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1 Introduction

The role played by the positivity of differential and difference operators in Banach spaces
in the study of the stability of solutions of boundary value problems for partial differential
equations and the stability of difference schemes for partial differential equations, and of
summation Fourier series converging in C-norm is well known (see [1-3]).

Recall that an operator A densely defined in a Banach space E with domain D(A) is called
positive in E, if its spectrum o4 lies in the interior of the sector of angle ¢, 0 < ¢ < 7,
symmetric with respect to the real axis, and, moreover, on the edges of this sector S;(¢) =
{0e¥ :0 < p < oo} and Sy(p) = {pe™ : 0 < p < o0}, and outside of the sector the resolvent
(A — A1) is subject to the bound (see [2])

M
)_1||E—>E = 1 ’
+ 2]

(A -a1
where I is the identity operator. The infimum of all such angles ¢ is called the spectral
angle of the positive operator A and is denoted by ¢(A) = ¢(E, A).

Throughout the present work, we will indicate with M positive constants which can be
different from time to time and we are not interested in precise. We will write M(«, 88,...)
to express the fact that the constant depends only on «, 3, ... ..

The theory of differential and difference operators in Banach spaces and their related
applications have been investigated by many scientists (see, for example, [4—30]).

Great progress has been made in the study of structure of interpolation spaces generated
by positive operators from the view-point of the stability analysis of high-order accuracy
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difference schemes for various partial differential equations. However, the positivity of
difference operators and structure of fractional spaces generated by these operators in
Banach spaces are not well investigated in general. Therefore, the investigation of structure
of fractional spaces generated by positive difference operators in Banach spaces and its
applications to the stability of difference schemes for various partial differential equations
is an important subject.

For a positive operator A in the Banach space E, let us introduce the fractional spaces
E, =E,(E,A) (0 <« <1) consisting of those v € E for which the norms

Ivig, = sup A JAA + A,

are finite. Clearly, the positive operator commutes A and its resolvent (A — AI)™L. By the
definition of the norm in the fractional space E, = E,(E,A) (0 < @ < 1), we get
=20,y < [4=207],p 0

Thus, from the positivity of operator A in the Banach space E follows the positivity of this
operator in fractional spaces E, = E,(E,A) (0 <« < 1).

In [8], Simirnitskii and Sobolevskii considered the difference operator Af, which is an
elliptic difference operator of an arbitrary high order of accuracy approximating the multi-
dimensional elliptic operator A = B* + §1.

Let us define the grid space R} (0 < & < hy) as the set of all points of the Euclidean

space R""! whose coordinates are given by
Xe=Skh, s=0,£1,%2,...,k=1,...,n—1.
The number / is called the step of the grid space. A function defined on R will be called
a grid function. To the differential operator B with constant coefficients of the form
ar1+ +rp—1

B = Zb 8rn1

|r|=2m

we assign the difference operator

Z d Asl A . 52n 3 ASZVI -2 (2)

(n-1)+’
2m<|s|<S

which acts on functions defined on the entire space R}~ Here, s € R2"-D s a vector with

nonnegative integer coordinates,
h
Apsf"(x) = £(f" (2 £ exh) - f" (%)),
and e is the unit vector of the axis x.

An infinitely differentiable function of the continuous argument y € R”! that is con-

tinuous and bounded together with all its derivatives is said to be smooth. Let ¢(y) be a
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smooth function on R"!, Using the Taylor expansion of ¢(y), one can show that

0
sup |H Agrp(x) — —@(x)| < M(p)h.
xeRZ'l ayk

Here, the grid function ¢(x) and &(p(x) are the traces of the functions ¢(y) and 927(/)0/)’
respectively. The last inequality means that the difference operator #™' Ay is a first-order
approximation for the differential operator &

We say that the difference operator Bj, is a Ath-order (A > 0) approximation of the dif-
ferential operator B* if the inequality

sup |Bip(x) — B o(x)| < M(p)h"

n—1
xERY

holds for any smooth function ¢(y). We shall assume that the operator B}, approximates
the differential operator B* with any prescribed order.

A function of a continuous [resp., discrete] argument that decays at infinity faster than
any negative power of |y| [resp., |x|] is said to be rapidly decreasing. Let us define the
Fourier transform of a grid function f”(x) by the formula

&) =@n) " 3" expl-itx, ) @, £ eR 3)

n-1
XERy

This formula defines a 2w/ !-periodic smooth function of the continuous argument &
whenever f#(x) is a rapidly decreasing grid function. In this last case, (3) is just a Fourier
series expansion of the function f (£) and the numbers f”(x) are the Fourier coefficients,
given by the formula

16 = / / exp{i(x, £)}f (€) dEy - -~ dE1. @)
|| <t &1l<mht

The inverse Fourier transform of a 27 h~!-periodic function ¢(£) is defined to be the grid
function @"(x) given by the formula

5 (x) = i(x, dg - - dg, 1. 5
P e eliole@ds - ds ©

Equations (4) and (5) establish a one-to-one correspondence between rapidly decreasing
grid functions of a continuous argument. In particular, if f”(x) is a rapidly decreasing grid
function, then

o~

h
1 () = f"(x).

