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Flexible membrane wings (FMWs) are known for two inherent advantages, that is, adaptability to gusty airflow as the wings can
flex according to the gust load to reduce the effective angle of attack and the ability to be folded for compact storage purposes.
However, themaneuverability of UAVwith FMWs is rather limited as it is impossible to install conventional ailerons.Themaneuver
relies only on the rudders. Some applications utilize torque rods to warp the wings, but this approach makes the FMW become
unfoldable. In this research, we proposed the application of a tendon-sheath mechanism to manipulate the wing shape of UAV.
Tendon-sheath mechanism is relatively flexible; thus, it can also be folded together with the wings. However, its severe nonlinearity
in its dynamics makes the wing warping difficult to control. To compensate for the nonlinearity, a dedicated adaptive controller
is designed and implemented. The proposed approach is validated experimentally in a wind tunnel facility with imitated gusty
condition and subsequently tested in a real flight condition. The results demonstrate a stable and robust wing warping actuation,
while the adaptive washout capability is also validated. Accurate wing warping is achieved and the UAV is easily controlled in a real
flight test.

1. Introduction

Recently mini-UAVs have been a very important vehicle class
in various tasks. Being extremely stealthy and also cheaper
and safer to operate than a manned aircraft, a mini-UAV is a
suitable aircraft for flying into dangerous zones such as enemy
territory for scouting missions. They can be used for border
patrol missions, which can be mundane and also costly for
human pilots. However, conventional mini-UAVs possess a
few critical flaws which hinder the progress of their usage
in the aforementioned missions. Due to the size of a mini-
UAV being typically 1m or more in wingspan, a conventional
rigid wing mini-UAV is usually disassembled for storage and
also transportation to the mission site.Thereafter, the human
operator has to reassemble the mini-UAV at the site, while
being exposed to the elements. In addition, the time required
to assemble the mini-UAV can be a critical disadvantage
to a surveillance mission as the target may have left the
site. A mini-UAV is also quite difficult to pilot in gusty

environments, especially in the climates near the equatorwith
frequent thunderstorms [1]. Due to the very small moment of
inertia, a mini-UAV can be a challenge to control in windy
conditions. Currently, autopilots with a closed-loop feedback
coupled with responsive actuators are being used to stabilize
and reject the gusts [2]. This consumes the limited energy
on board of a mini-UAV, which is very valuable in order to
stay airborne for as long as possible. Actuator saturation may
also occur, which lead to a mini-UAV not being able to react
quickly enough to reject the gust response.

Flexible membrane wing (FMW) mini-UAVs possess
very interesting properties such as adaptive washout [3];
also an FMW can be folded spanwise towards the fuselage
for storage and quick deployment purposes. These are huge
advantages over the conventional rigid wing. An FMWmini-
UAV can be launched immediately by the operator, without
any disassembly or assembly process.Theoperator can also be
shielded from the dangerous elements by launching an FMW
mini-UAV from inside a vehicle, as illustrated by Prioria
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Figure 1: The FMW in the folded and unfolded states: (a) flexible membrane wing folded around the fuselage of the mini-UAV; (b) flexible
membrane wing deployed.

Robotics Maveric UAS. Adaptive washout, which is another
desired feature, can dampen the longitudinal gusts response
by flexing the airfoil away from the direction of the gusts,
thereby decreasing the effects of gusts on an FMW.The ability
to flex the wings in the chordwise direction allows an FMW
to handle a higher angle of attack (𝛼), therefore delaying the
stall response.

However, due to the very thin airfoil, an FMW is unable
to house an aileron as the material of the FMW is made
of nylon cloth and carbon fiber strips to support the nylon
cloth. Previous research has suggested other techniques such
as utilizing torque rods and Kevlar lines to warp an FMW
[4, 5]. Even though the warping ensues and also the roll rate is
satisfactory, the biggest drawback of these systems is that they
hinder the downward folding ability of an FMW. A method
of warping the wings to provide sufficient roll rate which
also does not hinder the two main properties of an FMW
(downwards folding and adaptive washout) is required.

In this paper, a novel method that utilizes the tendon-
sheath mechanism (TSM) is discussed to fulfill the require-
ment mentioned above. However, a TSM is not without its
owndisadvantage, as it experiences severe nonlinear behavior
during the actuation. Nevertheless, it has been shown that the
TSM nonlinearity behaviors can be modeled and controlled
[6]. Similar procedure is carried out in the case of the
FMWwarping via TSM; the nonlinear hysteresis is identified,
modeled, and, subsequently, compensated with a proper
controller strategy.

This paper is structured as follows. In Section 2, a brief
and concise introduction to the attributes and characteristics
of the FMW is provided. The fabrication procedures of the
FMWare also illustrated as well. Section 3 includes the design
details of the FMW mini-UAV. The characterization of the
mini-UAV is also discussed. Section 4 provides some crucial
information about the TSM, the nonlinear behaviors, and the
procedures carried out to model such behaviors. Section 5
provides details about the control structure implemented in
the FMWwarping via TSM. Extensivewind tunnel tests using
both steady and gusty winds were carried out for the FMW
mini-UAV, and the results and discussions are showed in
Section 6. In Section 7, the flight test results are presented and
discussed. Finally, a conclusion is drawn in Section 8.

Table 1: Specifications of the FMW.

Wingspan 1m
Chord length 0.25m
Mean aerodynamic chord 0.22m
Area 0.19m2

Aspect ratio 5.158
Weight 160 g

2. Flexible Membrane Wing

Introduced by [3], the FMW is a piece of thin airfoil wing,
similar to the wing of a bat. The ribs of the FMW are made of
carbon fiber reinforced plastic (CFRP), while the skin of the
FMW ismade of nylon cloth. Most of the aerodynamic forces
are carried by the nylon cloth, and the cloth is supported and
stretched across the CFRP ribs. The detailed specification of
the FMW investigated in this paper is given in Table 1. The
FMW is able to withstand up to 35N of lift without buckling
when tested in a wind tunnel; therefore, it is considered to be
very light for its strength and size.

Many different rib configurations have been tested and
an optimized configuration has been identified [3]. Other
similar FMWs available in [4, 5] were also created in a similar
configuration, with the ribs attached to the main spar at the
leading edge of the FMWs. The aerodynamics of the FMW
has been studied in detail in [7], and the optimization of
the shape of the FMW has been investigated in [8]. The
effects of the ratio of ribs and fabric have been investigated
thoroughly in [9], and an optimized ratio has been found,
which generates the maximum lift over drag performance.
The fabricated FMW used in this research, therefore, follows
the guideline presented by Hu et al. [9].

