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1. Introduction

In 1922, Banach gave a theorem, which is well-known as Banach’s Fixed Point Theo-
rem (or Banach’s Contractive Principle) to establish the existence of solutions for non-
linear operator equations and integral equations. Since then, because of their simplicity
and usefulness, it has become a very popular tools in solving the existence problems in
many branches of mathematical analysis. Since then, many authors have extended,
improved and generalized Banach’s theorem in several ways [1-11].

Recently, the existence of coupled fixed points for some kinds of contractive-type
mappings in partially ordered metric spaces, (ordered) cone metric spaces, fuzzy metric
spaces and other spaces with applications has been investigated by some authors, for
example, Bhaskar and Lakshmikantham [5], Cho et al. [12-14], Dhage et al. [15], Gordji
et al. [16,17], Kadelburg et al. [18], Nieto and Lopez [10], Ran and Rarings [11], Sintu-
navarat et al. [19,20], Yang et al. [21] and others.

Especially, in [5], Bhaskar and Lakshmikantham introduced the notions of a mixed
monotone mapping and a coupled fixed point and proved some coupled fixed point
theorems for mixed monotone mappings and discussed the existence and uniqueness
of solution for periodic boundary value problems.

Definition 1.1. [5] Let (X, <) be a partially ordered set and f: X x X — X be a map-
ping. We say that f has the mixed monotone property on X if, for any x, y € X,

x1, X2 € X, x1 <x2 = f(x1,y) < f(x2,7)
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and
i eX i <y =f(x y1) = f(x y2).

Definition 1.2. [5] An element (x, y) € X x X is called a coupled fixed point of a
mapping F: X x X - X if x = F (x, y) and y = F (y, x).

Theorem 1.3. [5]Let (X, <, d) be a partially ordered complete metric space. Let f: X x
X — X be a mapping having the mixed monotone property on X. Assume that there
exists k € [0, 1) with

d(f(x ), f(wv)) < i(d(xr u) +d(y,v))

forall x, y, u,ve X withx < uand y > v. Also, suppose that either
(1) fis continuous or
(2) X has the following properties:

(a) if {x,,} is an increasing sequence with x,, — x, then x,, < x for all n > 1;
(b) if (..} is a decreasing sequence y,, —> v, then y,, > y for all n > 1.

If there exist xo, yo € X such that xy < fixg, yo) and yo = fyo, x0), then f has a coupled
fixed point in X.

Very recently, Kadelburg et al. [18] proved the following theorem on cone metric
spaces.

Theorem 1.4. [18]Let (X, <, d) be an ordered cone metric space. Let (f, g) be a weakly
increasing pair of self-mappings on X with respect to <. Suppose that the following con-
ditions hold:

(1) there exist p, q, 1, s, t 2 O satisfyingp + g+ r+ s+t <l and q = r or s = t such that

d(fx, gy) < pd(x, y) +qd(x, fx) +sd(x, gy) +ed(y, fx)

for all comparable x, y € X;

(2) for g is continuous or, if a nondecreasing {x,} converges to a point x € X, then x,
<xforalln = 1.

Then f and g have a common fixed point in X.

Note that a pair (f, g) of self-mappings on partially ordered set (X, <) is said to be
weakly increasing if fx < gfx and gx < fgx for all x € X.

Now, we introduce the following concept of the mixed weakly increasing property of
mappings.

Definition 1.5. Let (X, <) be a partially ordered set and f, g¢: X x X — X be map-
pings. We say that a pair (f, g) has the mixed weakly monotone property on X if, for
any x, y € X,

x<f(xy) y=fy x
= f(x y) =8(f(x y), f(y, %)), f(y, x) = 8(f(y, x), f(x V)

and

x<g(x y), y=38y x)
= g(x, ¥) = f(8(x ¥). 8(r. x)), (v, x) = f(8(y, x), &(x, ¥))-
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Example 1.6. Consider an ordered cone metric space (R, <, d), where < represents
the usual order relation and 4 is a usual metric on R and let f, g R x R — R be two
functions defined by

flo y)=x—2y, glx, y)=x—y.