If f(x) is a rapidly decreasing grid function, then the grid function Bjf"(x) exists and is
given by (3) and we have the equality

B f (£) = B h)f ().
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The function B(§ /4, &) is obtained by replacing the operator Ay, in the right-hand side of
equality (2) with the expression £(exp{=£i&xh} —1), respectively, and is called the symbol of
the difference operator. Since exp{=i£;/} is a bounded analytic 274 -periodic function,
the symbol B(£h, k) is a bounded analytic 2 ! -periodic function. It follows that for large

|| one has the estimate
|B(ER, )| < M(h)[5|™, EP =11+ + 16>
Let us give the difference operator A, by the formula

Apu )= Y aDyu(x) + 5u’ (). (6)

2m=<|r|<S

The coefficients are chosen in such a way that the operator A, approximates in a specified

way the operator

gl
Z ar(x)ﬁ +48
0xy - 0%,

|r|=2m

We shall assume that for |£:/1] < 7 and fixed x the symbol A7 (é 4, &) of the operator AT, -8

satisfies the inequalities
T
(DAY ER ) = MuEP,  Jarg AYERR)| < ¢ <o < T

In [12], Danelich considered the difference elliptic operator Aj, which is to an arbitrary

high order of accuracy approximating the multi-dimensional elliptic operator A* defined

by
. a\r\ . 2m
A* = E a,(x)m + (—1) a(x) ax%m +61 (7)

with the domain

du(x) ")
ON lxy=0 — 9Nm-1

D(A%) = {u € C*(Ry) : () -0 =

. o}.
xp=0

Here, § > 0 is the sufficiently large number and a(x) is a continuous function defined on
R* = {x:x > 0} with

0 <81 <alx) <sy<o0. (8)

Let us define the grid space R}, (0 < % < &) as the set of all points of the space R} whose

coordinates are given by

x=(h....jsh) R, jx€Z, k=Lnj,=0,12,....
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The number / is called the step of the grid space. A function ¢”(x) defined on R;,, will be
called a grid function. To the differential operator A* defined by (7), we assign the differ-
ence operator

¢"(x) = AL, 0" (%) + A%, 0" (%) + 89" (x), x€eR},

11,,(,0 h—2m Z a’ API APZ APZV[ -3 ApZVI12+(p ( )’ x e R;l-n’ (9)

}’l
2m=|p|<S

A" () = (1" Y @l AL A ¢ (), xeR;,
2m=r+s<§
s<m
which acts on functions defined on the entire space R}, . Here, p € R}, _, is a vector with
nonnegative integers coordinates. The coefficients 4} are chosen in such a way that the
operator A}, approximates in a specified way the operator

gl
Ar\X)
Z ( )8x11___axnrill

|r|=2m

We shall assume that for |£x41| < 7 and fixed x the symbol Af(£4, ) of the operator A},
satisfies the inequalities

(1) A7 (&', k) = Mg

(10)
larg AY(E'h,h)| <p<po<m, & =(,....Em0).

For the definition of the operator A%,, we will define ¢"(x) which is extended to @"(x)
defined on R} and additionally on the points

(¥, %) = (&, kh) ¢ R}, &' € Rypuoyy k=-1,-2,...,—(m - 1),
and

" (,0) =0, Kk Z o5 )P (¥,sh) =0, k=1m-1a i #0. (11)

—k<s<sp

The coefficients a,x are chosen in such a way that the expression

' Z as,kﬁh(x’,sh)

—k<s<sy

approximates in a specified way the expression ¢®(x’, 0). The coefficients a;  are chosen in
such a way that the operator /Xy <55t 54" (*, sh) approximates in a specified way the
operator Aj. We shall assume that the operator A%, approximates the differential operator
A} with any prescribed order.

In the present paper, a Green’s function is assigned. The organization of the present
paper is as follows. In Section 3, the main theorem on the structure of fractional spaces
E (Cp (R},), A7) generated by A7 is investigated. In Section 4, applications on theorems on
well-posedness in a Holder space of parabolic and elliptic problems are presented. Finally,
the conclusion is given.
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2 Green’s function
Theorem 1 [12] Suppose that assumptions (8). Let the function a(x) satisfy the estimate

|a(x)—a(y)| < szl —y* (0<oc sl;x,yeR,;l). 12)

Then, for sufficiently large positive § and Re ) > 0, there exists a unique solution of the
resolvent equation

() + (%) = f(x), xeR}, (13)
and the following formula:

SR (A7 + 1) f @) = Y Gl ) (14)

yeR},
holds. Here, G (x,; A) is the Green’s function of the resolvent equation (13).