2.1. Characteristics and Features. The main feature of the
FMW is the downwards folding ability for storage and quick
launching purposes (Figure 1 illustrates a typical FMWmini-
UAV on storage and unfolding states). Due to its flexible
nature in the spanwise direction, coupled with a unique thin
airfoil with camber, the FMW is able to only fold downwards
easily while resisting aerodynamic load that tries to curl the
wing upwards. Experiments in a wind tunnel showed that the
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FMW is able to withstand up to 35N of lift force without
buckling upwards. However, only very little force is needed
to bend the wing downwards and to fold around the fuselage;
hence, the FMW mini-UAV is not suitable in a negative
flight condition. More discussions about the wind tunnel
experiments will be presented in Section 6.

The chordwise flexibility of the FMW provides the ability
to dampen the longitudinal gusts, also known as adaptive
washout.This passive phenomenon allows the FMW to adapt
to gusty conditions during flight, despite a stable limit cycle
oscillation that might appear on the FMW structure [3]. The
FMW is able to dampen the gusts, that is, by flexing in
the chordwise direction and by changing the effective and
airfoil shape. When a gust load attacks from lower side of
the wing (e.g., a case of high 𝛼), in typical conventional
rigid wings, a sudden increase of lift forces will occur.
However, for the FMW, the wing will adapt its shape and
decrease the lift coefficient (𝐶𝐿), but the total amount of lift
experienced by the FMW will not be perturbed by much.
Once the gust is over, the FMWwill spring back to its original
shape, recovering 𝐶𝐿. Same case applies when there is a
perturbation in the headwind. When the airspeed increases
or decreases, the FMWwill be adapted accordingly to provide
a near constant lift force. Tuning is required to have a
functional adaptive washout mechanism and the FMW used
in this paper has been constructed after numerous times of
experimentation to achieve the desired result.

Flexibility in the chordwise direction of the FMW has
taken advantage for wing warping. In [5, 11], the FMW was
installed with torque rods to induce wing warping. Sufficient
roll rates were achieved and the torque rods could induce
an almost pure rolling moment without yawing moment.
However, the major drawback is that the FMW cannot be
folded downwards, as the torque rods are stiff and rigid
structures. Kevlar cables have been tried as well [11]; however,
the tensionedKevlar cables producedmore spanwisewarping
(wing curling) than chordwise; therefore, this mechanism is
unable to provide sufficient roll rates. In addition, the exposed
cables are also prone to breaking during landings and will
be tangled easily if the FMW is folded. Wing warping is a
very delicate mechanism which relies on an exact amount
of flexibility and stiffness. To facilitate wing warping, the
structural stiffness of the FMW must be optimized, as the
wing has to be flexible enough to allow deformations and yet
stiff enough to withstand the aerodynamic loads. Conflicting
conditions are presented when choosing the stiffness of the
FMW. If a high stiffness is chosen for the FMW, huge amounts
of energy will be required to warp the structure. Yet, if a
low stiffness is chosen, the wing will not be able to bear
the aerodynamic loads [12]. A few iterations have to be
carried out to obtain the stiffness value that can compromise
the need for warping, folding, and aerodynamic loads. The
optimal stiffness is characterized by folding properties and
aerodynamics properties that will be discussed in Sections 4
and 6.

2.2. Fabrication Procedures. The fabrication of the carbon
fiber membrane wing involves successive steps with different
materials, equipment, and handling techniques. First of all, a

Figure 2: 3D aluminum mold.

female mold made of aluminum (Figure 2) is designed and
then fabricated. Aluminum is chosen as the material for the
mold, as it can withstand the pressure and also the heat of the
autoclave curing process.

A template board is used to guide the cutting of the
carbon fiber prepreg. After cutting 3 copies of carbon fiber
wing platform, they will be layered on top of each other
forming the leading edge and main structure of the wings.
Unidirectional carbon fiber strips are cut and then placed on
themain carbonfiberwing platform. Six layers of carbonfiber
reinforcement strips are used in this fabrication process to
provide a suitable stiffness. The nylon cloth is then layered
together with the carbon fiber to form the FMW, precured.
The whole assembly will be placed on top of the aluminum
mold and then taped on to be kept in place. A vacuum bag
will be placed around the assembly, and a bag sealant tape
is used to secure the vacuum bag with the aluminum mold
to ensure an airtight condition. The carbon fiber layup is
cured under high temperature and pressure in the autoclave,
using the built in program “Autoclave 10743.” After the curing
cycle is complete, the carbon fiber wing will be separated
from the mold and the vacuum bag. Extra bits of the wing
are then trimmed off and the FMW fabrication is complete.
Although the fabrication process is repeatable, however, the
final product depends on the operator’s skill; that is, layering
the carbon fiber and the nylon cloth, enveloping with a
vacuum bag, vacuuming, and demolding (release the parts
from the mould) require some experiences.

3. Flexible Membrane Wing Mini-UAV

A mini-UAV was designed and built in order to validate
the TSM actuated FMW warping. The design process of the
UAVwas done by identifying the high-level requirements, for
example, payload weight and size, flight endurance, cruising
speed, and top speed; and subsequently, the steps described
in [13, 14] were followed to guide the aircraft sizing and
geometry decisions.

3.1. Design and Build. As the wing is required to fold around
the fuselage for storage, the FMW is installed at the top of
the fuselage, with a top wing configuration. The payload of
the mini-UAV is a visual camera to record the flight. Various
electronics, for example, servos, autopilot microcontroller
board, and electronic speed controller, are also required, not
to mention the source of energy which will be a Lithium-
Polymer battery. The location of the electronics and battery
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Figure 3: Design of the FMWmini-UAV and the final prototype: (a) 3D CADmodel of the FMWmini-UAV; (b) 3D printed fuselage of the
FMWmini-UAV. Carbon fiber rod is used for the tail boom.

are critical as they will affect the center of gravity of the
aircraft. The total weight of the aircraft is limited to 1.2 kg in
order to fulfill the stall speed, take-off speed, and cruising
speed requirements. Careful decisions on the locations of
the electronics and battery are made to respect the center
of gravity. The 3d CAD model of the mini-UAV is shown in
Figure 3(a), and the fabricated FMWmini-UAV is illustrated
in Figure 3(b).

The preliminary sizing of the aircraft was done to house
all the electronics and payload inside the fuselage. After
designing the fuselage, the tail design was done by limiting
the horizontal tail span to 0.3m, for the tube launch capability
in the future. The horizontal tail aspect ratio ARHT was rec-
ommended to be 2/3 of the wing aspect ratio [15]; therefore,

ARHT = 23AR𝑊,
𝑆HT = 𝑏2HT

ARHT
= 0.0262m2, (1)

where ARW is the wing aspect ratio, 𝑏HT is the horizontal tail
span, and 𝑆HT is the horizontal tail area.The tail volume ratio𝐶HT was chosen to be 0.5, as normally used in typical mini-
UAVs [13–15].Therefore, the horizontal tailmoment arm, 𝑙HT,
can be found with the tail volume ratio equation:

𝐶HT = 𝑙HT𝑆HT𝐶𝑊𝑆𝑊 ,
𝑙HT = 0.806𝑙,

(2)

where𝐶𝑊 is themean aerodynamic chord and 𝑆𝑊 is thewing
surface area.

