-

View metadata, citation and similar papers at core.ac.uk brought to you byfz CORE

provided by Crossref

Nakasuji and Takahasi Journal of Inequalities and Applications 2014, 2014:450 ® Journal of Inequalities and Applications
http://www.journalofinequalitiesandapplications.com/content/2014/1/450 a SpringerOpen Journal

RESEARCH ARTICLE Open Access

A new order-preserving average function on
a quotient space of strictly monotone
functions and its applications

Yasuo Nakasuji'™ and Sin-Ei Takahasi?

"Correspondence:

ef20019@hotmail.cojp Abstract

The Open University of Japan, . . . . . .
Chiba, 261-8586, Japan We introduce an order in a quotient space of SUICﬂy monotone continuous functions
Fulllist of author information is on a real interval and show that a new average function on this quotient space is

available at the end of the article order-preserving. We also apply this new order-preserving function to derive a finite

form of Jensen type inequality with negative weights.
MSC: Primary 39B62; secondary 26B25; 26A51

Keywords: Jensen's inequality; strictly monotone function; order-preserving average
function

1 Introduction and main results
This is meant as a continuation of our paper [1] related to Jensen’s inequality [2]. The
reader should refer to the recent paper of Jézsef [3] on Jensen’s inequality. Further the
paper is related to the notion of quasi-arithmetic means, so the reader should refer to the
recent paper of Janusz [4].

Let I be a finite closed interval [m, M] on R and C(I) the space of all continuous real-
valued functions defined on /. Moreover, let C{ (1) (resp. C;,, (1)) be the set of all functions

in C(I) which are strictly monotone increasing (resp. decreasing) on I. Put
Cim() = C (DU C, ().

Then Cyy,(I) is equal to the space of all strictly monotone continuous functions on 1. For
any @, ¥ € Cyn(l), we write ¢ = ¢ if there exist two numbers a,b € R such that ¢(x) =
ay(x) + b for all x € I. Then it is clear that = is an equivalence relation in Cyy(I). Let
Com(I) be the quotient space of Cy,(I) by = and we denote by ¢ the coset of ¢ € Cy,(I).
We introduce an order < in Cyy(I) in the next section (see Theorem 2).

Let (2, 1) be a probability space and f a function in L}(£2, i) such that f(w) € I for almost
all w € Q. Then we see that ¢ o f € LI(Q, ) for all ¢ € Cy,(I) because ¢ is a bounded
continuous function and w is a finite measure. Put

M) =¢1</<ﬂ0fdu)
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for each ¢ € Cyy(I). Then [1, Theorem 1] which gives a new interpretation of Jensen’s
inequality is restated as ¢ < ¥ = M, (f) < My(f). In this paper, we give a new order-
preserving average function N ) on the quotient space Cym(I), according to this idea. We
also apply this function Ny ) to derive a finite form of Jensen type inequality with negative
weights.

Let ¢ be an arbitrary function of Cy, (). Since ¢([) is an interval of R and u is a proba-

bility measure on €, it follows that
om)+ 000) - [ gofdie pid),
and hence we have
¢! (Wn) + (M) - / ¢ Ofdu) el

Note that a simple computation implies that if ¢, ¥ € Cyy(I) satisfy ¢ = ¥, then

o ((ﬂ(l%) +o(M) - f @ Ofdu) =y~ <W(Wl) + ¥ (M) - / v Ofd//«)

holds. Then denote by Ny;/1(¢) the above value.
In this case, our main result can be stated as follows.

Theorem 1 Ny is an order-preserving real-valued function on the quotient space Com(l)
with order <, that is, § < ¥ = Niiz(¢) < Ny (W)

The above theorem easily implies the following result, which is a finite form of Jensen

type inequality with negative weights.

