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1 Introduction
It is well known from [1] that Jensen’s functional equation

Slx+y) +flx—y) =2f(x), (11)

with the additional condition f(0) = 0, is equivalent to Cauchy’s equation

SE+y)=fx) +f()

ontherealline. Let (G, -) bea group, (H, +) be an abelian group. Lete € G and 0 € H denote
the identity elements. The study of (1.1) was extended to groups for f maps G into H in
[2], where the general solution for a free group H with two generators and G = GL,(Z) was
given, respectively. Later, the results were generalized to all free groups and G = GL,(Z),
n > 3 (see [3]). Since functional equations involve Cauchy difference, which made it be-
come much more interesting [4—7]. For a function f : G — H, its Cauchy difference, C""f,

is defined by
cOr=f, (12)
COf (1, %2) = f (x1562) — f (1) — f (%), (1.3)

C(erl)_f(xl’ X25eee »xm+2)
= C(M)f(xler X350t ;xm+2) - C(”’)f(xl,xg, e rxm+2) - C(M)f(xbx?” oo ’xm+2)' (14)
The first order Cauchy difference CVf will be abbreviated as Cf. In [8], by using the re-

duction formulas and relations, as given in [2, 3], the general solution of the second order
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Cauchy difference equation was provided on free groups. Particularly, the authors also
gave the expression of general solutions on symmetric group and finite cyclic group.
In this paper, we consider the following functional equation:

f (%102%03%4) —f (x10203) —f (x1%2%4) —f (x1%3%4) —f (2%3%4)

+ f(x1x2) +f (123) + f(x1%4) + f (02x3) + f (02%4) + f (X3%04)

—fx1) = f(x2) —f(x3) = f(%a) =0 (Vax1, %2, %3, %4 € G). (1.5)
It follows from (1.4) that (1.5) is equivalent to the vanishing third order Cauchy difference
equation
c¥f=o.

The purpose of this paper is to determine the solutions of (1.5) on some given groups.
Clearly, the general solution of (1.5) will be denoted by

KerC®(G,H) = |f : G — H | f satisfies (15)}. (1.6)

Remark1 (1) Ker C® (G, H) is an abelian group under the pointwise addition of functions;
(2) Hom(G, H) € Ker C®(G, H).

2 Properties of solution
Lemma 1 Suppose that f € Ker C®(G, H). Then

fle)=0, 21
Cf(x,e) =0, Cf(e,y) =0, (2.2)
C(z)f(e,y, z)=0, C(Z)f(x, ez)=0, C(z)f(x,y, e) =0, (2.3)
C (2)f is a homomorphism with respect to each variable, (2.4)

£6) =)+ "D e )

COf (x,x,x), (2.5)
forall x,y,z,€ Gandn € Z.

Proof Putting x; = e in (1.5) we get (2.1). Then from (2.1) we obtain (2.2)-(2.3). Further-
more, by the definition of C?f, we have

C(z)f(x,yw, z) = f(xywz) — f(xyw) — f(xz) — fywz) + f(x) + fyw) + f(2),

and

COf(x,9,2) + COf (x, w,2) = f(xy2) — f(xy) — f(x2) — f(y2) + (%) + f(3) + [ (2)
+f(ewz) — faw) — fxz) — f(wz) + f(x) + f(W) + f(2).

One can easily check that

C(z)f(x,yw, z) — (C(z)f(x,y, z) + C(z)f(x, w, z)) = C(3)f(x,y, w,z) =0.
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Hence, the above relations imply that Cf(x, -, z) is a homomorphism. Similarly, the fact is
also true for both Cf(-,y,z) and Cf(x,y,-). This proves (2.4).
We now consider (2.5). Actually, it is trivial for # = 0,1, 2 by (2.1) and the definition of Cf.