3.2. UAV Characterization via Empirical Methods. A few
characteristics of the FMW mini-UAV are difficult to be
obtained mathematically; therefore empirical tests are per-
formed; namely, the aerodynamic data, natural frequencies,
and moment of inertia of the FMW mini-UAV are obtained
experimentally through wind tunnel testing (shown in Sec-
tion 6). Modal testing was performed through an impact
hammer testing to study the natural frequencies of the FMW,
and finally, the actual moment of inertia of the entire mini-
UAV structure was identified using the bifilar pendulum
method.

The fundamental frequency of the FMW is particularly
important as the flexibility of the wing will induce fluttering
if the gust frequency happens to be the natural frequency
of the FMW. For the FMW, the fundamental frequency was
determined experimentally via modal testing. In particular,
the first mode is the most critical to the FMW, as the
deflection will be the greatest. From Figure 4(a), it can be
observed that the first mode of the FMW occurs around
7Hz. The coherence diagram (Figure 4(b)) shows a peak at
7Hz, signifying high confidence of accuracy on the natural
frequency.A slowmotion videowas captured on the vibration
of the FMW, and the vibration frequency of the FMW from
the video was shown to be 7Hz as well.

A bifilar vertical-axis torsional pendulum test was per-
formed to find out the moment of inertia of the mini-UAV in
the longitudinal direction. Strings were attached to the center
of gravity of the UAV, and then the UAV was hung from the
ceiling as a bifilar pendulum. The following equation shows
the moment of inertia of the mini-UAV:

𝐼 = 𝑚𝑔𝑇2𝑙𝑝216𝜋2𝐿 = 0.016975 kgm2, (3)

where m is the mass of the mini-UAV, 𝑔 is the gravitational
acceleration,T is the rotational oscillation period of the bifilar
pendulum, 𝑙𝑝 is the length of the bifilar pendulum, and L is
the length of the supporting strings for the bifilar pendulum.
The moment of inertia is of interest because the roll rate of
the mini-UAV given a rolling moment can be found if the
moment of inertia is known.

4. Tendon-Sheath Mechanism

Inspired by the tendon-sheath tissue found inside human
hands, engineers have been applying TSM to construct, for
example, power transmission systems in robotic hands and
fingers, as it can be routed in a very flexible way [16].TheTSM
is comprised of a piece of tendon, which slides along inside
the sheath covering the tendon.The tendon is made of Teflon
coated metal wire, and the sheath is made of a metal coil,
much like a spring around the tendon. This helps to reduce
the friction between the tendon and the sheath.

4.1. Force Transmission. Only tensile forces can be transmit-
ted via the TSM. When tension is applied at the input side of
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Figure 4: Results of the modal testing of the FMW: (a) frequency response of the FMW obtained from modal testing; (b) coherence of the
frequency response.

Figure 5: The trailing edge of the FMW is fitted with the tendon.

the TSM, the tendon becomes tighter and therefore starts to
slide along the sheath, creating a pulling force at the output
side of the TSM. The relationship between the tension input
and the output is not linear; therefore, a controller is needed
when accurate positioning control is required [16]. Typically,
a high pretension is given to the tendon, in order to increase
the efficiency and to achieve a quicker response. TSM is useful
for FMW warping because the tendon-sheath is flexible and
is possible to mount it without requiring much space. The
trailing edge of the wing is connected to the output side of the
TSM (Figure 5), and the servomotor is connected to the input
side of the TSM. Therefore, tensile forces can be transmitted
from the servomotor placed inside the fuselage to the trailing
edge of the FMW in order to control the wing warping. The
flexibility of the TSM allows the FMW to fold downwards for
storage purposes, which is the primary objective.

4.2. Nonlinear Behaviors. Although the tensile forces can be
transmitted via the TSM to induce wing warping, the input-
output relationship of the tensile forces is not linear. The
nonlinear behavior, which is caused by the friction and also
backlash of the TSM, can cause severe inaccuracy in adjusting

Phase 1

Phase 2

Phase 3

Phase 4

PＩＯＮ

PＣＨ

Figure 6: Relation between position input and position output [10].

the wing warping if no appropriate controller is applied.
Nonetheless, the nonlinear behaviors can be modeled and
controlled, as shown in various works [6].

In [6], the hysteresis behavior of the FMW warping via
TSM was modeled using the Generalized Bouc-Wen model.
TheGeneralized Bouc-Wenmodel from [17] is suitable for the
FMWwarping via TSMbecause of the asymmetric properties
of the hysteresis curves. Typically, the hysteresis behavior of
the TSM is categorized in 4 different phases, as illustrated
in Figure 6. Phases 1 and 2 occur when tensile forces are
applied from the input side, while Phases 3 and 4 occur
when the tensile forces are stopped, and the mechanism is
springing back into the original position. For a typical TSM,
the hysteresis diagram shows sharp and distinct changes
between the phases [10]. However, it was found that the
hysteresis behaviors of the FMW warping via TSM were not
the same, as the phase change occurs gradually, showing a
gradual change in slopes between Phases 1 and 2, as well
as in between Phases 3 and 4. This phenomenon has been
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Figure 7: Force transmission on a TSM.

investigated in [10] and has been found to be the result of a
low pretension in the tendon.

5. Adaptive Backstepping Controller

As the FMW warping via TSM is a highly nonlinear system
[6], an appropriate control strategy is necessary to help in
controlling the position of the wing warpingmore accurately.
The simplest way to deal with systems with hysteresis nonlin-
ear behavior is by implementing the model in a feedforward
loop, combined with a feedback loop to compensate for
some disturbances and uncertainties (see, e.g., [10]). In
this paper, an adaptive backstepping controller is proposed
and the results are benchmarked to the performance of
feedforward/feedback controller in [10].

The dynamic friction force, F, for the TSM can be
described as follows [18]:

𝐹 = 𝑘𝑥𝜙𝑥𝑖 + 𝑘𝜁𝜁 + 𝜐�̇�𝑖 + 𝐹Θ, (4)

�̇� = 𝜌 (�̇�𝑖 − 𝜎 �̇�𝑖 𝜁𝑛−1 𝜁 + (𝜎 − 1) �̇�𝑖 𝜁𝑛) , (5)

𝜙 = 𝑒2�̇�𝑖 + tanh (𝑥𝑖) tanh (�̈�𝑖)𝑒2�̇�𝑖 + 1 , (6)

where 𝑥𝑖; �̇�𝑖; �̈�𝑖 are the position, velocity, and acceleration at
the actuator side, respectively; 𝐹 is the total friction forces
at the TSM; 𝑘𝜁 is a factor that expresses the ratio of the
internal state, 𝜁, to the friction force; 𝑘𝑥 is the stiffness factor
that controls separate curves of the hysteresis loops; 𝜌 > 0;𝜎 > 0.5; 𝑛 ≥ 1 are coefficients that control the shape and
size of hysteresis loops for the friction force; tanh(⋅) is the
hyperbolic tangent function which is defined as tanh(⋅) =(𝑒2(⋅) − 1)/(𝑒2(⋅) + 1); 𝜐 is the viscous coefficient; and 𝐹Θ is a
offset point of the friction force; the dot at the top of variables
represents the first derivative with respect to time.

