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We suggest and analyze dynamical systems associated with mixed equilibrium problems by using the resolvent operator technique.
We show that these systems have globally asymptotic property. The concepts and results presented in this paper extend and unify
a number of previously known corresponding concepts and results in the literature.

1. Introduction

Equilibrium problems theory has emerged as an interest-
ing and fascinating branch of applicable mathematics. This
theory has become a rich source of inspiration and moti-
vation for the study of a large number of problems arising
in economics, optimization, and operation research in a
general and unified way. There are a substantial number of
papers on existence results for solving equilibrium problems
based on different-relaxed monotonicity notions and var-
ious compactness assumptions; see, for example, [1-6]. In
2002, Moudafi [5] considered a class of mixed equilibrium
problems which includes variational inequalities as well
as complementarity problems, convex optimization, saddle
point problems, problems of finding a zero of a maximal
monotone operator, and Nash equilibria problems as special
cases. He studied sensitivity analysis and developed some
iterative methods for mixed equilibrium problems. In recent
years, much attention has been given to consider and analyze
the projected dynamical systems associated with variational
inequalities and nonlinear programming problems, in which
the right-hand side of the ordinary differential equation is a
projection operator. Such types of the projected dynamical
system were introduced and studied by Dupuis and Nagurney
[7]. Projected dynamical systems are characterized by a
discontinuous right-hand side. The discontinuity arises from

the constraint governing the question. The innovative and
novel feature of a projected dynamical systems is that the set
of stationary points of dynamical system correspond to the
set of solution of the variational inequality problems. It has
been shown in [8-14] that the dynamical systems are useful
in developing efficient and powerful numerical technique
for solving variational inequalities and related optimization
problems. Xia and Wang [13], Zhang and Nagurney [14], and
Nagurney and Zhang [11] have studied the globally asymp-
totic stability of these projected dynamical systems. Noor
[15-17] has also suggested and analyzed similar resolvent
dynamical systems for variational inequalities. It is worth
mentioning that there is no such type of the dynamical
systems for mixed equilibrium problems.

In this paper, we show that such type of dynamical sys-
tems can be suggested for the mixed equilibrium problems.
We consider a mixed equilibrium problem and give its related
Wiener-Hopf equation and fixed point formulation. Using
this fixed point formulation and Wiener-Hopf equation, we
suggest dynamical systems associated with mixed equilib-
rium problems. We use these dynamical systems to prove
the uniqueness of a solution of mixed equilibrium problems.
Further, we show that the dynamical systems have globally
asymptotic stability property. Our results can be viewed as
significant and unified extensions of the known results in this
area; see, for example, [6, 13, 15-17].
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2. Formulation and Basic Facts

Let R” be an Euclidean space, whose inner product and norm
are denoted by (-, -) and ||, respectively. Let K be a nonempty
closed convex set in R”, let T,A : K — K be nonlinear
mappings, andlet N : KxK — K be anonlinear mapping, if
F: KxK — Risagiven bifunction satisfying F(x, x) = 0 for
all x € K. Consider the following mixed equilibrium problem
(for short MEP): find x € K such that
F(x,y)+(N(Tx,Ax),y-x) >0, VyeK. (1)
This problem has potential and useful applications in
nonlinear analysis and mathematical economics. For exam-
ple, if we set F(x,y) = ¢(y) — ¢(x), for all x,y € K,
¢ : K — R, areal-valued function, and N = 0, then MEP
(1) reduces to the following minimization problem subject to
implicit constraints:

find x € K such that ¢ (x) < ¢(y), VyeK. (2
The basic case of variational inclusions corresponds to
F(x, y) = sup,cp, (w, y — x) with B: K — 2%, a set-valued
maximal monotone operator. Actually, MEP (1) is equivalent
to the following: find x € K such that
0e N(I'x,Ax) + Bx, VyeKk. (3)

Moreover, if F(x, y) = ¢(y) — ¢(x), then inclusion (3)
reduces to find x € K such that

¢(y)—¢(x)+(N(Tx,Ax),y —x) >0,

In particular if ¢ = 0, N(Tx, Ax) = Sx for all x € K,
where S : K — K, and K is a closed and convex cone, then
inequality (4) can be written as

VyeK. (4)

find x € K such that Sx € K*, (Sx,x) =0, (5)
where K* = {x € R" : (x,y) > 0,forall y € K}is
the polar cone to K. The problem of finding such x is an
important instance of well-known complementarity problem
of mathematical programming.