Lemma 1 The following identities hold:

> Gu0, 3 1)k" =0, (15)
yeR},
Z Grlx, y; \H" = =57 (1 V%), x> hxeR;, (16)
yeR

where V!(x) is the solution of the following problem:

W —2m 22m<|p|<sﬂ AP APZ AP;nS APZn 2 h(x)

+ (=1)"B" Y amsris<s a,sAiAS_vh(x) +(+MV) =0, xeR}, W)
s<m 7 17
V,0)=1,  KFY eV & sh) =0, k=Tm-Tax #0,

x' e ]Rh(n—l)-
Proof We consider the problem

I s @EA AL AL AL i)
+ (D)2 eras<s a,,sA:As_uh(x) + S+ M%) =f"(x), «xe R},
s<m
u'(x',0) =1, hk Z—kssssk ag i (x,sh) =0, k=1,m—La_r;#0,

x' e Rh(n—l)-

‘We have

W)=Y Gy A ()" + vh(x)h%, xeR} .

yeR},

Since for f*(x) = 1, u"(x) = 8+A is the solution of (13), we get

n 1 +
= Z Gplx,y; M)h +Vh(x)m, xeRy,.
yeRgn
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Then

1

Z Gh(x,y;)»)h" = m(l - vh(x)), X € RZW
yeR;n

Identity (16) is proved. Since v"(0) = 1, we have

1
= G,(0,y; M)H" .
S+ A Z 10, :2) +8+A
<R},
Thus follows (15). Lemma 1 is proved. O

For any xo € R}, we have

Gulxy;0) =GRy ) + Y Guxz M)A - AL |G (2,3 MK, (18)

+
yERhn

where G, (x,y; 1) is the Green’s function of the operator A;°.

Moreover, applying (8), (10), (11), and (12) conditions, one proved the following point-
wise estimates of the Green’s function Gj(x,y; 1) of the resolvent equation and its differ-
ence derivatives:

|G, 351)| < Myexp{-blx+ 8 |x—yl} | + 8" (19)
for 2m > n,

|G, 35 1) < My exp{—blr + 81 1x — yI}[1+ In{(lx = ylIA +81) " +1}] (20)
for 2m = n,

|G, 33 )| < My exp{=bIa + 87 |x — yl }lx =y (21)

for 2m < n, and its derivatives respect to x

’DZGh(x,y;k)’ <M exp{—b|)» +38P|x —y|}|k + 8| 0mp-1 (22)
for2m—r>mn,

D} G, 33.0)| < My exp{=bla + 817 x -y} [1+ In{ (Ix = ylIx +817) " +1}] (23)
for2m—-r=mn,

|D}, G, 35 1) | < Myexp{=blr + 81 |x — y|}la — y[>" " (24)
for 2m — r < n, where p = ﬁ,a>0,M1>0for0< |A| <Lh™", 1 € Qy, U {0}, and

|G, 35 1)| < My exp{—bh o — y| Y27 (18 + A" +1) 7, (25)
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-1

|D;,Gr(%, 1) | < Myexp{—bh"|x — y|}*" "7 (18 + AB*" +1) (26)

for [A| > Lh™>", Here p = ﬁ, b>0,M;>0.

Note that under assumptions (8) and (10) there exists a unique solution v*(x) of problem
(17) and the following estimate holds:

|Vh(x)| §M1exp{—b|k+8|p|x|}, (27)
for 0 < [A| <Lh ™", 1 € Q, U{0} and

V()| < My exp{-bh~ ]} (I8 + AH?" +1) 7, (28)
for |A| > Lh™>™.
Lemma 2 [2] |A| > LI 2", where L > 0 large enough. Then

|Gh(x,y;k)| <M exp{—bh_1|x -9l }hz’”(|8 + AR 4 1)_2|x 9™ x#y. (29)

By (25) and (29), we obtain the estimate

[ACR2S]
<M CXp{_hh—1|x _y| }h—1+2m(1+p,)

x (18 + A2 4 1) EP e g2y gy, (30)
Moreover, applying the Green’s function of A}, the following results were proved.

Theorem 2 [12] A7 is a positive operator in the space C(R;”) of all mesh functions ¢"(x)
defined on R}, with the norm

[¢" 1, = sup |o" )]
xR},
with the spectral angle p(A}, C=m—.

