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We introduce f3-generalized weak contractive multifunctions and give some results about endpoints of the multifunctions. Also,
we give some results about role of a point in the existence of endpoints.

1. Introduction

Let (X,d) be a metric space, CB(X) the collection of all
nonempty bounded and closed subsets of X, and H the
Hausdorft metric with respect to d; that is, H(A,B) =
max{sup,. od(x, B),sup,,pd(y, A)} for all A,B € CB(X),

where d(x,B) = infyeBd(x, y). Let T X — 2% be
a multifunction. An element x € X is said to be a fixed
point of T' whenever x € Tx. Also, an element x € X is
said to be an endpoint of T whenever Tx = {x} [1]. We
say that T has the approximate endpoint property whenever
infxEXsupyeTxd(x, y) = O0[1]. Let f : X — X be
a mapping. We say that f has the approximate endpoint
property whenever inf . vd(x, fx) = 0 [1]. Also, the function
g : R — R is called upper semicontinuous whenever
limsup, _, ,g(A,) < g(A) for all sequences {A,},., with
A, — A [2]. In 2010, Amini-Harandi defined the concept
of approximate endpoint property for multifunctions and
proved the following result (see [1]).

Theorem1. Lety : [0,00) — [0, 00) be an upper semicontin-
uous function such that w(t) < t andliminf, | (t—y(t)) >0
forallt > 0, (X,d) a complete metric space, and T : X —
CB(X) a multifunction satisfing H(Tx, Ty) < y(d(x, y)) for
all x, y € X. Then T has a unique endpoint if and only if T has
the approximate endpoint property.

Then Moradi and Khojasteh introduced the concept of
generalized weak contractive multifunctions and improved
Theorem 1 by providing the following result [3].

Theorem 2. Let v : [0,00) — [0,00) be an upper semi-
continuous function such that y(t) < t and liminf, | (t -
y(t)) > 0 forallt > 0, (X, d) a complete metric space, and T :
X — CB(X) a generalized weak contractive multifunction;
that is, T satisfies H(Tx,Ty) < y(N(x, y)) forall x,y € X,
where N(x, y) = max{d(x, y),d(x,Tx),d(y,Ty), (d(x,Ty) +
d(y,Tx))/2}. Then T has a unique endpoint if and only if T has
the approximate endpoint property.

In this paper, we introduce f-generalized weak con-
tractive multifunctions, and by adding some conditions
to assumptions of the results, we give some results about
endpoints of 3-generalized weak contractive multifunctions.
In 2012, the technique of a-y-contractive mappings was
introduced by Samet et al. [4]. Later, some authors used it
for some subjects in fixed point theory (see for example [5-
8]) or generalized it by using the method of 3-y-contractive
multifunctions (see e.g., [9-12]).

Let (X,d) be a metric space and B : 2% x 2¥ —
[0,00) a mapping. A multifunction T X - 25
is called B-generalized weak contraction whenever there


https://core.ac.uk/display/192454841?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

exists a nondecreasing, upper, semicontinuous function v :
[0, +00) — [0, +00) such that y(t) < t forallt > 0 and

B(Tx,Ty) H(Tx,Ty) < y (N (x, )) 6)

for all x,y € X. We say that T is $-admissible whenever
B(A,B) > 1 implies that B(Tx,Ty) > 1 for all x € A, and
y € B, where A and B are subsets of X. We say that T has
the property (R) whenever for each convergent sequence {x,,}
in X with x, — xand B(Tx,_;,Tx,) > lforalln > 1,
we have (Tx,,Tx) > 1. One can find idea of the property
(R) for mappings in [13]. We say that T has the property (K)
whenever for each sequence {x,,} in X with 5(Tx,_;, Tx,) > 1
for all n > 1, there exists a natural number k such that
B(Tx,,, Tx,) > 1 for all m > n > k. Finally, we say that T has
the property (H) whenever for each & > 0, there exists z € X
such that sup, ., d(z,a) < e implies that for every x € X
there exists y € Tx such that H(Tx, Ty) = sup,cr,d(y,b). A

multifunction T : X — 2% is called lower semicontinuous at
X, € X whenever for each sequence {x,} in X with x,, — x,
and every y € Tx,, there exists a sequence {y,} in X with
¥, € Tx, foralln > 1 such that y, — y [14].