Remark 1. It is noted that the variable 𝜁 given by (4)–(6) is
uniformly bounded for any piecewise continuous signals 𝑥𝑖;�̇�𝑖 (see [19, 20] for more details).

The dynamic model for the TSM-driven side with the
mass, 𝑚, damping coefficient, 𝑐, input torque, 𝐹𝑜, external
disturbance torque, 𝐹𝑑, with unknown bound, and environ-
mental torque, 𝐹𝑒, as shown in Figure 7 can be described as
[21]

𝑚�̈� + 𝑐�̇� = 𝐹𝑜 − 𝐹𝑒 − 𝐹𝑑, (7)

where 𝜃 is the angular displacement of the output that
corresponds to the wing warp.

The relation between the input force 𝐹𝑖 = 𝑢, where 𝑢 is
the control input for the system, and the output force 𝐹𝑜 can
be expressed as 𝐹𝑖 = 𝐹𝑜 +𝐹where 𝐹 is the total friction forces
between the tendons and the sheaths. Equation (7) can be
rewritten by

𝑚�̈� + 𝑐�̇� = (𝑢 − 𝐹) − 𝐹𝑒 − 𝐹𝑑. (8)

We define the system states as 𝑥 = [𝑥1; 𝑥2]𝑇 = [𝜃; �̇�]𝑇;
then the dynamics of the joint in the tendon-sheath system
can be simplified as

�̇�1 = 𝑥2, (9)

�̇�2 = 1𝑚 {(𝑢 − 𝐹) − 𝐹𝑒 − 𝐹𝑑 − 𝑐𝑥2} , (10)

𝜃 = 𝑥1, (11)

where the friction force F is described by (4). Then the
variable �̇�2 given in (10) can be rewritten as

�̇�2 = 1𝑚 {(𝑢 − 𝑘𝑥𝜙𝑥𝑖 − 𝜐�̇�𝑖) − 𝑐𝑥2 + 𝐷}
= 1𝑚 (𝑢 + 𝐷) + Θ𝑇𝜑, (12)
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where 𝜑; 𝐷; Θ are expressed with the following forms:

𝜑 = [𝜙𝑥𝑖, �̇�𝑖, 𝑥2]𝑇
= [𝑥𝑖 {𝑒2�̇�𝑖 + tanh (𝑥𝑖) tanh (�̈�𝑖)𝑒2�̇�𝑖 + 1 } , �̇�𝑖, 𝑥2]𝑇 ,

𝐷 = − (𝑘𝜁𝜁 + 𝐹𝑜) − 𝐹𝑒 − 𝐹𝑑,
Θ = [−𝑘𝑥𝑚 , − 𝜐𝑚, − 𝑐𝑚]𝑇 .

(13)

To design the controller u and suitable adaptive laws,
some assumptions are needed: (i) the output and input posi-
tions, 𝜃 and 𝑥𝑖, are measurable; (ii) the desired trajectories𝜃𝑟, �̇�𝑟, �̈�𝑟 are continuous and bounded; (iii) the environmen-
tal torque 𝐹𝑒 and external disturbance 𝐹𝑑 are bounded by
unknown bounds. From Remark 1 and assumption (iii), the
variable 𝐷 is bounded by an unknown variable 𝐷∗ (|𝐷| ≤𝐷∗) because 𝜁; 𝐹𝑒, 𝐹𝑑 are bounded.

To use the backstepping technique [22, 23], change of
coordinate is made to system (9)–(12):

𝜉1 = 𝑥1 − 𝜃𝑟 (14)

𝜉2 = 𝑥2 − �̇�𝑟 + 𝛼𝜐1𝜉1, (15)

where 𝛼𝜐1 is a positive designed parameter that will be
determined later.

From (14) and (15), the new coordinates for the system in
(9)–(12) can be expressed by

�̇�1 = 𝜉2 − 𝛼𝜐1𝜉1,
�̇�2 = 1𝑚 (𝑢 + 𝐷) + Θ𝑇𝜑 − �̈�𝑟 + 𝛼𝜐1�̇�1. (16)

Let �̂�∗, �̂�, Θ̂, and �̃�∗ = 𝐷∗ − �̂�∗, �̃� = 𝑚 − �̂�, andΘ̃ = Θ − Θ̂ be the estimates and error estimates of 𝐷∗, m,
andΘ, respectively. Define a virtual control input, 𝑢, such that𝑢 = �̂�𝑢− �̂�∗tanh(𝜉2/𝜀), where 𝜀 > 0 will be determined later.
From (9)–(12), parameter update laws, �̂�∗, �̂�, Θ̂, and control
input, 𝑢, are designed as follows:

𝑢 = �̂�𝑢 − �̂�∗tanh(𝜉2𝜀 ) , (17)

𝑢 = �̈�𝑟 − 𝛼𝜐1�̇�1 − 𝜉1 − 𝛼𝜐2𝜉2 − Θ̂𝑇𝜑, (18)

̇̂Θ = 𝑘Θ𝜉2𝜑 − 𝜎1Θ̂, (19)

̇̂𝑚 = −𝑘𝑚𝜉2𝑢 − 𝜎2�̂�, (20)

̇̂𝐷∗ = 𝑘𝐷𝜉2 tanh(𝜉2𝜀 ) − 𝜎3�̂�∗, (21)

where 𝛼𝜐1; 𝛼𝜐2; 𝑘Θ; 𝑘𝑚; 𝑘𝐷; 𝜎𝑖 (𝑖 = 1; 2; 3) are positive
parameters that adjust the designed controller u to force the
tracking error, 𝑒𝑟 = 𝜃𝑟 − 𝜃, to approach the desired values.

With (17) to (21), the following theorem holds.

Theorem 2. Consider the nonlinear system (16) with the
designed controller, 𝑢, from (17) to (18) and adaptive laws (19)
to (21); the following statements hold:

(1) The tracking error, 𝑒𝑟, and adaptive laws, �̂�∗, �̂�, Θ̂, are
globally uniformly bounded.

(2) In the presence of unknown model parameters and
their bounds, the position tracking error converges to
a desired compact region Ω = {|𝑒𝑟| | |𝑒𝑟| ≤ 2√𝜌/Ψ},

where

Ψ = 𝜎12𝑘ΘΘ𝑇Θ + 0.2785𝜀𝐷∗𝑚 + 𝜎22𝑘𝑚𝑚
+ 𝜎32𝑚𝑘𝐷 (𝐷∗)2 ,

𝜌 = max {2𝛼𝜐1, 2𝛼𝜐2, 𝜎1, 𝜎2, 𝜎3} .
(22)

(See Appendix for the proof.)

