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We present a new method for solving the fractional differential equations of initial value problems by using neural networks
which are constructed from cosine basis functions with adjustable parameters. By training the neural networks repeatedly the
numerical solutions for the fractional differential equations were obtained. Moreover, the technique is still applicable for the coupled
differential equations of fractional order. The computer graphics and numerical solutions show that the proposed method is very

effective.

1. Introduction

Recently, fractional differential equations have gained con-
siderable importance due to their frequent appearance appli-
cations in fluid flow, rheology, dynamical processes in self-
similar and porous structures, diffusive transport akin to dif-
fusion, electrical networks, probability and statistics, control
theory of dynamical systems, viscoelasticity, electrochemistry
of corrosion, chemical physics, optics and signal processing
[1-7], and so on. These applications in interdisciplinary sci-
ences motivate us to try to find out the analytic or numerical
solutions for the fractional differential equations. But for
most ones it is difficult to find out or even have exact solu-
tions. Thus, necessarily, the numerical techniques are applied
to the fractional differential equations.

Now, many effective methods for solving fractional
differential equations have been presented, such as nonlinear
functional analysis method including monotone iterative
technique [8, 9], topological degree theory [10], and fixed
point theorems [11-13]. Also, numerical solutions are
obtained by the following methods: random walk [2], matrix
approach [14], the Adomian decomposition method and
variational iteration method [15], HAM [16-19], homotopy
perturbation method (HPM) [20], and so forth. Not long ago,
in [21], Raja et al. by applying Particle Swarm Optimization

(PSO) algorithm along with feedforward ANN obtained
the numerical solutions for fractional differential equations.
But the convergence of the algorithm has not been proven,
and this method is only applied to the single fractional
differential equations. In this paper, we construct two dif-
ferent neural networks based on cosine functions and obtain
the conditions of algorithm convergence.

The first neural network (NU) is applied to linear and
nonlinear fractional differential equations of the form

Dyy(x)=f(xy(x), 0<x<1,0<as<l (1)

with initial condition as follows:
y(0)=C, (2
where Dy, is the Caputo fractional derivatives of order .

The second neural network (NU) is applied to the frac-
tional coupled differential equations of the form

Dngy(x) =f(x,y(x)>z(x)),
0<x<1,0<a<l (3)

Dg,z (x) = g (x, y (x),2 (x)),



with initial conditions as follows:
y(0)=Cy,
z(0) = C,,

(4)

where Dg, is the Caputo fractional derivatives of order a.
The solutions for the above two problems are written as
cosine basis functions, whose parameters can be adjusted
to minimize an appropriate error function. So we need
to compute the gradient of the error with respect to the
network parameters. By adjusting the parameters repeatedly,
we obtain the numerical solutions when the error values are
less than the required accuracy or the training times reach
maximum.

2. Definitions and Lemma

Definition 1 (see [22]). The Riemann-Liouville fractional
integral of order & € R, > 0 ofa function f(x) € C,, p > -1
is defined as

(I, f () (x) =

[ wse @

['(a) Jo (x—1)7

Definition 2 (see [22]). The Riemann-Liouville and Caputo
fractional derivatives of order & € R, & > 0 are given by

S0, f 0= () 1o )
1 d\"
- I'(n-«) (%)
(¢4 n—o d "
D5 6= () £

B 1 jx (d/de)" f (t)dt
- r (1’1 _ (X) t)oc—n+1

r f(t)dt

0 (x _ t)(x—n+1 ’
(6)

>

0o (x-
where (n = [a] + 1, x > 0).

Definition 3 (see [22]). The classical Mittag-Leftler function
is defined by

00 k

X
Eoc (x) = ;m, (xeC, a> 0) . (7)

1
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The generalized Mittag-Leffler function is defined by

00 k

X
Eap ()= ) I (ak+B)’

k=0

(x,feC,a>0). (8

Definition 4. The functions Sin, g(x), Cos,p(x) (x,B €
C, a > 0) are defined by

0 ol x2k—1
Singg(x) = ) (1) —/————,
# kzl T (a(k-1)+p)
)
00 P x2k
Cosgp(x) =) (-1) ———.
209= 2 aam
Obviously, Euler’s equations have the following forms:
Eup (ix) = Cos, g (x) + iSin, g (x),
(10)

Eop (—ix) = Cos, g (x) - iSin, g (x).