2. Main Results

Now, we are ready to state and prove our main results.

Theorem 3. Let (X,d) be a complete metric space, B : 2% x
2X = [0,00) a mapping and T X — CBX)a
B-admissible, B-generalized weak contractive multifunction
which has the properties (R), (K), and (H). Suppose that there
exist a subset A of X and x, € A such that B(A,Tx,) > 1.
Then T has an endpoint if and only if T has the approximate
endpoint property.

Proof. Tt is clear that if T has an endpoint, then T has the
approximate endpoint property. Conversely, suppose that T
has the approximate endpoint property. Choose A ¢ X and
x, € Asuch that (A, Tx,) > 1. Since T has the approximate
endpoint property, for each ¢ > 0, there exists z € X such that
SUp,er,4(2,a) < e. Now by using the condition (H), choose
x; € Txg such that H(Tx,, Tx;) = sup,er, d(x;,a). Also,
choose x, € Tx, such that H(Tx, Tx,) = sup,cr, d(x;,a),
and by continuing this process, we find a sequence {x,} in X
such that x,, € Tx,_; and

H(Tx,_,,Tx,) = supd(x,,a), )

a€Tx,

for all n > 1. Since B(A,Tx,) > 1 and T is f3-admissible,
B(Txy, Tx,) = 1. By using induction, it is easy to see that
B(Tx,_;,Tx,) > 1 for all n > 1. Thus, we obtain

d (% %01) < supd (x,,a) = H (T, Tx,)

a€Tx,

< ﬁ (Txnfl’ Txn) H (Txn—h Txn) (3)

< l// (N (xnfl’ xn))

The Scientific World Journal
foralln > 1. If N(x,_;, x,) = d(x,_,, x,,), then
d (% Xp11) < ¥ (d (%1, %)) (4)
If N(x,_;,x,) = d(x,_;, Tx,_,), then
d (5% %11) < ¥ (d (%1, T, 1)) Sy (d (%,015%,)) . (5)
If N(x,_;,x,) = d(x,, Tx,), then
d (% Xpe1) <Y (d (%, Tx,)) Sy (d (% %,01)) s (6)
and so d(x,, x,,,1) = 0. Thus, d(x,,, X,,,;) < ¥(d(x,_1, x,)). If
(x,, Tx,_y) +d (x,_1, Tx,,)

2

_ d(xn—l’Txn) d('xn—l’Txn)

- 2 2

< d(xn—l’erl) (7)
2

d
N (xn—l’ xn) =

< d (xn—l’ xn) +d (xn’ xn+1)
- 2

< max {d (xn,l, x,,) ,d (xm xn+l)} >

then d(x,,x,.;) < w(d(x,_;,x,)) (other case implies that
d(x,, x,,1) = 0). Thus,

d(xn’ xn+1) < W(d (Xn—l’xn)) (8)

foralln > 1. We claim that y(0) = 0. Ify(0) > 0, then y*(0) >
y(0) > 0 because y is nondecreasing. On the other hand,
since w(t) < tfor all t > 0, we have 1//2(0) < ¥(0) which is a
contradiction. Hence, y(0) = 0. Let d,, = d(x,, x,,,,) for all n.
If there exists a natural number n,, such thatd,, = 0, thenitis
easy to see that d,, = 0 for all n > n,, and so lim,,_, . ,d,, = 0.
Now suppose that d,, # 0 for all n. In this case, we have d,, <
y(d,_,) <d,_, foralln. Hence, {d,} is a decreasing sequence,
and so there exists d > 0 such that lim,, , d, = d.Ifd >
0, then d, > 0 for all », and so d, < w(d,_,) < d,_, for
all n. Since v is upper and semicontinuous, we obtain d =
lim, , d, <lim, , v(d, ;) < y(lim,_, d,,) = v(d) <
d which is a contradiction. Thus, lim,, , .,d, = 0. Now, we
prove that {x,} is a Cauchy sequence. If {x,} is not a Cauchy
sequence, then there exist ¢ > 0 and natural numbers 1y, n;
such that my > my > kand d(x,,, , x,, ) > e forall k > 1. Also,

we choose m; as small as possible such that

d(x,, 1,%, ) <= ©)
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Thus, ¢ d(xm , Xy, ) d(xm s Xy 1) + d(x,, 1> X)) <
Ay +€ - for all k. Hence, hmk_wod(xm » Xy ) = “e. Since T
has the property (K), we obtain

d (xmk’ x”k) <d (xmk’ xmk“) +d (xmk+1’ x”k”)