Remark 3. For validating the proposed controller and adap-
tive laws given by (17) to (21), a few simulations have been
carried out. Some guidelines are recommended to determine
the designed control parameters:

(i) The parameters 𝛼𝜐1 and 𝛼𝜐2 determine the level of the
convergence speed of 𝑒𝑟. Large values of 𝛼𝜐1 and 𝛼𝜐2
will lead to faster convergence of the tracking error.
However, if these values are too large, it may cause
chattering in the controller. High values of parameters𝑘Θ; 𝑘𝑚; 𝑘𝐷 will improve the parameter adaptation
speed and tracking performances. In addition, 𝜀 is
used to guarantee the smoothness and avoid the
discontinuity of the controller 𝑢 given by (17). A small
value of 𝜀 is desired.Therefore, we suggest to keep 𝛼𝜐1
and𝛼𝜐2 fixed at acceptable large values and 𝜀 at a small
value and then increase the other parameters such as𝑘Θ; 𝑘𝑚; 𝑘𝐷 until the desired tracking performances
are achieved.

(ii) The parameters 𝜎1; 𝜎2; 𝜎3 are used to prevent the
estimate values of �̂�∗, �̂�, Θ̂ to be too large. However,
large values of 𝜎1; 𝜎2; 𝜎3 may suppress the prevention.
Hence, small values for 𝜎1; 𝜎2; 𝜎3 are chosen.

To illustrate the proposed controller performance, a
dynamic simulation with realistic dynamic friction model
parameters are chosen from Do et al. [18], where 𝑘𝑥 =
0.01083; 𝜌= 54.658; 𝑛 = 2.0458; 𝜎 = 1.58; 𝑘𝜁 = 0.14368; 𝜐 =
0.02686; 𝐹𝑂 = 0.0099. The parameters for the dynamic joint
are selected as m = 0.0349; c = 0.0105. The environment is
simulated as an elastic spring 𝐹𝑒 = key, where 𝑘𝑒 = 0.4185 and
y is the output position. The disturbance is chosen, where𝐹𝑑 = 0.2 sin(0.2𝜋𝑡). The designed controller and updated law
parameters are selected based on the guidelines given by the
Remark 3. With this idea, we choose the control parameters
as 𝛼𝜐1 = 10; 𝛼𝜐2 = 15; 𝑘Θ = 0.5; 𝑘𝑚 = 0.5; 𝑘𝐷 = 1; 𝜎𝑖 = 0.01 (i
= 1; 2; 3); 𝜀 = 0.05. The initial condition for updated estimate
parameters are chosen such that Θ̂(0) = [0, 0, 0]𝑇; �̂�(0) = 0;�̂�∗(0) = 0.
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Figure 8: Simulation result of the designed adaptive laws for
random trajectory case.

Figure 8 shows the result of the control law for a
given random trajectory reference. Figure 8(a) illustrates
the desired trajectory together with the simulated output
for a random signal. The reference trajectory was generated
using a uniform random generator filtered at 2Hz cut-off
frequency. Figure 8(a) shows the reference trajectory together
with the controlled output, while Figure 8(b) depicts the error
of the trajectory. The proposed controller demonstrates a
satisfactory performance as reflected by the error depicted in
the lower panel of the same figure with MSE = 9.8492 × 10−5.

6. Wind Tunnel Tests

Three separate wind tunnel tests were performed. The FMW
with a backstepping controller was tested in a gusty wind tun-
nel for robustness, and two different wind tunnel tests were
performed to investigate the aerodynamic characteristics of
the FMW mini-UAV. Steady uniform airflow was used to
identify the aerodynamic properties of the FMWmini-UAV,
while controlled gusty airflow was used to study the adaptive
washout mechanism of the FMW and to validate the gust
response dampening ability of the FMWmini-UAV.

6.1. Adaptive Controller Robustness Test. In order to validate
the robustness of the backstepping controller and also to
benchmark it with the feedforward/feedback controller in
[10], an identical gusty wind tunnel test discussed in the same
reference was performed on the FMW. Please refer to the
reference for the description of the gust generator used in
this experiment. Based on the dynamic analysis as shown
in Figure 4, the modal parameters were identified, where

the effective mass m = 0.17 kg, c = 0.0026Ns/rad, and k =
18.9N/rad.

Figure 9 shows the results of the warping performance
in two conditions, that is, no-gust and gusty environment.
The left panels of the figure illustrate the performance of
the feedforward/feedback controller (FF/PI), while the right
ones show the performance of the system with the adaptive
backstepping controller.

The backstepping controller is proven to be able to
control the warping position when the FMW is subjected to
disturbance. In case of minimumdisturbance as simulated by
the no-gust condition, the output of the system with FF/PI
controller is able to track the reference input very well with
RMS error of 0.285∘. However, the performance slightly drops
when the FMW is exposed under gusty environment (RMS
= 0.523∘). On the other hand, the adaptive backstepping
controller performance seems to be more consistent for
both cases, where the RMS errors are 0.447∘ and 0.482∘ for
no-gust and gusty cases, respectively. Please note that, in
this study, the parameters of the controllers are not fully
optimized as the objective was more to validate the capability
of using a controlled TSM in FMW applications rather than
investigating the controller itself.

6.2. Aerodynamic Forces Characterization. The wind tunnel
used for this experiment is 2.3m wide, 1.5m high, and 6m
long. A large test section was required in order to minimize
the wall effects of the wind tunnel, which will affect the
results of the wind tunnel tests. The FMW mini-UAV was
tested at two different wind speeds, which were 12m/s and
15m/s. Initially, the FMWmini-UAV was tested at a negative𝛼 of −4∘ and the whole wing fluttered aggressively. A similar
incident occurred at 𝛼 = 0∘, which results in the decision
of testing the FMW at an angle of attack,𝛼, of 2∘ onwards.
The fluttering occurred because the FMW is rigid against
forces from below the wing, but weak against the forces from
above the wing. This property is expected, as it can allow the
wing to provide lift while still being able to fold downwards
around the fuselage. Even though the FMW was oscillating
very aggressively, the TSM stayed intact and was able to still
perform wing warping, proving its robustness in very harsh
conditions.