Another example corresponds to Nash equilibria in non-
cooperative games. Let I (the set of players) be a finite index
set. For every i € I, let K; (the strategy set of ith player) be a
given set, f; (the loss function of the ith player, defending on
the strategies of all players): K — R a given function with
K := [];;K;. For x = (x;);e; € K, we define x = (x]-)]-d,
j#i. The point x = (x;),c; € K is called Nash equilibrium if
and only if for all i € I the following inequalities hold true:

fi) < fi(xh ), Yyek (6)

(i.e., no player can reduce his loss by varying his strategy
alone). Let N = 0 and define F : K x K — R by F(x, y) =
Yo (f:(xX, y,) = fi(x)). Then x € K is a Nash equilibrium if
and only if x solves MEP (1).

The following definitions and theorem will be needed in
the sequel.

Definition 1 (see [14]). Let F : K x K — R be a real-valued
function. Then F is said to be
(a) monotone if F(x, y) + F(y,x) <0, for each x, y € K;

(b) strictly monotone it F(x, y) + F(y,x) < 0, for each
x,y € K, with x # y;

(c) upper hemicontinuous, if, for all x,y,z € K,
limsup,_, ,+F(tz + (1 - t)x, y) < F(x, y).

Theorem 2 (see [14]). If the following conditions hold true for
F:KxK — R:
(i) F is monotone and upper hemicontinuous,

(ii) F(x,-) is convex and lower semicontinuous for each x €
K’

(iil) there exists a compact subset B of R" and there exists
¥o € BN K such that F(x, y,) < 0 for each x € K \ B,

then the set of solutions to the equilibrium problem

find x € K such that F(x,y) >0, VyeK, (7)

is nonempty convex and compact. Moreover, if F is strictly
monotone, then the solution of equilibrium problem is unique.

Let us recall the extension of the Yosida approximation
notion introduced in [5]. Let yu > 0, for a given bifunction
F; the associated Yosida approximation, F,, over K and the

corresponding regularized operator, AI;, are defined as follows:
1 F
E,(x,y)= !—A(x—]ﬂ (x)),y—x ,

G ACE

(8)

in which ]5(x) € K is the unique solution of

MF(]E (x),y) + <];U (x)-x,y— ]5 (x)> >0, VyeKk.
)
Remark 3 (see [5]). (i) The existence and uniqueness of the
solution of problem (9) follow by invoking Theorem 2.

(i) If F(x, y) = sup,p, (4, ¥y — x) and K = R", Bbeing a
maximal monotone operator, it directly yields

Ju () =([+uB)'x,  AL(x)=B,(x), (10

where B, = 1/wI-I+ ‘uB)fl) is the Yosida approximation
of B, and one recovers classical concepts.
(iii) The operator J 5 is cocoercive and nonexpansive.

Lemma 4. Assume that conditions of Theorem 2 are fulfilled;
then the operator ]5 is cocoercive with modulus I; that is,

JE@-T15 0 x=y) =k @ - T O
Vx,y € K.

(11)
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]If is I-firmly nonexpansive, that is,

- (1-75)5]

(12)

IE@) TG < |x—yf ~|(1-TF)

and Al; is cocoercive with modulus y, that is,

(AL () - AT (). x — y) = [T (x) - AT ()]

Vx,y € K.

(13)

Proof. From the relation (9), we can write

WE (T3 (), () + (U (x (y)-J; (%)) 20,

Vx,y € K,

W (Ty ()5 Ty ) + (Tp (9) = 3. T () = T () 2 0,

Vx,y € K.
(14)

By adding the last two inequalities and using the monotonic-
ity of F, we obtain the desired result.