Suppose that (2.5) holds for all natural numbers smaller than # > 4, then

f(x") :f(x”’2 X x) = 2f(x”’1) +f(x2) —f(x"’z) - 2f(x) + C(z)f(x”’z,x, x)
n-1)(n-2)

= 2[(;4 —1)f(x) + ( 5 Cf (x,x)
, (1= ; 201-3) corgy x)} + 20 () + G ()
- [(n —2)f(x) + (”"2)2&@(& x)

(n—2)(n—3)(n -
+

c Y COf (x,x, x):| —2f (%) + (n = 2)CPf (x, x, %)

n-1)(n-2

nn - 1) Cf (x,x) + " ) C(Z)f(x, X, %),

= nf(x) + 5

where the definition of C?f and (2.4) are used in the second equation. This gives (2.5) for
all # > 0. On the other hand, for any fixed integer n > 0, by (1.4) and (2.1), we have

COf (", 67", x") = f(x") —f(e) = f (™) —f(e) +f(x") +f(x7") +f(x")
= 3f (") +f () = f (),

from which it follows that

F(E) =f(x*) = 3f (") + COf (a", a7, x")
2n(2n —1) 2n(2n-1)2n - 2)

=2f(0) + = — Cf (x2) + A COf (x,x,%)
- 3|:nf(x) N ”(”2_ D crn + Wd”ﬂx, %, x)]
-1 COf (x, x,%)
= —nf(x) + @q(x, x) ¢ é)(_” =2) cOf (3, ,),
from (2.4) and the above claim for 1> 0. This confirms (2.5) for 7 < 0. O

Remark 2 For any function f : G — H, the following statements are pairwise equivalent:
(i) The function f € Ker C®(G, H);

(i) C

(i) C

(iv) C

@F(.,9,2) is a homomorphism;
@F(x, -,z) is a homomorphism;
@F(x,y,-) is a homomorphism.
Before presenting Proposition 1, we first introduce the following useful lemma, which

was given in [8].

Page 3 of 14
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Lemma 2 (Lemma 2.4 in [8]) The following identity is valid for any function f : G — H
andl e N:

flxpxg o) = Z Z C(’”_l)f(xil,xiz, e Kip)- (2.6)

m<l1<ii<ig<--<im=<I

Proposition 1 Suppose that f € Ker C®(G, H). Then
n _n n ni(ni - 1)
f(x11x22 xll) = Z |:nf(xl) + TCf(xi,xi)
1<i<i

ni(n; —1)(n; - 2)

G C(Z)f(xi,xi,xi):l+ Z Cf( ”q, :’212)

1<iy<ip=<Il

+ Z Niy Ny Ny C(Z)f(xil’xiz)xig)y (2'7)

1<ij<ip<iz<l
fornieZandallx; € G,i=1,2,...,1 such that x; # xj,1,j=1,2,...,1 - 1.

Proof Replacing «; in (2.6) by x;" we have

f(xllxgz x;”) _ Z Z C(m—ly(x:’lil,x:'z,H',x;”;m)'

m=<l1<ij<ip<--<im=<l

The vanishing of C”-Vf for m > 4 yields

SERaR ) = 3@ Y o)

1<i<l 1<ii<ip<l

+ Z Cf( ,xz,x )

1<ij<ip<iz=<l
Therefore, by (2.5) and (2.4), we have

n; (n, ni(n; —1)(n; — )

f(x:ql) = nlf(xz) Cf( irX l) 6 f(xwxuxz)
C(z)f'(xZiI ’ x:;iz ) xl’?:g ) = nil niz nig C Zf(xili xiz ) xi3 ),
which is (2.7). This completes the proof. d

Remark 3 In particular, if / = 1, then Proposition 1 holds.

3 Solution on a free group
In this section, we study the solutions on a free group. We first solve (1.5) for the free group
G on a single letter a.

Theorem 1 Let G be the free group on one letter a. Then f € Ker C®(G, H) if and only if it
is given by

( Cf( n(n—16)(n—2)

f(a") =nf(a) + Cf(a,a,a), Vnel. 3.1)
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Proof Necessity. It can be obtained from (2.5) in Lemma 1.

