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This paper is concerned with the problem of delay-dependent robust stability analysis for a class of uncertain neutral type Lure
systems with mixed time-varying delays. The system has not only time-varying uncertainties and sector-bounded nonlinearity, but
also discrete and distributed delays, which has never been discussed in the previous literature. Firstly, by employing one effective
mathematical technique, some less conservative delay-dependent stability results are established without employing the bounding
technique and the mode transformation approach. Secondly, by constructing an appropriate new type of Lyapunov-Krasovskii
functional with triple terms, improved delay-dependent stability criteria in terms of linear matrix inequalities (LMIs) derived in this
paper are much brief and valid. Furthermore, both nonlinearities located in finite sector and infinite one have been also fully taken
into account. Finally, three numerical examples are presented to illustrate lesser conservatism and the advantage of the proposed

main results.

1. Introduction

Time delay arises naturally in connection with system pro-
cess and information flow for different part of dynamic
systems. Dynamical systems with time delays, also called
dynamic systems with hereditary systems, after effect or
dead time, equations with deviating argument, have been
investigated extensively for the past few decades due to
their wide applications in many research fields, covering
nuclear reactor, manual control, engineering systems, neural
networks, and other scientific areas [1-42]. The main reason
is that time-delay phenomenon frequently happens in various
engineering systems and is also a key source of instability
and oscillation. Hence, the delayed systems have been widely
considered by a great quantity of research results in the
recent years. To mention a few, stability analysis is carried
outin [1, 3, 6,7, 11, 12, 15, 17, 25, 32-34, 36]; H,, controllers
and H_, estimation are investigated in [31, 38, 41]; Lure

dynamical systems are addressed in [4-6, 26-29]; neutral
systems with discrete and distributed delays are researched
in [32-34]; passivity analysis and reliable fuzzy control are
considered, respectively, in [39, 42]. For the new results on
time-delay systems, see the works [3, 21, 29, 34, 38-42] and
references cited therein. Therefore, it is of both theoretical
and practical importance to study the problem of stability
analysis on delayed systems. So far in the literatures, delayed
systems can be classified into two types: retarded type and
neutral type [1-12]. The retarded type system only depends
on the state delay, while the neutral type system not only
defines the derivative term of the current state but also
explains the derivative term of the past state. And what is
more, the delayed stability criteria are also classified into
two categories according to their dependence on the size of
the delays, namely, delay-independent stability criteria and
delay-dependent stability criteria [13-18]. It is well known
that delay-dependent stability criteria are less conservative



than delay-independent ones when the sizes of time-delays
are small.

As everyone knows, many nonlinear physical systems can
be expressed as a feedback connection of a linear dynamical
system and nonlinearity. One of the important classes of non-
linear systems is the Lure dynamical system whose nonlinear
element satisfies certain sector constraints. Since the notion
of absolute stability was introduced by Lure [19], stability
analysis for the Lure systems has been extensively studied for
several decades [20-29]. Recently, various approaches have
been proposed by many researchers to obtain robust stability
criteria for time-delay Lure control systems. Therefore, many
methods have been proposed in these results to reduce the
conservatism of the stability criteria, such as model trans-
formation method, the bounding technique, free-weighting
matrix method, the method of constructing Lyapunov-
Krasovskii functionals, delay decomposition technique, and
weighting-matrix decomposition method. By using suitable
Lyapunov-Krasovskii functionals and free-weighting matri-
ces, a new delay-dependent robust stability criterion of the
class of uncertain mixed neutral and Lure systems has been
proposed in [21]. Some conditions have been derived by
employing Lyapunov-Krasovskii functionals and generalized
convex combination in [26]. Sufficient conditions for the
robustly asymptotic stability have been achieved by elimi-
nating nonlinearity and removing free-weighting matrices in
[29]. In addition, delayed systems often have a spatial extent
because of the presence of an amount of parallel pathways of
varying axon sizes and lengths. Then, there may exist either
a distribution of conduction velocities along these pathways
or a distribution of propagation delays over a period of time
in some cases, which may cause another type of time delays,
namely, distributed time delays in delayed systems. Hence,
the stability problem for neutral systems with nonlinearity
perturbation and time delay was thus of interest to a great
number of researchers. The results in [30] are neutral-delay-
independent by a method based on the equivalent equation
of zero and the Leibniz-Newton formula in the derivative
of the Lyapunov-Krasovskii functionals. In [32], Li and Zhu
have obtained the discrete-, neutral-, and distributed-delay-
dependent stability conditions for uncertain neutral system
with discrete and distributed delays by constructing an aug-
mented Lyapunov-Krasovskii functional and using the free-
weighting matrices combined with the bounding technique.
In [34], by constructing a proper Lyapunov-Krasovskii func-
tional, Chen et al. have derived some new delay-dependent
stability criteria for uncertain neutral system with mixed con-
stant delays by making full use of the free-weighting matrices
method and without bounding technique bringing much
more conservatism used to deal with these triple-integral
terms in [33]; however, the research of uncertain neutral
system with mixed constant delays has a lot of limitations
because of the delay-dependent robust stability criteria for
uncertain neutral systems often connected with time-varying
delay. Since time delay and parameter uncertainty exist in
Lure systems in practice, the robust stability analysis for
uncertain Lur’e systems with time delays still requires further
consideration. And theoretically, except the traditional free-
weighting matrices approach, how to get rid of the rigorous
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constraint that the time derivatives of time-varying delays
must be less than one still needs much more study.
Motivated by the above discussion, in the paper, it is
the first attempt to investigate one effective mathematical
technique [29] to extend for a class of uncertain neutral
type Lure systems with mixed time-varying delays which
has not only time-varying uncertainties and sector-bounded
nonlinearity, but also discrete and distributed delays.
The effective mathematical technique is that dividing
[hy, hyl into [hp, by + hy(1)/s) U -+ U [hy + hyy( -
/s, hy + hyy(i)/s) U -+ U [hy + hy(s = 1)/s,hy] is
defined as a delay segmentation technique and supposing
hi+ hyy(i = 1)/s < h(t) < hy + hyif/s (= 1,2,...,s,
hy; = hy — hp). Based on the mathematical technique, the

