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1 Introduction
In this paper, we discuss the existence of positive periodic solutions for the following sec-
ond order impulsive differential equation:

{
u′′(t) + (a – b)u′(t) + f (t, u(t)) = , t �= tk ,
�u(tk) = Ik(u(tk)), �u′(tk) = Jk(u(tk)), k ∈ Z,

(.)

where a, b are positive constants, �u(tk) = u(t+
k ) – u(t–

k ), �u′(tk) = u′(t+
k ) – u′(t–

k ), u(t+
k )

and u(t–
k ) represent the right limit and left limit of u(t) at tk , respectively, u′(t–

k ) =
limh→– h–[u(tk + h) – u(tk)], u′(t+

k ) = limh→+ h–[u(tk + h) – u(tk)].
Throughout this paper, we suppose that the following conditions are fulfilled:
(P) f (t + T , u) = f (t, u), T >  is a constant, limk→±∞ tk = ±∞, tk < tk+. There exists

p ∈ N such that Ik+p(u) = Ik(u), Jk+p(u) = Jk(u), tk+p = tk + T .
To define the solution of (.), we introduce the space PCr(R) = {u : R → R|u(j)(t) is

continuous at t �= tk , left continuous at t = tk , and each u(j)(t+
k ) exists for k ∈ Z, where j =

, , . . . , r}.
By a solution of (.) we mean a function x ∈ PC(R) satisfying (.).
The theory of impulsive differential equations has been a significant development in the

last two decades. Periodic solutions and periodic boundary value problems of impulsive
differential equations have received considerable attention and much literature has been
published; for instance, see [–] and the references therein. It should be noted that com-
pared to first order impulsive differential equations, there exist very few existence results
of positive periodic solutions for second order impulsive equations, especially for second
order impulsive equations with derivative term, see [–]. In [], authors considered the

© 2015 Wang and Yang. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in anymedium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Crossref

https://core.ac.uk/display/192574464?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://dx.doi.org/10.1186/s13661-015-0434-1
http://crossmark.crossref.org/dialog/?doi=10.1186/s13661-015-0434-1&domain=pdf
mailto:wwbing2013@126.com


Wang and Yang Boundary Value Problems  (2015) 2015:175 Page 2 of 15

special case a = b of (.), in which the functions f (·, u), Ik(u), Jk(u) satisfy the given growth
conditions at the origin and infinity. Hence, one cannot obtain the multiplicity of periodic
solutions under their conditions. If  < t < t < · · · < tp < T , our problem is equivalent to
the periodic boundary value problem

⎧⎪⎨
⎪⎩

u′′(t) + (a – b)u′(t) + f (t, u(t)) = , t �= tk , t ∈ [, T],
�u(tk) = Ik(u(tk)), �u′(tk) = Jk(u(tk)), k = , , . . . , p,
u() = u(T), u′() = u′(T).

(.)

In recent paper [], authors discussed the special case of (.)

⎧⎪⎨
⎪⎩

–u′′(t) + ρu(t) = g(t, u(t)), t �= tk , t ∈ [, π ],
�u(tk) = Ik(u(tk)), �u′(tk) = Jk(u(tk)), k = , , . . . , p,
u() = u(π ), u′() = u′(π )

(.)

and obtained multiplicity of positive solutions of (.), where they made the best of the
properties about the Green’s function of

{
–u′′(t) + ρu(t) = ,
u() = u(π ), u′() = u′(π ).

However, their method is invalid for (.).
In this paper, by using a fixed point theorem in cone, we obtain two existence theorems

of a single positive periodic solution for (.) under suitable behavior of functions f , Ik , Jk

on some closed set. In addition, some information on the location of periodic solution is
obtained, which can lead to the results on multiple periodic solutions.

2 Main results
Put u = x, u′ + au = y or u = φ, u′ – bu = –ϕ, then (.) can be written as

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x′(t) = –ax(t) + y(t), t �= tk ,
y′(t) = by(t) – F(t, x(t)), t �= tk ,
�x(tk) = Ik(x(tk)),
�y(tk) = Hk(x(tk)), k ∈ Z,

(.)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

φ′(t) = bφ(t) – ϕ(t), t �= tk ,
ϕ′(t) = –aϕ(t) + F(t,φ(t)), t �= tk ,
�φ(tk) = Ik(φ(tk)),
�ϕ(tk) = Dk(φ(tk)), k ∈ Z,

(.)