Then a pair (f, g) has the mixed weakly monotone property.

Example 1.7. Consider an ordered cone metric space (R, <, d), where < represents
the usual order relation and d is a usual metric on R and let f; g R x R — R be two
functions defined by

flx, y)=x—y+1, g(x y)=2x—3y.

Then both mappings fand g have the mixed monotone property, but a pair (f, g) has

not the mixed weakly monotone property. To see this, for any (g, g) e R?, we have

9 9 7 7 79
< >
8—f<8’8>’ 8_f<8'8>'
but

(ad)2s0Gea) s (a)) r(ee) zsb(a) o (60)

The purpose of this paper is to present some coupled common fixed point theorems
for a pair of mappings with the mixed weakly monotone property in a partially ordered
metric space. Our results generalize the main results of Bhaskar and Lakshmikantham
[5], Kadelburg et al. [18] and others.

2. Coupled common fixed point theorems
Let (X, <, d) be a partially ordered complete metric space. Now, we consider the pro-
duct space X x X with following partial order: for all (x, y), (u, v) € X x X,

xy)<wv)ex<uy=>uw
Also, let (X x X, D) be a metric space with the following metric:
D((x, y), (w, v)) :=d(x, u) +d(y,v)

for all (x, y), (u, v) € X x X.

Theorem 2.1. Let (X, <, d) be a partially ordered complete metric space. Let f, g: X x
X — X be the mappings such that a pair (f, g) has the mixed weakly monotone property
on X. Suppose that there exist p, q, r, s 2 0 with p + q + r + 2s <1 such that

d(f 7). 8w ) = PD(y), (W) + D(E ), (), £ )
+ ) D((w,), (30w v), g W)+ DG 7). (8w v), gww))  (2.1)

+ D, v), (fF(x ) f(v, %))

“ N

N

forall x,y, u,ve X withx < uandy > v. Let xo, Yo € X be such that xq < fixo, Yo),

Yo = fyo, x0) or xo < g(x0, Yo)» Yo = g0, x0). If f or g is continuous, then f and g have a
coupled common fixed point in X.

Page 3 of 12
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Proof. Suppose that xy < flxo, yo) and yo = f (yo, %) and let
f(xo, yo) =x1, f(yo, x0) = 1.
From the mixed weakly monotone property of the pair (f, g), we have
x1 = f(x0, y0) = 8(f(x0, ¥0),  f(¥o, X0)) = &(x1, 11)
and
1 =f(vo, %0) = 8(f(vo, x0),  f(%0, y0)) = 8(y1, %1).
Let
81, y1) =x2, gy, x1) =ya.
Then we have
81, y1) = f(g(x1, 1), 8(y1, x1)) = f(x2, ¥2)
and
8 x) = (g x1), g(xr y1)) = f(y2 x2).
Continuously, let
Xone1 = f(Xan, Yan)s Yaner = f(Yan, Xan)
and
Xons2 = §(%2n41, Vone1),  Yone2 = 8(Vane1, Xoni1)
for all n > 1. Then we can easily verify that
Xo =X =X =00 SXp SXpyp =0
and
Yoz zY2Z  ZVnZ V1 =00

Similarly, from the condition xy < g(xo, ¥o) and yo = g(yo, x0), one can show that the
sequences {x,} and {y,} are increasing and decreasing, respectively. Thus, applying
(2.1), we obtain

d(x2n+1r x2n+2)

= d(f(x2n/ an), g(x2n+lr y2n+l))
< P D(Can v20), Gners y2001)) + DG v20), (Can v, S 200 %20)))

+ D((x2n+1: y2n+1): (g(x2n+1:y2n+l)/ g(y2n+1: x2n+1)))

+_D((x2n, v2n)s (8(%2n41, Y2ne1)s 8(V2ne1s X2n41)))

D((x2n+1, V2ns1)s (F(X2n, ¥2n)r f(V2ns %21)))

+

N N vl =

= P D(Cmy)s Ganets Yane)) + 3D((2nv20), (2t Yaner)

-

N
+ D((x2n+1: y2n+1): (x2n+2/ y2n+2)) + 2D((x2n+1/ y2n+1): (x2n+1/y2n+1))