derivative of J‘:_h (s—(t- hU))xT(s)sz(s)ds was estimated

by hyxT()Q,x(t) — (1/h;) jf_hL %7 (s)dsQ, jf_hL x(s)ds —
/(s — i+ D) [ 5 9dsQ, [ is)ds — (sf
hyyi) _[::(Lt) x7(s)dsQ, _[::(Lt) x(s)ds, which plays an impor-
tant role in the improvement of less conservative results.
Secondly, by constructing a new type of Lyapunov-Krasovskii
functional with triple terms, improved delay-dependent
stability criteria in terms of linear matrix inequalities (LMIs)
derived in this paper are brief and effective, which can be
easily solved by using MATLAB LIM control toolbox [37].
Furthermore, both nonlinearities located in a finite sector
and infinite one have been also fully taken into account.
Finally, three numerical examples are given to illustrate the
less conservatism of the proposed method.

Notation. Notations used in this paper are fairly standard: R"
denotes the n-dimensional Euclidean space; R is the set of
alln x m dimensional matrices; I denotes the identity matrix
of appropriate dimensions; T stands for matrix transposition;
the notation X > 0 (resp., X > 0), for X € R™", means
that the matrix is real symmetric positive definite (resp.,
positive semidefinite); diag{r;, 7, ..., r,} denotes block diag-
onal matrix with diagonal elements r;, i = 1,2,...,m; the
symbol * represents the elements below the main diagonal
of a symmetric matrix.

2. Preliminaries

Consider the following class of uncertain neutral type Lure
systems with mixed time-varying delays:

X)) = (A+AA®) x () + (Ay+ AA, () x (t— h (D)
+(C+ACH) % (t-T (1)

+(D+AD(t)) Jt x(s)ds+ (B+ AB(t)) f (o (1)),

o(t)=H"x(t) = [y, hy...,h, ) x(t), t=0,

x()=¢(),

t € [- max {hy, 1,7}, 0],
@

where x(t) € R" is the state vector, o(t) € R" is the output
vector, A € R™", A; € R¥™", D € R™",C € R, B € R™",
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and H € R are known matrices, and f(o(t)) € R is the
nonlinear function in the feedback path, which is denoted as
f for simplicity in the sequel. Its form is formulated as

fe@)=[fi(@®) fHo®) - fulo,®)]
o(t)=[o,(t) oy(t) - 0, (1)]" )

=H'x@®)=[h, hy - h,|"x (@),

wherein each term f;(o;(t)), i = 1,2,...
the following sector conditions:

,m, satisfies one of

fi(o; (1) € Kok

= {fi(ai(t)) | £i(0)=0, 0< % <k; o;(t) ;eo}
3)
or
fi(0: (1)) € Ko oo
= ‘lfi(tfi(t)) | £,(0) =0, %Zt()t)) >0, 0, () qeo}, @

£T(t)=[xT(t) xL(t=h) xT(t-h@) x" (t-h

The delays h(t) and 7(t) are time-delaying continuous func-
tions that satisfy

0<h, <h(t)<hy, h(t)<hp,

€
0<t(t)<t1y, T()<1p<],
where h;, hy;, hp, Ty, and 7 are known scalars.

The following fact and lemmas are introduced, which will
be used in the proof of the main results.

Fact 1 (Schur complement). For a given symmetric matrix

s=8"= [S: iz ],where Sy, € R™, the following conditions

are equivalent:
(1) S< 0
(2) Sy; < 0,85, = S,8,1S;, < 0;

(3) S5, < 0,8, = S, ), < 0.

T,
o) & (-1 (0) L

¢§=[E, 0 E, 0 E; E, E; 0],

where AA(t), AA4(t), AC(t), AD(t), and AB(t) are time-
varying uncertain matrices of appropriate dimensions, which
are assumed to be of the following form:

[AA(t) AA;(t) AC(t) AD(t) AB(t)]

(5)
=NF(t)[E, E, E5 E, Es],

where N, E,, E,, E;, E,, and E; are known real constant
matrices of appropriate dimensions and F(¢) is a time-varying
uncertain matrix satisfying

FO)'F(t)<I, Vt>0. (6)

By using (5), the uncertain system (1) can be rewritten as
follows:

()= (A+AA@)x @)+ (Ag+AA, (D) x(t—h(D))
+(C+AC () x(t—T (1))

t

+(D + AD) J x(s)ds+ (B+AB(D) f (o (t)

t—r

= Ax(t)+ Ayx (t—h(t) + Cx (t—1)

+Dr x(s)ds+ Bf (o (t)) + NP (t),
7)

where

LT ds fTe®) P'® |,
rx (s)ds f (o () (t) ®)

P(t)=F ()& @®).