where F(t, u) = f (t, u) + abu, Hk(u) = Jk(u) + aIk(u) and Dk(u) = bIk(u) – Jk(u).
If u(t) is a T-periodic solution of (.), then x, y,φ,ϕ ∈ PC(R) are T-periodic functions,

and (x, y), (φ,ϕ) satisfy (.), (.), respectively.
A function pair (x, y) ∈ {(u, u) ∈ PC(R,R) × PC(R,R)} and x, y satisfy (.) (or (.)),

we call z = (x, y) a solution of (.) (or (.)). If z = (x, y) is a solution of (.) (or (.)) and x,
y are T-periodic, then x is a T-periodic solution of (.). If (x, y) and (φ,ϕ) are T-periodic
solutions of (.) and (.), respectively, similar to Lemma . in [], one can obtain that
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x, y and φ, ϕ satisfy the integral equation system

x(t) =
∫ t+T

t
Ga(t, s)y(s) ds +

∑
t≤tk <t+T

Ga(t, tk)Ik
(
x(tk)

)
,

y(t) =
∫ t+T

t
G∗

b(t, s)F
(
s, x(s)

)
ds –

∑
t≤tk <t+T

G∗
b(t, tk)Hk

(
x(tk)

)
,

φ(t) =
∫ t+T

t
G∗

b(t, s)ϕ(s) ds –
∑

t≤tk <t+T

G∗
b(t, tk)Ik

(
φ(tk)

)
,

ϕ(t) =
∫ t+T

t
Ga(t, s)F

(
s,φ(s)

)
ds +

∑
t≤tk <t+T

Ga(t, tk)Dk
(
φ(tk)

)
,

where

Gλ(t, s) =
eλ(s–t)

eλT – 
, G∗

λ(t, s) =
eλ(t+T–s)

eλT – 
.

Lemma . [] Let X be a Banach space and P be a cone in X. Suppose that � and �

are open subsets of X such that  ∈ � ⊂ �̄ ⊂ � and suppose that

	 : P ∩ (�̄\�) → P

is a completely continuous operator such that
(i) inf‖	u‖ > , u �= μ	u for u ∈ P ∩ ∂� and μ ≥ , and u �= μ	u for u ∈ P ∩ ∂� and

 < μ ≤ , or
(ii) inf‖	u‖ > , u �= μ	u for u ∈ P ∩ ∂� and μ ≥ , and u �= μ	u for u ∈ P ∩ ∂� and

 < μ ≤ .
Then 	 has a fixed point in P ∩ (�̄\�).

Set δ = e–aT , σ = e–bT and

S(v, v, . . . , vp) = –
p∑

k=

[
Jk(vk) + (a – b)Ik(vk)

]
, v, . . . , vp ∈R,γ = δ or σ ,

ϕγ (s) =
∫ T


sup

u∈[γ s,s]
f (t, u) dt + sup

{
S(v, v, . . . , vp) : vk ∈ [γ s, s],  ≤ k ≤ p

}
,

ψγ (s) =
∫ T


inf

u∈[γ s,s]
f (t, u) dt + inf

{
S(u, v, v, . . . , vp) : vk ∈ [γ s, s],  ≤ k ≤ p

}
.

The following theorems are the main results of this paper.

Theorem . Assume that (P) holds and there exist two positive constants r < R such that

F ∈ C
(
J × [δr, R], [, +∞)

)
,

Ik ∈ C
(
[δr, R], [, +∞)

)
( ≤ k ≤ p),

Hk ∈ C
(
[δr, R], (–∞, ]

)
( ≤ k ≤ p),
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where F(t, u) = f (t, u) + abu and Hk = Jk + aIk . Further suppose that ϕδ(r) <  < ψδ(R) or
ϕδ(R) <  < ψδ(r), then (.) has at least one positive T-periodic solution x with r ≤ ‖x‖ ≤ R
and x(t) ≥ δr for all t ∈R.

Remark . The condition ϕδ(r) <  < ψδ(R) (or ϕδ(R) <  < ψδ(r)) in Theorem . can be
replaced by the condition easily verified

ϒ(r) <  < γ (R)
(
or ϒ(R) <  < γ (r)

)
,

where

ϒ(s) = T sup
(t,u)∈[,T]×[δs,s]

f (t, u) + sup
{

S(v, v, . . . , vp) : vk ∈ [δs, s],  ≤ k ≤ p
}

,

γ (s) = T inf
(t,u)∈[,T]×[δs,s]

f (t, u) + inf
{

S(v, v, . . . , vp) : vk ∈ [δs, s],  ≤ k ≤ p
}

.