Sufficiency. Taking (3.1) as the definition of f on G = (a). By Remark 2, we only need to
verify that C?f is a homomorphism with respect to each variable and thus f belongs to
Ker C®)(G, H). Let

be any three elements of G. Then it follows from (1.4) and (3.1) that

C(z)f(x,y, z) = C(Z)f(a”’,a”,ap)
=f(a™"?) = f (@) = f(a"F) ~f(@"*?) +f (@) + £ (a") + £ (a")

_ |:(m+n+p)f(ﬂ)+(m+n+p)(r;1+n+p—1)

Cf(a,a)

m+n+p)m+n+p-1)m+n+p-2)
+

e C(z)f(a, a, a)]

(m+n)(m+n-1)
2

- [(m +n)f(a) + Cf(a,a)

m+n)(m+n-1)(m+n-2)
6

C%(a, a,a):|

(m+p)m+p-1)
2

- [(m +p)f (@) + Flaa)

. (m+p)m+p-1)m+p-2)

5 C(z)f(a, a,a)]

(n+p)n+p-1)

_ |:(n +p)f(a) + * 5 Cf(a,a)

. (n+p)n+p-1)(n+p-2)

C(z)f(a, a, a)]

6
+ -mf(a) + @Cﬂa, a) + wcmﬂa, a,a)]
+ nf( )+ Y fa,a Wﬂ”ﬂa, a, a):|
+ pf(zz) + p(p f(a, a) + WC@)‘(&;, a, a):|.

By a tedious calculation, we have
C(z)f(a’”, a",a”) = mnpC?f(a,a,a),
which leads to the result that C?f is a homomorphism with respect to each variable. [J

At the end of this section, for the free group on an alphabet (/) with | 7| > 2, we discuss
some special solutions of (1.5).
An element x € & can be written in the form

x=ay'ay’---a,', wherea; € o ,n; €. (3.2)
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For each fixed a € 7 and fixed pair of distinct a, b € <7, define the functions W, W,, Wj:

Wxa) =) m, (3.3)

Wa(x;a,b) = Z nin;, (3.4)
i<j,ai:a,aj:b

Ws(x;a,b) = Z nin;, (3.5)

i>ja; :u,a]-:b

along with (3.2). Referring to [2, 3], the above functions are well defined. Furthermore,
they satisfy the following relations:

W(xy;a) = Wx;a) + W(y; a), (3.6)
Wa(x;a,b) = Wi (x; b, a). (3.7)

Proposition 2 For any fixed a € o/ and fixed pair of distinct a, b in <f, the following
assertions hold:

(i) W(;a) belongs to Ker C®((7),7);

(i) Wa(-;a,b) belongs to Ker C®((.7), 7);

(iii) W3(-;a, b) belongs to Ker C® (), 7).

Proof Claim (i) follows from the fact that x — W(x;4) is a morphism from (<) to Z by
(3.6).

Now we consider assertion (ii). Let x, y, z, w in the free group be written as

T S,
x=ai'ay - -ap, =b'b} - by,

L) lq

_ ™M g m
Z=¢ClCy - Cqs =d, 'dy’---d".

Then

Wa(xyzw; a, b) = Z rir +

i</,ai:tz,aj:b

+ E riSj + E riti + E rim;

E S$iSj +

i<j,bi:ﬂ,b/:b

Z t,'t]' +

i<j,c,':a,ci:b

E m;mi;

i<j,di:a,d/:b

aj=a,bj=b aj=a,ci=b aj=a,dj=b
+ E Sitj + E sim; + E tim;,
b,‘:ﬂ,C/:b b,—:a,d/:b C,’=ﬂ,di=b
Wa(xyz;a,b) = E rirj + E Sisj + E Litj
i<j,aj=a,aj=b i<jbi=a,bj=b i<j,ci=a,ci=b
+ E risj + E ritj + E Sitj,
aj=a,bj=b a;j=a,ci=b bi=a,cj=b
W (xyw;a, b) = E ritj + E 5isj + E m;m;

