W;, w;)}icr be a fusion frame for H with the fusion frame operator S,
{(Vi, vi)}ier is the alternate dual fusion frame of {(W;, wi)}icr. Then, for any f € H and
any {b;}ies € 1°°(D),

S bviwi (S rnw,f, v f)
iel
— IS bviwirry, St f 1|
iel _ (8)
=31 = by)viwi(mv.f, S Irw,f)
iel
—1IQ = byviwimry, S Lrw f 1%

iel

where b; is the conjugata of b;.

Remark 3 Let {(W;, w;)}icr be a tight fusion frame for H with the fusion frame bound
A, and b; is real for any i € /. In this case, using the Theorem 5, we obtain

Page 5 of 10
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AzbiViWi<S_l7TWf¢ wy,f)
1S by e 1P

=A ie(ll — biyviwi(mrv,f, S nw,f)
—l||E[Z(1 — byviwirty, S L mw f 1%

iel

Lemma 2 (Gavruta 2006) Let P and Q are two self-adjoint bounded linear operators in
‘Hand P+ Q = Iy. Then we have

(PF.) + I1QFI* = (Qf.f) + IBFIP = = (f.f).

»-l>\o.>

Theorem 6 Let {(W;, w))}ici be a fusion frame for H with the fusion frame operator
S, {(STYW;, wi)}ies is the dual fusion frame of (Wi, wi)}ics. Then, for any ] C I and any
f € H, we have

Zw I f 11> + Zw2||nws LSef 112

= 2 w; 2w P - + S wilmw, SIS f 117

ieJ¢ iel

Proof Applying S = Sy + Sy, we have that Iy = S_%S]S_% + S_%S]cS_%. Combining
this with Lemma 2, it follows that

(ST 1)+ IST28eS )
= (STISpSTIff) + SIS IS | ©
3
= ;(frf)o

Replacing fby S%f, one has

(Sifof) +4(S _151f Syef)
= (Spefof) + (STISIf. Sif) = 2(Sf.f).

Combining this with (Sf.f) = > w Hmw N2 and (STYf,f) = = 2 willmw,STIf11% the
proof is completed. e el ]
Remark 4 'The identity of above was established Theorem 2.1 in Xiyan et al. (2009), but
the inequality in this form is a new result.

Corollary 2 Let {(W;, wi)}ic1 be a tight fusion frame for H with the fusion frame bound
A. Then

AY wilmwf 12+ 1Sy 112
ie]
=AY wmw,(OI + IS

ieJ¢

> JA%f.1).
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In addition, if {(W;, wi)}ic1 is a Parseval fusion frame for H, then we have

S willzw S 12+ 1Syef I

iel

= > W llmw, (O1% + ISif 12 (10)
ieJ¢

2(F.1).

v

Proof Since {(W;, w;)}icr be a tight fusion frame for H with the fusion frame bound A4,
then for any f € H,

_ 1
d_wilmwf 1? = (8F.f) = AlIfI2, mw, S ™1 = s,
ie]

and

_ 1
wmw, STISIf 112 = S ISifI1%
A

iel
It follows from Theorem 6 that, for any f € H,

A wilmwf 12+ 1Sef 112
ie]
=AY wimw, (O + IS/
ieJ¢

SA%Lf).

v

O

Theorem 7 Let {(W;, w;)}icr be a tight fusion frame for H with the fusion frame bound
A. Then, forany J, E C I with ] NE = 0, and any [ € 'H, we have

IS7uef 112 — 11Sye\£f 112
= ISIf 112 = 1Ssef 112 + 24 3 w2 ||l mw,f 1|2 (11
icE

Proof Applying Corollary 2 yields that

IS7OEf 1> = 1Se\£f 112

=A X W?llﬂwfllz—A > WL'2||7TWf||2
ieJUE ieJ\E

=AY wnwfII? —A Y wmwfI?
i€] ieJe
+24 3 wlmwf?
ieE
= ISIf 11> = (S)ef 112 4+ 24 5 w2l ww,f 11>
icE

