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1 Introduction
In this paper, we discuss the existence of positive periodic solutions for the following sec-
ond order impulsive differential equation:

u' @)+ @-b)u'(t) +f(tu(®)=0, t#t, @)
Aulte) = L(u(te)),  Au'(t) = i(u(t), keZ,

where 4, b are positive constants, Awu(ty) = u(ty) — u(ty), Au'(t) = w' (&) — v/ (£;), u(&)
and u(t;) represent the right limit and left limit of u(f) at #, respectively, u'(¢;) =
limy,, o- 7t [t + h) — u(te)], o/ (&) = limy o+ B [u(tr + h) — u(t)].

Throughout this paper, we suppose that the following conditions are fulfilled:

(P) f(¢t+ T,u)=f(t,u), T >0 is a constant, limg_, 4+, Ly = 200, f < tx41. There exists

p € N such that T, () = I(80), Jeap (W) = Ji(t0), tesp =t + T

To define the solution of (1.1), we introduce the space PC"(R) = {u : R — R|u®(¢) is
continuous at t # f,left continuous at ¢ = #,and each u(")(t,j) exists for k € Z, wherej =
0,1,...,r}.

By a solution of (1.1) we mean a function x € PC?(R) satisfying (1.1).

The theory of impulsive differential equations has been a significant development in the
last two decades. Periodic solutions and periodic boundary value problems of impulsive
differential equations have received considerable attention and much literature has been
published; for instance, see [1-5] and the references therein. It should be noted that com-
pared to first order impulsive differential equations, there exist very few existence results
of positive periodic solutions for second order impulsive equations, especially for second
order impulsive equations with derivative term, see [6—11]. In [12], authors considered the
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special case a = b of (1.1), in which the functions f (-, &), I (), Jx (1) satisfy the given growth
conditions at the origin and infinity. Hence, one cannot obtain the multiplicity of periodic
solutions under their conditions. If 0 < £; <, < --- < ¢, < T, our problem is equivalent to
the periodic boundary value problem

u' @)+ (@-b)u'(t) +f(t,u(t) =0, t#4,te(0,T],
Aulty) = I(u(ty)), AU (t) = Tie(ute), k=1,2,...,p, (1.2)
u(0) = u(T), ' (0) =u/(T).

In recent paper [13], authors discussed the special case of (1.2)

—u'(t) + p*ult) = g(t,u(t)), t#ttel0,2m],
Au(ty) = Ir(u(te)), Ad'(ty) = Ji(u(te), k=1,2,...,p, (L.3)
u(0) = u(2m), u'(0) =u'(2m)

and obtained multiplicity of positive solutions of (1.3), where they made the best of the
properties about the Green’s function of

—u"(t) + p%u(t) =0,
u(0) = u(2m), u'(0) =u'(2m).

However, their method is invalid for (1.1).

In this paper, by using a fixed point theorem in cone, we obtain two existence theorems
of a single positive periodic solution for (1.1) under suitable behavior of functions f, Iy, Jk
on some closed set. In addition, some information on the location of periodic solution is
obtained, which can lead to the results on multiple periodic solutions.

2 Main results

Putu=x,u +au=yoru=¢,u —bu=-g¢,then (1.1) can be written as

®(t) = —ax(@t) +y(@t), t#t

y/(t) = b}’(f) - F(t)x(t))’ t #tk’ (21)
Ax(ti) = I(x(t)),

Ay(ty) = Hy(x(t)), k€Z,

¢'(t) = bp(t) — (1), t#t,

@'(t) = —ap(t) + F(t, (1), tFtx 2.2)
A@(tr) = (@ (),

Ag(ty) = Dr(o(t), ke Z,

where F(t, u) = f(t, u) + abu, Hi(u) = Ji(u) + ali (1) and Dy (u) = bli(u) — Ji(us).

If u(¢) is a T-periodic solution of (1.1), then &, y, ¢, ¢ € PC!(R) are T-periodic functions,
and (x,), (¢, @) satisfy (2.1), (2.2), respectively.