Let Cf = CP(R;,) be the Holder space of all mesh functions ¢"(x) defined on R}, satis-
fying a Holder condition with the indicator g € (0,1) with the norm

h h
A Nk lp" (x) = ¢" ()]
R
xy

One proved the strong positivity of A7 in the Banach space C,=C (R}, (difference ana-
log of C(R?)) for sufficiently large positive 8. Passing to limit when /2 — 0, we can get the
strong positivity of differential operator A* in the Banach space C (R}).
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3 The structure of fractional spaces Ea(('_'h(R;n),A;‘,)
Theorem 3 Suppose 2ma € (0,1). Then the norms of the spaces E, (Ch,A’;I) and C¥m R;)

are equivalent. Here,
Came = {(ph e Cm ot (x,0) = 0,7 Z a5 @" (x,sh) = 0,
—k<s<sy
k=1m-1,a_yx 7’0,96, e Rh(y,_l) }

Proof Assume that f* e C>"@ (R},). Let x € R} and X > 0 be fixed. Using equation (14)

and identity (16), we can write

A4 (45 +2) @)

1)
= /1@ +3 Y Gy '@ - O]

yeRy

+

s Vh(x)(fh(x) — e, X, 0)) + %vh(x)fh(xl, v s %n1,0).

Since f"(x1,...,%,-1,0) = 0, we have

. 5

A (A5 +2)7 7M@) = M@+ 1 Y Gule s W) - )
yeR;;

A

k+8vh(x)(fh(x) —fh(xl,...,x,,_l,O)). (31)

+

Using equation (31) and the triangle inequality, and the definition of the C*" (R}, )-norm,

we have

|AAG (A5 + 1) )|

< A%8 )\0{1—1 G . Zrmxhn }‘aﬂ 2ma h
<|—+ > Gy 2) |lx -y + )L+8|v(x)||x| 13 ”CZ”"Y(R;;”)

A+6
yeRy

=1+ I+ B oy

We will estimate [;, i = 1,2, 3, separately. First, let us estimate ;. Clearly, using the estimate

Aa81—a
<
A+8 T

we get

L <¢° (32)

for any A > 0.
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We will consider two cases: A > L2 and A < Lh~2", First, let A > Li~". Using estimate
(30), we have

12 < Ml)na“ Z e—hh’lIx—;v\I,l—;'H-Zm(lwz)((}L + 5)h2m + 1)—(1+2m0¢)hn
yeRy
()Lhzm)ak
<M, =<
(X + 8)2m)yZma () + §)

M; (33)

for any A > 0 and x € R}, . From estimate (27) and the following inequality:
@)f’e™ <M, a>0,0¢](0,1], (34)

it follows that

)\rx+1 a1 1
I; <M, me‘“h H((+ SR +1) x>
ka+1h2ma

M G en = (35)

forany A > 0 and x € R}, . Combining estimates (32)-(35), we get
|AeAz (A7 +2) )| < M() (36)

forany A >0andx € R} .

Second, let A < Lh~2". We consider three cases: 2m > n, 2m = n, and 2m < n.

In the first case, using estimate (19), applying inequality (34), and the definition of the
C?me(Ry )-norm, we have

1
12 EMI}LDHI Z e—b(k+6)2m |x—y|(k+5)ﬁ—l
yeR},

)\’Oﬁ-l

<Ms; (37)

foranyA>0andxeR] .
In the second case, applying estimate (20), and inequality (34), we have

1
I < MjA%H Z e PP 4 Inf (Jr — yI(A + S)ﬁ)fl +1}lx = 2P
ye]R;;n

)\OHI
SMy——————F5 =M;s (38)
(b +8)* Bt

foranyA>0andxeR] .
In the third case, using estimate (21) we obtain

1
I < Ml)\,aﬂ Z e—b()\+6)m|x—y|(k : 8)ﬁ—llx_y|2m—n|x_y|2ma+ﬂhn
yeR},

)Lot+1

<M,

— 2m-n+2mo+p

— <M; (39)
(h + 8) 2Tl
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forany A > 0 and x € R}, . Estimates (37)-(39) result in
L=<M (40)

for any A > 0 and x € R}, . From estimate (27) and inequality (34) it follows that

o+l 1
13 < ]\41 A e*b(k+5)m x| |x|2ma+ﬂ < 2\42 (41)
A+6
for any A > 0 and x € R}, . Combining estimates (32), (40), and (41), we have
-1
AAZ (A7 +2) @) < M@)|f"] come (42)

forany A >0andx e R} .
Combining estimates (36) and (42), we get

sup sup [A“A% (A7 + 1) " ®)| < M@) || come- (43)
A>0 xeRZn

Now, we will prove the opposite inequality. Using the definition of E, (Ch,Afl), we obtain
h h
sup [f*(x)] < || “EC,(Ch,A;) (44)
x€R};

for any x € R;,. By Theorem 2, A7 is a positive operator in the Banach space Ea(Ch,A’,j).
Hence, for f" € E,(Cy, A7), we have

f= f A3 (A7 +2) 7V do. (45)
0
It follows from equation (14) and equation (45) that

Fhix) = /0 OO(A;; + 1) AL (AL + ) () don

_ fo 3" Gl 3 AL (AL +2) )i (46)
yE]RZn

Let x,7 € R} be fixed. We will consider two cases: A > Lh™>" and A < Lh~*". First, let

) > Lk~ Using equation (46) and Lemma 2, we have

AL (A7 +2) " )h do.