+ d( X+ X ”k)
<d, +H (Txmk,Txnk) +d,,
(%)
<d, +B (Txmk,Txnk)
x H (Txmk,Txnk) +d,,
< dmk Ty (N (xmk’x”k)) + d"k
for all k. Since limy _, d(x,,,x,) = & lim_ N(x,,,
X, ) = & In fact,
d (xmk’ x"k)
s N( mk “k)

= max {d (xmk, xnk) ,d (xmk, Txmk) ,d (xnk, Txnk) ,

d (xmk, Txnk) +d (xnk,Txmk) }

2

< max {d (xmk’ x"k) ’ d (xmk’ xmk+1 ) ’ d (x"k’ x"k+1 ) ’

d (xmk’ x"k+1 ) +d (x”k’ xmk+1) }

2
S max {d (xmk’ x"k) .d (xmk’ xmk+1) d (x”k’ x”k+1) >
(d (xmk’ x”k) +d (xﬂk’ x”k+1 )

+d (xnk,xm ) + d(

)

x (),
(10)

and so € = limy _,,,d(x,,,x, ) <lim;_, N(x,,,x,) < e
Since v is upper semicontinuous, by using (*) we obtain

xmk i x“k )

< Jim g (N (x,%,)) < v (@) <&

e= limd(
k— 0o
n

which is a contradiction, and so {x,} is a Cauchy sequence.
Choose x* € X such that x, — x". Now, note that

H ({x,} Tx,) = max {d (5 Tx,), supd (w)} "

y€Tx,

=H (Txn 1> n)

for all n, and so
H({xn}’Txn) = H(Txn—l’Txn)
< ﬁ (T‘xn—l’ Txn) H (Txn—l’ T‘xn)
< l// (N (xnfl’xn))

< 1// (d (xnfl’ xn)) < d (xn—1> xn)
H({x,},Tx,) = 0. Since T has the

(13)

for all n, and so lim,,_,
property (R), we obtain

H({x"},Tx") < d(x",x,)

+H ({x,},Tx,) + H (Tx,, Tx")
X} TX,,)
+ B(Tx,, Tx") H (Tx,, Tx")

<d(x",x,)+H({
(14)
<d(x",x,)+H({x,},Tx,)
+y (N (x,,x7))
for all n. If N(x,,, x*) = d(x*, Tx"), then we have
H (] Tx)

<d(x",x,)+H({

1. Tx7)

(15)

Xpps Txy) +y (H ({

for all n. This implies that H({x"}, Tx") < w(H({x"}, Tx")),
and so

H({x"},Tx") = 0. (16)

If N(x,,,x") = d(x,,x") or N(x,,x") < d(x,, x,,,), then it is
easy to see that H({x"}, Tx") = 0. Thus, x* is an endpoint of
T. ]

Next example shows that a fS-generalized weak con-
tractive multifunction is not necessarily a generalized weak
contractive multifunction.

Example 4. Let X = R. Define T : X — CB(X) by
Tx = [x,x + 2] for all x € X. Suppose that y : [0,+00) —
[0, +00) is an arbitrary upper semicontinuous function such
that y(t) < tforallt > 0.Ifx = Oand y = 2, then
H(Tx,Ty) = H([0,2],[2,4]) = 2 and N(x, y) = 2. Hence,

H(Tx,Ty)=22y(2) =y (N(x,»)). (17)

Thus, T is not a generalized weak contractive multifunction.
Now, suppose that y(t) = t/2 for all t > 0 and define 3 :
2X % 2% 5 [0, 00) by S(A, B) = 1/2 for all subsets A and B
of X. Then, we have

(T%,Ty) = 3d (x.7)

=y (d(xy) =v(N(xy)

for all x, y € R. Thus, T is a 3-generalized weak contractive
multifunction.