Corollary 1 Let ¢, € Cyn(I) with ¢ <V and ti,...,t, € R with Yriti=1,0<t,t,<1,
and ty,...,t,.1 < 0. Then

o (Z W’(M)) <y (Z tﬂﬁ(&‘))
i=1 i=1
holds for all x1,...,x, € I with x; <X3,...,%,_1 < Xy.

Finally, we give concrete examples of Corollary 1.

2 Anorderin the quotient space Esm(l)
Let us start with the following two lemmas.

Lemmal Let ¢ € Cyy,(I). Then:
(i) @ is increasing and convex on I if and only if 971 is increasing and concave on ¢(I).
(ii) ¢ is increasing and concave on I if and only if 9™ is increasing and convex on ¢(I).
(i) ¢ is decreasing and convex on I if and only if ™" is decreasing and convex on ¢(I).

(iv) @ is decreasing and concave on I if and only if 9! is decreasing and concave on ¢(I).
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Proof Straightforward. O

Lemma 2
(i) If ¢ is a convex function on I and  is an increasing convex function on ¢(I), then

Yo is convex on 1.

(i) If ¢ is a convex function on I and  is a decreasing concave function on ¢(I), then
Y o @ is concave on 1.

(iii) If ¢ is a concave function on I and \ is an increasing concave function on ¢(I), then
Y o @ is concave on I.

(iv) If ¢ is a concave function on I and s is a decreasing convex function on (1), then
Yo isconvexonl.

Proof Straightforward. d

For any ¢, ¥ € Cny(I), we write ¢ < ¢ if any of the following four conditions holds:
(i) @, ¢ € C:.(I) and ¢ o 7! is concave on (1)

(i) ¢ € C,,(I), ¥ € C: (1) and ¢ o 7! is convex on ¥ (1).

(iii) ¢, ¥ € C,(1) and ¢ o ! is convex on ¥ (I).

(iv) ¢ € Ci(I), ¥ € C;,,(1) and ¢ o y~! is concave on ¥ (I).

Remark Lemma 1 guarantees that the above ¢ <  is a restatement of the concepts ap-
pearing in [1, Lemma 3].

Lemma3 Let ¢,¢', v, ¥’ € Cs(D). If o = ¢, ¥ =Y/, and ¢ X, then ¢’ < y'.

Proof Assume that = ¢', ¥ = ¢/, and ¢ < . Then we must show ¢’ < ¢'. Since ¢ = ¢/,
¥ = ', we can write ¢’ and ¢’ as follows:

¢ =ap+b and ' =cy+d
for some a,b,c,d € R. Then we have a # 0 and ¢ # 0. Put
{x)=ax+b and nkx)=cx+d

for each x € R. In the case of ¢, ¢ € C; (I) and a, ¢ > 0, we find that ¢ o /! is concave on
¥ (I) because ¢ < . Then ¢ op oty isincreasing and concave on ¥ (I) from Lemma 2-(iii)
and hence ¢’ oy’ = ¢ op oy L on~tisalso concave on ' (I) from Lemma 2-(iii). However,
since ¢, ¢’ € C} (I), we obtain ¢’ < v/’ as required. Moreover, we can easily see that ¢’ <
¥’ holds in the other 15 cases:

[¢ € CL), ¥ € Cy (D), a>0,c>0], .

[goeCs_m(I),t/feCs'm(I),a<0,c<0]. O

For any ¢, ¥ € Cyn(I), we write § < ¥ by the same notation if ¢ < v holds. This is well
defined by Lemma 3. In this case, we have the following.

Theorem 2 < is an order relation in Cem ().
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Proof We show the theorem by dividing into three steps.

(I) It is evident that < satisfies the reflexivity.