Equation (12) follows from (11); indeed we have succes-
sively

I(I—JF)x—(I—IF)yF
=y -2 -7, (), x-y)
(15)
INEE y)l

<l - F@-TE O]

. . _ 4F F _IF
Now combining (11) with x = L. (x)+)tAM(x) and y = J, )+
/\AI;( y), we obtain

(470
On the other hand
(4L () = AL (), x - y)
= (AL -AL (), x-T @ -(y-T, (»)) @)
+ (AL ()= AL (9), Ty () =T, () -
The announced result follows by noticing that

(AL 0 - AL (), x-TE 0 - (y-T5 ()

AL ()T, ) =T, (y)) =0 (16)

. L (18)
= ulal, () - AL ()|
O
Lemma 5. MEP (1) has a solution x if and only if x satisfies

x = ]f: (x — uN (Tx, Ax)), for u>0. 19)

3
Proof. Let x € K be a solution of MEP (1); then
F(x,y)+(N(Tx,Ax),y-x) >0, VyeK, (20)
which can be written as
uF (x, y) + (uN (Tx, Ax),y — x) 2 0, (21)

where p > 0 is a constant. Thus, for all x € K, we have
UF (x,y) + (x - (x = uN (Tx, Ax)), y —x) >0,  (22)
which is equivalent to

x = ]5 (x — uN (Tx, Ax)), (23)

by Lemma 4. This completes the proof. O

We now define the residue vector R(x) by the relation

R(x) = [x uN (Tx, Ax)]. (24)

Invoking Lemma 5, one can observe that x € K is a
solution of MEP (1) if and only if x € K is a zero of

R(x)=0. (25)

Now related to MEP (1), we consider the following
Wiener-Hopf equation (in short, WHE): find z € R" such
that, for x € K,

N (Tx, Ax) + A‘; (z) =0,
(26)
x:Ift(z), for u > 0.

Lemma 6. MEP (1) has a solution x if and only if WHE (26)
has a solution z € R" where

x= I,f (2),
(27)
z=x—uN (Tx,Ax), for u>0.
Using (27), WHE (26) can be written as
x — uN (Tx, Ax) — ]5 [x — uN (Tx, Ax)]
+ ;,tN( (] [x - uN (Tx, Ax)]) (28)

A (]5 [x — uN (Tx, Ax)])) =

Thus it is clear from Lemma 6 that x € K is a solution of
MEP (1) if and only if x € K satisfies (28).



Using this equivalence, we suggest a new dynamical system
associated with MEP (1) as

d
d—’: = M{J} [x - uN (Tx, Ax)]
- uN (T (]5 [x — uN (Tx, Ax)]) ,
A(J [x - uN (Tx, Ax)]))

+uN (Tx, Ax) - x} , (29)

=A{ — R(x) + uN (Tx, Ax)
—uN (T (J; [x - uN (Tx, Ax)]),
A(J, [x - uN (Tx, Ax)] )}

x(t)) =x, €K,

where A is a constant. The system of type (29) is called the
resolvent dynamical system associated with mixed equilibrium
problem (29) (in short, RDS-MEP). Here the right-hand side
is associated with resolvent and hence is discontinuous on
the boundary of K. It is clear from the definitions that
the solution to (29) belongs to the constraints set K. This
implies that the results such as the existence, uniqueness, and
continuous dependence on the given data can be studied. It is
worth mentioning that RDS-MEP (29) is different from one
considered and studied in [15-17].

The following concepts and results are useful in the
sequel.

Definition 7. 'The dynamical system is said to converge to the
solution set K* of MEP (1) if and only if; irrespective of the
initial point, the trajectory of the dynamical system satisfies

Jlim dist (x (1), K"), (30)
where
dist (x, K™) = inf [~ ]. (31)

It is easy to see that if the set K* has a unique point x*,
then (30) implies that lim, _, . x(¢) = x™.

If the dynamical system is still stable at x* in the Lyapunov
sense, then the dynamical system is globally asymptotically
stable at x”.

Definition 8. The dynamical system is said to be globally
exponentially stable with degree 1 at x* if and only if,
irrespective of the initial point, the trajectory of the system
x(t) satisfies

Vt > t,,
(32)

| (#) = x™|| < gy | (£9) = x"| exp (=17 (£ = £,)) »
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where y; and # are positive constants independent of the
initial point. It is clear that globally exponential stability is
necessarily globally asymptotical stability and the dynamical
system converges arbitrarily fast.