I.[|2ma |r|2maka

fra+n)=f"x) [ [Gulx+1,550) = Gu(x,330)]
flavt) /) fo y%
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From the triangle inequality and the definition of the Ea(Ch,A’;,)-norm it follows that

fix+1)

|T|2moz

[/l,zm Z |Gy x+‘E,y;)u)—Gh(x;y;)")|hnd)"

|.L-|2ma)\a

o |Gr(x + T, 1) — G, 35 0)| "
3 (Gt n D Sl a1

m%m )’ERZYI
=[L; +L,] “fh HEOK(Ch»AJZ)'

We will estimate L; and L. Let us estimate L;. From the Lagrange theorem and estimate
(26), we have, for some x* between x, x + T,

712m DIG SV A
L1<M1f" Z—m WD)

€R+ |r|2maka
Y

—bh Y —y| 1, 2m-1-n 2m -1

T T h A+ +1
<M, Izl Z Izle ( ) ) W dn
|t|2ma)\a
yeRy,

7]

< Mg(a) pur——— T < My(w) (47)
T

for any A > 0 and x € R}, . Let us estimate Ly. The Lagrange theorem, estimate (25), and
the inequality (34) yield

00 e—bh’llxﬂ—y\th—n(()L + 8)h2m + 1)—1
|T|2maka

L, §M1|: W da

e[ yeR;,

o] e—bh_llx—ythm—n(()\ + 8)h2m + 1)—1
+ > W dk}
2mo ) o
\r|12m yeRy, L

o]
1
=M /_ de <M;s(a) (48)

I |2m

for any A > 0 and x € R}, . Then, combining estimates (47) and (48), we get

fx+ 1) - (%)

|-L-|2mot

<M, 49)

Second, let A < Lh~2". We will estimate L; and L,. Let us estimate L;. We consider three
cases: 2m > n, 2m = n, and 2m < n. When 2m > n we consider two separate cases: 2m —1 =
n and 2m — 1 > n. First, let 2m — 1 > n. From the Lagrange theorem, estimate (22), the
inequality (34) we have, for some x* between x, x + 7,

ﬁ— |z |eaC (he8) T |2+ -y
L < M]/ W dx
yeRy, |z|2mepe (4 §)1= 5

1

.[Zm

SMZ/“ 7”' A < Ms(a) (50)
0 |T|2maka+1——
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for any A > 0 and » € R}, . Second, let 2m — 1 = n. From the Lagrange theorem, estimate

(23), and the inequality (34), we have, for some x* between x, x + 7,

L "‘””ZW',ZLW BB i ([ 5]+ ) 1]
E]R*
1
<M /"W LI
<M, ——————d\ < Ms(a) (51)
0 |'[|2m0‘)h"“’1_%

for any A > 0 and x € R}, . In the cases 2m = n and 2m < n, we have a situation where
2m -1 < n. Using the Lagrange theorem, estimate (24), we have, for some x* between x,

X+7T,

1
T _ i | 2m-n-1
L Sle T 2|m(|x . Z e a(d.+8) 2m |x* y||x* _y| mn=lyn 1o
0 [T [ p
yeR,

1

T|2m T

sz/‘ | %dl < Ms() (52)
0 |T|2maka+l—m

for any A > 0 and x € R}, . Then, combining estimates (50)-(52), we get
Ly < M(@) (53)

for any A > 0 and x € R} . Let us estimate L,. We consider three cases: 2m > n, 2m = n,

and 2m < n. First, let 2m > n. Using the triangle inequality, estimate (19), we get

1
00 e—b(k+5)m lx+T—y|
L < Ml[ > " d
S S TG )
1
o —b(A+8) 2m |x—y|
+ / y ' d)\]
‘r|12m yERZ |t|2ma)"a( + 5)
o0 1
<M, / W dr < Ms(a) (54)

I |2m

for any A > 0 and x € R}, . Second, let 2/ = n. From the triangle inequality, estimate (20)
it follows that

[ee} 1 b %

Lz <M, 5 e (A+8) 2m |x+T—y|
1 Z |7 |2me ).
[z)2" yeR;,

x [L+In{(jx+7 - y|()»+5)2L)