B (Tx, Ty) H
(18)



Next example shows that there are multifunctions which
satisty the conditions of Theorem 3, while they are not
generalized weak contractive multifunctions.

Example 5. Let X = [0,9/2] and let d(x, y) = |x — y|. Define
T:X — CB(X) by

{f} 0<x<1
2
{4x—3} 1<x<3
Tx = 4 2 -2 (19)
3 9
0 Zex<2
{0} 5 <xXs3

If x =1and y = 3/2, then

st =n{ {2} [§) =+

=N(xy) >y (N(xy),

(20)

where v [0,400) — [0,+00) is an arbitrary upper
semicontinuous function such that y(t) < ¢ for allt > 0.
Thus, T is not a generalized weak contractive multifunction.
Now, we show that T satisfies all conditions of Theorem 3. For
this aim, define y(¢) = t/2 and 3(A, B) = 1 whenever A and B
are subsets of [0, 1] and (A, B) = 0 otherwise. First suppose
that x ¢ [0,1] or that y ¢ [0,1]. If x, ¥ € (3/2,9/2], then
Tx,Ty c [0,1] and 5(Tx, Ty) = 1. But, H(Tx, Ty) = 0, and
so B(Tx, Ty)H(Tx,Ty) < w(N(x,y)). If x € (1,3/2] or y €
(1,3/2],thenTx ¢ [0,1],0r Ty € [0, 1] and so S(Tx, Ty) = 0.
Hence, B(Tx,Ty)H(Tx,Ty) < w(N(x,y)). Now, suppose
that x,y € [0,1]. In this case, we have B(Tx,Ty) =
1, H(Tx,Ty) = H({x/2},{y/2}) = (1/2)d(x,y), and
N(x, y) = max{d(x, y),x/2, y/2,(d(x, y/2) + d(y, x/2))/2}.
Thus, d(x, y) < N(x, ), and so

BT Ty) H (Tx,Ty) = 5d (x,)
(21)

<y (d(xy) <v(N(xy).

Therefore, T is a 3-generalized weak contractive multifunc-
tion. Now, we show that T"is -admissible. If (A, B) > 1, then
A,B c [0,1], and so Tx = {x/2} € [0,1] and Ty = {y/2} €
[0,1] forall x € Aand y € B. Thus, 3(Tx,Ty) > 1 for all
x € Aand y € B. Now, suppose A = [0,1/2] and x,, = 1/4.
Then, Tx, = {1/8} € [0,1] and [0,1/2] < [0,1]. Hence,
B(A,Tx,) > 1. Now, we show that T satisfies the condition
(H). First note that, for each € > 0, there exists z € X such
that sup,.;,d(z,a) < e. Now, we show that for each x € X
there exists y € Tx such that H(Tx, Ty) = supyp,d(y,b). If
0 < x<1,then Tx = {x/2}, T(x/2) = {x/4}, and

(e (3)) = (3G

=Xs sup d<f,b>.
4 perey \2

(22)
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Since for 1 < x < 3/2 we have 5/2 < 4x — (3/2) < 9/2,
T(4x — (3/2)) = {0}. Thus,

(o (s ) =(fx 3]0

:4x—§: sup d(4x—§,b>.
beT(4x—3/2) 2
(23)
1f3/2 < x £9/2, then Tx = {0} and T'(0) = {0}. Hence,
H (Tx, T (0)) = H ({0}, {0})
—0= supd(0,b). (24)
beT(0)

It is easy to check that T satisfies the conditions (R) and (K).
Note that, 0 is the endpoint of T

Now, we add an assumption to obtain uniqueness of
endpoint. In this way, we introduce a new notion. Let X be
asetand B: 2% x 2% — [0, 00) a map. We say that the set X
has the property (Gﬁ) whenever (A, B) > 1 for all subsets A
and Bof X with A ¢ Bor B ¢ A.