(II) Assume that ¢ < v/ and ¥ < @. Then ¢ < ¥ and ¥ < ¢ hold. In the case of ¢,y €
C: (1), we find that ¢ o ! is concave on v (I) and ¥ o 9! is concave on ¢(1). Since ¥ o ™!
is increasing and concave on ¢(I), it follows from Lemma 1-(ii) that ¢ o ¢ = (1 0 p71)!
is convex on ¥ (I). Therefore ¢ o ¥ is affine on ¥ (I) and hence ¢ = v, that is, § = ¥. By

the same method, we can easily see that ¢ = ¥ holds in the other three cases:

[go eCl.(D,ye Cs‘m(l)], [(p eC, ),y € Cs*m(l)] and [go, Ve Cs‘m(l)].
Therefore < satisfies the symmetry law.

(I1I) Assume that ¢ < v/ and ¥ < . Then ¢ < ¢ and ¥ < A hold. In the case of ¢, ¥/, A €
C:.(I), we find that ¢ o ¢! is increasing and concave on ¥(I) and ¥ o A~} is concave on
A(I). Then it follows from Lemma 2-(iii) that ¢ o A} = (p 0 ™) o (¥ 0 A1) is concave on
A(I), and hence ¢ < A, that is, ¢ <  holds. By the same method, we can easily see that

¢ =< X holds in the other seven cases:

[¢ € Ch.(D), v € CL.(D), 1 € C,,(D)], e

[¢ € CouD), ¥ € C (D, A € Cy (D]
Therefore < satisfies the transitive law. O

3 Proofs of Theorem 1 and Corollary 1

Let ¢ be an arbitrary function of Cyy (I). Then an easy observation implies that

=)o) =97 () M
for all y € —¢(I) and that

N1 (Z9) = N (@). (2)

Lemma 4 Let ¢ € Cy,(I). If either ¢ is increasing and concave on I or decreasing and

convex on I, then
Nug@) < [ 0o (plom) (b~ o) e < m+ M~ [ f

holds. If either ¢ is increasing and convex on I or decreasing and concave on I, then the

above inequalities are reversed.
Proof (I) Suppose that ¢ is increasing and concave on I. Then ¢! is increasing and convex

on ¢(I) by Lemma 1-(ii), and hence the first inequality in Lemma 4 follows from Jensen’s

inequality. Put

@' (%) = 7 (p(m) + p(M) — p(x)) +x
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for each x € I. Then it follows from Lemma 2-(i) that ¢ is a convex function on I such
that ¢?(m) = *(M) = m + M. Therefore we have

¢ p(m) + M) - o(f(®))) <m+ M - f(w) 3)

for almost all w € Q. By integrating (3) with respect to w, we obtain the second inequality
in Lemma 4. We next suppose that ¢ is decreasing and convex on I. Then —¢ is increasing
and concave on I. Therefore the desired inequality follows from (1), (2), and the above
argument.

(II) Suppose that ¢ is increasing and convex on I. Then ¢~ is increasing and concave on
@(I) by Lemma 1-(i), and hence the first inequality in Lemma 4 is reversed from Jensen’s
inequality. Also since ¢* is concave on I by Lemma 2-(iii), it follows that the second in-
equality in Lemma 4 is reversed from a consideration in (I). Similarly for the decreasing

and concave case. O

Proof of Theorem 1 Let @,y € Cyn(I) with ¢ < 4, where @, ¥ € Cym(1).
(I-i) In the case of , ¥ € C;, (I), we find that ¢ o ¢! is increasing and concave on ¥ (I) =
[ (m), ¥ (M)] because ¢ < . Therefore we have from Lemma 4

¥ (Nirs1(9))
=(yog™) (@(Vn) + (M) - / ¢ Ofdu)
~(0or) (0o v ) wom) + (0o w )W) - [ (wo)o o)
= Niywweni(9 0 )

<Wim)+ w(M)—/vf of du
= ¥ (N (W),

so we obtain Nj;)(¢) < Niz (i) since ¥ is strictly increasing on 1.