Proof Here we only prove the case ϕδ(r) <  < ψδ(R). Let

f̃ (t, u) =

⎧⎪⎨
⎪⎩

f (t, δr) if u < δr,
f (t, u) if δr ≤ u ≤ R,
f (t, R) if u > R,

Ĩk(u) =

⎧⎪⎨
⎪⎩

Ik(δr) if u < δr,
Ik(u) if δr ≤ u ≤ R,
Ik(R) if u > R,

J̃k(u) =

⎧⎪⎨
⎪⎩

Jk(δr) if u < δr,
Jk(u) if δr ≤ u ≤ R,
Jk(R) if u > R,

F̃(t, u) = f̃ (t, u) + abu, H̃k(u) = J̃k(u) + aĨk(u),

S̃(v, . . . , vp) =
p∑

k=

S̃k(vk), S̃k(v) = –J̃k(v) – (a – b)Ĩk(v).

At first, we show that

∫ T


sup

δs≤u≤s
f̃ (t, u) dt + sup

{
S̃(v, . . . , vp) : δs ≤ vk ≤ s

}
< , ∀s ∈ (, r]. (.)

We claim that

sup
δs≤u≤s

f̃ (t, u) ≤ sup
δr≤u≤r

f̃ (t, u) = sup
δr≤u≤r

f (t, u), s ∈ (, r]. (.)

In fact, if s ≤ δr, supδs≤u≤s f̃ (t, u) = supδs≤u≤s f (t, δr) = f (t, δr) ≤ supδr≤u≤r f (t, u). If δr ≤
s ≤ r, there exists ut ∈ [δs, s] such that f̃ (t, ut) = supδs≤u≤s f̃ (t, u). We consider two subcases.

Subcase : δr ≤ ut ≤ s. f̃ (t, ut) ≤ supδr≤u≤r f̃ (t, u).
Subcase : δs ≤ ut ≤ δr. f̃ (t, ut) = f (t, δr) ≤ supδr≤u≤r f (t, u).
Hence, (.) holds and

∫ T


sup

δs≤u≤s
f̃ (t, u) dt ≤

∫ T


sup

δr≤u≤r
f (t, u) dt, s ∈ (, r].



Wang and Yang Boundary Value Problems  (2015) 2015:175 Page 5 of 15

Similar to (.), we obtain that

sup
δs≤v≤s

S̃k(v) ≤ sup
δr≤v≤r

S̃k(v), ∀s ∈ (, r],

sup
δs≤vk≤s

S̃(v, . . . , vp) = sup
δs≤vk≤s

p∑
k=

S̃k(vk) =
p∑

k=

sup
δs≤v≤s

S̃k(v)

≤
p∑

k=

sup
δr≤v≤r

S̃k(v) = sup
δr≤vk≤r

p∑
k=

S̃k(vk)

= sup
δr≤vk≤r

S̃(v, . . . , vp) = sup
δr≤vk≤r

S(v, . . . , vp), ∀s ∈ (, r].

Thus
∫ T


sup

δs≤u≤s
f̃ (t, u) dt + sup

{
S̃(v, . . . , vp) : δs ≤ vk ≤ s

} ≤ ϕδ(r) < , ∀s ∈ (, r].

Next, we define operator and cone. Let E = {z = (x, y) ∈ PC(R) × PC(R), x(t + T) =
x(t), y(t + T) = y(t)}, then E is a Banach space with the norm ‖z‖E = ‖x‖ + ‖y‖, where
‖x‖ = maxt∈[,T] |x(t)| and ‖y‖ = maxt∈[,T] |y(t)|.

Define the mapping A : E → E and the cone P in E by

A(x, y) = (X, Y ),

where

X(t) =
∫ t+T

t
Ga(t, s)y(s) ds +

∑
t≤tk <t+T

Ga(t, tk)Ĩk
(
x(tk)

)
,

Y (t) =
∫ t+T

t
G∗

b(t, s)F̃
(
s, x(s)

)
ds –

∑
t≤tk <t+T

G∗
b(t, tk)H̃k

(
x(tk)

)
,

P =
{

z = (x, y) ∈ E : x(t) ≥ δ‖x‖, y(t) ≥ σ‖y‖, t ∈R
}

.

