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1 Introduction

In 1969, Nadler [1] extended the famous Banach contraction principle from single-valued
mappings to multivalued mappings and proved the existence of fixed points for contractive
multivalued mappings in complete metric spaces. Since then, the existence of fixed points
for various multivalued contractive mappings has been studied by many authors under dif-
ferent conditions. For details, we refer to [2—10] and the references therein. For instance, in
(3] Ciri¢ has proved a fixed point theorem for the single-valued mappings satisfying some
contractive condition. Samet and Vetro [4] extended this result to multivalued mappings
and proved the existence of a coupled fixed point theorem for the multivalued contraction.

One of the most important problems in fuzzy topology is to obtain an appropriate con-
cept of fuzzy metric spaces. This problem has been investigated by many authors from dif-
ferent points of view. In particular, George and Veeramani [11, 12] introduced and studied
the notion of fuzzy metric M on a set X with the help of continuous ¢-norms introduced
in [13], and from now on, when we talk about fuzzy metrics, we refer to this type. Fuzzy
metric spaces have many applications. In particular, on the fuzzy metric space, by using
some topological properties induced by this kind of fuzzy metrics, there are several fixed
point results established. Some instances of these works are in [14—23]. In fact, fuzzy fixed
point results are more versatile than the regular metric fixed point results. This is due to
the flexibility which the fuzzy concept inherently possesses. For example, the Banach con-
traction mapping principle has been extended in fuzzy metric spaces in two inequivalent
ways in [17, 24]. Fuzzy fixed point theory has a developed literature and can be regarded
as a subject in its own right (see [16]).

In recent times, the existence of common or coupled fixed points of a fuzzy version
for multiple mappings has attracted much attention. We mention that the coupled fixed
point results were proved by Sedghi et al. [15], which is a fuzzy version of the result of
[25]. Choudhury [16] further extended the result of [25] and provided the existence re-
sults of coupled coincidence points for compatible mappings in partially ordered fuzzy
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metric spaces. After that common coupled fixed point results in fuzzy metric spaces were
established by Hu [19]. However, to the best of our knowledge, few papers were devoted
to fixed point problems of multivalued mappings in fuzzy metric spaces (see [26, 27]).

The aim of this paper is to present two new coupled fixed point theorems for two multi-
valued mappings in the fuzzy metric space. The idea of the present paper originates from
the study of an analogous problem examined by Samet et al. [4] in regular partially ordered
metric spaces due to Cirié¢ [3]. Our results give a significant extension of some correspond-
ing results. An example is also given to illustrate the suitability of our results.

2 Preliminaries
To set up our main results in the sequel, we recall some necessary definitions and prelim-
inary concepts in this section.

Definition 2.1 [13] The binary operation *: [0,1] x [0,1] — [0,1] is called a continuous
t-norm if the following properties are satisfied:

(T1) a*1=aforallae[0,1],

(T2) ax*b <c*dwhenever a <candb <d for each a,b,c,d € [0,1],

(T3) =* is continuous, associative and commutative.

In this sequel, we further assume that * satisfies

(T4) a*b>ab forall a,b e [0,1].

For examples of ¢-norm satisfying the conditions (T1)-(T4), we enumerate a *x b = ab,
a x b =min{a, b} and a * b = ab/ max{a, b, .} for 0 < A < 1, respectively.

Definition 2.2 [11] The triplet (X, M, ) is said to be a fuzzy metric space if X is an arbi-
trary nonempty set, * is a continuous ¢-norm and M is a fuzzy set on X x X x (0, +00)
satisfying the following conditions for all x,y,z € X, s,£ > 0:

(F1) M(x,y,t) >0,

(F2) M(x,y,t)=1forallt>0ifand onlyifx =3y,

(F3) M(x,y,t) = M(y,x,¢),

(F4) M(x,y,t) x M(y,2z,8) < M(x,z,t +s) and

(F5) M(x,y,-):(0,+00) — [0,1] is continuous.
In this sense, (M, %) is called a fuzzy metric on X.

Example 2.3 [11] Let X be the set of all real numbers and d be the Euclidean metric. Let
a * b = min{a, b} for all a,b € [0,1]. For each ¢ > 0, x,y € X, let M(x,y,t) = fo‘y). Then
(X, M, %) is a fuzzy metric space.

Let (X, M, %) be a fuzzy metric space. For ¢ > 0 and 0 < r < 1, the open ball B(x, ¢, r) with
center x € X is defined by

B(x,t,r) = {yeX:M(x,y,t)>1—r}.