Lemma 1 (see [35]). For any constant matrix 0 < R = RT €
R™", a scalar r > 0, a vector function x : [0,r] — R" such
that the integrations concerned are well defined, and then

- L' o (5) R (s) ds < —( Lr x(s)ds)TR (L x(s) ds) -
(10)

Lemma 2 (see [36]). For any constant matrix R € R™", R =

RT > 0, a scalar function h := h(t) > 0, and a vector-valued
function x : [-h,0] — R" such that the following integrations
are well defined:

h J:_hg’c(s) R (s)ds < [x(’t‘(_t)h)r [‘15 _};] [xé(_t)h)] :
L R L )
_?th wa (s)Rx (s)dsdoO
hxt) 1" hx (t)
< ljz;c(ts)dsjl [15 —1;] [Ji;c(i)ds]'

(11)



3. Main Results

3.1 Stability Analysis in the Finite Sector K . In this
section, we will give sufficient conditions under which the
system (1) is robustly asymptotically stable.

Theorem 3. For a given positive integer s and some scalars hy,
hy, hp, 1y, T, and € with hy > hy > 0, 7, < 1, and € >
0, the system (1) with a nonlinear function f(o(t)) satisfying
the finite sector condition (3) and time-varying delays h(t) and
7(t) satisfying (9) is robustly asymptotically stable if there exist
PP=P>0(G(=12..5,Q =Q >0M =M >
0 (i = 1,2), diagonal matrices R = diag{r,,r,,...,1,,} = 0,
and A = diag{A, A,,...,A,,} = 0 with dimensions such that
the following symmetric linear matrix inequality holds:

- 2 -
®+11, I'P, m,I7Q, 17Q, %FTMZ
* -P; 0 0 0
* * -Q 0 0 <0,
1
. . £ Q0 (12)
U
L = * * * -M, |
(i=1,2,...,s),
where
(D) Py Dy3 Dy Dy5 Dy Dy; Dy
* 2 D3 Dy Oy Dy Dy Dy
* * 33 D3y O35 Dy D37 Dy
o=|* * = Dy Cys Pys Dyy Dyg
* * * ¥ Dy Oy Doy Dgg |
* * * * * Qg Og; Dgg
* * * * * * CD77 (D78
L * * % * % * *  Dgg |
ro o 0 0 0 0 0 07
* ¢y 4 0 0 0 00
* % P3¢y 00 00
mel* * * ¢s 0 0 00
P71l %= % % 0 0 00O0]
* % *x x x 0 0 0
* % * * x % 00
L+ * % % % *x x 0]

1
o, :P1A+ATP1+P2+P3+P4—Q1—h—Q2
L

+7M, —°M, +€E| E,,

1
O, =Q; + h_Q2> O ;=PA;+ €E1TE2’
L

®5=P,C+€eE|E;,  ®5=P,D+rM,+€eE|E,

®,, = P,B+ ATHA + HKR + ¢E,| E;,

1
@3 = PN, CI)22:_1)2_(21_;1_(22»
L
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@5 = - (1= hp) Py + €EL E,, @, = ¢E E5,

Oy =€EXE,, @y, = ALHA + €ELEs,
T

Dy =Py, ®s5 =~ (1 - 1p) Ps + €E, Es,

Oy = €E1E,, Oy, = C'HA +€ELE,

1
®gs=-—M, - M, +€E,E,, @y, = D'HA +¢E, Es,
r

®,, = AH'B+B"HA - 2R +€E.E;,  ®,3=AH'N,
N S
Dgg = —€l, ¢ = _@Qz’ b = @Qz’
S S
iy = — _—— s
Pis <hwi by (s—i+ 1)>Q2
S S
by = Qs $is =—

hiy(s—i+ 1)Q2’

r=[A0A; 0CD B NJ,

hiy(s—i+1)

hyy = hy — hy, other terms are 0.
(13)

Proof. Consider a novel augmented Lyapunov-Krasovskii
functional for the system (1) as follows:

Vi(x) = Vy(x) + Vo (x) + V3 (%) + Vi () + Vs (%)
+ Ve (%) + V5 (3,) + Vg (x) + Vo (%) + Vi (%),

(14)
where
Vi(x) = 2" (0 Px (@),
V, (x,) = ‘Lh x' (s) Pyx (s) ds,
Vi (x,) = J-:_h(t) x7 (s) Pyx (s) ds,
V,(x,) = Jt x" (s) Pyx (s) ds,
t—hy
Vs (x,) = J:_ . %7 (s) P.x (s) ds,
Vile) = | (== m) 5" 0 Qi@ ds
V)= | s -ho) € 9 Qi@ ds
Vg (x,) = ‘L (s—(t—1)x" (s) M,x(s)ds,
2 0 (6t
Vo (x,) = % Jﬁr Jo J;M %" (s) M,x (s) ds d) d,
N o
Vip (x,) = 22/\1' J fi(s)ds.
i=1 70
(15)
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The derivative of V(x,) with respect to time along the
trajectory (1) is

Vi (x) = Vi (%) + Vy (x) + Vs () + Vi (%) + Vs (x,)

+ Vs (%,) + v; (%,) + Vs (x,) + V9 (%) + VIO (%)
(16)

By utilizing (7), the time derivative of V,(x,) is obtained as
Vi (x,)

= 2x" (t) P% (1)

=2x" (1) P, [Ax () + Agx (t—h(t)) + Cx (t — 7 (1))

+D Jt x(s)ds + Bf (o (t)) + NP (t)]
t—r

=x" () (PLA+ATP)x(t) +2x" () LA x (t - h (1))

t

+2x" (t) P,Cx (t — 7 (t)) + 2x" () P,D J x(s)ds

t—r

+2x" (t) P,Bf (0 (t)) + 2x" (t) P,NP (1),

V, (x,) = x" (t) Pyx (t) = x" (t —hy ) Pyx (t—hy),
v, (x,)