Put

� =
{

z = (x, y) ∈ E : ‖x‖ < r,‖y‖ < ε + aσ –r
}

,

� =
{

z ∈ E : ‖x‖ < R,‖y‖ < ε + aσ –R
}

,

where  < ε < aσ –(R – r). At first, we show that A : P ∩ (�̄ \�) → P. For any (x, y) ∈ P, it
is easy to verify that A(x, y)(t + T) = A(x, y)(t), that is, X(t + T) = X(t) and Y (t + T) = Y (t).
We need to show that A(x, y)(t) = (X(t), Y (t)) ∈ P for (x, y) ∈ P, that is, X(t) ≥ δ‖X‖, Y (t) ≥
σ‖Y‖ for any t ∈ [, T]. Noting that

X(t) ≤ eaT

eaT – 

∫ t+T

t
y(s) ds +

eaT

eaT – 
∑

t≤tk <t+T

Ĩk
(
x(tk)

)

=
eaT

eaT – 

(∫ T


y(s) ds +

p∑
k=

Ĩk
(
x(tk)

))
,
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X(t) ≥ 
eaT – 

(∫ T


y(s) ds +

p∑
k=

Ĩk
(
x(tk)

))
,

Y (t) ≤ ebT

ebT – 

∫ t+T

t
F̃
(
s, x(s)

)
ds –

ebT

ebT – 
∑

t≤tk <t+T

H̃k
(
x(tk)

)

=
ebT

ebT – 

(∫ T


F̃
(
s, x(s)

)
ds –

p∑
k=

H̃k
(
x(tk)

))
,

Y (t) ≥ 
ebT – 

(∫ T


F̃
(
s, x(s)

)
ds –

p∑
k=

H̃k
(
x(tk)

))
,

we obtain that X(t) ≥ δ‖X‖ and Y (t) ≥ σ‖Y‖, and hence A(P) ⊂ P. In addition, one can
easily check that A : P ∩ (�̄ \ �) → P is completely continuous.

Finally, we show that the condition (ii) of Lemma . is satisfied. We firstly show

z �= μAz, ∀z ∈ P ∩ ∂�,  < μ ≤ .

If not, there exist z = (x, y) ∈ P ∩ ∂� and  < μ ≤  such that z = μAz. Then

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x′
(t) = –ax(t) + μy(t), t �= tk ,

y′
(t) = by(t) – μF̃(t, x(t)), t �= tk ,

�x(tk) = μ Ĩk(x(tk)),
�y(tk) = μH̃k(x(tk)), k ∈ Z.

(.)

By integration, we obtain that

a
∫ T


x(s) ds = μ

∫ T


y(s) ds + μ

p∑
k=

Ĩk
(
x(tk)

)
, (.)

b
∫ T


y(s) ds + μ

p∑
k=

H̃k
(
x(tk)

)
= μ

∫ T


F̃
(
s, x(s)

)
ds. (.)

From (.) and (.), we have

∫ T


f̃
(
s, x(s)

)
ds –

p∑
k=

[
J̃k

(
x(tk)

)
+ (a – b)Ĩk

(
x(tk)

)]

= ab
(
μ–

 – 
)∫ T


x(s) ds + b

(
μ–

 – 
)∫ T


y(s) ds ≥ .

Since z = (x, y) ∈ P ∩ ∂�, ‖x‖ = r or ‖y‖ = ε + aσ –r. If ‖x‖ = , one easily gets
that y = , t �= tk . On the other hand, the fact that ‖y‖ = ε + aσ –r and y is left con-
tinuous implies that y �≡  for t �= tk , a contradiction. Thus  < ‖x‖ ≤ r. Noting that∫ T

 f̃ (s, x(s)) ds ≤ ∫ T
 supδ‖x‖≤u≤‖x‖ f̃ (s, u) ds, we obtain that

∫ T


sup

δ‖x‖≤u≤‖x‖
f̃ (s, u) ds –

p∑
k=

[
J̃k

(
x(tk)

)
+ (a – b)Ĩk

(
x(tk)

)] ≥ ,
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which is in contradiction with (.). Hence,

z �= μAz, z ∈ P ∩ ∂�,  < μ ≤ .

We show that for z ∈ P ∩ ∂� and μ ≥ ,

inf‖Az‖E >  and z �= μAz.

Assume that infz∈P∩∂� ‖Az‖E = . There exists the sequence zn = (xn, yn) ∈ P ∩ ∂� such
that ‖A(xn, yn) = (Xn, Yn)‖E →  as n → ∞. Hence, xn ≥ δ‖xn‖, yn ≥ σ‖yn‖, ‖xn‖ = R or
‖yn‖ = ε + aσ –R and


eaT – 

(∫ T


yn(s) ds +

p∑
k=

Ĩk
(
xn(tk)

)) ≤ ∥∥Xn(t)
∥∥ → ,


ebT – 

(∫ T


F̃
(
s, xn(s)

)
ds –

p∑
k=

H̃k
(
xn(tk)