A subset A C X is called open if for each x € A, there exist £ > 0 and 0 < r < 1 such that
B(x,t,r) C A. Let T denote the family of all open subsets of X. Then 7 is a topology on
X induced by the fuzzy metric (M, ). This topology is metrizable (see [12]). Therefore,
a closed subset B of X is equivalent to x € B if and only if there exists a sequence {x,} C B
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such that {x,} topologically converges to x. In fact, the topological convergence of se-

quences can be indicated by the fuzzy metric as follows.

Definition 2.4 [11] Let (X, M, *) be a fuzzy metric space.
(i) A sequence {x,} in X is said to be convergent to a point x € X if
limy,_, oo M(x,,%,t) =1 for any ¢ > 0.
(ii) A sequence {x,} in X is called a Cauchy sequence if lim,_, oo M (X4, %y, t) = 1 for
any £ > 0 and a positive integer p.
(ili) A fuzzy metric space (X, M, %), in which every Cauchy sequence is convergent, is

said to be complete.

By CB(X) we denote the collection consisting of all nonempty closed subsets of X. For
C € CB(X) and x € X, we define

MY (C,x,8) = M" (x,C, t) = sup{M(z,x,t) : z € C}. @
Lemma 2.5 IfA € CB(X), x € A ifand only if MY (A, x,t) =1 forall t > 0.
Proof Since MY (A,x,t) = sup{M(x,y,t) : y € A} = 1, there exists a sequence {y,} C A such
that M(x,y,,£) >1 - i Let n — oo, we have y,, — x. From A € CB(X) it follows that x € A.
Conversely, if x € A, we have MY (A, x,t) = sup{M(x, y,t) : y € A} > M(x,x,t) = 1 for any

t > 0. This implies that MV (4,x,t) =1 forall £ > 0. O

Definition 2.6 An element (x,y) € X x X is a coupled fixed point of F: X x X — CB(X)
if

x€F(x,y) and yeF(y,x).

At the end of this section, we introduce the following necessary notions.

The function f : X x X x (0,00) — (0, 00) is said to be uniformly upper semi-continuous
with respect to ¢t € (0,00) on X x X if lim,_, oo (x,,¥,) = (x,y) implies that f(x,y,t) >
limsup,,_, o f (%n, ¥, £) for {x,,}, {y»} C X and all £ € (0, 00).

Let X be a nonempty set endowed with a partial order < and let G : X — X be a given
mapping. We recall the set

A={@xy) X xX:Gx =Gy}
and the binary relation R on CB(X) defined by

ARB & AxBCA forA,BeCBX).

Definition 2.7 Let F : X x X — CB(X) be a given mapping. We say that F is a A-

symmetric mapping if and only if

xy)eA = Fxy)RF(©y,x).
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3 Main results
In order to prove our main results, we need the following hypothesis.
(H) The function f: X x X x (0,00) — (0,2] defined by

flx,y,6) = MY (x,F(x,y), t) + Mv(y,F(y,x), t)

with F: X x X — CB(X) is uniformly upper semi-continuous with respect to
te(0,00)on X x X.

Theorem 3.1 Let (X, M, *) be a complete fuzzy metric space with the partial order < and
(%0,70) € A. Let F: X x X — CB(X) be a A-symmetric mapping and satisfy that
(i) the condition (H) holds and
(il) forany (x,y) € A, if g(x,y) = inf0 f(x, 9, t) < 2, then there exist u € F(x,y) and
v € F(y,x) with

qa(g(x,y)) [M(x, u, t) + M(y,v, t)] > f(x,9,t) (2)
such that
Fv,t) > (g, 9)[Mx, u,t) + M(y,v, )], (3)

where, t > 0, the function ¢ : [0,2] — [1,+00) is nonincreasing, ¢(r) >1 for 0 <r<2
and lim,_»- ¢(r) > 1.
Then F admits a coupled fixed point on X x X.

Proof If g(x,y) = 2, then it is easy to see that (x,y) € X x X is a coupled fixed point of F.
Otherwise, g(x, y) < 2 and the definition of ¢ guarantees that ¢(g(x,y)) > 1 for each (x,y) €
X x X. By virtue of the definition of MV, there exist u € F(x, y) and v € F(y,x) for any given
(%,9) € X x X such that

0 (g(x,)M(x,u,£) > MY (x, F(x,9), £), 0 (g(x, )My, v,t) = MY (y,F(y, %), ).