“ N

+2D((x2,,, Yan)r (X2n+2, Yans2))
_P+a
- 2
s
+2[D((x2nr Y2n)r (%2041, Yone1)) + D((%2n41, Yone1)s (%2042, V2n42))]
pHq+s
T2

r
D((xZn/ y2n)/ (x2n+lr y2n+1)) + 2D((x2n+lr y2n+l)/ (x2n+2: y2n+2))

r+s
D((x2n, Y2n), (%2041, Y2ne1)) + 2 D((%2n+1, Y2ne1)r (X2n42, Yans2))-
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Hence it follows that

N
P dlwan ) + A 72001))
s 22
+ 2 (d(x2ne1, X2n42) + d(V2ne1, Yons2))

d(x2n+1, X2ns2) <

for all » > 1. Similarly, we have

N
damet, yam) <7 +j T2 (dWans yane1) + d(Xan Xame1))
(2.3)

T+S
+ 2 (d()/2n+1, Y2n+2) +d(x2n+1: X2n+2))

for all # > 1. Thus it follows from (2.2) and (2.3) that
p + q +S

d(x2n+1: x2n+2) + d(y2n+1: y2n+2) =< 1— (T+ s

) ((d(xZn, me]) + d()’an )’2n+1)) (2~4')

for all n > 1. Moreover, if we apply (2.1), then we have

d(X2n+2, X2n+3)
= d(g(xzn+1, )/2n+1), f(x2n+2, Y2n+2))

< ZD((x2n+1, Vane1)r (%2042, V2ne2))
+ZD((x2n+1/ Yone1)r (8(X2n+1, Yone1), &(Vons1, X2ns1)))

"
+_D((x2n42, Yons2), (f(X2n+2, Yane2)s f(Vans2, X2n42)))

“ N

+_D((x2n41, Yane1)r (F(X2n42, Yone2)s f(Vone2s X2042)))

N

s
+2D((x2n+2/ Yone2), (8(X2n+1, Yone1): &(Vons1, X2ns1)))
= gD((erleerHl)r (x2n42, Yons2)) + ZD((x2n+1ry2n+1)/ (x2n42, Y2ns2))
r s
+2D((x2n+2/ y2n+2)/ (x2n+3/ y2n+3)) + 2D((x2n+1/ y2n+1)/ (x2n+3/ y2n+3))

S
+ 2D((x2n+2/ )’2n+2), (x2n+2/ )’2n+2))

_b+d
-2

N
+2 [D((x2n+1, y2n+1)/ (.X'zm.z, y2n+2)) + D((x2n+2: y2n+2)/ (x2n+3/ y2n+3))]-

.
D((%2n41/ Y2ns1)r (X2n+2, Yons2)) + 2D((x2n+2/ Vans2)r (%2043, Y2n43))

Hence it follows that

d(x2n42, X2n43) < 4 +Z e (d(x2ne1, X2n42) + d(V2ne1, Yons2)) 25)
+ ' ; ) (d(x2n+2, X2n42) + d(Y2ns3, Y2ns3)) ‘
for all n > 1. Similarly, we have
d(yans2, Yans3) < P +Z e (d(yan+1, Yans2) + d(x2n41, X2n42))
(2.6)

T+S
+ 2 (d(y2n+2/ y2n+2) + d(x2n+3/ x2n+3))~
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Thus, using (2.5) and (2.6), we have

+q+s
d(x2n42, %2n:3) + d(Y2ns2, Yones) < 1p_ (qr+ 9 (d(e2ne1, x2n42) + d(Y2ne1, Yone2)) (2.7)

for all # > 1. Also, it follows from (2.4) and (2.7) that

2
s
d(xzmzl x2n+3) + d(}/zmzl }/2n+3) = <1p_+(61: s)) (d(xZ‘m x2n+1) + d(}/Zn/)/ZnH)) (2-8)

forallm > 1. Let A= 1";&:2) Then 0 < A <1 and

d(x2n+1/ x2n+2) + d(y2n+1/ y2n+2) < A(d(x2n/ x2n+1) + d(y2n/ y2n+1))
< A3(d(x2n—2, %2n-1) + d(Y2n—2,Y2n-1))
< A°(d(x2n-4, %2n-3) + d(Y2n—4,Y2n—3))