)) ≤ ∥∥Yn(t)
∥∥ → 

as n → ∞, which imply that

 ≤ σT‖yn‖ ≤
∫ T


yn(t) dt → , Ĩk

(
xn(tk)

) →  ( ≤ k ≤ p),

∫ T


F̃
(
s, xn(s)

)
ds –

p∑
k=

H̃k
(
xn(tk)

) → 

as n → ∞. Hence ‖xn‖ = R and xn(t) ≥ δ‖xn‖ = δR. We have

 < ψδ(R) ≤
∫ T


f̃
(
t, xn(t)

)
dt –

p∑
k=

[
J̃k

(
xn(tk)

)
+ (a – b)Ĩk

(
xn(tk)

)]

≤
∫ T


F̃
(
s, xn(s)

)
ds –

p∑
k=

H̃k
(
xn(tk)

)
+ b

p∑
k=

Ĩk
(
xn(tk)

) → , n → ∞,

which is a contradiction.
Suppose that there exist z = (x, y) ∈ P ∩ ∂� and μ ≥  such that z = μAz. Then

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x′
(t) = –ax(t) + μy(t), t �= tk ,

y′
(t) = ay(t) – μF̃(t, x(t)), t �= tk ,

�x(tk) = μ Ĩk(x(tk)),
�y(tk) = μH̃k(x(tk)), k ∈ Z.

(.)

Similar to (.) and (.), we have

a
∫ T


x(s) ds = μ

∫ T


y(s) ds + μ

p∑
k=

Ĩk
(
x(tk)

)
, (.)

b
∫ T


y(s) ds + μ

p∑
k=

H̃k
(
x(tk)

)
= μ

∫ T


F̃
(
s, x(s)

)
ds, (.)
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ab( – μ)
∫ T


x(s) ds + b( – μ)

∫ T


y(s) ds

= μ

(∫ T


f̃
(
s, x(s)

)
ds –

p∑
k=

[
J̃k

(
x(tk)

)
+ (a – b)Ĩk

(
x(tk)

)])
. (.)

We consider two cases.
Case  If ‖x‖ = R, then x ≥ δ‖x‖ ≥ δR. Noting that x ≥ , y ≥  for all t ∈ J and

μ ≥ , we obtain that

∫ T


f̃
(
s, x(s)

)
ds –

p∑
k=

[
J̃k

(
x(tk)

)
+ (a – b)Ĩk

(
x(tk)

)] ≤ ,

which is in contradiction with the fact ψδ(R) > .
Case  If ‖x‖ < R, then ‖y‖ = ε + aσ –R. From (.) and Ĩk ≥ , we have

aTR ≥ aT‖x‖ ≥ a
∫ T


x(s) ds ≥ μ

∫ T


y(s) ds ≥ Tσ‖y‖,

which implies that ‖y‖ ≤ aσ –R, a contradiction.
The condition (ii) of Lemma . is fulfilled and it follows that A has at least one fixed

point z = (x, y) ∈ P ∩ (�̄\�). Clearly, x, y satisfy

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x′(t) = –ax(t) + y(t), t �= tk ,
y′(t) = ay(t) – F̃(t, x(t)), t �= tk ,
�x(tk) = Ĩk(x(tk)),
�y(tk) = H̃k(x(tk)), k ∈ Z.

(.)

Suppose that ‖x‖ < r. By integrating the first equation of (.), we obtain that

aTr ≥ aT‖x‖ ≥ a
∫ T


x(s) ds ≥

∫ T


y(s) ds ≥ Tσ‖y‖,

which implies that ‖y‖ ≤ aσ –r, a contradiction to (x, y) ∈ P∩(�̄\�). Hence, r ≤ ‖x‖ ≤ R,
f̃ (t, x(t)) = f (t, x(t)), Ĩk(x(tk)) = Ik(x(tk)), J̃k(x(tk)) = Jk(x(tk)), and

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x′(t) = –ax(t) + y(t), t �= tk ,
y′(t) = ay(t) – F(t, x(t)), t �= tk ,
�x(tk) = Ik(x(tk)),
�y(tk) = Hk(x(tk)), k ∈ Z.

(.)

It is easy to check that x is one positive T-periodic solution of (.). The proof is com-
plete. �

We introduce the following assumptions:

lim
x→+

Jk(x) + (a – b)Ik(x)
xm = αk(m), lim

x→+∞
Jk(x) + (a – b)Ik(x)

xm = βk(m),

lim inf
x→+

min
t∈[,T]

f (t, x)
xm = h(m), lim sup

x→+
max

t∈[,T]

f (t, x)
xm = h̄(m),



Wang and Yang Boundary Value Problems  (2015) 2015:175 Page 9 of 15

lim inf
x→+∞ min

t∈[,T]

f (t, x)
xm = g(m), lim sup

x→+∞
max

t∈[,T]

f (t, x)
xm = ḡ(m).