i<j,ai:a,aj:b

+ E V,'Sj + E rim,» + E sim/,

ai:a,bj:b ui:a,d/:b b,-:a,dj:b

i<j,bl‘:a,bj:b i<]',di:&l,d]':h

Page 6 of 14
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W (xzw; a, b) = Z rir; + Z Litj + Z m;m;

i<jai=a,a;=b i<j,ci=a,ci=b i<j,di=a,dj=b
+ E ritj + E rim; + E timj,
61,’=ﬂ,cl'=b a,:a,dj:b Ci=6l,dj=b
Wz(yZW; a, b) = E $iSj + E tl‘tj + E m;m;
i<jbi=a,bj=b i<j,ci=a,cj=b i<jdi=a,dj=b
+ E Sitj + E Simj + E tim;,
bi:a,c/-:b b,-:u,d/:b c,-:a,dj:b
W, (xy; a,b) = E rit + E 5i8j + E 7S},
i<]’,a,-:a,a/-:b i<j,b,':a,b/:b a,-:a,b/-:b
Wy (xz;a,b) = E rir; + E Litj + E ritj,
i<j,u,'=a,a/v=b i<j,c,'=a,c/'=b a,:a,c/:b
Wz(xw; a, b) = E it + E m;m; + E rim;,
i<j,ai=a,u/=h l’<j,d,'=ﬂ,d/=b ai=a,d,~=b
Wa(yz;a,b) = E Sisj + E ity + E sitj,
i<j,bi:a,bj:b i<j,ci:a,c/~:b bi:a,c,':b
W, (yw;a, b) = E sisj + E mim; + E simj,
i<j,bi:a,bj:b i<j,d,':a,dj:b b,‘:a,dj:b
Wo(zw;a, b) = E Liti + E mmj + E timj,
L’<j,c,-:a,c]-:b z'<j,d,-:a,d/-:b ci:a,d/:b
Ws(x;a,b) = E ritjs Ws(y;a,b) = E 5i8j5
i<jaj=a,aj=b i<jbi=a,bj=b
WQ(Z; a, b) = E tl't]‘, Wz(W; a, b) = E Wli}’}’l]‘,
ij.ci=a,ci=b i<jdi=a,dj=b

Hence, we have

Wi (xyzw; a, b) — Wa(xyz; a, b) — Wa(xyw; a, b) — Wa(xzw; a, b) — Wa(yzw; a, b)
+ Waxy; a,b) + Wa(xz; a,b) + Wa(xw; a, b) + Wa(yz; a, b) + War(yw; a, b)

+ Wh(zw; a, b) — Wa(x;a,b) — Wh(y;a,b) — Wa(zsa,b) — Wa(w;a, b) = 0.
This concludes assertion (ii). Claim (iii) follows from (3.7) directly. (I

4 Solution on symmetric group S,
The symmetric group on a finite set X is the group whose elements are all bijective
functions from X to X and whose group operation is that of function composition. If
X ={1,2,...,n}, then it is called the symmetric group of degree n and denoted S,,.

In this section, we consider (1.5) for G = S,,.

Lemma 3 Iff € Ker C®(S,, H), then

COf (1% - % 9,2) = COf ()X 2) -+ - Xx s Y5 2), (4.1)


http://www.advancesindifferenceequations.com/content/2014/1/203

Guo and Li Advances in Difference Equations 2014, 2014:203 Page 8 of 14
http://www.advancesindifferenceequations.com/content/2014/1/203

COf (319 Y 2) = COF (X Y)Y (@) -+ V(o 2)s (4.2)

C(z)f(x:y, 2122 - Zm) = C(z)f(xry’ Zr(1)Zw(2) " " Zn(m)): (43)
forall x,y,2z,%:,y,2: € Sy, i=1,2,...,m, and all rearrangements 1.
Proof Note that C®f(-,y,2) is a homomorphism and H is an abelian group, which yields

COf (%12 - - %, 9, 2)
= COf (x1,9,2) + CPf (%2,9,2) + - + COf (%1, 9, 2)
= COf(@r(1),3,2) + COf (@r (2,3, 2) + - - + CPf (9, 2)