* 1
+ / D> 7|,|ZVIWE"’“*‘””"‘y[1+1n{(|x—y|(x+5)ﬁ)'l+1}]h"dx}
o2 yeRy,

+1} |1 di

[o¢]
1
<M, /‘7 W d\ < Ms(a) (55)

[z |2
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for any A > 0 and x € R} . Third, let 2m < n. Using the triangle inequality, estimate (21),

we have
()\d’a)% lx+T—y|
L, <M; [ |t|2”‘°‘k0‘ |x + T — y|*" "W d
T|2m ye ]R
b+ 7 5] ,
/ FEIT —|x—y|"""H" d)»:|
|2m yg]R
o 1
Ssz ) Wd)»EMB(a)- (56)

T

Then, combining estimates (54)-(56), we have
Ly < M(). (57)
Estimates (53) and (57) yield

e+ o) —f" (x)

|T|2mo¢

@[, (58)

Combining estimates (49) and (58), we obtain

i) - f" @) _

|-L-|2mot

@[, (59)

xe]Rh
t#(0,...,0)

From estimates (43) and (59) it follows that
Ea(Cin A7) € C*"(Rj,,).
This is the end of the proof of Theorem 3. O
From Theorem 2 and Theorem 3 follows the following result.
Theorem 4 A7 is a positive operator in the space cP R7.), B €(0,1).

4 Applications
Now, we present some applications of Theorems 2-3.
First, we consider the difference schemes for the approximate solution of problem

alrly(
- 3t2 Z|r| Zm“r x) T ernl1

+ (1) a() 24D | st x) = f(tx), O0<t<T,xeR,

3x 2m (60)
u(0,x) = p(x), u(T,x)=y(x), xeRj,
m—1
U(t,2)|ym0 = 22|, o= = L) 20, xeR;,0<t<T.

Here, a,(x), a(x), ¢(x), ¥ (x), and f (¢, x) are sufficiently smooth functions and they satisfy all
compatibility conditions which guarantee that problem (60) has a smooth solution u(t, x).
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Assume that uniform ellipticity holds. Note that problem (60) can be written in the form

of the abstract boundary value problem

—u"(t) + Au(t) =f(t), O0<t<T,
u(0) = ¢, w(T) =y

(61)

in a Banach space E = C;, with positive operator A = A} defined by (9) and (11). The dis-
cretization of problem (60) is carried out in two steps. In the first step, let us give the
difference operator A7 by equation (9). With the help of A} we arrive at the boundary

value problem

2., h
—% +A’,juh(t,x) =f"(t,x), O0<t<T,xeR;,

(62)
u'(0,0)=¢"(x),  uM(T,x)=y"kx), xeRj,

for an infinite system of ordinary differential equations.

In the second step, we replace problem (62) by the difference scheme

=5 (), (%) = 20 (%) + u}_y (%) + A (x) = ' (%),
few) =f"(tex), t=kt,1<k<N-1LNt=T,xcR}, (63)

ug®) =¢"(®),  uix)=y"x), xeRj,
for the approximate solution of boundary value problem (60).

Theorem 5 Let0 < p < 1. Then the solution of difference scheme (63) satisfies the following

stability estimate:

ST S
a2

The proof of Theorem 5 is based on Theorem 2 and Theorem 4, on the positivity of the

02}5‘;;””2 ||cg SM(“)[Wh ||c;; + " ||c;; * 15‘,{?}}_1W|

difference operator A, in the Banach space CZ for 0 < u <1, and on the following abstract

theorem on the stability of the difference scheme

1
=3 (ka1 = 2up + wi1) + A = fi

Je=f), ti=kt,1<k<N-1LNt=T,up=¢,un=1,

(64)

for the approximate solution of the abstract boundary value problem (61).

Theorem 6 [3] Let A be a positive operator in a Banach space E. Then, for the solution of
difference scheme (64), the following stability inequality holds:

max ||u <Mo¢[ + + max ]
osng” ke, <M(@)| llollg, + 1V lE, | ax. fxll£,
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Theorem 7 The solution of difference scheme (63) satisfies the following almost coercive

stability estimate:

1
D M SRS RN IRV S NN
2m=|p|<S st§<rr+nssS
1
=Mln h |:h_2m Z H ALAT - Afrfjﬁ— Aﬁ?ﬁ)ﬂ(ph ” Cn
2m<|p|<S
D D NN VR Sl NP R DY
2m<r+s<S 2m<|p|<S
s<m
_ 1
e aTa g, | M ma (A,
2mS§Sr:-ns§S

The proof of Theorem 7 is based on Theorem 2 on the positivity of an elliptic difference

operator Aj, in the Banach space Cy, and on the estimate

. 1
mln{ln ;,1+ |1n HA’Z”ChHQJ} <Mln (65)

T+h

and on the following theorems on the almost coercive stability of difference scheme (64)

and on the almost coercive stability of the elliptic difference problem.