A function pair (x,y) € {(u1, u2) € PCHR,R) x PC(R,R)} and x, y satisfy (2.1) (or (2.2)),
we call z = (x,y) a solution of (2.1) (or (2.2)). If z = (x,y) is a solution of (2.1) (or (2.2)) and x,
y are T-periodic, then x is a T-periodic solution of (1.1). If (x,y) and (¢, ¢) are T-periodic
solutions of (2.1) and (2.2), respectively, similar to Lemma 2.2 in [12], one can obtain that
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x, y and ¢, ¢ satisfy the integral equation system

t+T
w0- [ GulthOdss Y Gulttol(x(w),

t<ty<t+T

t+T
y(t) = / Gy(t,)F(s,x() ds— > Gy(t, i) H(x(t)),

t<tp<t+T

t+T
60 [ Gieeds- Y G ()

t<tp<t+T

t+T
o0- [ Gt IF(sp0)ds+ Y GulttDi(plen),

t<ty<t+T
where
G (t ) e)»(s—t) G*(t ) ek(t+T—s)
»S) = ———» »8) = — /.
g e’ -1 * el -1

Lemma 2.1 [14] Let X be a Banach space and P be a cone in X. Suppose that 2, and 2
are open subsets of X such that 0 € Q C Q) C Q2 and suppose that

O:PN(Q2W\2)— P

is a completely continuous operator such that
(i) inf||Pu|| >0, u#uduforue PNoQ and u>1,and u # u®u foru e PNy and
O<pu<l,or
(ii) inf||Qul| >0, u # pudu foru e PNoQp and u > 1, and u # n@u foru e PN Q2 and
O<pu<l
Then ® has a fixed point in PN (Q\Q).

Sets=e, o =e T and
p

S(Vlr V21'--;Vp) == Z[]k(vk) + (ﬂ - b)Ik(Vk)]’ Vi,e. s Vp € R, Y= doro,
k=1

T
@y (s) = / sup f(t,u)dt + Sup{S(Vl,Vz,...,Vp) cvp€lys s, 1<k §p},
0

uelys,s]

T
Y, (s) = / inf f(¢,u)dt + inf{S(u, Vi, Vs Vp) i Vi € [ys,s],1 <k 519}.
0

uelyss|
The following theorems are the main results of this paper.
Theorem 2.1 Assume that (P) holds and there exist two positive constants r < R such that
F e C(J x [87,R], [0, +00)),

Iy € C([6r,R],[0,+00)) (1<k<=<p),

Hk € C([SF,R]:(_OO, 0]) (1 =< k 517),
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where F(t,u) = f(t,u) + abu and Hy = Jx + aly. Further suppose that ¢s(r) < 0 < ys(R) or
@s(R) < 0 < Ys(r), then (1.1) has at least one positive T-periodic solution x withr < ||x|| <R
and x(t) > 8r forall t € R.

Remark 2.1 The condition ¢s(r) < 0 < ¥5(R) (or ¢s(R) < 0 < ¥s(r)) in Theorem 2.1 can be
replaced by the condition easily verified

T(r) <0< y(R) (or T(R) <0< y(r)),
where

Y()=T  sup  f(t,u)+sup{S(i,va,...,vp) 1 v € [8s,5,1 <k <p},
(t,u)€[0,T] x[8s,s]

= inf . inf s V2yeins : 8,1 <k <pt.
y(s) T(t’u)e[(;ynﬂst,s]f(t u) +in {S(v1 2 Vp) i vk € [85,5],1 _k_p}

Proof Here we only prove the case ¢s(r) < 0 < ¥5(R). Let

f(t,or) ifu<dr,
Fu={ft,u) ifér<u<R,
ft,R) ifu>R,

L(6r) ifu<ér, J(8r) if u < 8r,
L) = L(w) ifsr<u<R  Jow) =) ifér<u<Rg,
L(R) ifu>R, Jk(R) ifu>R,

F(t: M) =]~C(t7 M) + abur ﬁk(”) =j/((bi) + ajk(u)7

p
SWicvp) =D Sk, Skw) = ~Jv) = (@ - H)Ik(v).
k=1

At first, we show that

T
f sup f(t,u)dt + sup{g”(vl,...,vp) 188 <vp < s} <0, Vse(0,r]. (2.3)
0

§s<u<s

We claim that

sup f(t,u)f sup j’(t,u): sup f(¢,u), se(0,r]. (2.4)

Ss<u<s Sr<u<r Sr<u<r

In fact, if s < dr, sup(;sﬁuisf(t, u) = sups,, <. f (£, 8r) = f(¢,8r) < sups,—,,.f(t, u). If 6r <
s < r, there exists u; € [8s,s] such that ]7 (¢, us) = supg,<, < f (t, u). We consider two subcases.