This implies that, for each (x, y) € X x X, there exist u# € F(x,y) and v € F(y, x) such that (2)
holds. Thus, for arbitrarily given (xo,y0) € A, either g(xo, yo) = 2, then we get our desired
result, or g(xo,%0) < 2. In this case, by the condition (ii), we can choose x; € F(xo,y0) and
91 € F(y0,%0) such that

(p(g(x()vy())) [M(x01 X1» t) + M(yO;yl; t)] Zf(xO;yO’ t)r (4)

@ (g(x0,70)) [M (o, %1, ) + M(yo, y1,8)] < f (%1, 31, 8). (5)

From (4) and (5) it yields that

Sluyt) = \/fp(g(xo,yo)) {\/w(g(xo,yo)) [M(xo,x1,8) + M(y0,31,8)] }

> /9 (g(x0,%0))f (%0, ¥0, £).
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Note that F is a A-symmetric mapping. By Definition 2.7 we have F(xo,yo)RF (yo,%0),
which further implies (x1,y1) € A. If g(x1,51) = 2, then (x1,1) is a coupled fixed point
of F and our desired result comes out. Otherwise, g(x1,51) < 2, which implies that
@(g(x1,91)) > 1. Again, the condition (ii) guarantees that there exist x, € F(x;,y;) and
y2 € F(y1,%1) such that

o (g1, 3)) [M(x1, %, 8) + M(y1, 2, 1) | = f (01,01, ),

@ (g1, 1)) [M(x1, %2, £) + M1, 32, 8)| < f (%2, 72, ).

Hence, we obtain (x3,%,) € A and

S 2,32, 8) = \J o (g, 3))f (1, 1, 8).

Continuing this process, we can choose the sequences {x,},{y,} C X such that either
g(x,,y,) = 2, which implies that (x,, y,) is a coupled fixed point of F, or g(x,, y,) < 2, which
implies ¢(g(x,,y,)) > 1. In this case, we have

(xnryn) €A, Xn+l € F(xn;yn); Ynsl € F(yn;xn)r (6)

(p(g(xmyn)) [M(xn,xnﬂ’ t) +M(yn’yn+11 t)] Zf(xmym t) (7)

forn=0,1,2,...and

f(xn+1:yn+lr t) Z (p(g(xn;yn))f(xmym t) fOI' n= 0; 1; 2; (8)

It follows that the sequence {f(x,,y,,t)} is increasing from (8) and upper bounded from

the definition of f. Therefore, this deduces {f(x,, y., £)} is convergent, say,
lim f (%, V> £) = (2).
n—>0Q

We assert «(t) = 2 for ¢ > 0. Suppose that this is not true, then there exists £, > 0 such
that 0 < a(tp) < 2. Note that g(x,,, ¥.) < f(%u, Y to), we have @(g(x,, y1)) > @(f (X, yus o))
for each n € N since ¢ is nonincreasing. By means of this, taking the limit on both sides of

(8) with ¢ = £y and having in mind the assumptions of ¢, we have

alt) = ~ lim : @ (g Y) )f K> Vs o)

f(xn,yn,to)ﬁa( 0
> lim N Xy Vs to) )t (tg) > o (£
= mgmior s alo)- <p(f( nr Vn 0)) (to) (to)

a contradiction. Thus «(¢) =2 for all £ > 0.
We are in a position to verify that both {x,} and {y,} are Cauchy sequences in (X, M, ).
Let

B= lim w(g(xn,yn)).

S &nynt) =2
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Note that {g(x,,7,)} is nondecreasing, we obtain that {¢(g(x,,¥,))} is nonincreasing.
Hence, B exists. Since ¢(g(x,,y,)) > 1, the properties of ¢ guarantee that 8 > 1. Let the
real number p with 8 > p > 1 and p? > B be any fixed. For any & > 0 with & < min{1, p? - B},
there exists 7, € N such that

B+e>/o(gtxnys) foreachn=>n,.

On the other hand, we easily see that there exists n; € N such that
(p(g(xn,y,,)) >p foreachn>n.