(C) There exist n, mk ∈ [,∞) ( ≤ k ≤ p) such that –∞ < αk(mk) ≤ , –∞ < h̄(n) < ,
n < min{m, . . . , mp}.

(C) There exist  ≤ k ≤ p, l, l :  ≤ l < l such that –∞ < βk (l) < , g(l) > –∞.
(C) There exists a constant m ≥  such that g(m) > .
(C) There exist n, mk ∈ [,∞) ( ≤ k ≤ p) such that –∞ < βk(mk) ≤ , –∞ < ḡ(n) < ,

n > max{m, . . . , mp}.
(C) There exist  ≤ k ≤ p, l, l :  ≤ l < l such that –∞ < αk (l) < , h(l) > –∞.
(C) There exists a constant m ≥  such that h(m) > .

Corollary . Assume that F ∈ C(J × [, +∞), [, +∞)), Ik ∈ C([, +∞), [, +∞)) ( ≤ k ≤
p), Hk ∈ C([, +∞), (–∞, ]) ( ≤ k ≤ p). Then (.) has at least one positive T-periodic
solution if one of the following conditions is satisfied:

() (C) and (C);
() (C) and (C);
() (C) and (C);
() (C) and (C).

Proof We only consider case (). By (C) and (C), there exist R >  > r >  such that

Jk(x) + (a – b)Ik(x) ≥ (
αk(mk) + h̄(n)

)
xmk , ∀ < x ≤ r,

f (t, x) ≤ 


h̄(n)xn, ∀t ∈ R,  < x ≤ r,

Jk (x) + (a – b)Ik (x) ≤ 

βk (l)xl , x ≥ R,

f (t, x) ≥ 


g(l)xl , ∀t ∈ R, x ≥ R.

Choosing

r =



min

{
r,

(
–Th̄(n)δn


∑p

k= |αk(mk) + h̄(n)|
) 

min{m,m,...mp}–n
}

,

R =  max

{
R/δ,

( |g(l)|T
–βk (l)δl

) 
l–l

}
,

we have

∫ T


sup

δr≤u≤r
f (t, u) dt –

p∑
k=

[
Jk(vk) + (a – b)Ik(vk)

]

≤ 


h̄(n)T(δr)n +
p∑

k=

∣∣αk(mk) + h̄(n)
∣∣rmk

≤ 


h̄(n)T(δr)n + rm
p∑

k=

∣∣αk(mk) + h̄(n)
∣∣ < ,
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where m = min{m, m, . . . , mp} and vk ∈ [δr, r], and

∫ T


inf

δR≤u≤R
f (t, u) dt –

p∑
k=

[
Jk(vk) + (a – b)Ik(vk)

] ≥ –


∣∣g(l)

∣∣TRl +


∣∣βk (l)

∣∣(δR)l > 

for vk ∈ [δR, R]. By Theorem ., (.) has at least one T-periodic solution x with
r ≤ ‖x‖ ≤ R. �

Remark . From Corollary ., we easily obtain Theorem . and Theorem . in [].
Moreover, the conditions of cases () and () are weaker than those of Theorem . and
Theorem . in [].

Define the mapping B : E → E by

B(x, y) = (X̂, Ŷ ),

where

X̂(t) =
∫ t+T

t
G∗

b(t, s)y(s) ds –
∑

t≤tk <t+T

G∗
b(t, tk)Ĩk

(
x(tk)

)
,

Ŷ (t) =
∫ t+T

t
Ga(t, s)F̃

(
s, x(s)

)
ds +

∑
t≤tk <t+T

Ga(t, tk)
(
bĨk

(
x(tk)

)
– J̃k

(
x(tk)

))
.

Similar to Theorem ., we have the following result.

Theorem . Assume that (P) holds and there exist two positive constants r < R such that

F ∈ C
(
J × [σ r, R], [, +∞)

)
,

Ik ∈ C
(
[σ r, R], (–∞, ]

)
( ≤ k ≤ p),

Dk ∈ C
(
[σ r, R], [, +∞)

)
( ≤ k ≤ p),

where F(t, u) = f (t, u) + abu and Dk = bIk – Jk . Further suppose that ϕσ (r) <  < ψσ (R) or
ϕσ (R) <  < ψσ (r) is satisfied, then (.) has at least one positive T-periodic solution x with
r ≤ ‖x‖ ≤ R and x(t) ≥ σ r for all t ∈R.