=x' () Pyx(t) = (1= () x" (t—h (D) Pyx (t - h(t))
<xT (1) Pyx (1) — (1 = hp) x" (t —h (D) Pyx (t — h (),
V, (x,) = x" (t) Pyx (t) = x" (t — hy) Pyx (t = hy),

Vs (x;)

=% (O Psx(t) - (1 -7 (1) %" (t -7 (1) Psx (t — 7 (£))

<& () Py (t) - (1 - 1p) &7 (£ —7(8)) Psx (t — T (1)) .
(17)

By utilizing Lemma 2, the time derivative of Vy(x,) is
obtained as

Vs (x:)

- BT () QE (1) - J hysT (5) Q% (s) ds

t—hy

t T t
<k x" () Qux () - (j % (s) ds> Q, (J % (s) ds)
t-h, t-h,
=12 5T (1) Qux () - [x (t) — x (t —hy)]"
xQ [x(t)—x(t—hyp)]
=RxT (1) Qux (1) — x" (1) Qx () + 2x" (1) Qux (£ - hy)

e (t-=hy)Qx(t—hy).
(18)

By utilizing Lemma 2, for everyi = 1,2,...,s, it hy + hy;(i -
1)/s < h(t) < hy + hyyils, hyy = hy = by, the time derivative
of V,(x,) is obtained as

V7 (x:)

= T (£ Qu (1) - J T (5) Q% (s) ds

t—hy

t
o Q0= |5 (9Qux()ds

t—hy
- I %7 (s) Qi (s) ds

—h(t)
t—h(t)

- j %7 (s) Qux (s) ds
t—hy

< i (£) Qi (1) hi [e(t) - x (£ = hy)]"
L
s

X Q,[x(t) - x(t—hy)] -

x [x(t=h@®) - x(t-hy)]"
xQ, [x(t—h(t) - x(t-hy)]

S T
- @[x(t—hL)—x(t—h(t))]

X Q,[x(t—hy)—x(t—h(t)]

= hyx' () Qux (1) — hixT (t) Qux (t)
L

+ hixT () Qux (t—hy)
L

1 N s
hy  hyyi

—xT(t—hL)< )sz(t_hL)

+ %xT (t-h)Qux(t —h(t) - x" (t - h(t)

LU

x(; L.)sza—h(t))

hyy(s—i+1) " hyyi

2s

T
mx (t —h(t) Qux (t —hy)

s
hiy(s—i+1)

VS (xt)

x"(t=hy) Qux (t—hy),

=rx’ (t) Myx (t) — r X (s) M,x(s)ds
t—r

< rx" (t) Myx (t)

A o) o[ o),



6
4 2 t
Vo (x,) = %XT (t) Myx (t) - % JO L , %7 (s) M, (s) ds d6
4
< %xT (t) My (£) — 57 (£) Myx (£)
+2rx” (t) M, Jt x(s)ds
t T t
- (J x(s)ds) M2<J x(s)ds),
Vlo (x:)

= zi;&id,. @) f;(0,) = 27 (o (t)) AH % (t)
i=1
=2fT (o () AH"

x [Ax(t)+Adx(t—h(t))+C5c(t—r)

+D Jt x(s)ds + Bf (o () + NP (t)]
t

—r

=2x" (t) ATHAS + 2x" (t - h(t)) ALHAS

£ 2% (t =7 (1)) CTHAS + Jt «T (s) dsDTHAS

+fT(AH"B+B"HA) f + fTAH"NP (t).
(19)
From system (1) with nonlinearity located in the sectors

Ko, (i=1,2,...,m), if there exists R = diag{r;,1,,...,7,,},
it is easy to achieve

r.f; (0;) [kihiTx ®) - fi (‘Ti)] 20,

which is equivalent to

i=1,2,...,m, (20)

2[x" () HKRf (o (1)) - f (0 (®) Rf (e (1)] 205 (21)

also, for any positive scalar €, the following inequality is
satisfied:

et () ETEE () —ePT ()P (1) 20, (22)
The combination of (17)-(22) gives that

V(xt)
4
< ET(t)[GD +10, + 17 <P5 +HQ, +hyQ, + %Mz) r] £@t),

i=1,2...,s
(23)

By Fact 1, (23) is equivalent to (12), which implies V(x,) <
0, which guarantees the robustly asymptotic stability of the
system (1). This completes the proof. O
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When h; = 0, by simplifying the Lyapunov-Krasovskii
functional V' (x,) used in the proof of Theorem 3 to

v (%) = Vi (x) + V5 (%) + Vi (%) + Vs (x,) + V5 (%)

+ Vg (x,) + Vo (%) + Vi (1) -
(24)

Theorem 4. For a given positive integer s and some scalars hy,
hp, 1y, Tp, and € with 0 < hy, hy < 1, 15 < 1, and € > 0,
the system (1) with a nonlinear function f(o(t)) satisfying the
finite sector condition (3) and time-varying delays h(t) and
7(t) satisfying (9) is robustly asymptotically stable if there exist
PlP=P>0(i=1345,Q =Q,>0,M =M, >0 (i =
1,2), R = diag{r,,ry,...,1,,} = 0, and diagonal matrices
A = diag{A,A,,...,A,,} = 0 with dimensions such that the
following symmetric linear matrix inequality holds:

2
v+A, 37p, 37Q, %ZTM2

* P 10 0 <0,
* x* ——0Q, 0 (25)
hy
* * * -M,
i=1,2,...,s),
where
Y, Y, Vi3 Yy Y5 Y ¥y
o Wy W3 Wy W5 Wy ¥y
wox Wiy Wy Wiy W V3
W= x x Wy, Vs Ve ¥y |,
ook ox Wi Wi Wy
* * * * * Yo Y,
| * * * * * * Y ]
®1 ¢2 0 0 0 00
* @3 @y 00 00
* x 0 0 0 00
Aj=|=* = % 00 00/,
¥ % x % 0 00
* * x x % 0 0
* * * % x *x 0

¥, = PLA+ A"P, + P, + P, + M, -’ M, + ¢E| E,,

¥, =P A, +€E E,, ¥, =PC+¢eElE,

¥,s = P,D +rM, + €E| E,,
¥,s = P,B+ ATHA + HKR + €E| E,

¥y, = PN, Wy, = = (1=hp) Py + €E, By,
¥y = €E2TE3’ ¥ys = 6E3E24>
W, = AjH A+ €EsEs, Wy, =Py,
¥, = - (1-1p) Ps +€EL Es,

W5 =€ErE,, ¥, =C' HA+¢€ELE;,

1
W, = —-M, - M, +€eELE,, W= D'HA +¢E. E,,
r



Mathematical Problems in Engineering
Y = AH B+ B'HA - 2R + ¢E. E,

S
‘"Pil = _h_Uin’ \Piz = _l.Q2>

S S
VvV, = | — 4 ———— ,
B (hUi+hU(s—i+1)>Q2
S

\PA = 5
" hU(s—i+1)Q2

>=[A A; 0 C D B NJ,

hyyy = hy — hy, other terms are 0.
(26)

When the nonlinear function f(o(t)) vanishes, the system (1)
reduces to

xt)= (A+AA@®)x @)+ (Az+AA; (D)) x(E-h({@))

t

+(C+AC(t))5c(t—T(t))+(D+AD)J x(s)ds,

t-r

x(t)=¢(t), te[-max{hy,r},0].

(27)

Similarly, based on Theorem 3, we can obtain the robustly
asymptotical stability for system (27) as follows.

Theorem 5. For a given positive integer s and some scalars h;,
hy, hp, 15, T, and € with hy > hy > 0, hp < 1, 15 < 1,
and € > 0, the system (27) with time-varying delays h(t) and
7(t) satisfying (9) is robustly asymptotically stable if there exist
Pr=P>0(=12..5,Q =Q >0 and M' = M; >
0 (i = 1,2) with dimensions such that the following symmetric
linear matrix inequality holds:

_ 2 -
- T T T T
E+A; Y P Y Q Y Q, ?Y M,
* -P; 0 0 0
* * -Q, 0 0 <0,
1 (28)
* * * —h—Q2 0
U
| = * * * -M, |
i=1,2,...,s),
where
211 S22 213 B4 215 S16 27
¢ 2. B2 = _ = =
Spp o3 Sgq Hos S Sy
* 0k D33 O3y S35 D36 S37
BE=|* = % By B By By |,
¥k %k Hgp Dgg Soy
* % * % *  Beo Bey
| = * * * * *  Hyp o |

0O 0 O
Vi Vi O
Vis Vig
éis
*
* *

>

1l
X X X %X ¥ ¥ O
* ¥ OO O OO
* OO0 00 oo

* K X ¥ ¥
*

* %

=NeoNoleNoNoNe)

i 1
:11=P1A+ATP1+P2+P3+P4—Q1—h—Q2
L

+rM, — "M, + €E] E,,

- 1 - T
Ep=0Q+ h_Qz) Ei3=PA;+€eE E,,
L

16 = PD + M, + €E| E,,
1

- h_LQZ)

[1]
u
(o)}

|

@

tr
N

(o]
ko

[1]
N
[o)}

1l

1
——M, - M, +€E. E,,
,

N N

_@Qp Vip = -Q,,

77 = —€l, Yin = ho
Lt

S
hLU(s—i+1)>Q2’
T Q,

T hyyG-itl)

s

-———Q,, hyy=hy-hy,

hLU(s—i+l)Q2 e T

Y=[A 0 A; 0 C D NJ, other terms are 0.
(29)

__<;+
Wi3_ hLUi

Via

Vis =

3.2. Stability Analysis in the Infinite Sector K o)

Theorem 6. For a given positive integer s and scalars hy, hy,
hp, 1y, T, and € with hy > hy > 0, hy < 1, tp < 1,
and € > 0, the system (1) with a nonlinear function f(o(t))
satisfying the finite sector condition (4) and time-varying delays
h(t) and t(t) satisfying (9) is robustly asymptotically stable if
there exist PiT =P >0(@G=12,...,5), QiT =Q;, >0
MIT =M; >0 (i =1,2), ascalar « > 0, and diagonal matrix
A = diag{A, A,,...,A,,} = 0 with dimensions such that the
following symmetric linear matrix inequality holds:

O +10; 'Ry W ITQ, TI'Q, ngMz-

x«  -Py 0 0 0

SN N

[ = * * ﬂ({ -M, |
(i=12...,9),
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where
Dy Dy, O3 Dy D5 Oy Dy; Dy
k0 Dy Dyy Dy Dy Dpg Dy Dy
* * 33 D3y O35 Oy Oy Dy
o= * * * 1 Pus Py Dy Dyq
* * * * Dgs Ogg Oy Dsg |
* % ox % x D 967 (OFN
* * * * * * D O
| * * % * % * * CD88_

®,, = AH' B+ B"HA.
31

®,, = P,B+ A"HA +aH,

The remaining terms are defined as in Theorem 3.