A

< A7 (d(xo, x1) +d(yo, 1))

and

d(x2n+2/ x2n+3) + d(}’2n+2/ }’2n+3) = Az(d(xz,[, x2n+1) + d(}’zn, }’2n+1))
< A*(d(x2n—2, Xon—1) + d(yan—2, Y2n-1))
< A®(d(x2n—a, X2n—3) + d(Y2n—4,Y2n—3))

A

< A*™2(d(xo, 1) +d(yo,1))
for all > 1. Now, for all m1, n > 1 with n < m, we have

d(x2n+1, X2me1) + d(Y2ne1, Yama1)
< (d(x2ns1, X2n42) + d(Yane1, Vane2)) + (%202, X2n43) + d(Yans2, V2us3))
b
+(d(x2m, Xame1) + d(Vam: Yame1))
< (A1 4 A2™2 4 AP (d(x0, %1) +d (o, ¥1))

2n+1

< (o, 1) +d(ro, 1)),

Similarly, we have

d(xZn/ x2m+1) + d(}/an )’2m+1)

< (A?" + AP L AP e AP (d (0, 1) + d (Yo, 1))
/§2n

= | _ 5 (dxo, x1) +d(yo, y1)),

d(x2n, X2m) + d(Y2n, Y2m)

< (A2n+A2n+1 +A2n+2 + "'+A2m71)(d(x0, X1)+d()/0, )’1))

1§2n
= | _ 5 (d(xo, x1) +d(yo, y1))
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and

d(x2n+1, X2m) + d(y2ns1, Yam)
< (A2n+l +A2n+1 +A2n+2 I +A2m71)(d(x0, xl) +d(y01 }’1))

2n+1

< (o, 1)+ d(o, 1)),

Hence, for all m, n = 1 with n < m, it follows that

2n

A
d(xnr xm) + d()/nr ym) = 1 _A(d(xOI xl) + d()/O/ yl))

and so, since 0 < A <1, we can conclude that
d(xn, xm) +d(n, ym) = O

as n — oo, which implies that d(x,, x,,) — 0 and d(y,, ,,) = 0 as m, n — . There-
fore, the sequences {x,} and {y,} are Cauchy sequences in X. Since (X, d) is a complete
metric space, then there exist x, y € X such that x, > x and y, > y as n — oo.
Suppose that fis a continuous. Then we have

x = }}ggo Xoke1 = }}ggo (%2 yar) = f(}}ir{}o Xk, ;}5?0 yar) = f(x, y)
and
y=lim yopy = im f(you, x2) = f(lim yop, lim x2k) = f(y, x).
Taking x = u and y = v in (2.1), we have
d(f(x, ), g(x, ) +d(f(y, x), 8(y, x))
p q
< 2D((x, Y) (% ¥)+ 2D((x, V) f(x ) f(y %)

+

2D(G 7). 8 v), 80 M)+ D((x ), 8l 1), 80 )
+2D((x 1), 15 ¥ 00 9) DA ), ()
+ZD((% ), f(ye x), fl v)) + DI %) 8(v %), &, ¥))

+;D((y, x), &y, x), &(x ¥))+ D((y, x), f(y, x), f(x, V).

N »uN =

Hence we have

d(x, g(x ¥)) +d(r, 8(rv, ¥)) = (r+95)(d(x, g(x, ¥)) +d(y. &, x)))
and so, since r + s <1, we can get that

d(x, g(x ¥)) =0, d(y, 8y, %)) =0.

Hence (x, y) is a coupled common fixed point of fand g.

Similarly, we can prove that (x, y) is a coupled common fixed point of fand g when g
is a continuous mapping. This completes the proof. O

Theorem 2.2. Let (X, <, d) be a partially ordered complete metric space. Assume that
X has the following property:

(1) if {x,,} is an increasing sequence with x,, — x, then x,, < x for all n > 1;
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(2) if (.} is a decreasing sequence with y,, —> vy, then y,, > y for all n > 1.