3 Application
In this section, some examples are provided to highlight our results obtained in previous
section and the results in [, ] cannot been applied.

Example . Consider the differential equation

{
u′′(t) + Cu′(t) + f (u(t)) = , t �= tk ,
�u′(tk) = –Jk(u(tk)), k ∈ Z,

(.)

where C ∈ R, and there exists p ∈ N such that Jk+p(u) = Jk(u), tk+p = tk + T . Moreover, the
following condition holds:
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(PP) there exist constants α > ,  < ξ < ,  < r < R such that

f ∈ C
(
[ξr, R],R

)
, Jk ∈ C

(
[ξr, R], [, +∞)

)
( ≤ k ≤ p), (.)

f (u) + αu ≥  for u ∈ [ξr, R], (.)(
f (r)T +

p∑
k=

Jk(r)

)(
f (R)T +

p∑
k=

Jk(R)

)
< . (.)

Proposition . Problem (.) has at least one positive T-periodic solution x : r ≤ ‖x‖ ≤ R
for |C| sufficiently large.

Proof Without loss of generality, we suppose that

Tf (r) +
p∑

k=

Jk(r) < , Tf (R) +
p∑

k=

Jk(R) > .

Since f (u), Jk(u) are continuous in u ∈ [ξr, R], there exists ξ < τ <  such that

T sup
τ r≤u≤r

f (u) +
p∑

k=

Jk(vk) < , ∀τ r ≤ v, . . . , vp ≤ r,

T inf
τR≤u≤R

f (u) +
p∑

k=

Jk(vk) > , ∀τR ≤ v, . . . , vp ≤ R.

Choose b = αC–, a = b + C if C > , a = α|C|–, b = a – C if C < , then a > , b >  and

f (u) + abu ≥ f (u) + αu ≥  for u ∈ [τ r, R].

Note that

τ < e–bT <  for C >
αT

– ln τ
, τ < e–aT <  for C <

αT
ln τ

,

∫ T


sup

νr≤u≤r
f (u) dt +

p∑
k=

Jk(vk) = T sup
νr≤u≤r

f (u) +
p∑

k=

Jk(vk) < , ∀νr ≤ v, . . . , vp ≤ r,

∫ T


inf

νR≤u≤R
f (t, u) dt +

p∑
k=

Jk(vk) = T inf
νr≤u≤r

f (u) +
p∑

k=

Jk(vk) > , ∀νR ≤ v, . . . , vp ≤ R,

where ν = e–aT if C < , ν = e–bT if C > . By Theorem . (C < ) or Theorem . (C > ),
we obtain that (.) has at least one positive T-periodic solution x : r ≤ ‖x‖ ≤ R.

Consider the differential equation

{
u′′(t) + Cu′(t) + u(t) sin u(t) = , t �= tk ,
�u′(tk) = – √u(tk), k ∈ Z,

(.)

where C ∈R, tk < tk+ and there exists p ∈ N such that tk+p = tk + T .
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By Proposition ., one can obtain that (.) has at least one positive T-periodic solution
x : mπ – .π ≤ ‖x‖ ≤ mπ + .π with sufficiently large m ∈N if |C| is sufficiently large.
Thus

lim
C→+∞λ� = +∞,

where λ� is the number of positive periodic solutions of (.).
Now, consider the special case of (.)

{
u′′(t) + u′(t) + u sin u = , t �= k,
�u′(k) = – √u(k), k ∈ Z.

(.)

Let b = (– +
√

 + )/, a =  + b, T = , σ = e–b, f (u) = u sin u, r
i = (i – .)π ,

r
i = (i + .)π , r

i = (i + .)π , i = , , . . . , q = [ 
b – 

 ], where [d] denotes the integer part
of d. It is easy to check that

f (u) + abu ≥ , ∀u ≥ , ( – σ )rj
i ≤ π/, j = , , ,  ≤ i ≤ q,

f is nonincreasing in
[
σ rj

i, rj
i
]
, j = , , and nondecreasing in

[
σ r

i , r
i
]
.

Hence,

T sup u sin u + √v ≤ σ rj
i sin

(
δrj

i
)

+ 
√

rj
i ≤ σ rj

i sin

(
rj

i –
π



)
+ 

√
rj

i

≤ –
σ
√




rj
i + 

√
rj

i < , σ rj
i ≤ u, v ≤ rj

i, j = , ,

T inf u sin u + √v ≥ σ rj
i sin

(
σ rj

i
) ≥ σ rj

i sin

(
rj

i –
π



)
≥ σ

√



rj

i > , σ r
i ≤ u, v ≤ r

i .