Theorem 8 [3] Let A be a positive operator in a Banach space E. Then, for the solution of
difference scheme (64), the following almost coercive stability inequality holds:

max
1<k<N-1

1
g(uku — 22Uy + Ug_1)

+ max ||Aullg
E 0<k<N

. 1
< M[”A(ﬂ”E + AVl + mln{ln —,1+|In ||A||E—>E|} max |lf/<||151|‘
T 1<k<N-1

Theorem 9 Under assumptions (8) and (10), the solution of the difference elliptic problem
Aiu(x) =f"(x), xeR;, (66)
satisfies the following almost coercive inequality:

DN NYCRNN T INT P Vet S PSP

- -1)- 1)+

2m=|p|<S 2m=<r+s<S§
s<m

1 h
<Min T[],

The proof of Theorem 9 uses the techniques introduced in [2] and it is based on esti-
mates for the Green’s function of the operator A} defined by (7).



Ashyralyev and Akturk Advances in Difference Equations (2015) 2015:384 Page 17 of 21

Theorem 10 Let 0 < 2ma < 1. Then, for the solution of difference scheme (63), the following
coercive stability estimate holds:

1
h h h
max || —(ug,, — 2u; + uj_
1<k<N-1 ‘52( kel k k 1) G2ma
h
—2m P1 A P2 Pan-3 AP2n-2  h
+h E HAl—A1+"'A(n_l)—A(n-1)+” ”Cg’"“
2m<|p|<S
-2 h
Y AN g
2m<r+s<S
s<m

-2 PL AP Pan-3 AP2m-2  h
SM(G)[h " E ”AliAli"'A(Zfl)s—A(nzﬁl)i(p ”Cﬁma
2m=|p|<S

SL D D NN P

2m=<r+s<S§
s<m
—2m Pl A P2 P2n-3 P2n-2 h
+h E H AAY - A(n_1)-A(n-1)+W ||C§ma
2m=<|p|<S

—2m roAS . h h
Y A g+ M@ 1 (e ]
2m<r+s<S
s<m

The proof of Theorem 10 is based on Theorem 3 on the structure of the fractional spaces
Ea(C'h,A’;l), on Theorem 2 on the positivity of an elliptic difference operator A} in the
Banach space Cj,, and on the following theorems on the structure of the fractional space
E, = E,(E,A"?), on the coercive stability of difference scheme (64), and on the coercive
stability of the elliptic difference problem.

Theorem 11 [16] The spaces E,(E, A) and Ej,(AY?,E) coincide for any 0 < « < 3, and their
norms are equivalent.

Theorem 12 [3] Let A be a strongly positive operator in a Banach space E. Then, for the
solution of difference scheme (64), the following coercive stability inequality:

max

1
—5 (i1 = 20 + up1)
1<k<N-1|| T

+ max ||Augl|E,
0<k<N

Ey

<M(x [ A(p + Al// + max :I
= ( ) ” ”Eg ” ”Eo, L<k<N 1||fk||Ea
is valid.

Theorem 13 Let 0 < i < 1. Then, under assumptions (8) and (10) for the solution of differ-
ence elliptic problem (66), we have the following coercive inequality:

Y | ATA - AR AT

g iRt 17
2m=|p|<S
+ Z A7 A [ en < M(w) " lep-
2m<r+s<S§ " h

s<m
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The proof of Theorem 13 uses the techniques introduced in [3] and it is based on esti-
mates for the Green’s function of operator A} defined by (7).

Second, we consider the difference schemes for the approximate solution of problem

32ult, alrly(e,
—_ gt(2x) + Z|r|:2m a,(x)ﬁ
2m
+ (-)"a() S5 1 Su(t,x) =f(t,x), O0<t<T,xeR}, 67)
u(0,x) = u(T,x), u(0,%) =u,(T,x), x€R},
. am—1
Ut 0)|ym0 = 26 g = -+ = i), 0 =0, x€R;0<t<T.

Here, a,(x), a(x), and f (¢, x) are sufficiently smooth functions and they satisfy every com-
patibility conditions which guarantee that problem (67) has a smooth solution u(t, x). As-
sume that the assumption of the uniform ellipticity holds. The discretization of problem
(67) is carried out in two steps. In the first step, let us give the difference operator A} by

equation (9). With the help of A} we arrive at the boundary value problem

2,1
~Le LDy AUl (t,x) = (%), 0<t<T,xeRj,

(68)
u"(0,x) =u"(T,x),  ul(0,x)=ul(T,x), x€R;,
for an infinite system of ordinary differential equations.
In the second step, we replace problem (68) by the first order of approximation in the ¢

difference scheme

— 5 () (%) = 20 (x) + u ) (%)) + A (%) = (%),

fl@) =f"(tox), t=kt,1<k<N-1L,Nt=TxeR}, (69)
ulg (%) = uf(,(x), uf (x) — ug (x) = u?\[(x) — uf(,_l(x), xeRy,

and the second order of approximation in the ¢ difference scheme

— 5 () () = 20 (x) + u)_) (%)) + A (%) = (%),
flix) =t x), tr=kt,1 <k<N-1,Nt=T,xeR} ub(x)=ul(x), (70)