Subcase 1: 87 < u; <s. f(t,u;) < sup(;,sus,f(t, u).

Subcase 2: §s < u; < Sr.f(t, u) = f(t,8r) < sups,—,.f(t ).

Hence, (2.4) holds and

T _ T
/ sup f(t,u)dtf/ sup f(t,u)dt, se(0,r].
0 0

8s<u<s Sr<u<r
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Similar to (2.4), we obtain that

sup Si(v) < sup Si(v), Vse(0,7],

§s<v<s Sr<v<r
p 14
sup S(vi,...,vp) = sup E Sr(vg) = E sup Si(v)
Ss<vi<s Ss<vi<s k=1 k=1 §s<v<s

p »
< Z sup Sx(v) = sup ZSk(Vk)
k=1

Sr<v<r Sr<vi<r P

= sup S'(Vl,...,vp)z sup S(vi,...,vp), Vse(0,r].

Sr<vi<r Sr<vi<r

Thus

T
/ sup f(t,u)dt+sup{S(vl,...,vp):855Vk fs} <@s(r)<0, Vse(0,r].
0

Ss<u<s

Next, we define operator and cone. Let E = {z = (x,y) € PC(R) x PC(R),x(¢t + T) =
x(8),y(¢t + T) = y(¢)}, then E is a Banach space with the norm |z||g = ||x|| + |||, where

ll]l = maxyepo, ) [%(£)] and [ly|| = maxyeqo,ry [¥(2)].
Define the mapping A : E — E and the cone P in E by

A(x’y) = (Xl Y)r

where

t+T
X0 [ GutnOdse Y Gultthx(w),

t<tp<t+T

t+T
Y(t) = f Gy(t,)E(s,x(9)) ds— > Gy(t, ti)Hie(x(t)),

t<typ<t+T

P={z=(xy) €E:x(t) > 8|lxll,y(t) = ollyll. t € R}.
Put

Q= {z: @y)eE:|xll<rlyl<e+ ao‘lr},

Q={z€E:|x| <R |lyl <& +ac 'R},

where 0 < & < aoc ™ (R - r). At first, we show that A : PN (2, \ ;) — P. For any (x,7) € P, it
is easy to verify that A(x,y)(t + T') = A(x,y)(¢), thatis, X(¢ + T) = X() and Y (¢ + T) = Y (2).
We need to show that A(x, y)(¢) = (X(¢£), Y(£)) € P for (x,y) € P, thatis, X(¢) > §|| X, Y(¢) >
o||Y| for any ¢ € [0, T]. Noting that

al t+T al
X0 = g / Y ds+ g Y Ti(alan)

eaT eaT _
t<ty<t+T

al

e r L
=T 1 (/0 y(s)ds + ;Ik(x(tk)));
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1 T S
X0)= 27— </0 y(s)ds + kgfk(x(tk))>,

v - ebT HT? 4 ebT ]:1
0= g7 [ Fox)ds- g Y Alsw)

T t<h<t+T

ebT

T _ r 5
= ﬁ(/o (s,x(s) ds— ;Hk x(tk) )

1 T
Y(t)zebT_1< | Fost)a > x(tk>>

we obtain that X(t) > 6||X|| and Y(¢) > o| Y], and hence A(P) C P. In addition, one can
easily check that A: PN (s \ €1) — P is completely continuous.
Finally, we show that the condition (ii) of Lemma 2.1 is satisfied. We firstly show

Mu

z#uAz, VzePNoa,0<u <L

If not, there exist zy = (xo, y0) € PN 32 and 0 < g <1 such that zy = poAzp. Then

xo(t) = —axo(t) + woyo(t), t#t,
Yo(t) = byo(t) — poE(t,x0(8)), £t

= (2.5)
Axo(tx) = Mo{k(xo(tk)),
Ayo(tr) = moHr(xo (&),  k € Z.
By integration, we obtain that
T T r
a [ xods=no [ o)+ o D i), 2.6)
T r B T _
b /0 yo(s)ds + o Y Hi(xo(t)) = o /0 E(s,x0(s)) ds. 2.7)

k=1

From (2.6) and (2.7), we have

T p )
/0 f(s,%0(s)) ds — Z[]k (wo(t)) + (@ — D)k (%0 (t)) ]
k=1

T T
= ab(ugl - 1) /0 xo(s)ds + b(,ual - 1) /0 yo(s)ds > 0.