= COf (xr )X (2) K 5 2)-
This proves (4.1). By a similar procedure, we can also verify (4.2)-(4.3). O

Lemma 4 Let T be an arbitrary 2-cycle in S, and f € Ker C®)(S,,, H), then

f(=*) =0, (4.4)
Cf(z,7) = =2f(2), (4.5)
CPf(z,7,7) = 4f (v), (4.6)
COf(r,1,7,7) = -8f(1),  8f(r)=0. (4.7)

Proof 1t suffices to prove (4.7). The proofs for the rest of the statements are straightfor-
ward. Using 72 = ¢, f(e) = 0 and (1.4) we get

COf(r,7,1,7) = f(2*) - 4f (2°) + 6f (%) ~ 4f (v)
= —8f(v),

which implies that 8f(z) = 0 since C®f = 0. This completes the proof. d
Lemma 5 For any 2-cycle o, T, v, and f € Ker C®)(S,,, H), we have
CPf(o,7,v) = CVf((12),(12), (12)). (4.8)

Proof For any 2-cycle o, there exists z € S, such that o = z(12)z7!. Hence, for any x,y € S,,,
by (4.3) we have

CPf(x,y,0) = CPf (x,5,2(12)z7")
= COf (x,y,(12)zz7")

= CPf (x,9,(12)). (4.9)
Similarly,

CPf(o,%,9) = C?f((12),%,), (4.10)
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C(z)f(x,cr,y) = C(Z)f(x, (12),y). (4.11)
In particular, (4.8) follows from (4.9)-(4.11). O

Lemma 6 Assume that Cf(o,7) = Cf((12),(12)) for every 2-cycle o,t € S,,. Then for any

x,9, 8,0 €8,,i=1,2,...,n, rearrangement 1, where o;, B are 2-cycles, we have

flo102---07) = f(071)0%(2) - - O (1) (4.12)
f&By) =f(x(12)y), (4.13)
f(B)=£((12)) (4.14)

for every f € Ker C®(S,, H).

Proof Firstly, for any 2-cycleo; € S, i =1,2,...,1 and rearrangement 7, it follows from the
assumption Cf (o, 7) = Cf((12), (12)), Proposition 1, and (4.8) that

l
floos--o) =) flo)+ Y Cflowo)+ Y CPf(0;05,00)
i=1

1<i<j<l 1<i<j<k<l

! Il -
= Z floi) + ( 5 Y Cf((12),(12))
i=1

. W Cf((12),(12), (12))

[

=Y floxw) +

i=1

. W Cf((12),(12),(12))

=f(0r)0r @) - Tx )

(1-1)
2

Cf((12),(12))

which gives (4.12).

On the other hand, for every x,y,8 € S, there exist 2-cycles 0,175,z € Sy, i = 1,...,p,
j=1,...,q,suchthatx =010y 0, y=T1Ty- -7z and B = z(12)z7L. Note that z = §;85 - - - 8,
for some 2-cycles 4y,...,8, € S,,, we have

F@xBY) =f(o109 -+ 0,8185 - - 8,(12)8,187Y - -6 it - -+ 1)
=f(0’10’2 s Up(12)5152 s 875;18;—11T1t2 s 'Kq)

=f(»(12)y)

by (4.12). In particular, taking x = y = e in (4.13), we obtain (4.14). This completes the
proof. |

According to Lemma 6, we give the following main result in this section.
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Theorem 2 Assume that Cf(o,t) = Cf((12),(12)) for every 2-cycle 0,7 € S,. Then f €
Ker C®)(S,,, H) if and only if there is an hy € H such that 8hy = 0 and

0, ifxiseven,

SO =N, ifxis odd

(4.15)

Proof Necessity. Let f € Ker C®(S,,, H). Then for any x € S,,, there exist 2-cycles a; € S,,,
i=1,2,...,p,suchthatx = ajas - - - . In view of (4.8), (4.14), (4.5)-(4.6), and Proposition 1,
we get

f(x) = flomor - - ap)

p
=) fle)+ > Cflana)+ Y COf(ai o))
i=1

1<i<j<p 1<i<j<k<p

- () « 22V r(02), 02)