Lemma 9 (Gronwall; see [9]). Let X and y be real-valued
nonnegative continuous function with domain {t : t < t;}
and let a(t) = oy(|t — t,l), where oy is a monotone increasing
function. If, for t > t,

x<a(t)+ Jt X (s)y(s)ds, (33)
then
x(s) Scx(t)+exp<{r7(s)ds}>. (34)

In the sequel, one assumes that the bifunction F involved
in MEP (1) satisfies conditions of Theorem 2. Further, from
now onward one assumes that K* is nonempty and is bounded,
unless otherwise specified. Furthermore, assume that, for all
x € K, there exists a constant T > 0 such that

IN (Tx, Ax)ll < 7 (ITx] + [ Ax]) . (35)

We study some properties of RDS-MEP (29) and analyze
the global stability of the system. First of all, we discuss the
existence and uniqueness of RDS-MEP (29).

3. Existence and Uniqueness of Solution
First, we define the following concepts.

Definition 10. LetT,A: K — K,F: KxK — R,and N :
KxK — K benonlinear mappings. Then, forall x, y,z,w €
K:

(a) T is §-Lipschitz continuous if there exists a constant
6 > 0 such that

17 =Ty <[l = 515 (36)

(b) N is («, B)-Lipschitz continuous if there exist constants
«, B > 0 such that

IN(x,y)-N@w)| <alx-zl+B|ly-w|; (37

(c) N is mixed monotone with respect to T and A, if

(N (Tx, Ax) = N (Ty, Ay),x — y) = 0; (38)
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(d) F is said to be 0-pseudomonotone, where 0 is a real-
valued multivariate function, if

F(x,y)+0>0 implies —F(y,x)+60>0. (39)

Theorem 11. Let the mappings T, A, and N be §-Lipschitz
continuous, y-Lipschitz continuous, and («, B)-Lipschitz con-
tinuous, respectively. For each x, € R", there exists a unique
continuous solution x(t) of RDS-MEP (29) with x(t,) = t, over
[ty 00).

Proof. Let
G(x) = { [x — uN (Tx, Ax)]
—uN (T (J, [x - uN (Tx, Ax)]),
(40)
A(J; [x - uN (Tx, Ax)]))
+ uN (Tx, Ax) - x},
where A is a constant. For all x, y € R", we have
|G x) -G ()
< M| [x = uN (Tx, A)] = Jj [y = uN (Ty, Ap)]|
+ U |[N (Tx, Ax) = N (Ty, Ay)|| + |x = |
+u||[N (T (J; [x - uN (Tx, Ax)]),
A(Jy [x - uN (Tx, Ax)]))
= N(T(J, [y - uN (Ty, Ay)]),
AT, [y - N (Ty. 49)]))|}
<M2lx = y] + 26 [N (Tx, Ax) = N (Ty, Ay)|
+ p (a8 + Py)

[l =yl + N (Tx, Ax) = N (Ty, Ay)[1}

<A {2+ 3p (a8 + By) + i (ad + /3)’)2} | =]
(41)

This implies that the mapping G is Lipchitz continuous
in R”. So, for each x, € R", there exists a unique and
continuous solution x(t) of RDS-MEP (29), defined in an
interval t, <t < T with initial condition x(t,) = x,. Let

[ty, T) be its maximal interval of existence; we show that T' =
00. We estimate

IG ()1l = A7, [x ~ uN (Tx, Ax)]
—uN (T (J;, [x - uN (Tx, Ax)]),
A(J; [x - uN (Tx, Ax)]))
+ uN (Tx, Ax) - x| .
< M| [x - uN (Tx, Ax)] - |
+ A (a8 + By) |7, [x = uN (Tx, Ax)] - x|
= A(1+u(ad + By)) |, [x - uN (Tx, Ax)] - x|
<A1+ p(ad + By))
x |75 [x = uN (Tx, A0)] - I (0)
M AR AR TACORE
<AL+ p(ad + By))
< {uIN (Tx,
<A(1+u(ad + By))