The wind tunnel testing results are shown in Figures
10(a)–12(b). All the experimental results were taken three
times at the same 𝛼 and then averaged. The lift coefficient,𝐶𝐿, drag coefficient, 𝐶𝐷, and pitching moment coefficient,𝐶𝑀, were measured during the tests. The maximum 𝐶𝐿 of
the FMW reached close to 1.5 when tested at 12m/s wind
speed. From Figure 11, the highest 𝐶𝐿 over 𝐶𝐷 occurs when
the angle of attack, 𝛼, is around 8∘ when the wind speed
is 15m/s. It can also be observed from the wind tunnel
experiment that the rigid wing has a much lower stall angle,𝛼, when compared to the FMW. It is noted that, compared
to the conventional rigid wing aircraft, the 𝐶𝐿/𝐶𝐷 ratio of
the FMW UAV is considerably small. This is due to the
very small area of the wing, as well as the boxy frame of
the fuselage structure, contributing to the high 𝐶𝐷 of the
FMW UAV. Future versions of the FMW should have a
more streamlined fuselage, with less wetted area in order to
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Figure 9: Controller performances of the wing warping with tendon-sheath actuation under no-gust and gusty environments with wind
speed of 7m/s. The left panels show the case with feedforward/feedback controller; the right panels show the case of adaptive backstepping
controller.

minimize the drag coefficient. The increase in wing area is
desirable and will be more difficult to implement due to the
material properties required of the FMW. Higher wing areas
may lead to unwanted or unexpected folding. Further studies
will be necessary to investigate the method of increasing the
area as well as the aspect ratio of the FMW.

In Figure 12(a), the rigid wing stalls when 𝛼 reaches 10∘,
while for the FMW the stall angle is at around 14∘ when the
wind speed is 15m/s, and the FMW seems to not stall even at
18∘ when the wind speed is 12m/s.The rollingmoment versus
the warping angle is critical for the identification of the FMW
roll rate and was obtained in this wind tunnel experiment.
Holding the FMW at 𝛼 = 2∘, Figure 12(b) shows that the

rolling moment is increasing linearly with the warping angle,
until warping angle reaches 14∘, where the rolling moment
starts to decrease. This phenomenon is quite well known as
adverse rolling. For conventional wings, adverse rolling will
happen when the ailerons are exerting too much force such
that the wings itself are twisting into the opposite direction,
creating the opposite rolling direction as intended from the
pilot. In [24], the relationship between dynamic pressure and
roll rate was investigated for rigid and flexible wings, and
it was found that as the dynamic pressure increases, after a
certain point, the flexible wings will lose the roll rate. For
the FMW, the rolling moment starts to decrease when the
warping angle is beyond 14∘ at 15m/s. Therefore, for wind
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Figure 10: Aerodynamic properties of the FMWmini-UAV at 12m/s wind speed.
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Figure 12: Wind tunnel test results: (a) aerodynamic property of rigid wing; (b) the rolling moment of FMW.
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Figure 13: Test rigs: (a) the rigid wing and (b) the FMWmodel, suspended in the middle of the test section of the wind tunnel.

speeds larger than 15m/s, it is undesirable to warp the FMW
more than 14∘. Further investigations are required to map the
relationship between the roll rate, warping angle, and also the
dynamic pressure for the FMW.

6.3. Adaptive Washout Validation. One of the capabilities of
the FMW is to dampen the longitudinal gust response via the
adaptive washout mechanism.When a longitudinal direction
gust hits the FMW from below, it will create an extra lift
force, but the lift force will be dampened as the FMWwill flex
chordwise passively, changing the airfoil shape and also the
effective 𝛼 [3]. Thus, the gust response of the FMW is much
lower compared to a conventional rigid wing.When the TSM
is installed on the FMW, a validation of the adaptive washout
is required. A gusty flow wind tunnel test is performed to
obtain data about the gust response of both the FMW mini-
UAV and the conventional rigid wing mini-UAV to validate
the adaptive washoutmechanism of the FMWwhen installed
with the tendon-sheath.

The mini-UAV test model was suspended inside the
wind tunnel, with unconstrained pitch and roll degrees-of-
freedom, as well as freedom of translational movement along
the three axes. Nylon strings were used to suspend themodel,
and rubber bands were tied to the end of the nylon strings

to help increase the deflection and rotational angles of the
model. The nylon strings were attached to the nose and the
tail of the model, as well as at the aerodynamic center of
the model to support the weight of the model. The static
margin of the model was set to 5% for a more sensitive
response to gusts. The model was fitted with all the payload,
with a simulated weight to mimic all electronics and battery
suspended in the wind tunnel to obtain a close approximate
of the moment of inertias and also to better simulate a real
flight situation. Figure 13 illustrates two models, with rigid
wings—as a comparison—and FMW, suspended in the test
section of the wind tunnel.

To generate longitudinal gusts, a rotating slotted cylinder
(RSC) device was used. The RSC is a simple mechanism,
which utilizes only one rotating cylinder to generate the
simulated gusts. The RSC was designed following [25, 26],
where the fundamental frequency of the generated gust is
equal to two times the rotational frequency of the cylinder.
The chord length of the airfoil, c, in the gust generator is 0.2m,
and the diameter of the RSC is 𝑑 = 0.25𝑐.The thickness of the
RSC is 𝑡 = 0.0313𝑐 and the gap between the airfoil trailing
edge and the RSC is 𝑒 = 0.08𝑐. NACA 0012 was used as the
airfoil for the gust generator.TheRSC gust generator is shown
in Figure 14. The frequency of the gust is set at 7Hz as this is
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Table 2: Specifications of the FMWmini-UAV.

Wingspan 1m
CG location 0.25m behind leading edge
Weight 1060 g
Wing loading 53 g/dm3

Power Electric motor + 9× 6 propellers
Estimated flight time 8 minutes

Figure 14: Gust generator with a rotating slotted cylinder.

the fundamental frequency of the FMW. Therefore, the RSC
rotates at 3.5 revolutions per second.

Themodel was fitted with accelerometers and gyroscopes
at the center of gravity to detect the movements of the model,
and the oscillation data is then streamed and recorded to a
data acquisition computer. Figure 15 shows the gust response
of the rigid wing and FMW model. From the plots it can
be observed that the adaptive washout mechanism of the
FMW helped to alleviate the gust response, especially in the𝑧-axis (see Figures 15(e) and 15(f)), as the FMW model has
less movements in the gusty airflow compared to the rigid
conventional wingmodel.The standard deviation of the rigid
wing movements is generally larger compared to the FMW,
with the most significant difference in the 𝑧-axis acceleration
at 214.82 for the rigid wing and 94.17 for the FMW.

7. Flight Test

To provide autopilot control to the aircraft and to track
the flight data, the ArduPilot (APM) 2.5 flight controller is
fitted at the CG of the FMW mini-UAV. The main control
strategy used for the autopilot is PID feedback for all the flight
dynamics. The STM32F4 microcontroller preprogrammed
with the control strategy presented in Section 5 is also
used to regulate the wing warping and all the sensors and
actuators related to the wing warping are connected to this
microcontroller. The specifications of the UAV are listed in
Table 2.

As the relationship between the rolling moment and the
warping position can be modeled as a linear curve from
wind tunnel tests, a PID feedback control will be sufficient.
From the wind tunnel tests, roll reversal of the FMW has
been found at warping angle 14∘ at 15m/s wind speed. In
this flight test, the wing warping has been saturated at 14∘
in order to avoid adverse rolling of the mini-UAV. In the
future, further investigation will be needed to examine the

relationship between rolling moment and dynamic pressure
of the FMW.