Corollary 6. Let (X,d) be a complete metric space, 3
2X % 2% 5 [0,00) a mapping, and T : X — CB(X)
a B-admissible, 3-generalized weak contractive multifunction
which has the properties (R), (K), and (H). Suppose that there
exist a subset A of X and x, € A such that (A, Tx,) > 1. If T
has the approximate endpoint property and X has the property
(Gg), then T has a unique endpoint.

Proof. By using Theorem 3, T has a endpoint. If T has
two distinct endpoints x* and y*, then B(Tx",Ty") =
B{x"}1,{y"}) = 1 because X has the property (Gp). Hence,
d(x*,y") <H(Tx",Ty")
<p (Tx*, Ty*) H (Tx*, Ty*)
<y (N(x7y")) < N(ex, yx)
=d(x".y"),

which is a contradiction. Thus, T has a unique endpoint. [J

(25)

In Example 5, T has a unique endpoint, while X does has
not the property (Gp). Also, T has the property (R), while T is
not lower semicontinuous. To see this, consider the sequence
{x,} defined by

1
1-=

n=2k
n
X, = 1 26
" 1+- n=2k-1 (26)
n

fork>1landputy=1/2and x, = 1. Thenx,, — landy €
Tx, = {1/2}. Let {y,} be an arbitrary sequence in X such that
y, € Tx, foralln > 1. Then, yy_; € Txy_; and y,, € Txy,
for all k. But, yy._; = 4xy._; — (3/2) for sufficiently large k
and y,, = x5 /2 for all k since y,,_; — 5/2, y, - 1/2. This
implies that T is not lower semicontinuous.
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Corollary 7. Let (X,d) be a complete metric space, 8 : 2% x
2% = [0,00) a mapping, and T : X — CB(X) a -
admissible multifunction which has the properties (R), (K), and
(H). Suppose that X has the property (Gg), and there exist a
subset A of X, x, € A andk € [0,1) such that B(A, Tx,) > 1
and B(Tx,Ty)H(Tx,Ty) < kN(x, y) for all x,y € X. Then
T has a unique endpoint if and only if T has the approximate
endpoint property.

Proof. 1t is sufficient that we define y(¢) = kt for all t > 0.
Then, Theorem 3 and Corollary 6 guarantee the result. [

It has been proved that lower semicontinuity of the multi-
function T and the property (R) are independent conditions
[9]. We can replace lower semicontinuity of the multifunction
instead of the property (R) to obtain the next result. Its proof
is similar to the proof of Theorem 3.

Theorem 8. Let (X,d) be a complete metric space, B : 2% x
2X 5 [0,00) a mapping, and T : X — CB(X) a lower
semicontinuous, B-admissible, -generalized weak contractive
multifunction which has the properties (K) and (H). Suppose
that there exist a subset A of X and x, € A such that
B(A,Tx,) > 1. Then T has the approximate endpoint property
if and only if T has an endpoint.

Corollary 9. Let (X,d) be a complete metric space, 8 : 2% x
2% = [0,00) a mapping, and T : X — CB(X) a lower
semicontinuous, B-admissible, -generalized weak contractive
multifunction which has the properties (K) and (H). Suppose
that there exist a subset A of X and x, € A such that
B(A,Tx,) > 1. If T has the approximate endpoint property
and X has the property (Gg), then T has a unique endpoint.

Corollary 10. Let (X,d) be a complete metric space, f3 : 2% x
2% — [0,00) a mapping, and T : X — CB(X) a -
admissible multifunction which has the properties (R), (K), and
(H). Suppose that X has the property (Gg), and there exist a
subset A of X, x, € Aandk € [0,1) such that B(A,Tx,) > 1
and B(Tx, Ty)H(Tx,Ty) < kN(x, y) forall x, y € X. If T has
the approximate endpoint property, then Fix(T) = End(T) =
{x}.

Proof. If we put y(t) = kt, then, by using Theorem 2.10 in
[9], T has a fixed point. Since T has the approximate endpoint
property, by using Corollary 7, T has a unique endpoint such
x.Let y € Fix(T). If Tx = Ty, then y = x. If Tx # Ty, then
B(Tx,Ty) > 1because X has the property (Gg). Also, we have

d(x,y) < H({x},Ty) = H(Tx,Ty)
<B(Tx,Ty)H (Tx,Ty)  (27)

<kN(x,y).