x|

MACREE |

A
< A(1+u(ad + By))
X {(;ﬂ (8+y)+2)llxll + ”]5 ()| +

=A(1+pu(ad + By)) (2 +ur (8 +7)) Ixl

f

*

X

b

A+ p(ad+ ) {5 )] + 171}
(42)
for any u € R"; then
I @O < o] + j 1Gx ()] ds,
’ t (43)
< (ol + o (£ - 1)) + K, j I (5)l s,
where
ky = A1+ p(as + o) {75 ()] + 11} »
ky=A(1+u(ad+py)) (2+ut(d+y)).
Therefore, using Lemma 9, we have
Ix (O < (o) + Ky (£ = 10)) exp ke, (£ = £5)}, £ € [, T).
(45)

Hence, the solution [|x(t)|| is bounded on [t;, T). So T =
00. This completes the proof. O
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4. Stability Analysis

We now study the stability of RDS-MEP (29). The analysis is
in the spirit of Xia and Wang [13].

Theorem 12. Let the mappings T, A, and N be the same as
Theorem 11. Let the function F be 0-pseudomonotone with
respect to 0, where 0 is defined as

0(x,y)=(N(Tx,Ax),y - x), Vx,y€eKk, (46)

and let N be mixed monotone with respect to T and A. If
p < 1/(ad + By), then RDS-MEP (29) is stable in the sense of
Lyapunov and globally converges to the solution subset of MEP

D.

Proof. Since the mappings T, A, and N are Lipschitz contin-
uous, it follows from Theorem 11 that RDS-MEP (29) has a
unique continuous solution x(t) over [t,, T) for any fixed x,, €
K. Let x(t) = x(t,ty; x,) be the solution of the initial-value
problem (29). For a given x* € K, consider the following
Lyapunov function:

L(x)=|x- x*"z, x e R, (47)

It is clear that lim,_, L(x,) = +00, whenever the
sequence {x,} ¢ K and lim x, = +oo. Consequently,

n—0o00""n

we conclude that the level sets of L are bounded. Let x* € K

be a solution of MEP (1); then
F(x*,y)+(N(Tx",Ax"),y—x") 20, VyeK. (48)

Since F is 0-pseudomonotone and N is mixed monotone
then (48) implies that

—F(y,x")+ (N (Tx",Ax"),y-x") >0
—F(y,x") > (N (Tx",Ax"),y - x") (49)
>—(N(Ty, Ay),y - x").
That is,
—F(y.x7) +(N(Ty,Ay),y - x") 20,
Taking y = ]5[x — uN(Tx, Ax)] in (50), we have

VyeK. (50)

_F(]/f [x — uN (Tx, Ax)] ,x*)

+ (N (TJF [x - uN (Tx, Ax)]),
(51)
A(J, [x - uN (Tx, Ax)]),
J2 [x - uN (Tx, Ax)] - x*) 2 0.

Setting y = x*, x = x — uN(T'x, Ax), and ]ﬁ(x) = ]5[x -
UN(Tx, Ax)] in (9), we have

uF (]5 [x — uN (Tx, Ax)] ,x*)
+ <]5 [x — uN (Tx, Ax)] - x
(52)
+uN (Tx, Ax) , x"

_]5 [x = uN (Tx, Ax)]) 2 0.

From (51), (52), and (24), we have
(~R(x) + uN (Tx, Ax)
—uN (T (J; [x - uN (Tx, Ax)]),
(53)
A(Jf [x - uN (Tx, Ax)])),
x" —x+R(x)) 20,
which implies that
(x = x",R(x) - uN (Tx, Ax)
+uN (T (J] [x - uN (Tx, Ax)]),
A(J; [x - uN (Tx, Ax)])))
> R ()
—u(R(x),N (Tx, Ax) -
- N(T(J; [x - uN (Tx, Ax)]) ,
A(J [x - uN (Tx, Ax)])))
2 RGO = (a8 + Py) IR (1)1
x ||x = 7 [x — uN (Tx, Ax)] |
= (1 - (ad + y)) IRG)I™.
Thus, from (29), (47), and (54), we have

d dL dx
L h(x) = =22
el e

=21 <x - x",-R(x) + uN (Tx, Ax)
—uN (T (J; [x - uN (Tx, Ax)]),
A (]5 [x - uN (Tx, Ax)]))>