Since zo = (x0,0) € PN 3Ry, [xoll = 7 or |yoll = & + ac™Ir. If |xo]| = 0, one easily gets
that yo = 0, ¢ # . On the other hand, the fact that ||y = & + ac~!r and y, is left con-
tinuous implies that yo =% 0 for ¢ # t, a contradiction. Thus 0 < ||x|| < r. Noting that
fon(s, x0(s)) ds < fOT sup(;”xougusuxo”f(s, u) ds, we obtain that

T P
/0 sup  fls,u)ds— ) [Je(xo(te)) + (@ - B)Ik(x0(t))] = 0,

ol <u=lixoll k=1
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which is in contradiction with (2.3). Hence,
z#uAz, z€ePNdQ, O0<pu<l
We show that forz€ PN 3R, and u > 1,
inf||Az|| >0 and z#uAz.
Assume that inf,epryq, |Az||g = 0. There exists the sequence z, = (x,,,y,) € P N 9, such

that |A(x,y,) = (X, Yu)lle — 0 as n — oo. Hence, x,, > 8||xull, ¥u = o |lyull, %4l = R or
9]l = € + ac 'R and

1 T L
T ( / Yals) ds + Ezk(wk))) < |[%.0] o,

1 T P
o7 1 (/0 F(s,xn(s)) ds — ;Hk(xn(tk))) < || Y, (t) H -0

as 1 — 00, which imply that

T
0 <o Tyl < f WOdt >0,  T(un)) —0 QL<k<p),
0

T p
/ s xn(s) Z xn(tk) —> 0
0

k=1

as n — oo. Hence ||x,|| = R and x,,(¢) > 8||x,.|| = 6R. We have

T p
0 < s(R) = [ (e de = " [elalt) + a- ) (1,0)]
0 k=1

T P r
< / E(s,x4(s)) ds — Z]:Ik(xn(tk)) +b ij(x,,(tk)) -0, n—> o0,
0 k=1 k=1

which is a contradiction.
Suppose that there exist z; = (x1,y1) € PN 92, and w1 > 1 such that z; = u1Az. Then

x(8) = —axi () + i (t), t#t,
Y1) = ayi () — (6,2 (), ¢t

. (2.8)
Axy (&) = Ml{k(xl(tk))»
An(te) = mHr(a (&), k€ Z.
Similar to (2.6) and (2.7), we have
T T p
o [ n@ds=im [ 50 ds 1 3 0), 2.9)
b ' d p H, Tif d 2.10
/0 yils)ds+m Yy k(xl(tk))—,ul/.o (s,%1(s)) dis, (2.10)

k=1
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T T
—m)/ x1(5)d8+b(1—u1)/ y1(s)ds

T p B
- / Flom)ds - 3 Teln@) + (@ - Bi(a@)] ). (2.11)
0 k=1

We consider two cases.
Case 1 If ||x1]| = R, then x; > §8]|x1|| > SR. Noting that x; > 0, y; > 0 for all £ € J and
1 > 1, we obtain that

T P
/0 (s,x1(9)) ds = [Te(xa(t)) + (@ = b)Ii(xa(8))] <
k=1

which is in contradiction with the fact ¥s(R) > 0.
Case 2 If ||x1|| < R, then ||y1]| = & + a0 'R. From (2.9) and Iy > 0, we have

T T
aTR > aT x| = a/ x1(s)ds = / yi(s)ds > To|nll,
0 0

which implies that ||y, || < a0 'R, a contradiction.
The condition (ii) of Lemma 2.1 is fulfilled and it follows that A has at least one fixed
point z = (x,y) € PN (Q2,\2)). Clearly, x, y satisfy

x'(t) = —ax(t) + y(t), t#t

¥ () = ay(t) - F(t,x(£), t#t
Ax(tr) = TIe(x(t)),

Ay(te) = Hi(x(tr)), Kk € Z.