Figure 16 shows the mini-UAV cruising in the sky. Flying
the FMW mini-UAV requires a good piloting skill as the
aircraft is very fast and responsive.Therefore, in this following
discussion, the flight controllability and maneuverability are
assessed qualitatively based on the input from the pilot.
According to the pilot, the mini-UAV is very difficult to
control without wing morphing strategy (whenmaneuvering
relies only to the rudders), as it is a fast aircraft. There is
more control on the rolling movement in a case with the
controlled wing warping mechanism, compared to that with
only using the rudder input. Rudders are able to provide
yaw and banking control only at low speeds, that is, during
gliding. During all the flight tests the weather was gusty.
Maneuvering the aircraft with an open-loop wing morphing
mechanism does not give acceptable performance, either.The
aircraft was barely under control. This result is believed to
be attributed to the incapability of an open-loop system to
manage disturbances. However, the mini-UAV was able to
fly steadily under control with the controlled wing warping
mechanism.

Figures 17, 18, and 19 illustrate the flight test results to give
qualitative measures of the mini-UAV responsiveness under
three different control methods, that is, (i) relying only on
the rudder input (with nowing warping), (ii) open-loopwing
warping, and (iii) backstepping controlled wing warping, to
achieve rolling motion for the aircraft. Even though the tests
were not conducted exactly at the same instance, those were
conducted successivelywithin short duration tominimize the
variation of environmental conditions (e.g., gust).

Figures 17(a), 18(a), and 19(a) show the reference input
given through theUAVremote controller, while Figures 17(b),
18(b), and 19(b) show the roll rates results. It can be seen easily
from the three figures that the wing warpingmechanismwith
the proposed controller demonstrates the best qualitative
performance; that is, the output tends to follow the reference
input. Rudder input can also induce rolling; however, it is not
as effective as the controlled wing warping.

Figure 20 shows the cross correlation between the wing
warping input and the roll rate output for the third case
(FMWwith the controller). It can be seen that the output has
a strong correlation to the reference input with an acceptable
lag of 0.3 seconds. In gusty condition during the flight test, the
mini-UAVwas able to achieve a 0.7625 correlation coefficient
between the wing warping input and the roll rate. The open-
loopwingwarping control did not provide a sufficient control
of the rolling moment of the mini-UAV, as experienced
during flights and also shown in the flight data, with a
correlation coefficient of only 0.0945. The rudder inputs did
not seem to affect the roll rates of the aircraft either, with the
correlation coefficient at 0.1347.

8. Discussion and Conclusion

An FMW was designed to dampen gusts while in flight and
also to fold around the fuselage for storage. However, the
FMW lacks a suitable actuation method to be able to provide
ample rolling moment. A TSM is proven to be a suitable



14 International Journal of Aerospace Engineering

Roll angle in rigid wing

0 2010 40 5030

Time (s)

−10

−5

0

5

10

A
ng

le
 (d

eg
)

(a)

Roll angle in FMW

0 2010 40 5030

Time (s)

−10

−5

0

5

10

A
ng

le
 (d

eg
)

(b)

Pitch angle in rigid wing

0 2010 40 5030

Time (s)

0

2

4

6

8

A
ng

le
 (d

eg
)

(c)

Pitch angle in FMW

0 2010 40 5030

Time (s)

0

2

4

6

8
A

ng
le

 (d
eg

)

(d)

z-axis angle in rigid wing

−15

−10

−5

A
ng

le
 (d

eg
)

0 2010 40 5030

Time (s)

(e)

z-axis angle in FMW

−15

−10

−5

A
ng

le
 (d

eg
)

0 2010 40 5030

Time (s)

(f)

Figure 15: The roll and pitch angles and 𝑧-axis acceleration of both the rigid wing and FMW model at 7Hz longitudinal gusts. Rigid wing
behavior is shown in (a), (c), and (e), while those from FMW are shown in (b), (d), and (f).
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candidate to provide the needed actuation without sacrificing
the desired attributes of the FMW.

In this paper, an adaptive backstepping controller was
proposed, and it was concluded that the controller is more
robust to the disturbance compared to a model-based feed-
forward controller. Furthermore, a mini-UAV was designed
and various tests were performed to identify its characteris-
tics. From thewind tunnel tests, the FMWinstalledwith TSM
demonstrated the ability of the adaptive washout, being able
to dampen the longitudinal gusts quite well when compared
to a rigid, conventional wing. It was also shown that the
rudder only input does not induce as much rolling moment
as the controlled wing warping. Flight tests were conducted,
and the wing warping was proven to be a better method to
induce rolling moment when compared to rudder input only.
The TSM actuated FMW with the proposed control strategy
was proven to work well in a real flight.

One of the findings from the wind tunnel experiments
was the roll reversal of the FMW. Due to the flexibility of
the wing in the chordwise direction, roll reversal will exist
when the dynamic pressure is very high. Careful saturation of
the FMW warping is necessary for the safety of the aircraft.
Future work could characterize the occurrence of roll reversal
in different situations and develop a better control strategy to
prevent it.

Appendix

Proof of Theorem 2

Define a Lyapunov function candidate, V, as follows:

𝑉 = 𝜉212 + 𝜉222 + Θ̃𝑇Θ̃2𝑘Θ + �̃�22𝑚𝑘𝑚 + (�̃�∗)2
2𝑚𝑘𝐷 . (A.1)

Taking the derivative of V together with (14) and (21), we can
obtain

�̇� = 𝜉1�̇�1 + 𝜉2�̇�2 − Θ̃𝑇 ̇̂Θ𝑘Θ − �̃� ̇̂𝑚𝑚𝑘𝑚 − �̃�∗ ̇̂𝐷∗𝑚𝑘𝐷
= 𝜉1 (𝜉2 − 𝛼𝜐1𝜉1)

+ 𝜉2 ( 1𝑚 (𝑢 + 𝐷) + Θ𝑇𝜑 − �̈�𝑟 + 𝛼𝜐1�̇�1) − �̃� ̇̂𝑚𝑚𝑘𝑚
− Θ̃𝑇 ̇̂Θ𝑘Θ − �̃�∗ ̇̂𝐷∗𝑚𝑘𝐷 .

(A.2)

Substituting (17) and (18), we can rewrite (A.2) as

�̇� = −𝛼𝜐1𝜉21 − 𝛼𝜐2𝜉22 + (Θ̃𝑇𝜑𝜉2 − Θ̃𝑇 ̇̂Θ𝑘Θ )
− (�̃�𝑢𝜉2𝑚 + �̃� ̇̂𝑚𝑚𝑘𝑚)
+ (𝐷𝜉2𝑚 − �̃�∗ ̇̂𝐷∗𝑚𝑘𝐷 − �̂�∗𝜉2 tanh (𝜉2/𝜀)𝑚 ) .

(A.3)

Figure 16: Flight test of the FMWmini-UAV.