Similarly Corollary 3.6 in Xiao and Zeng (2010), obtain

Page 7 of 10
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Corollary 3 Let {(W;, wi)}ic1 be a tight fusion frame for H with the fusion frame bound
A. Then, for any J; C I, (i € N), where N > 2 is a positive integer, with J; N\ ]; = 0, for
i#£j, 1= Ufilﬁ. Then for any f € H, we have

2 2

|S(UAELN ]z)'f” |S(Uf\lll ]1+U£N4_1]i)f”
S 2 S 2
= (UfSNQIif” I (Ufszfi)“f”

24 _ w2 || mw.f 1%
2L g, I

where Nj, (1 <i < 4)are positive integers satisfyingl < N;j <Ny < N3 <Ns <N — 1L

Proof Applying (11), replace J and E by U ], and UN2 1], + U _N i the above

result hold. O

The inequality (10) in Corollary 2 leads us to introduce some notations v_(W,J) and
v4(W,J). Let W = {(W;, w;)}ier be a Parseval fusion frame. For any / C I and f € H,

define
> willmwf 1% + i Zw TS 112
e S T ’
and
Z wilmwf I” + Zw Fruf 1P
v_(W,]) = inf "L

11

Theorem 8 v_(W,])and v (W,]) have the following properties:

L3<v (W) <vi(W,) <]
2. V(W] = v (W, ), 74 (W, ) = v (W, ]);
3. v (W, ) =ve (W, D), v—(W,0) = v (W, 0).

Proof By inequality (10), 3 7 < v—(W,)) holds trivially.

Forany f,g € Hand any J C I, we have

I wimfII> = sup [ wimwf>g)I?
i€] lgll=1 ieJ
= sup | > wiz(nwf, w.g)|?
lgll=1 ieJ

< sup 3w} lmwf? ZW 77,811
lgll=1 ie]

_ Sop gl S w2l 1P
lgl=1 i€/
= Y wAmufI>

ieJ

Page 8 of 10
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Hence,

Z wilmwf 11> + | ZW P f I
< > willmwif 117 + ZW w12 < IF11%,

ieJe i€]

This implies that || > wiznwfnz <> wi2||nwa||2. Thatisv,(W,]) < L
i€] i€/
(2) and (3) follow directly by inequality (10) in Corollary 2. O
Some results for the Parseval fusion frame were established in Xiyan et al. (2009). For
the reader’s convenience and our results equivalence, we not only recall its formulation

but also provide its proof as follows.

Theorem 9 Let W = {(W;, w;)}ics be a Parseval fusion frame for H. Then, for any ] C I
and any f € 'H, the following statements are equivalent:

LvW,)=vi(W,))=1
2. SwHimwf 1 = | S wimwf 1%
i€] ie]
3. wiimwfI? = | 2 wimwfII%
ieJe ieJe
4. §;Spef = 0.
Proof (1)= (2). Since W is a Parseval fusion frame, then for any f € H, we have

>ow ||7'(Wf||2 + Zw ||7'er||2 II£ 1. This implies that

ieJ¢

S willmf 12 = IFI7 = X wilmwf 112

i€] ieJ¢
= Y wi w12+ | X wimwf |2
ieJe¢ i€]
— > wiimwf 11
ieJ¢
= I 2 wimwfI.
ie]

Applying (10), (3) < (2) = (1) hold trivially.
(2)< (4) follows from

S w1 — I whrw f112
ie] ie]

= (Sif.f) — (Sif, Sif) = ((S) — SPIf-f)
= (S5 = SPf.f) = (S S)ef . f)-

Conclusions

In frame theory, fusion frames have some properties similar to those of frames in Hilbert
spaces, but not all of their properties are similar. Many excellent results of frames have
been achieved and applied successfully, which properties of the frames may be extended
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to the fusion frames, which requires a lot of efforts to deal with. In this paper, we extend
some equalities and inequalities of the frame to the fusion frames, which generalize and
improve the remarkable results which have been obtained.
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