< 21 (1 - p(ad + By)) IR
1

<0, forpu< ———.
(ad + By)

(55)

This implies that L(x) is a global Lyapunov function for RDS-
MEP (29) which is stable in the sense of Lyapunov. Since
{x() : t > t,} ¢ Kywhere K, = {x € K : L(x) < L(x,)}
and the function L(x) is continuously differentiable on the
bounded and closed set K, it follows from LaSalle’s invariance
principle [9] that the trajectories x(t) will converge to Q, the
largest invariant subset of the following set:

dx
E={xEK:E=0}. (56)
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Note that if (dL/dt) = 0, then
F 2
Ju- 77 [x = uN (%, Ax)] | = 0, (57)

and hence x is an equilibrium point of RDS-MEP (29); that
is, dx/dt = 0.

Conversly, if (dx/dt) = 0, then it follows that (dL/dt) =
0.

Thus, we conclude that E = {x € K : (dx/dt) = 0} = K, N
K", which is nonempty, convex, and invariant set contained
in the solution set K*. So, lim, _, , dist(x(¢), E) = 0.

Therefore RDS-MEP (29) converges globally to the solu-
tion set of MEP (1). In particular, if we set E = {x"}, then

tlingox t)=x". (58)

Hence RDS-MEP (29) is globally asymptotically stable.
This completes the proof. O

Theorem 13. Let the mappings T, A, and N be the same as in
Theorem 11. If A < 0, then RDS-MEP (29) converges globally
exponentially to the unique solution of MEP (1).

Proof. It follows from Theorem 11 that there exists a unique
continuously differentiable solution of RDS-MEP (29) over
[to, 00). Then

‘;—]; =2A(x(t) - x",
Ty L (8) = uN (Tx (1), Ax (1))]
—uN (T (J; [x - uN (Tx, Ax)]),
A(J; [x - uN (Tx, Ax)]))
+uN (Tx (£), Ax (1)) - x (t))
= 2|x (1) - x*|°
+2A (x(t) - x7, ]jf [x (t) - uN (Tx (), Ax ()]
- uN (T (J; [x - uN (Tx, Ax)]),
A(J; [x - uN (Tx, Ax)]))

+uN (Tx (), Ax (1)) - x* ),

(59)
where x* € K is the solution of MEP (1). Thus
x" = ]5 [x" — uN (Tx", Ax")]
—uN (T (J5 [x - uN (Tx, Ax)]),
(7 o

A (][iD [x — uN (Tx, Ax)]))

+uN (Tx", Ax").

Now, we estimate
|7 [ (1)) = uN (Tx (), Ax (1))]
—uN (T (J; [x (t) - uN (Tx (t), Ax (1))]),
A(JE [x () - uN (Tx (), Ax (1))]))
+ uN (Tx (t), Ax (1) - ], [x" = uN (Tx", Ax")]
—uN (T (J; [x" - uN (Tx", Ax")]),
A(J [x" - uN (Tx", Ax")]))
+uN (Tx*, Ax*)|
< Jx@) - x|
+2u|N (Tx (t), Ax (t)) - N (Tx", Ax")|
+u|N(T (7 [x () - uN (Tx (), Ax (1))]),
A(J} [x () - uN (Tx (), Ax (£))]))
~N(T(J] [x" - uN (Tx", Ax7)])
A(J] [x" - uN (Tx", Ax")]) )|
< @ - x| +2p (a8 + py) [x (8) = x|
+ p(ad + By) {lx (€)= %" + p (@ + By) [l (£) - x"[}

= {1 +3u (ad + By) + 1 (ad + ﬁy)z} [[x @) = x.
(61)

From (59) and (61), we have
d %112 %112
E“x(t) —x"|" < 220||x(t) - x|, (62)

where 0 = pu(ad + By){3 + u(ad + By)}.
Thus, for A = —A,, where A, is a positive constant, we have

@) = x*|| < ||x () — x*|| exp {-6A, (t —t,)},  (63)

which shows that the trajectory of the solution of RDS-MEP
(29) converges globally exponentially to the unique solution
of MEP (1). This completes the proof. O
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