Proof. For system (1) with nonlinearity located in the sector
Kjo,00)> the condition (4) is equivalent to

2ax” (t) Hf (o () > 0. (32)

Now, replacing (21) by (32), then combining (17)-(22) and
(32) yields

Vix)<E OWEWR), i=12,...,s (33)
Then, similarly to the proof of Theorem 3, the result follows
immediately. This completes the proof. O

When h; = 0, we can get a delay-dependent asymptotical
stability criterion for the system (1) using the same method of
Theorem 4. This result is shown in Theorem 7.

Theorem 7. For a given positive integer s and scalars hy;, hp,
Ty Ty and € with 0 < hy, hy < 1, 175, < 1, and e > 0,
the system (1) with a nonlinear function f(o(t)) satisfying the
finite sector condition (4) and time-varying delays h(t) and
7(t) satisfying (9) is robustly asymptotically stable if there exist
Pl =P > 0@ = 1,345, Q = Q > 0, M =
M; > 0@ = 1,2), a scalar « > 0, and diagonal matrices
A = diag{A, A,,...,A,,} = 0 with dimensions such that the
following symmetric linear matrix inequality holds:

2
F+10, 37, 37Q, %ZTMZ
* -P; 0 0

1 <0,
* x  ——Q, 0 (34)
hy
* * * -M,
(i=1)2"' )S)’
where
-\1'11 Yy, Y3 Y Y5 @16 ¥y, |
W, Wy Wy W Yy Yy
_ *ox o W3 Wy Wi Wi Wi
V=1 % * * Wy, Yy Yy Yy )
L R £ %6 Ys;
* * * * * Yoo Yy
| * % % % % % \}’77 ]

Y., = AH'B+ B"HA.
(35)

¥, = P,B+ ATHA + aH,
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Remark 8. Recently, Wang et al. [29] present the effective
mathematical technique to improve significantly the stability
criterion. Motivated by this technique, it is the first attempt
of the integral partitioning method to extend to a class
of uncertain neutral type Lure systems with discrete and
distributed delays, which has never been mentioned in the
previous literatures.

Remark 9. In the augmented Lyapunov-Krasovskii func-
tional V(x,), this term (r*/2) I_Or foe '[t xT(s)MZJ'c(s)ds drdo

t+A
plays a key role in reducing the conservatism of our results.

Remark 10. Compared with those in previous methods, this
method proposed in this paper has two differences: (i)
the item Lt L xT(s)sz(s)ds is added into the Lyapunov
—u

functional, which will reduce the conservativeness of results;
(ii) the Jensen inequality technique is used, which results in
LMIs criteria with less variables than free-weighting matrix
approach.

4. Numerical Examples

In this section, numerical simulation examples are given to
show the effectiveness and correctness of the derived main
results.

Example 11. Consider the following class of uncertain neutral
type Lure systems with mixed time-varying delays:

x(t)= (A+AA{)x )+ (Ayz+AA; (D) x(t—h(D))

+(C+ACH) x(t -7 (1))

+(D+AD (1)) r x(s)ds+ (B+AB()) f ( (1)),

t—r

(36)
where
R G B R R )
R A R
N A T F
Ez:[oél o(.)l]’ E3=[061 0(-)1]’
e[h @] me[G] sae-[3 )

saa= [ 0],

o[ ).
(37)
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TABLE 1: Allowable time delay h, for h; = 0.1, h, = 0.1, and r = 1 and different values of 7, in Example 11.

5 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Theorem 6 3.3587 3.1749 3.1258 3.0987 2.9859 2.9525 2.9012 2.8753 2.5537

Theorem 3 3.5201 3.5016 3.4857 3.4512 3.4185 3.3125 3.1517 2.9513 2.8718
TaBLE 2: Allowable time delay h, for h; = 0, 7, = 0.1, and r = 1 and different values of /1, in Example 11.

hp, 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Theorem 7 4.4132 4.2052 4.1231 4.0532 3.8962 3.7132 3.4891 3.2567 3.1032

Theorem 4 4.5658 4.3562 4.2578 4.1365 4.0596 3.9862 3.7253 3.5329 3.3568

0.5

500 1000 1500
t=15s

— x(t)
Agfxﬂ”

FIGURE I: State trajectories of x(¢) in the plane (h, = 3.5201, h; =
0.1, hp = 0.1, 7, = 0.1, and r = 1, in Example 11, where the initial
valueis [-0.5 0.5]7).

a; (i=1,2,...,9) denote the uncertainties which satisty

~16<a, <16,  —-0.05<a, < 0.05,

-1.8 <y <18, -0.15 < 4 < 0.15,

-1.65 < a5 < 1.65, —-0.25 < a5 < 0.25, (38)

-15<a;, <15, -02<a5<0.2,

17 <ag < 1.7.

Remark 12. For Example 11, our results of the maximum
allowable delay bound (MADB) hy; for different values of
hp, and 1, are listed in Tables 1 and 2. It is clear to show
that the maximum allowable delay bound (MADB) hy; is
dependent on different values of /i, and 7. The values of
hp, and 1, increase, respectively, as the maximum allowable
delay bound (MADB) hy; decreases. In order to verify the
stability condition, the simulation results are given as h; =
0.1, hp = 0.1, = 1, and f(o(t)) = [fi(o(s)) = 0.1(|s +
-Is=1)) f(a(s)) = 0.1(Is + 1] = |s — 1])]" with initial

05
1500

FIGURE 2: State trajectories of x(¢) on the space (hy = 3.5201, h; =
0.1, h, = 0.1, 7, = 0.1, and = 1, in Example 11, where the initial
valueis [-0.5 0.5]").