From (19) to (21), the following expression is observed:

Θ̃𝑇𝜑𝜉2 − Θ̃𝑇 ̇̂Θ𝑘Θ = Θ̃𝑇𝜑𝜉2 − Θ̃𝑇 (𝑘Θ𝜉2𝜑 − 𝜎1Θ̂)
𝑘Θ

= 𝜎1Θ̃𝑇Θ̂𝑘Θ ,
�̃�𝑢𝜉2𝑚 + �̃� ̇̂𝑚𝑚𝑘𝑚 = �̃�𝑢𝜉2𝑚 − �̃� (𝑘𝑚𝜉2𝑢 + 𝜎2�̂�)𝑚𝑘𝑚

= −𝜎2�̃��̂�𝑚𝑘𝑚 ,
�̃�∗ ̇̂𝐷∗𝑚𝑘𝐷 = (𝐷∗ − �̂�∗) 𝑘𝐷𝜉2 tanh (𝜉2/𝜀)𝑚𝑘𝐷 − 𝜎3�̃�∗�̂�∗𝑚𝑘𝐷 .

(A.4)

Subsequently, (A.3) can be rewritten as

�̇� = −𝛼𝜐1𝜉21 − 𝛼𝜐2𝜉22 + 𝜎1Θ̃𝑇Θ̂𝑘Θ + 𝜎2�̃��̂�𝑚𝑘𝑚 + 𝜎3�̃�∗�̂�∗𝑚𝑘𝐷
+ 𝐷𝜉2𝑚 − �̂�∗𝜉2 tanh (𝜉2/𝜀)𝑚 .

(A.5)

Applying Young’s inequality for two numbers a and b, that is,
ab ≤ 0.5(a2 + b2), the third, fourth, and fifth terms in right
hand side of (18) can be reformulated as

𝜎1Θ̃𝑇Θ̂𝑘Θ = 𝜎1Θ̃𝑇 (Θ − Θ̃)
𝑘Θ ≤ 𝜎1Θ𝑇Θ2𝑘Θ − 𝜎1Θ̃𝑇Θ̃2𝑘Θ ,

𝜎2�̃��̂�𝑚𝑘𝑚 = 𝜎2�̃� (𝑚 − �̃�)𝑚𝑘𝑚 ≤ 𝜎2𝑚22𝑚𝑘𝑚 − 𝜎2�̃�22𝑚𝑘𝑚 ,
𝜎3�̃�∗�̂�∗𝑚𝑘𝐷 = 𝜎3�̃�∗ (𝐷∗ − �̃�∗)

𝑚𝑘𝐷
≤ 𝜎3𝐷∗22𝑚𝑘𝐷 − 𝜎3 (�̃�∗)22𝑚𝑘𝐷 .

(A.6)

From (A.6) and using a proven property in [27], tanh(𝜉2/𝜀)
obeys |𝜉2| − 𝜉2tanh(𝜉2/𝜀) ≤ 0.2785𝜀.
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Figure 17: Roll rate of the FMW when given rudder doublets: (a) rudder inputs from pilot; (b) roll rates of the FMWmini-UAV.
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Figure 18: Roll rate of the FMWwith open-loop wing warping double: (a) rudder inputs from pilot; (b) roll rates of the FMWmini-UAV.
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Figure 19: Roll rate of the FMWwith closed-loop wing warping double: (a) rudder inputs from pilot; (b) roll rates of the FMWmini-UAV.
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Cross correlation between the roll rate input and output
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Figure 20: Cross correlation between the wing warping input and
roll rate output of the FMWmini-UAV with controller.

�̇� in (A.5) can be rewritten as

�̇� ≤ −𝛼𝜐1𝜉21 − 𝛼𝜐2𝜉22 − 𝜎1Θ̃𝑇Θ̃2𝑘Θ − 𝜎2�̃�22𝑚𝑘𝑚 − 𝜎3 (�̃�∗)22𝑚𝑘𝐷
+ 𝜎1Θ𝑇Θ2𝑘Θ + 𝜎2𝑚22𝑚𝑘𝑚 + 𝜎3 (𝐷∗)22𝑚𝑘𝐷
+ 𝐷∗𝑚 (𝜉2 − 𝜉2tanh𝜉2𝜀 )

≤ −𝛼𝜐1𝜉21 − 𝛼𝜐2𝜉22 − 𝜎1Θ̃𝑇Θ̃2𝑘Θ − 𝜎2�̃�22𝑚𝑘𝑚 − 𝜎3 (�̃�∗)22𝑚𝑘𝐷
+ 𝜎1Θ𝑇Θ2𝑘Θ + 𝜎2𝑚22𝑚𝑘𝑚 + 𝜎3 (𝐷∗)22𝑚𝑘𝐷 + 0.2785𝜀𝐷∗𝑚

= −𝜌𝑉 + Ψ,

(A.7)

where

Ψ = ( 𝜎12𝑘Θ)Θ𝑇Θ + 0.2785𝜀𝐷∗𝑚 + ( 𝜎22𝑘𝑚)𝑚
+ ( 𝜎32𝑚𝑘𝐷) (𝐷∗)2 ,

𝜌 = min {2𝛼𝜐1, 2𝛼𝜐2, 𝜎1, 𝜎2, 𝜎3} .
(A.8)

Solving V from �̇� ≤ −𝜌𝑉 +Ψ and from (A.1), one can obtain

0 ≤ 0.5𝜉21 ≤ 𝑉 ≤ (𝑉 (0) − Ψ𝜌 ) 𝑒−𝜌𝑡 + Ψ𝜌 , (A.9)

where 𝑉(0) = 0.5(𝜉1(0))2 + (Θ̃(0))𝑇Θ̃(0)/2𝑘Θ + 0.5(𝜉2(0))2 +(�̃�(0))2/2𝑚𝑘𝑚 + (�̃�∗(0))2/2𝑚𝑘𝐷.
It can be seen that there exists a time T > 0 such that ∀𝑡 >𝑇, (𝑉(0) − Ψ/𝜌)𝑒−𝜌𝑡 → 0. Then V is bounded by Ψ/𝜌 for∀𝑡 > 𝑇. Hence V is uniformly ultimately bounded (UUB);

thus the tracking errors 𝑒𝑟 = 𝜉1, �̃�∗, �̃�, Θ̃ are also bounded.
This further guarantees the boundedness of �̂�∗, �̂�, Θ̂ since𝐷∗, 𝑚, Θ are bounded.

From (A.9), the variable 𝜉1 can be expressed as

𝑒𝑟 = 𝜉1 ≤ √2(𝑉 (0) − Ψ𝜌 ) 𝑒−𝜌𝑡 + 2Ψ𝜌 . (A.10)

∀𝑡 > 𝑇, the tracking error 𝑒𝑟 = 𝜉1 will converge to a compact
set Ω = {|𝑒𝑟| | |𝑒𝑟| ≤ 2√𝜌/Ψ} since (𝑉(0) − Ψ/𝜌)𝑒−𝜌𝑡 → 0.
Consequently, the control input, u, is also bounded.
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