Lemma 5. If Sin“)ﬁ(x) and Cos‘x,ﬁ(x) are defined as in
Definition 4, then

Dy, (x - a)f! Siny, g [A (x - a)"]
(11)
= (x —a)f ! Sin, g_, [A(x—a)],

D, (x - a)f! Cos, (A (x —a)¥]
(12)
= (x—a)f ! Cos,po [A(x—a)].

Proof. The beta function was defined by B(p, q) := Iol xP(1-
x)7"'dx, and we have the following equation:

B(p.q) = %- (13)

Then according to the definition of Caputo fractional deriva-
tives, we have

x (d/dt)" (t - a)f " Sin, 5 [A (t - a)¥] .

D;, (x - a)f! Sin, g [A (x —a)f] =

1 J (d/dE)" &' Sin,, 5 [AE#]

T (71 _ (X) 0+ (x _ E _ a)ocfnﬂ

|

- T (n _ (x) o (x — t)a—n+1

dg

E=t-a)

(x—a)dt (E=t(x-a))

-0 o (x-a)(x-a)

1 Jl d/dt)" £ (x — a)P! Sin,, g [At* (x — a)]

a—n+l (1 _ t)oc—n+1
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(x — a1 JJ (/)" 5 52, (05 M (- @) T (k- 1) + ﬁ))d
= t
F(n-a) Jos (1)
R LV WO T S M (d/dt) ff ety
- T(n-a I (u@2k-1)+p) 0+ -t
B-a-1 DA u12k-1 o 1 B-1+u(2k-1)-n
G R O - Iw(zk_l)” g
I'(n-«) T(p(2k-1)+p) ity o+ (1—p)*™
C(x—af e (- DR A (x - )t
= 2k -1 ,
I'(n-a) I(u(2k-1)+ B -n) BB +ul )~ =a)
C(x—a)f YR (1) A (x - (1)”]21(71 T(B+uRRk-1)-n)T(n-a)
 T(h-a [(uk-1)+p-n) T(B+uk-1)-a)
1 R EDM A -2 pact
= (x —a)f ! =(x-a)’ ™ Sin, ;  [A(x-a)
k;r(y(zk—nw ) e :
(14)
Then (11) holds. Similarly, we obtain (12). In particular, when where ./ represents the number of sample points, | - |, is
B =1,u=1,wehave Euclidean norm, and
D?. Si A(x - «
o1 [A(x—a)] e (k) = f(xk) yj (xk)) _ D0+yj (xk)
=D, sin[A(x —a)] a
= f(xpy: (x)) — x| Y w; Cos; ;_, (ix
C(x—a)" Siny ;o [A(x — )], f( k )’;( k)) k (; ,ji 20811 (ixi) (18)
o 2 (15) M
D,,Cosy; [A(x - a)] N (C _ Zwi,j> Cosy 1o (2 +1) xk)>)
=D}, cos[A(x —a)] i=1
(e N« 3 where k = 1,2,..., /; then we can adjust the weights w; ; by
= (x—a) " Cosy o [A(x-a)]. the following equation: !
O

3. Illustration of the Method and Application

3.1. The First Neural Network. To describe the method, we
consider (1) with initial condition y(0) = C. The jth trial solu-
tion satisfying the initial condition is written as

Vi
yj(x) = Zwi)j cos (ix)
i=1
(16)
M
+ (C - Zwi)]) cos (A + 1) x),
i=1
where ./ represents the number of neurons and wj; ; are

ij
unknown weights of the network determined in training

procedures to reduce the error function:

=5 IE -

(e; ),
(17)

= (ej(1),e;(2),...re; (1),

w; i = Wi+ Aw; ;, (19)
where
Vi
o] ae (k)
A —
How, aw gae (k) aw

= —#Zej (k) fy (Xk,)’j (xk)) (20)
k=1

- (cos (x) — cos (A + 1) x;)) = (1) " ¢; (k)

- (Cosyy_ox; = Cosy o (M +1) x1.)) .