0.5

=0.5 |
1500

FIGURE 3: State trajectories of x(¢) on the space (b, = 3.5201, h; =
0.1, hp = 0.1, 7, = 0.1, and » = 1, in Example 11, where the initial
valueis [-0.5  0.5]).

condition [-0.5 0.5]” in Figures 1-4. It is clear that the state
trajectories approach to zero asymptotically.

Remark 13. Table 3 shows the maximum values of /;; which
guarantee stability of this system by applying Theorems 3 and
6 in this paper, where A; = K[0,0.5), A, = K[0,10), A; =
K[0,1000), and A, = K[0, c0).
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TABLE 3: Allowable time delay h; for h; = 0.1, h; = 0.1, and r = 1 and different values of 7, in Example 11.

5 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Theorem 3 (f € A)) 3.5127 3.4125 3.3652 3.2158 3.1569 3.0237 2.9853 2.9356 2.8765
Theorem 3 (f € A,) 3.4419 3.3589 3.2518 3.1321 3.0128 2.9512 2.8758 2.8133 2.7567
Theorem 3 (f € A;) 3.2158 3.1675 3.1291 3.0962 2.9866 2.8534 2.7962 2.7531 2.6158
Theorem 6 (f € A,) 3.2013 3.1326 3.0987 2.9765 2.9215 2.8312 2.7538 2.7312 2.5983

TABLE 4: Maximum allowable delay bound (MADB) r for 7 = 0.1
and different values of / in Example 14.

h 01 05 1 15 16 17
Liand Zhu [32] 6.64 555 162 — — —
Sun et al. [33] 6.67 612 275 131 0.93 0.42

Theorem 3.5 in Chen et al. [34] 6.60 432 091 — — —

Theorem 3.4 in Chen et al. [34] 6.67 6.02 319 150 125 102
Theorem 5 (s = 18) 732 713 5.89 456 4.08 3.16
Theorem 5 (s = 28) 8.16 796 768 6.58 5.32 4.65

TABLE 5: Maximum allowable delay bound (MADB) h for 7 = 0.1
and different values of » in Example 14.

r 1 2 3 4 5 6
Li and Zhu [32] 112 093 077 0.65 055 0.43
— Sun et al. [33] 158 120 0.95 077 0.64 0.51

— x,(t)
’ Theorem 3.5 in Chen et al. [34] 0.97 0.77 0.63 0.52 0.44 0.35

FIGURE 4: State trajectories of x(t) in polar coordinates (h;; = 3.5201, Theorem 3.4 in Chen etal. [34] 171 171 109 0.83 0.68 0.51
h; = 0.1, hy = 0.1, 75, = 0.1, and r = 1, in Example 11, where the Theorem 5 (s = 18) 212 2.09 198 187 154 112

initial value is [-0.5  0.5]").
Theorem 5 (s = 28) 2.65 256 2.35 213 187 152

Example 14. Consider the following uncertain system:
B; (i =1,2,...,8) denote the uncertainties which satisfy

X()= (A+AA®) x () + (Ay+ AA, (1) x (E—h)

. -1.6 < 3, < 1.6, -0.05 < f3, < 0.05,
+ (C + AC (t)) X (t - T) + (D + AD) J;,r X (5) dS) ~15< /33 < 1.5, ~0.06 < ﬁ4 < 0.06, (41)
(39) ~16<fs <16, —02< <02,
where “14<B, <14 —0.1<p<0.1.
Y [—0.9 0.2 ] Y [—1.1 —o.z]
0.1 -09)" 47 =01 11 Remark 15. By applying Theorem 5 and solving the LMI

02 —0.1 ~0.12 0.12 maximum allowable upper bounds which are listed in Tables

4 and 5. From Tables 4 and 5, it can be seen that our results

01 0 01 0 show significant improvements over the results obtained in

E, = [ 0 0.1] ’ E, = [ 0 0.1] > [15, 33, 34]. Further, if the values of s become larger, then

02 0 012 0 (28) using MATLAB LMI control toolbox, we obtain the
gl CoRR R R

the upper bound of the delay will also become larger which

Ey= [0'1 0 ] , E, = [0'1 0 ] , (40)  is the advantage of the delay partitioning approach used in
0 01 0 01 this paper. Figures 5-8 show clearly that the state vector x(t)
stabilizes to zero asymptotically.
No[L000] o[B8 0]
0.0 1.0 0 B,

B 0 C[Bs 0 Example 16. Consider the system (1) with the following
AA,(t) = [03 AR AC(t) = 05 Bel’ parameters [7]:

AC (t) = [/’;7 [(3)8]' Ao [—2 0.5]’ A= [ 1 0.4]’
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0 200 400 600 800 1000 1200 1400 1600

t =15.75s

— x(t)
— x,(t)

FIGURE 5: State trajectories of x(t) in the plane (r = 8.16, h = 0.1,
and 7 = 0.1 in Example 14, where the initial value is [-3 315).

FIGURE 6: State trajectories of x(¢) on the space (r = 8.16, h = 0.1,
and 7 = 0.1 in Example 14, where the initial value is [-3 315).

02 0.1 -0.5 0.2
€= [0.1 0.2]’ B= [—0.75]’ H= [0.6]’
AA(t) = AA,4(t) = AB(t) = AC(t) = AD(t) = D = 0.
(42)

Remark 17. When h; = 0, the maximum upper bounds h; of
the delay h(t) for different i, and 1, obtained from [7] and
Theorem 3 of this paper are listed in Tables 6, 7, and 8. From
the tables, we can see that the proposed result in this paper
is less conservative than the one in [7]. Besides, Figures 9-
12 show the simulation results for the state trajectories with
initial conditions [-3  3]7, flo() = [fi(a(s)) = 0.1(|s +
I-1Is=1]) fo(o(s)) =0.1(]s+1]|—[s— D17, and time-delay
hy; = 2.6052. One can see that the state trajectories approach
to zero asymptotically.