Substituting this inequality in (8), we have

F &1, Yne158) > pf &y, t)  forall £ >0 and n > n.
For any m € N, we inductively obtain

F&m Ynemr t) > P f (%, ¥, ) forallt >0 and n > ny. 9)
Let ny > max{n, ny}. By means of this, together with (7) and (9) with n = ng, one has

(B + &) [MFngms Xngems1 ) + MVngms Vg emss )] > P (g s Vg £)-
By virtue of «(t) = 2, we have f(x,,,ys,,t) = 2 — ¢ when ny is large enough. In addition,
the hypothesis of ¢ implies that p” > 8 + ¢ for m > 2. Consequently, we can choose that
no € N is large enough such that

M(xy, %41, 8) + MYy Yur1,8) >2 — ¢ forany ¢ > 0 and n > ny,
which implies that, by the arbitrariness of ¢,

M(x,, %01, 1) >1— ¢, My, Yns1,t) >1—¢  foranyt>0and n > ng. (10)

In order to prove that {x,} and {y,} are Cauchy sequences, for any given € > 0, it is
sufficient to check

M (%, Xy t) > 1 — €, MYy, Y t) >1— € (11)
for any m > n > ng + 2 and ¢ > 0. Virtually, for any n > ny + 2, if m = n + 1, then (11) is
valid by (10) with ¢ < €. Inductively suppose that (11) is valid for m = k > n, each ¢ > 0 and
n > ng + 2. Then, in view of the hypotheses (F4) and (T4), we have

M(xm Xk+1s t) = M(xm Xies t/2) * M(xkr Xk+1s t/2) > M(xnx Xk t/Z)M(xk, Xk+1» t/2)

Now, the inductive assumption shows that M(x,, xx,t/2) > 1 — € and the first inequality in
(10) guarantees M (xk, xx41,£/2) > 1 — €. Hence we have

M(x,, x041,8) > (1 —€)(1 - &).
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Let ¢ — 0, we have M(x,,xx1,2) > 1 — €. By induction, we get that the first inequality in
(11) is true. The proof of the second inequality in (11) is analogous.

Finally, by means of the completeness of (X, M, x), there exists z = (z1,2) € X x X such
that

limx,=2z and lim y, =2z.
n—00 n—00
In what follows, we prove that z is a coupled fixed point of F. Since f is upper semi-

continuous, from limy,_, oo f (%, ¥, £) = at(t) = 2 we get

2 Zf(z) :MV(ZI»F(ZI)ZZ)) t) +MV (ZZ)F(ZZ’ZI)’ t) > limsupf(xmym t) =2.

n—0o0

This implies MY (2, F(z1,22), t) + M" (22, F (22, 21), t) = 2; moreover, we have
MY (z21,F(z1,23),t) =1 and M (z,F(z2,21),t) = 1.

From Lemma 2.5 it follows that z; € F(z1,22) and z» € F(z5,21), that is, z = (z1,2>) is a cou-

pled fixed point of F. The proof is completed. d

Theorem 3.2 Let (X, M, *) be a complete fuzzy metric space endowed with a partial or-
der <, A #W¥,andlet F : X x X — CB(X) be a A-symmetric multivalued mapping satisfying
that

(i) the (H) holds and

(ii) forany (x,y) € A, there exist u € F(x,y) and v € F(y,x) with h(x,y,u,v) <2 and

,/go(h(x,y, u, v)) [M(x, u,t) + My, v, t)] > f(x,9,t) (12)

such that
Fv,t) = o(hlx,y,u,v)) [M(x, u, ) + M(y, v, 1)), (13)

where h(x,y,u,v) = info{M(x, u,t) + M(t,v,t)} < 2 for x,y,u,v € X, the function
¢ :[0,2] — [1, +00) is nonincreasing and satisfies that ¢(r) > 1 for 0 <r <2 and
liminf,_ s ¢(r) > 1 for each s € (0,2).

Then F admits a coupled fixed point on X x X.

Proof If h(x,y,u,v) = 2, then it is easy to see that x = u and y = v. In this case, (x,y) is a
coupled fixed point of F if u € F(x,y) and v € F(y,x). Otherwise, h(x,y,u,v) < 2 and the
definition of ¢ guarantees that ¢(k(x,y,u4,v)) > 1 for each (x,y) € X x X. As an analogy
of the argument of Theorem 3.1, we can construct the sequences {x,}, {y,} C X such that
either (x,, ¥, X441, Yus1) = 2, which implies that (x,,,) is a coupled fixed point of F, or
(%, Vi Xns1, Yue1) < 2, which implies @ (h(x,, Y, %441, Yu21)) > 1. In this case, we have

(xnryn) S A: Xn+l € F(xmyn): yn+1 S F(yn:xn)r (14’)