But, N(x, y) = max{d(x, y),d(x,Tx),d(y,Ty), (d(x,Ty) +
d(y,Tx))/2} = d(x,y). Thus, d(x, y) = 0, and so Fix(T) =
End(T) = {x}. O

Next corollary shows us the role of a point in the existence
of endpoints.

Corollary 11. Let (X, d) be a complete metric space, x* € X a
fixed element, and T : X — CB(X) a multifunction such that
T has the property (H) and x* € Tx N Ty for all subsets A and
Bof X withx® € ANBandall x € Aand y € B. Assume that
H(Tx,Ty) < y(N(x, y)) forall x,y € X withx* € Tx N Ty,
where ¢ : [0,+00) — [0,+00) is a nondecreasing upper
semicontinuous function such that y(t) < t forallt > 0.
Suppose that there exist a subset A, of X and x, € A, such
that x* € Ay NTx,. Assume that for each convergent sequence
{x,}in X withx, — x and x* € Tx,_; N Tx,, foralln > 1,
one has x* € Tx, N Tx. Also, for each sequence {x,} in X
with x* € Tx,_y N Tx, for all n > 1, there exists a natural
number k such that x* € Tx,, N Tx,, forallm > n > k. Then T
has an endpoint if and only if T has the approximate endpoint

property.

Proof. Tt is sufficient we define B : 2% x 2¥ — [0,00) by
B(A, B) = 1 whenever x* € AnBand (A, B) = 0 otherwise,
and then we use Theorem 3. O

Corollary 12. Let (X, d) be a complete metric space, x* € X
a fixed element and T : X — CB(X) a lower semicontinuous
multifunction such that T has the property (H) and x* € Tx N
Ty for all subsets A and B of X with x* € AnNBand all x € A
and y € B. Assume that

H(Tx,Ty) <y (N (x, 7)) (28)

forall x,y € X with x* € Tx N Ty, where y : [0,+00) —
[0, +00) is a nondecreasing upper semicontinuous function
such that y(t) < t for allt > 0. Suppose that there exist a
subset Ay of X and x, € A such that x* € Ay N Tx,. Assume
that for each convergent sequence {x,} in X with x,, — x and
x* € Tx,_ NTx, foralln > 1, we have x* € Tx,NTx. Then T
has an endpoint if and only if T has the approximate endpoint

property.

Proof. Tt is sufficient to define B : 2% x 2X — [0,00) by
B(A, B) = 1 whenever x* € AnBand (A, B) = 0 otherwise,
and then we use Theorem 8. O

Let (X, d, <) be an ordered metric space. Define the order
< on arbitrary subsets A and B of X by A < B if and only if
for each a € A there exists b € B such thata < b. It is easy to
check that (CB(X), X) is a partially ordered set.

Theorem 13. Let (X, d, <) be a complete ordered metric space
and T a closed and bounded valued multifunction on X such
that T has the property (H) and Tx < Ty for all subsets A
and B of X with A < Band all x € A and y € B. Assume
that H(Tx,Ty) < w(N(x, y)) for all x, y € X with Tx < Ty,
where ¢ : [0,+00) — [0,400) is a nondecreasing upper
semicontinuous function such that y(t) < t for all t > 0.
Suppose that there exist a subset Ay of X and x, € A, such
that Ay < Tx,. Assume that for each convergent sequence
{x,} in X with x, — xand Tx,_; < Tx,, foralln > 1,
one has Tx, < Tx. Also, for each sequence {x,} in X with
Tx,_, 2 Tx,, foralln > 1, there exists a natural number k such
that Tx,, < Tx, for allm > n > k. Then T has an endpoint if
and only if T has the approximate endpoint property.