Let f, g X x X = X be the mappings such that a pair (f, g) has the mixed weakly
monotone property on X. Also, suppose that there exist p, q, r,s 2 0 withp + q + r + 2s
<1 such that

A .80 1) = PD(G ), (o) + ID( ) G ), f0 )

D((u, v), (8(u v), g(v, u))) + ;D((xz ¥), (8w, v) 8(v, u)))

D((w, v), (f(x, ¥), f(r: %))

+

+

N »uih =

forall x, y, u, ve X withx < u and y > v. If there exist xo, yo € X such that xo < f

(%0, ¥0)» Yo = fWo, x0) or x¢ < g(x0, Yo), Yo = €W, X0), then fand g have a coupled com-
mon fixed point in X.
Proof. Following the proof of Theorem 2.1, we only have to show that

fx y) =8 y)=x f(y, x) =8 x)=y.
It is clear that

D((x, v), (f(x.¥), f(y: x)))
< D((x ¥): (%202, Y2rs2)) + D((X2042, Y2rs2), (f(x ), f(1, %))
=D((x y), (x2ks2, V2rs2)) + D821 Y2ka1)r 821, X2k41)) (F(x ), f(y: x)))
=D((x, ¥), (X2rs2, Yaks2)) + A(8(X2ks1, Yare1), f(x ¥)) +d(f (¥, %), §(Yare1, Xake1))

= D)), (ke ra2)) + 5 D((ter, yai), (5 7))
Dkt Yaer)s (8t yakar), 802k, x21) + 5 D(( ), G ), 0 )
# 3 D, yara), (G ¥), S0 2)+ D), (8Geakon yaon), 821, 2a1)
(0 ), (v, x200)) + ID(, %), (00 2, )

+ D((y2k+1/ x2k+l)r (g(}’zlm, x2k+1)r g(x2k+lr szu)))

N =N

+ ZD((% %), (8(Varse1, Xoke1) §(*2ks1, Yore1))) + ;D((yzm, xas1), (F(r %), f(x 7))

and so
d(x, f(x, ¥)) +d(y. f(r, %))
< d(x, x2r42) +d(y, Yore2) + p(d (X201, %) + d(Yore1, 7))
+ (ks %202) + Qe vak2) + G fE) + A0 00 9)) (29)

+;(d(x: e v))+d(y, f(r, x)) + d(yars1s Yare2) + d(Xore1, X2k42))
+5(d(xarr2, x) + d(yars2, ¥) + d(x2ms1, f(x, ¥)) + d(yarer, f(v %))

Letting kK — o in (2.9), we obtain

q+71+2s

, e flx ) +d(y £ )]

d(x f(x Y))+d(y, f(y, %)) <

. 2
Since 7 < 1, we have

d(x, f(x, y)) +d(y, f(y, x)) =0
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and so flx, y) = x and f{y, x) = y. Similarly, we can show that g(x, y) = x and g(y, x) =
y. Therefore, (x, y) is a coupled common fixed point of fand g. This completes the
proof. O

Now, we give an example to illustrate Theorem 2.1 as follows:

Example 2.3. Consider (R, <, d), where < represents the usual order relation and 4 is
a usual metric on R and let f; & R x R — R be two functions defined by

6x — 3y +33 8x —4y +44

flx y)= 36 . 8l y)= 48

Then a pair (f; g) has the mixed weakly monotone property and

6x—3y+33 8x—4y+44

d(f(xy),8(w, v)) = If(x y) — 8w, v)| = 36 48
< 1| | ! | |
<6 X—uf+ Sly—v

1
< ((x—ul+ly—v).