Using Theorem ., we obtain that (.) has at least q positive -periodic solutions xi, yi,
 ≤ i ≤ q with r

i ≤ ‖xi‖ ≤ r
i ≤ ‖yi‖,  ≤ i ≤ q. �

Example . Consider the differential equation

{
u′′(t) – u′(t) – u = , t �= tk ,
�u(tk) = u(tk), �u′(tk) = –u(tk), k ∈ Z,

(.)

where tk < tk+, and there exists p ∈N such that tk+p = tk + T .

Taking m = · · · = mp = , n = , k = , l = , l =  and a = ., b = ., one has

αk = –, h̄() = , βk = –, g(l) = –,

where αk , h̄, βk , g are defined in Corollary .. The conditions (C) and (C) of Corollary .
hold, and hence (.) has at least one positive T-periodic solution.

If tk = k, (.) has a unique positive -periodic solution

u(t) = c expλ(t – k) + c expλ(t – k), k –  < t ≤ k,
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where

λ =
 +

√



, λ =

 –
√




, A =
( + λ)(e–λ – )
( + λ)( – e–λ )

,

c =
λ – λ

( + A)( + λ)
(
e–λ – 

)
, c = Ac.

Example . Consider the differential equation

{
u′′(t) + 

 ( – u)u = , t �= tk ,
�u(tk) = λu(tk), �u′(tk) = –λu(tk), k ∈ Z,

(.)

where λ >  and tk+ = tk + .

We claim that (.) has one -periodic solution for λ ∈ (, .). In fact, f (u) = .( –
u)u, Ik(u) = λu, Jk(u) = –λu, p = . Taking a = b = , r = ., R = , then

f (u) + u ≥ , u ∈ (, ],

f (u) –
∑

k=

Jk(vk) >  for
r
e

≤ u, v, . . . , v ≤ r,

f (u) –
∑

k=

Jk(vk) <
(

 –
R
e

)

e

+ λ <
(

 –
R
e

)

e

+  <  for
R
e

≤ u, v, . . . , v ≤ R.

By Theorem ., (.) has at least one positive -periodic solution.
Since

lim
u→+∞

f (u)
u

= –∞,

there is no constant ρ >  such that f (u) + ρu ≥  for all u ≥ . Hence, the fundamental
condition in [] is not satisfied.

Example . Consider the differential equation

{
u′′(t) + Cu′(t) – uα(t) + 

uβ (t) = , t �= tk ,
�u(tk) = –λu(tk), �u′(tk) = –λ(u(tk) + u(tk)),

(.)

where C > ,  < α < , β > , tk < tk+, λ is a positive real parameter, and there exists p ∈N

such that tk+p = tk + T ,  ≤ T ≤ C.

We claim that (.) has at least two T-periodic solutions if λ >  is sufficiently small. In
fact, f (u) = u–β – uα , Ik(u) = –λu, Jk(u) = –λ(u + u). Setting

b =

T

, a = b + C, r = –, r = 

α , r = re/λ,

we have

f (u) + abu = u–β – uα + abu ≥ u–β – uα + u >  for u > ,
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Dk(u) = λ( – b)u + λu ≥  for u > .

Taking

 < λ < min

{(
r–α


Teα

) 
–α

,
T

(C + )pr


,



}
,

we have

Tf (u) –
p∑

k=

[
Jk(vk) + (a – b)Ik(vk)

]
>  for

r

e
≤ u, v, v, . . . , vp ≤ r,

Tf (u) –
p∑

k=

[
Jk(vk) + (a – b)Ik(vk)

]

≤ T
(
u–β – /eα

)
+ λp

[
r

 + (C + )r
]

≤ T
(
 – /eα

)
+ λp(C + )

(
r

 + r
)

≤ –T + (C + )pλr
 <  for

r

e
≤ u, v, v, . . . , vp ≤ r,

Tf (u) –
p∑

k=

[
Jk(vk) + (a – b)Ik(vk)

]

> –T
(
 + (r)α

)
+ λ

r


e

≥ –T(r)α +
r


λ

= –T
(re)α

λα
+

r

λ

>  for
r

e
≤ u, v, v, . . . , vp ≤ r.

Hence, (.) has at least two T-periodic solutions x, x with r ≤ ‖x‖ ≤ r ≤ ‖x‖ ≤ r.
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