(2.12)

Suppose that ||x|| < r. By integrating the first equation of (2.12), we obtain that

T T
alr > aT x| > a/ x(s) ds > / y(s)ds > Tolyl,
0 0

which implies that ||y|| < a0 ~'r,a contradiction to (x,y) € PN(2,\;). Hence, 7 < ||x| <R,

F@&x(0) = f(&,x(8), Tex(tx) = Te@(@), Te(®(@) = Je(x(%), and

X (t) = —ax(t) + y(t), t#t,

Y (&) =ay(t) - F(t,x(t), t#t,
Ax(t) = Ie(x(tk)),

Ay(ty) = Hr(x(t)), k € Z.

(2.13)

It is easy to check that x is one positive T-periodic solution of (1.1). The proof is com-
plete. d

We introduce the following assumptions:

fim Jix) + (a - D) (x) ), lim Ji(x) + (a— b)Ik(x) _ Be(m),
x—>0* x" X—+00 xm
liminf min ACL) = h(m), limsup max %) = h(m),

x—0* te[0,T] x™ x>0+ tel0,T] x™
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.. . t,x . t,x
liminf min VAGL) = g(m), lim sup max UAUL)
x—+00 te[0,T] XM x—+00 t€[0,T] XM

=g(m).

(Cy) There exist n,my € [0,00) (1 < k < p) such that —co < ay(my) < 0, —o0 < h(n) < 0,
n < min{my,...,mp,}.

(Cy) Thereexist 0 < ko <p, h,lr:0 <1 <ly such that —oo < By, (l2) <0, g(h) > —oc0.

(C3) There exists a constant m > 0 such that g(m) > 0.

(C4) There exist n,my € [0,00) (1 < k < p) such that —oco < Bi(my) <0, —00 < g(n) < 0,
n>max{my,...,my}.

(Cs) Thereexist 0 < ko <p, h,l:0 <1; <y such that —oo < o, (l) < 0, h(l) > —o0.

(Ce) There exists a constant m > 0 such that 4(m) > 0.

Corollary 2.1 Assume that F € C(J x [0, +00), [0, +0)), Iy € C([0, +00), [0, +00)) (1 <k <
p), Hy € C([0, +00), (—00,0]) (1 < k < p). Then (1.1) has at least one positive T-periodic
solution if one of the following conditions is satisfied:

1) (C1) and (Cy);

(2) (C1) and (Cs);

(3) (Cy4) and (Cs);

(4) (C4) and (Co).

Proof We only consider case (1). By (C;) and (C,), there exist R; > 1> r; > 0 such that
Ji@) + (a = b)I(x) = (o (mie) + h(n))x™, VO <x <,
ft,x) < %il(n)x”, VteR0<x<r,
Jo®) + (@ =By () < S (), =Ry
ft,x) > %g(ll)xll, VteR,x > Ry.

Choosing

1. { ( —Th(n)s" )W}
r = —minjry, > _ ,
2 230 lew(my) + h(n))|

1
DT \5a
R=2max{R1/8,< g(0)l )2 1},

~Bro (12)8"
we have
T p
/0 ,Sup S u)dt - Z[]k(Vk) +(a - b)(vi)]
r<u<r k=1
1- - _
< Sh)T@r)" + > lowlm) + h(m) |

k=1

p
h(m)T(8r)" + 7" Y " eulmy) + h(m)| < 0,
k=1

N -
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where m = min{my, my,...,m,} and v; € [6r,7], and

T 14
| nt 0= Y [tvn) 0= k()] = =g | TR + 3B, 0| 6RY >0

SR<u<
k=1

for vk € [6R,R]. By Theorem 2.1, (1.1) has at least one T-periodic solution x with
r<|xll <R O

Remark 2.2 From Corollary 2.1, we easily obtain Theorem 3.1 and Theorem 3.2 in [12].
Moreover, the conditions of cases (1) and (3) are weaker than those of Theorem 3.1 and
Theorem 3.2 in [12].

Define the mapping B: E — E by
B(xry) = (5(7 }A/)r

where

t+T
x0- [ Gieaneds- Y Gen)

t<typ<t+T

t+T
Y(t) = / Ga(t,$)F (s, x(s)) ds + Z Ga(t, te) (BL (x(t)) — Tk (x(t0)))-

t<tp<t+T
Similar to Theorem 2.1, we have the following result.