By putting p = ; and g = r =5 = 0 in (2.1), we see that (1, 1) is a unique coupled

common fixed point of fand g.
Corollary 2.4. In Theorems 2.1 and 2.2, if X is a total ordered set, then a coupled

common fixed point of f and g is unique and x = y.
Proof. If (x*, y*) € X x X is another coupled common fixed point of fand g, then, by

the use of (2.1), we have

d(x, ") +d(y, ¥")
=d(f(x y), g(x* ¥*)) +d(f(y, x), g(y", x7))

< "D M @ v + 3D W) (G ), fO 2))

D((x*, y7), (8(x" %), 8(¥", x*))) + ;D((x/ ), (8(x" %), 8(y", 1))
D((x", ¥*), (F(x y), f(r, X)) + zD((y, x), (v, 7))

D((y, x), (f(r: %), f(x, ¥))) + ;D((y*, x), (80", %), g™, ¥*)))

D((y, x), (80", x*), 8(x", ¥*))) + ;D(((y*, ) (Fv %) f(x )
=p(d(x, 7)) + d(y, ) + 25(d(x 7)) + d(y, )

+

+

+
N oahanNd o =

+

and hence
d(x, x*) +d(y, y*) = (p +25)(d(x, x") +d(y, "))

Since g + 2s <1, we have d(x, x*) + d(y, y*) = 0, which implies that x = x* and y = y*.
On the other hand, we have

dx, y) =d(f(x ) &, %))
= DD ) 00 9) +5D(@ ), 0 )
= (p+2s)d(x ).

Since p + 2s <1, we have d(x, y) = 0 and x = y. This completes the proof. O
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Let £ X x X — X be a mapping. Now, we denote

@ y) = (" ) (s X))

forallw,ye Xandn > 1.

Remark 2.5. Let (X, <, d) be a partially ordered complete metric space. Let f X x X
— X be a mapping with the mixed monotone property on X. Then, for each n > 1, a
pair (7, /) has the mixed weakly monotone property on X. In fact, let x < f’(x, y) and
y < f'(y, x). Then it follows from the mixed monotone property of f that

fp) <f" @) v) <fF ), %) = y),
f, )= (" 2, x) =f"@ ) ) =" %)

and

P2y =fU y), fn ) <fO 0 p) ™0 0) = "2 p),
P2 x) = (@ ), fO0 ) 2 F 000, ™ ) = 72 %).

Continuously, we have
ff ) =" y) 1 %) = 770 %)

Hence we have
f'e ) =1 ), M x) M ) = 1 2, (),

which implies that the pair (7, /') has the mixed weakly monotone property on X.

Corollary 2.6. Let (X, <, d) be a partially ordered complete metric space. Let f: X x X
— X be a mapping with the mixed monotone property on X. Assume that there exist p,
qnrs=20withp +q+r+ 2s <1 such that

A ), fw ) = DD(G ), @) + ID( ), (G ), f0n )
+ 2 D((u, ), (Fuv), fo, w))+D((x ¥, (Fw ), S, 1))

+, D v), (flxy), f(r. %))

“ N

forall x, y, u, ve X with x < u and y > v. Moreover, suppose that either
(1) fis continuous or
(2) X has the following properties:

(a) if {x,,} is an increasing sequence with x,, — x, then x,, < x for all n = 1;
(b) if (..} is a decreasing sequence with y,, — y, then y, > y for all n > 1.

If there exist xg, yo € X such that xy < fixg, yo) and yo = fyo, x0), then f has a coupled
fixed point in X.

Proof. Taking f = g in Theorems 2.1, 2.2 and using Remark 2.5, we can get the
conclusion. O

Corollary 2.7. Let (X, <, d) be a partially ordered complete metric space. Let f X x X —
X be a mapping with the mixed monotone property on X. Assume that there exists k € [0,
1) with
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k
d(f(x y), f(uv)) = (d(x u) +d(y, v))

forall x,y, u, ve X with x < u and y > v. Also, suppose that either
(1) fis continuous or
(2) X has the following properties:

(a) if {x,,} is an increasing sequence with x,, — x, then x,, < x for all n = 1;
(b) if {y,.} is a decreasing sequence with y,, — y, then y, > y for all n > 1.

If there exist xg, yo € X such that xy < fixg, yo) and yo = fyo, x0), then f has a coupled
fixed point in X.

Proof. Taking f=g, p =kand g =r =s =0 in Theorems 2.1, 2.2 and using Remark
2.5, we can get the conclusion. 0O
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