\/(p(h(xn:ynrxn+lryn+l)) [M(xn:xrﬁl: t) + M(ynryn+lr t)] zf(xn:ym t) (15)
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forn=0,1,2,...and

f(xw+1)yn+1» t) > \/(p(h(xn:ymxn+11yn+l))f(xn:ym t) for n= 0; 1, 2, e (16)

Again, (16) guarantees that the sequence {f(x,,y,,t)} is increasing and upper bounded.
Therefore, there exists « : (0, 00) — (0, 2] such that

lim f(x,, Y, t) =a(t) fort>0.
n— o0

On the other hand, note that the sequence {4, } with A, = {h(x,, ¥, X441, ¥n+1)} is bounded,

we have

limsuph, =1

n—00

for some 7 € (0,2]. By virtue of (14), combining (1), we have

M(xm Xn+ls t) + M(ymyrul; t) ff(xmym t)

for any #n € N and ¢ > 0, which implies that /1, < f(x,,, y., ). Moreover, one has n < «(t) for
allz>0.

In what follows, we prove that n = 2. To this end, we first prove «(t) = 2 for all £ > 0. Sup-
pose, to the contrary, that there exists £y > 0 such that «(Z) < 2. The monotonicity of the
sequence {f (%, Yu, to)} and &, <f(xy, yu, to) yields that n < «(f) and ¢(/,) > 1foralln e N.
In addition, there exists the subsequence of {/,}, {/,, }, such that limy_, o /1,, =7~ <2.In
view of the hypothesis of ¢, we have liminfy_, o \/q)(Ty,k) > 1. By means of this and the
property of ¢, taking the limit on both sides of the following inequality:

f(xnk+1rynk+lr tO) = (p(hnk)f(xnk;ynk, to),

we obtain a(ty) = liminfy_, oo f (X +1, Vg 41, o) = lim infk%oo[\/w(Ty,k)f(xnk,y,,k, to)] > alty),
a contradiction. Hence, a(¢) = 2. If 5 < 2, repeating the above proceeding, we can obtain
the contradiction of 2 > 2. Consequently, 1 = 2.

Finally, by n = 2, it is easy to see that the sequences {x,, } and {y,, } satisfy (10). Following
the lines of the arguments of Theorem 3.1, we can obtain that {x,, } and {y,, } are Cauchy
sequences. The rest of the proof is the same as that of Theorem 3.1. This completes our

proof. O

4 An example

In this section, we conclude the paper with the following example.

Example 4.1 Let X =[1,00),a* b =ab for all a,b € [0,1] and

x=9,

M(x,y,t) = .
E’ x;/y


http://www.fixedpointtheoryandapplications.com/content/2013/1/162

Qiu and Hong Fixed Point Theory and Applications 2013, 2013:162 Page 9 of 10
http://www.fixedpointtheoryandapplications.com/content/2013/1/162

Then (X, M, %) is a fuzzy metric space (see [28]). Let X be endowed with the usual order <.
Define the function G : X — X by G(x) = ¢ for any x € X, where c is a positive constant.
Then A = (1,00) X (1, 00). Define the multivalued function F : X x X — CB(X) by

[2, L2 1<y<3,
+2
(22,

F(x,y) = forallx € X.

y>3,
Conclusion F admits a coupled fixed point in X x X.

Proof Tt is not hard to see that X is complete and F is a A-symmetric mapping. Moreover,

3
C(VE+2)y

3

MY (x,F(x,9),t) = )

MY (y, F(y,x), t)

Adding the above two formulae together, we obtain

3 3
W +2)  (Ja+2)y

flx,y,0) = for (x,9,£) € X x X x (0, +00).

f is obviously uniformly upper semi-continuous with respect to ¢ € (0, +00), i.e., (H) is
satisfied. Let the function ¢ : [0,2] — [1,00) be defined by

wn=2—; te(0,2].

For any x,y € X, we take u = @, V= @, then u € F(x,y), v € F(y,x) and

M(x,u,t) = M(y,v,t) =

3 _ 3
x( /7 +2) (Vx+2)y

Therefore, u, v satisfy the inequality (2) and

3 3
St = ey a2y
9 1,9 1
WD) [Ee Ly WEe2) [
__ 3 3 3 3/
x(/y+2) /ﬂ+2+2ﬁ Y(Vx +2) /ﬂ+2+2\/§
22[ 3,3 }
x(y+2)  (Vx+2)y

> ¢(g(x,9) [M(x,u,8) + My, v, 2)].

This yields that the inequality (3) is valid. (3) is obviously true if x = y. Now Theorem 3.1
guarantees that F admits a coupled fixed point on X x X. d
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