. pp - 16)(19—2) c®

2 _ 3_3,2
-0 (02) + 2 (o (02) + P (12)

'F((12),12),(12))

2 10
= <§p3 - sz + Ep)f(12). (4.16)
Let g(p) = %pg -3p% + %p, we claim that

8N, if p is even,

4.17
&) € {8N +1, ifpisodd. (*17)

We first prove the even case. Obviously, (4.17) is true for p = 2 since g(2) = 0. For an in-
ductive proof, suppose that (4.17) also holds for p = 2n, n € Z. Then we compute that

g@2n+2) = %(2;1 +2)° 321 +2)* + ?(2;4 +2)
= %((214)3 +6(2n) +24n + 8) - 3((2n)* + 81 + 4) + ?(2;1 +2)

2 10
= g(2n)3 -32n) + 3 21 + 161> — 8n

=g(2n) + 161* - 8n,

which yields g(2# + 2) € 8N. This confirms the even case of (4.17). When p is odd, (4.17) is
true for p = 1 because of g(1) = 1. Suppose that (4.17) holds for p = 2n — 1, and then we get

10
g2n+1)=Z(2n+17>-32n+1)*+ ?(2;4 +1)

(2n-1°+6(2n-1)* +12(2n-1) +8)

Wi Wi

-3(2n-1> +4(@2n-1) +4) + %(2n—1+2)

Page 10 of 14
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2 10
= g(2n -13-32n-1>%+ E(Zn -1)

16 20
+402n-12+82n-1) + 3—12(2n—1)—12+ 3

2 10
= g(2n -13-32n-1>%+ E(Zn -1)+16n*-24n+8

=g(2n —1) +16n* — 24n + 8.
This completes the proof of (4.17). According to (4.17), (4.16) becomes

_ if x is even,
f@) = f((12)) if x is odd.
This proves that f must have the form (4.15) with /1o = f((12)).

Sufficiency. Let f : S, — H be defined by (4.15), where /j is a constant with 8/, = 0. In
order to prove the identity of (1.5), by the symmetry of x;, x5, x3, x4 it suffices to verify the
following four cases: case (i) x1 is odd, and x5, x3, x4 are even; case (ii) x1, x, are odd, and
X3, X4 are even; case (iii) x1, %2, x3 are odd, and x4 is even; case (iv) x1, X2, x3 and x4 are odd.

In fact, for case (i) it is easy to see that xy, x1 x5, X1X3, X1X4, X1X2X3, X1X3%4, X1X2X4, X1X2X3X4
are odd, and x,, X3, X4, X2X3, X2X4, X3%4, X2X3%4 are even, which leads to the equality of (1.5).
The proofs of the other cases are similar. g

5 Solution on the finite cyclic group C,
Let C, = (a | a” = e) be a cyclic group of order n with generator 4. In this section, we study
the general solution on the finite cyclic group C,.

Theorem 3 Assume that n is odd and nCf (a,a) = 0. Then f € Ker C®(C,, H) if and only

if it is given by
f(a@) =pf(a) + —— P (p Cf(a, a) + M Cf(a,a,a), Vpel, (5.1)
where f(a) and C®f (a,a, a) satisfy
nCPf(a,a,a) =0, (5.2)
nf(a) + Wd”ﬂa, a,a) = 0. (5.3)

Proof Necessity. Let f : C,, — H be a function satisfying (1.5). Then by (2.5), we see that f
also satisfies (5.1), i.e.,

p(p

C(Z)f(a, a,a), Vpel.

)¢/ e+ L2002

f(a) =pf(@) + ———

Letp =nin(5.1), since nCf(a,a) = 0 and “ ” 10D jsan integer, the summand @Cf(a, a)=0
and by the fact that a” = e, f(e) = 0, we obtam

nf(a) + WCQV(% a,a) = 0.
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Furthermore, by using (2.4), (2.3), and a” = e, we get
nC(z)f(a, a,a) = C(z)f(a”,a, u) = C(z)f(e, a,a)=0.