Proof. Define (A, B) = 1 whenever A < Band 3(A,B) =0
otherwise, and then we use Theorem 3. O

Corollary 14. Let (X, d, <) be a complete ordered metric space
and T a closed and bounded valued multifunction on X such
that T has the property (H) and Tx < Ty for all subsets A
and B of X with A < B, all x € A, and y € B. Assume that
H(Tx,Ty) < w(N(x,y)) for all x,y € X with Tx < Ty,
where ¢ : [0,+00) — [0,400) is a nondecreasing upper
semicontinuous function such that y(t) < t for allt > 0.
Suppose that there exist a subset Ay of X and x, € A, such
that Ay, < Tx,. Assume that for each convergent sequence
{x,} in X with x, — x and Tx,_; < Tx,, foralln > 1,
one has Tx, < Tx. Also, for each sequence {x,} in X with
Tx,_, 2 Tx,, for alln > 1, there exists a natural number k such
that Tx,, < Tx, for allm > n > k. If T has the approximate
endpoint property and A < B for all subsets A and B of X with
A ¢ BorB ¢ A, then T has a unique endpoint.

Proof. Define (A, B) = 1 whenever A < Band 3(A,B) =0
otherwise, and then we use Corollary 6. O

Let (X,d) be a metric space and T X - 2X
a multifunction. We say that T is an HS-multifunction
whenever for each x € X there exists y € Tx such that
H(Tx,Ty) = supyeryd(y,b). It is obvious that each HS-
multifunction is an multifunction which has the property
(H). Thus, one can conclude similar results to above ones for
HS-multifunctions. Here, we provide some ones. Although
by considering HS-multifunction we restrict ourselves, we
obtain strange results with respect to above ones. One can
prove the following by reading exactly the proofs of similar
above results.

Theorem 15. Let (X,d) be a complete metric space, 8 : 2% x
2X — [0,00) a mapping and T : X — CB(X) a -
admissible, -generalized weak contractive HS-multifunction
which has the properties (R) and (K). Suppose that there exist a
subset A of X and x, € A such that f(A,Tx,) > 1. Then T has
an endpoint, and so T has the approximate endpoint property.

Theorem 16. Let (X, d) be a complete metric space, 8 : 2% x
2X = [0,00) a mapping and T X — CBX)a
lower semicontinuous, f-admissible, and f-generalized weak
contractive HS-multifunction which has the property (K).
Suppose that there exist a subset A of X and x, € A such
that B(A,Tx,) > 1. Then T has an endpoint, and so T has
the approximate endpoint property.

The next result is a consequence of Theorem 15.

Corollary 17. Let (X, d) be a complete metric space, x* € X a
fixed element, and T : X — CB(X) an HS-multifunction
such that x* € Tx N Ty for all subsets A and B of X with
x* € ANB allx € A, and y € B. Assume that H(Tx,Ty) <
Y(N(x, y)) for all x,y € X with x* € Tx N Ty, where v :
[0, +00) — [0, +00) is a nondecreasing upper semicontinuous
function such that y(t) < t for allt > 0. Suppose that there exist
asubset A of X and x, € A, suchthat x* € AyNTx,. Assume
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that for each convergent sequence {x,} in X with x,, — x and
x* € Tx,_ NTx, foralln > 1 one has x* € Tx, NTx. Also, for
each sequence {x,} in X with x* € Tx,_; N Tx,, foralln > 1,
there exists a natural number k such that x* € Tx,, N Tx,
forallm > n > k. Then T has an endpoint, and so T has the
approximate endpoint property.

The next result is a consequence of Theorem 16.

Corollary 18. Let (X, d, <) be a complete ordered metric space
and T a closed and bounded valued lower semicontinuous HS-
multifunction on X such that Tx < Ty for all subsets A and
Bof X with A < B,all x € A, and y € B. Assume that
H(Tx,Ty) < w(N(x,y)) forall x,y € X with Tx < Ty,
where ¢ : [0,+00) — [0,+00) is a nondecreasing upper
semicontinuous function such that y(t) < t forallt > 0.
Suppose that there exist a subset Ay of X and x, € A, such
that A, <X Tx,. Assume that for each sequence {x,} in X with
Tx,_; < Tx, foralln > 1, there exists a natural number k such
that Tx,, < Tx, for allm > n > k. Then T has an endpoint,
and so T has the approximate endpoint property.
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