1

FIGURE 7: State trajectories of x(¢) on the space (r = 8.16, h = 0.1,
and 7 = 0.1 in Example 14, where the initial value is [-3 31%).

— x(1)

FIGURE 8: State trajectories of x(t) in polar coordinates (r = 8.16,h =
0.1, and 7 = 0.1 in Example 14, where the initial value is [-3 315).

TABLE 6: Maximum allowable delay bound (MADB) h; for different
values of hj, in Example 16.

hy, (b, = 0,7, = 0.1) 0.2 0.4 0.6 0.8

Gao et al. [7] 2.5405 1.8002 1.3605 0.7314
Theorem 3 (s = 18) 2.5617 1.9216 1.5845 1.0123
Theorem 3 (s = 28) 2.6052 1.9538 1.6232 1.1659

Finally, in order to better understand the effectiveness
of the paper, we give some explanation about Figures 1-12
presented for Examples 11, 14, and 16.

Figures 1, 5, and 9 are 2D line graph using linear axes
(vectors create a single line; matrices create one line per
column). Plotted variables are

(1) single variable: plot a vector or each column of a
matrix as one line versus its index;

(2) N variable pairs: plot each pair of variables in the
selected sequence. For example, the sequence varl,
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0.8

0.6 1

0.4 1

0.2+ 1

x(t)

=02 1

-0.6

0 500 1000 1500 2000 2500 3000 3500
t=35s

— x(8)
— x(t)

FIGURE 9: State trajectories of x(t) in the plane (b, = 2.6052, h; =
0, hp, = 0.2, and 7 = 0.1 in Example 16, where the initial value is
[-0.6 0.8]").

0.8
0.6
0.4
0.2

-0.2
-0.4

0.6 ). "
4000

o, 12
FIGURE 10: State trajectories of x(f) on the space (h; = 2.6052, h; =
0, hp = 0.2, and 7 = 0.1 in Example 16, where the initial value is
[-0.6 0.8]).

var2, var3, and var4 is plotted as var2 versus varl, var4
versus var3, and so on. Both variables in associated
pairs must contain the same number of elements.

Figures 2, 6, and 10 are 3D mesh plot displaying a matrix
as a wireframe surface. Plotted variables are as follows:

(1) single variable (2): plot matrix values as heights above
the x-y plane and map data values to colormap;

(2) three variables (X,Y,Z): X and Y are vectors or
matrices defining the x and y components of a
surface.

Figures 3, 7, and 11 are 3D stem graph (display lines
extending from the x- y-plane, terminating in circular mark-
ers). Plotted variables are as follows:

(1) single variable (z): when z is a row vector, plot all
elements at equally spaced x-values against the same

Mathematical Problems in Engineering

0.8 - A
0.6

040 -1
02y
o

-0.2
~0.4

-0.6 |
4000

o, 12

FIGURE 11: State trajectories of x(t) on the space (hy, = 2.6052, h; =
0, hp = 0.2, and 7 = 0.1 in Example 16, where the initial value is
0.6 0.8]").

— x,(t)

FIGURE 12: State trajectories of x(t) in polar coordinates (h, =
2.6052, h; = 0, hp = 0.2, and 7 = 0.1 in Example 16, where the
initial value is [-0.6  0.8]").

y-value. When z is a column vector, plot all elements
at equally spaced y-values against the same x-value;

(2) three variables (x, y, z): plot z at values specified by x
and y. x, y, and z must be of the same size.

Figures 4, 8, and 12 are line graph in polar coordinates.
Plotted variables are as follows:

(1) two variables (theta, rho): polar coordinate plot of
angle theta (radians) versus radius rho (data units).

Figures 1-12 show clearly that the state trajectories of
the system (1), (27) are asymptotically stable from different
angles, respectively.

5. Conclusions

This paper is focused on the problem of some improved delay-
dependent robust stability criteria for a class of uncertain
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TABLE 7: Maximum allowable delay bound (MADB) k, for different
values of hp, in Example 16.

hp (b, =0,75,=05) 0.2 0.4 0.6 0.8

Gao et al. [7] 21066 15581 10701  0.6329
Theorem 3 (s = 18) 21258 16689 13210  0.9836
Theorem 3 (s =28) 21532 16986 13687  1.0066

TaBLE 8: Maximum allowable delay bound (MADB) k, for different
values of hp, in Example 16.

hp(h, =0,75,=09) 02 0.4 0.6 0.8

Gao et al. [7] 01086 01022  0.0989  0.0972
Theorem3 (s=18) 01219 01086 01082  0.1082
Theorem3 (s=28) 0221  0.1087 01083  0.1083

neutral type Lure systems with discrete and distributed
delays. In the first place, by using one effective mathematical
technique, some less conservative delay-dependent stability
results are established without employing the bounding
technique and the mode transformation approach. In the
second place, by constructing an appropriate Lyapunov-
Krasovskii functional with triple terms playing an important
role in reducing the conservatism of our results, improved
delay-dependent stability criteria in terms of linear matrix
inequalities (LMIs) derived in this paper are much simple and
valid. What is more, both nonlinearities located in a finite
sector and infinite one have been also fully taken into account.
Finally, three numerical examples are given to illustrate the
less conservatism of the proposed main results.
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