—u’; (%) + 4ui’(x) - ?)ug (x) = uf‘\,_z(x) - 4uf’\,_1(x) + 31451\,(96), xeR} ,
for the approximate solution of boundary value problem (67).

Theorem 14 Let 0 < u < 1. Then the solution of the difference schemes (69) and (70) sat-
isfies the following stability estimate:

max | uZ|

gt max [l

e SM(M)[Hg"h Hc,’j +¢"| 1<k<N-1

The proof of Theorem 14 is based on Theorems 2 and 4, on the positivity of the differ-
ence operator A} in the Banach space C!, u € [0,1), and on the following abstract theorem,
and on the stability of the difference schemes (69) and (70).



Ashyralyev and Akturk Advances in Difference Equations (2015) 2015:384 Page 19 of 21

Theorem 15 [3] Let A be a positive operator in a Banach space E. Then, for the solution
of difference schemes (69) and (70), the following stability inequality holds:

max |[u|l g, SM(U)[llfﬂllEa + 1Y, + max ”fk”Ea}
0<k=N 1<k<N-1

Theorem 16 For the solution of difference schemes (69) and (70), the following almost

coercive stability estimate holds:

max |4 a2+ )

1<k<N-1

2 R
T e}

D I SIS BT ST P IRV Sl P

2m=|p|<S 2m<r+s<S§
s<m

<Min [h S [ ARA AT AP
2m=|p|<S
+ h—2m Z || A:As_q)h Hch + h—2m Z ” AIEAPZ AP2V1 3 APZVI -2 w ”Ch

(n-1)—

2m<r+s<S 2m=<|p|<S
s<m

Ny ||A:Ai1ﬁh||ch]+Mln
2mS§Sr;rns§S

x I e,

T+h 1<k<N 1

The proof of Theorem 16 is based on Theorem 2, on the positivity of an elliptic difference

operator A}, in the Banach space Cy, on the estimate

1 1
mm{ln; 1+ |In||Aj ||C ach|} <Mln E—— (71)

+h

and on the following theorem on the almost coercive stability of difference schemes (69)
and (70) and on Theorem 7 on the almost coercive stability of elliptic difference problem
(66).

Theorem 17 [3] Let A be a positive operator in a Banach space E. Then, for the solution of
difference schemes (69) and (70), the following almost coercive stability inequality holds:

max QU + Up_1)

1<k<N-1

+ max ||Aug|g
E 0<k<N

1
<Mmm{1n—1+|1n||A||E%E|} max el

Theorem 18 Let 0 < 2ma < 1. Then, the solution of the difference schemes (69) and (70)

satisfies the following coercive stability estimate:

W o h
max U 2U; + Uy
1<k<N-1 ‘52( kel 25T Tk 1) cama
—2m Pl ADP2 P2n-3 ban-2 h
+h Z H ALZAY - A A, ”cz'”“

2m=|p|<S
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sy [ ALAS | o

2m=<r+s<S§
s<m

<M 7 A A A e

2m=|p|=S
-2 h
Y | ALA o
2m=<r+s<§
s<m
—2m P1 A P2 P2n-3 P2n-2 h
+h E HAI—AH'“A(n—l)—A(n—l)+w ”CZW
2m=|p|<S

-2 h h
Y A g | M) i [ e
2m<r+s<S§
s<m

The proof of Theorem 18 is based on Theorem 3, on the structure of the fractional spaces
E (Cy, 7), on Theorem 11, on the structure of the fractional space E, = E, (E,AY?), on
Theorem 2, on the positivity of an elliptic difference operator Aj in the Banach space Cn,
and on the following theorem on the coercive stability of difference schemes (69) and (70)
and on Theorem 13 on the coercive stability of elliptic difference problem (66).

Theorem 19 [2] Let A be a strongly positive operator in a Banach space E. Then, for the
solution of difference schemes (69) and (70), the following coercive stability inequality:

max || — (s — 20k + 1) |+ max JJAugllg, < M(a) max |lfellg,
1<k<N-1|| T Ey 0<k<N 1<k<N-1
is valid.

5 Conclusion

In the present article, the structure of the fractional spaces E,(C(R}, ), A}) generated by
the multi-dimensional elliptic difference operator Aj, is investigated.
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