This proves (5.2)-(5.3).
Sufficiency. We claim that (5.1)-(5.3) defines a function on C,,. Indeed, for each p € Z,
by (5.1) and (5.3) we have

f(a) ~f(a)

= [(p+n)f(a) + w

. p+m)p+n-)p+n-2)
6

plp-1)
Ly
2

Cf(a,a)

C(Z)f(a, a,a):|
=V

n(nz— 1) Claya) + n(n - 16)(n -2)

- [pf(a) Flaa) faa, a)}

= [nf(a) + C(Z)f(a, a, a):|

+pnCf(a,a) + (@ —p> nC(Z)f(a, a,a)

plo+n)
2

= pnCf(a,a) + ( p)nC(z)f(a, a,a)

:0,

where the last identity is obtained because nCf (a,a) = 0, (5.2), and # is odd.
Finally, foranyx =a”,y=a”,z=a4,and w = a' € C,, we have

S xyzw) = f(xyz) - fxyw) — f (xzw) - f (yzw)
+f(ay) +f(xz) + flaw) +f(yz) + fyw) + f(ew) —f (%) = f () —f (2) = f (W)
:f(am+p+q+l) —f(dm+p+q) —f(dm+p+l) —f(ﬂm+q+l) —f(&lp+q+l)
+f(@™P) +f(a) + f(@™) + £ (@) + f (@) + £ (a™)
~f(@") -f(a) -f(a") - f ()
m+p+q+)im+p+q+1-1
2
(m+prq+)m+p+q+l-1)m+p+q+1-2) ,
+ 6 C

(m+p+q)im+p+q-1
2

) Cf(a,a)

=(m+p+qg+)f(a)+

'f(a,a,a)

) Cf(a,a)

—Pm+p+mﬂm+

+(M+p+qu+p+q—1Xm+p+q—2)
6

C(z)f(a, a, a):|

+(m+p+l)(m+p+l—1)
2

_ [(m+p+l>f(a> Flaa)

.\ (m+p+l)(m+p+l—1)(m+p+l—2)c(2

6 )f(a, a, a)]
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(m+g+)(m+qg+1-1)
2

- [(m +q+0)f(a)+ Cf(a,a)

. (m+q+l)(m+q+6l_1)(m+q+1_2)C(2)f(a,a,ﬂ):|

—|:(p+q+l)f(a)+ (p+q+l)(;;+q+l—1)

.\ prg+Dp+gq+i-)p+qg+1-2)
6

f(a,a)

C(z)f(a, a, a)]

(m+p)m+p-1)
2

+ [(m +p)f(a) + Cf(a,a)

,map)m+p-1)(m+p-2)
6

C(2)f(oz, a, a):|

(m+q)(m+q-1)

5 Cf(a,a)

+ [(m +q)f(a) +

)

+ |:(m +0)f(a) + W

s m+D(m+1-1)(m+1-2)
6

f(a,a)

C(z)f(a, a, a)]

P+q)p+q-1)
2

+ [(p +q)f(a) + Cf(a,a)

. p+qp+ q; Dp+q-2) C(z)f(a,u,a):|

p+Dp+1i-1)
+f

+ [(p +1)f(a) Cf(a,a)

s p+Dp+I-Dp+1-2)
6

C(z)f(a, a, a)]

v @02 2120

(el i C‘”ﬂaﬂ'“)}

m(n;_ ) Cf(a,a) - MC@J’(% a,a)

6

p(p plp-1)(p-2)
6

—qf(a) + MCf(a,a) _ Wcﬁ)ﬂa, a,aq)

—If(a) + l(_cf( Kl_liﬂc@)f(% a,a),

f (a,a)

—mf(a) +

-pf@) + ——— f(a,a) - C(z)f(a, a,aq)

which, after a long and tedious computation, gives 0. Consequently, f € Ker C®(C,, H).

This completes the proof.

O
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