(I-ii) In the case of ¢ € C,(I) and ¥ € C;, (I), we find that ¢ o ¥ ! is decreasing and
convex on ¥ (I) because ¢ < ¥. Then —¢, ¥ € C;_(I) and (—¢) o ! is increasing and
concave on V(). Therefore we have from (I-i) and (2)

Nus)(9) = Nusy(Z9) < Nus(9).
(I-iii) In the case of ¢, ¥ € C,,,(I), we find that ¢ o 7! is increasing and convex on ¥ (1)

because ¢ < y. Then ¢ € C;, (), -y € C, (I), and ¢ o ()7 is decreasing and convex
on —(I) by (1). Therefore we have from (I-ii) and (2)

Nif(@) < Ny (<%) = Ny ().

(I-iv) In the case of ¢ € C; (1) and ¥ € C;,,(I), we find that ¢ 01/ ! is decreasing and con-
cave on ¥ (I) because ¢ < ¥r. Then —¢, ¥ € C;, (I) and —¢ o ¥ ! is increasing and convex
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on Y (I). Therefore we have from (I-iii) and (2)

Nuy1(9) = Nyt (<9) < Nug ().
This completes the proof. d

Remark Let ¢, € Csy,(I). We see from Theorem 1 and Lemma 1 that ¢ < ¢ and then

Ny (@) = Nig (1) if any of the following four conditions holds:
) ¢, ¥ € C: (1) and ¢ o ! is convex on ¥ (1).
(vi) ¢ € C,, (), ¥ € C; (1), and ¢ o ¥~! is concave on ¥ (1).
(vii) ¢, ¥ € C;,(I) and ¢ o ! is concave on ¥ (I).
(viii) ¢ € Ci (1), ¥ € C,,(I), and ¢ o ! is convex on ¥ (I).

Throughout the remainder of the paper, we assume that Q =/ and f(x) = x forall x € I.

Proof of Corollary 1 Let ¢, ¥ € Cony(I) with ¢ <y and #4,...,t, € R with Z:‘lﬂ t;i=1,0<1t,
t, <1land ty,...,t,-1 < 0. Let x1,...,x, € I be such that x; < x,,...,%,.1 <x,. Puts; =1-
b,82 = —ty,...,Sp-1 = —ty-1,8n =1 — t,. Then we have ) s; =1and sy,...,s, > 0. So

=810y + - + 8,04,

is a probability measure on I, where 3, denotes the Dirac measure at x € I. Taking [xy, x,,]
instead of I in Theorem 1, we obtain

o (co(xl) + (%) - iﬂ‘/’(»’@)) <y (w(xl) + (%) - Xn:siw(xi)>,
i=1 i=1
which implies the desired inequality
ot (i fﬂﬂ(&‘)) <y (i fﬂ/’(%))-
i=1 i=1
This completes the proof. d

Remark Let ¢, ¥ be in Cyy(I) such that any of (v), (vi), (vii), and (viii) holds. Then
¥ < ¢ holds from Lemma 1. Therefore if t;,...,t, € R with Z;’zl t;i=1,0<1t, t, <1, and
ty,...,ty,_1 <0, then

o (Z L‘W(M)) >y (Z L‘ﬂ/’(%))
i1 i1

holds from Corollary 1.

Example1 Put ¢(x) = logx and ¥ (x) = x for each positive number x > 0. Then Corollary 1
easily implies that

n n

¢
l_[ xi’ < E tixi
i=1 i=1
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holds for all #,...,t, € Rwith >/, =1,0< 4, t, <1, and ¢,,...,¢,1 < 0, and all pos-
itive numbers xy,...,%, with x; < x,...,%,1 < x,. This is a geometric-arithmetic mean

inequality with negative weights.

Example 2 Put p(x) = }—C and v (x) = log x for each positive number x > 0. Then Corollary 1
easily implies that

n

Xi

i=1 i=1

holds for all #,...,t, € R with Zle t;=1,0<t,t,<1,and ty,...,t,_1 <0, and all positive
numbers x1,...,%, withx; <x,...,%,1 <x,. Thisis a harmonic-geometric mean inequal-

ity with negative weights.
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