Theorem 2.2 Assume that (P) holds and there exist two positive constants r < R such that

FeC(J x [or,R],[0,+00)),
= C([ar,R],(—oo, 0]) 1=<k=p),
Dy e C([or,R],[0,+00)) (1 <k <p),
where F(t,u) = f(t,u) + abu and Dy = bl — Jx. Further suppose that ¢,(r) < 0 < ¥, (R) or

05 (R) < 0 < Y, (r) is satisfied, then (1.1) has at least one positive T-periodic solution x with
r<|x|| <R and x(t) > or forall t € R.

3 Application
In this section, some examples are provided to highlight our results obtained in previous

section and the results in [12, 13] cannot been applied.

Example 3.1 Consider the differential equation

{u”(t) +CU ) +fu®) =0, tHt, 1)

Au' () = —Ji(u(t), keZ,

where C € R, and there exists p € N such that Ji,,(#) = Ji(1), tx.p = tx + T. Moreover, the
following condition holds:
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(PP) there exist constants & >0, 0 < & <1, 0 < 7 < R such that

feC([Er,RLR),  JreC([tr,R],[0,+00)) (1<k<p), (3.2)

fw)+au>0 foruclérR], (3.3)
p p

(f(r)T + kam) (f(R)T + Z/kue)) <0. (34)
k=1 k=1

Proposition 3.1 Problem (3.1) has at least one positive T-periodic solution x : v < ||x|| <R
for |C| sufficiently large.

Proof Without loss of generality, we suppose that

p p
)+ ) k() <0,  TFR) + Y Ji(R)>0
k=1 k=1

Since f(u), Jx(u) are continuous in u € [£r, R], there exists & < T <1 such that

p
T sup f(u)+Z]k(Vk)<0, VTr <vi,..., v, <1,

Tr<u=<r
=1= k=1

p
TrlerhfSKf(u) + ;Ik(vk) >0, VtR<w,..,vp, <R

Choose b=aCL,a=b+CifC>0,a=a|C|,b=a-CifC<0,thena>0,b>0and
fw) +abu>f(u)+au>0 foruerr,R].
Note that

o
t<e? <1 forC>

T
r<eT<1 forC<a—

—Int’ Int’
T r p
/ sup f(u)dt+ Z]k(vk) =T sup f(u)+ Z[k(vk) <0, Yvr=<vy..,v,<r,
0 vr<u<r el vr<u<r ol
T r p
/0 vRi<r}4f<Rf(t, u)dt + Z]k(vk) = Twi<nuf<rf(u) + Z]k(vk) >0, VYVR<wv,...,vp <R,
== k=1 - k=1

where v = e if C <0, v =e T if C> 0. By Theorem 2.1 (C < 0) or Theorem 2.2 (C > 0),

we obtain that (3.1) has at least one positive T-periodic solution x : r < ||x|| < R.
Consider the differential equation

u'(t) + Cu/(¢) + u(t) sinu(t) =0, t#t,

5 (3.5)

Au'(t) = —Julty), keZ,

where C e R, #; < tx,1 and there exists p € Nsuch that t,, = tx + T
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By Proposition 3.1, one can obtain that (3.5) has at least one positive T-periodic solution
x:2mm —0.57 < ||x|| < 2mm +0.57 with sufficiently large m € Nif |C| is sufficiently large.
Thus

lim A" = +o0,
C—+00

where A® is the number of positive periodic solutions of (3.5).
Now, consider the special case of (3.5)

(3.6)

u’(t) +900u/(t) + usinu =0, t#k,
=-Yulk), kel

Let b= (=900 + /9002 +4)/2,a=900+b, T =1,0 =e®, f(u) = usinu, ri=(2i-0.5)x,
rr=(2i+ 0 5), P =Qi+15)w,i=12,...,q= [% - %], where [d] denotes the integer part
of d. It is easy to check that

f(u) + abu>0, Yu>0, (1—0)/15 /4, j=1,2,3,1<i<gq,

is nonincreasing in [o7,7], j=1,3, and nondecreasing in ar2 r2
g i J g

Hence,
Tsupusinu+\3/1_/§or{sin(8r{)+ﬁfor{sin(r{—%>+\s/2
2 . , . .
—#rg+3r§<0, or,<u,v<r,j=13,

. . . . 7T
Tinfusinu+«3/1—/2m’isin(m’i)zarfsin<rf—z> af/>0 orr <u,v<r’.

Using Theorem 2.2, we obtain that (3.6) has at least 2¢ positive 1-periodic solutions x;, y;,
l<i<gqwithr} <|lxll <7 <lyl,1<i<gq 0

Example 3.2 Consider the differential equation

u'(t)-u(t)—u=0, t#tk,
Au(ty) = u? (), A/ (t) = -u* (&), ke,

(3.7)
where #; < #i,1, and there exists p € N such that t;,, =t + T
Takingmy =---=m,=2,n=1,kg=1,h1 =1, =2and a=0.7, b =17, one has

g =-2, ) =1, Bro = =2, gh) =-

where a, i, B, g are defined in Corollary 2.1. The conditions (C;) and (C;) of Corollary 2.1
hold, and hence (3.7) has at least one positive T-periodic solution.
If tx = k, (3.7) has a unique positive 1-periodic solution

u(t) =crexpri(t —k) +caexpra(t—k), k-1<t<k,
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where
1++/5 1-+/5 (1+2)(e?2 -1)
A = , Ay = , A= ——F———,
2 2 (1+A)(1—e™)
)Ll - )‘2 -1
= "2 -1), = Acy.
2T A+ A0+ ) (e ) a=do

Example 3.3 Consider the differential equation

(3.8)

u”(t) + ﬁ(l -uu=0, ¢4,
Au(ty) = ru(ty), Au'(ty) = - u(ty), keZ,

where A > 0 and #;,4 = £ + 1.

We claim that (3.8) has one 1-periodic solution for A € (0,0.03). In fact, f(u) = 0.01(1 -
w)u, I(u) = Ay, Ji(u) = —Au, p = 4. Takinga = b =1, r = 0.1, R = 100, then

fw)+u>0, wue(0,101],

4

f(u)—E Jiwe) >0 for = <uvi,...va <7,
e
k=1

4
R\1 R\1 R
f(u)—Z]k(vk)<(1——>—+400)\<<1——)—+12<0 for — <u,v,...,v4s <R.
eje e e

e
k=1

By Theorem 2.1, (3.8) has at least one positive 1-periodic solution.
Since

fim 7% _

U—>+00 Y

there is no constant p > 0 such that f(u) + p?u > 0 for all > 0. Hence, the fundamental
condition in [12] is not satisfied.

Example 3.4 Consider the differential equation

u'(8) + Cu/(t) — u®(t) + uﬁL(t) =0, t#k,

(3.9)
Auty) = —Aulty), A (tr) = =2 () + ulty)),

where C>1,0<a <1, 8>0, t < try1, X is a positive real parameter, and there exists p € N
such that tx,, =ty + T,1< T < C.

We claim that (3.9) has at least two T'-periodic solutions if A > 0 is sufficiently small. In
fact, f(u) = u™? — u®, (u) = —:u, Ji(u) = =A(u? + u). Setting

b=—, a=b+C, n=107% rZ:IOOé, r3 =rqell,
we have

f(u)+abu=u”3—u“+abuzu’ﬁ—u°‘+u>0 foru >0,
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D) =r(1-b)u+ru*>0 foru>O0.

Taking

ReNTe T 1
0 <A <min 2 ) 55 (7
27Te” 2(C+1)pr; 2

we have

i) + (@=BL)] >0 for 2 < u,vi, v,y <1,
e

Tf (u) -

M- 20

Tf () - ) ki) + (@ = D)I(vy)]

bl
Il
[

< T(u"3 - 100/6“) + Ap[r% +(C+ 1)r2]
< T(1-100/e") + Ap(C +1)(r3 +12)

2 r
<-T+2(C+1)pirr; <0 for = <u,vi,vy,...,Vp <12,
e

M~

Tf () — Y [Je(vi) + (@ — b)I(vi) ]
k=1
o L,
>-T(1+(r3)*) + Ae—z
r2 (re)* 12 r
> -2T(r3)* + 72 = —ZTjL—a + 72 >0 for ;3 < UV, Vs, Vp ST

Hence, (3.8) has at least two T-periodic solutions xy, x; with r; < |jx1]| <7y < |22 < 13.
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