3.2. Convergence of the Algorithm

Theorem A. Let y represent learning rate, let /¥ represent the
number of sample points, and let M represent the number of
neurons: X = (x1,%3,...,Xy), 0 < x; < 1,1 <i < N.
Suppose Ifyl < Ly, |Cosy o (x)| < L, on the interval (5, 1)
for 0 < & < 1. (From Figure 10, we see that the function



Cos, | (x) is bounded when 0 < a < 1.) Then the neural
network is convergent on the interval (8, 1) when

<u< Nl 21
4N (L, +67L,)" @)

Proof. Let W, = (wlj,wzj,..-
}’j(X) bY

,W,4;), and then we denote

y;(X)=W;-G-(C-W,-L)cos(L+1)X), (22)

where G = (cos(X), cos(2X), ..., cos(.#X))T and I, =
M
(T,1,...,1)". Then according to (17), we have
E;
=(e;(1),¢;(2),...,; ()
= f (X y;(X)) - Dg, y; () (23)
- X*(W,H + (C-W;I,) Cos, ,_, (/ +1) X)),
where H = (Cos, ;_,(X), Cos, ; ,(2X),..., Cosl,l_a(/%X))T.
Then we have
% = f, (G~ I cos (4 + 1) X))
= cos +
aW Y (24)
- X*(H - I,Cosy _, (/ + 1) X)).
Noting ] = (1/2)||Ej||§, then we get
AW, = o] aE E)Ej
- M3E; aw; aW iaw (25)
Define Lyapunov function V; = 1/2)E j||§; we have
1
8V, = |l - 5 B (26)
Suppose
OE; T
Ej, =E;+AE;=E;+ aw, AW, (27)
and then in accordance with (25) that yields
E, o % " 9, E (28)
i+ “\ow,) aw, )7
where
1
I= (29)

NXN
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Thus,

AV, =

1 OE. \T OE, 2 1
-3 l(-e(52) 5 )2 -3e

] 3E; \" o, ||
S()(-o (o) w2 )| - et

where ||-|| s is Frobenius matrix norm, defined by ||(g; Dnxnllp =

L, ZJ 1 lj)l/2 Since ||E; ||2 > 0, in order to make this neu-
ral network converge, we have

(30)

2
OE; \" OE;
o S
ow; ) oW,
which yields
(% " OE; 1 )
# aW aw, | <
F
Hence,
sl OE; BE !
> -p aw w, —lg
(33)
ok | P
= ‘[,[ —_— —_ .
Wil
In accordance with 0 < p < 1, we obtain
A+l
34
" el Y

By calculating (25), we get

2
OE ;
BWj F

2(Ly+6™L,) -+ 2(L; +8 “L,)

(35)

S . .

2(Ly +87%Ly) o+ 2(Ly+07°Ly) /il
= 4MN (L, +8°L,).
Finally, we have

0<p< N +1 3
4N (L, +67°L,)" (36)
O
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TABLE 1: Weights (x10™*) obtained along with the solution of Examples 1,2, and 3.
o Example 1 Example 2 Example 3
1 0.7 0.5 1 0.7 0.5 1 0.7 0.5
w,; 4857 6310 6665 8226 9941 8880 5415 4070 5101
w, —-0506 —3466 —4424 4080 0219 2914 —-1589 0680 —1582
w; —4434 -2721 -1362 —3468 -0621 —-3593 =5771 -5800 -3972
w, -3170 -3110 -4990 1680 1372 3715 -1309 -2908 —4142
ws 1896 4204 5290 —1455 —1468 —3147 3295 3947 6096
Wg 5534 —-0926 0222 1895 0482 1372 2815 2901 -0121
w, -6316 0182 —-2151 -1350 0424 0273 —4609 —4203 -2015
Learning curve Inspection curve
1.4 r r 1.4 T T
12} R 12} 4

— Exact solution
O Sample points

FIGURE 1: The learning curve for Example 1.

3.3. Example

3.3.1. Example 1. We first consider the following linear frac-
tional differential equation:

2—

Dj.y(x) =« XY -y (x), (37)

2

b=

r3-aw)
with condition y(0) = 0. The exact solution is y(x) = X2
This equation also can be solved by the following methods:
Genetic Algorithm (GA) [21], Griinwald-Letnikov classical
numerical technique (GL) [23], and Particle Swarm Opti-
mization (PSO) algorithm [23]. We set the parameters y =
0.001, # = 7, and /' = 10 and train the neural network
4500 times, and the weights of the network for Example
1 are given in Table 1. Figurel shows that sample points
are on the exact solution curve after training is completed.
Then we check whether the other points also match well
with the exact solution (see Figure 2). From Figure 3 we see
the error values decrease rapidly. Tables 2(a) and 2(b) show
the numerical solutions and accuracy for Example 1 by the
different methods. In this paper, all numerical experiments

—— Exact solution
Checkpoint

FIGURE 2: The inspection curve for Example 1.

are done by using Lenovo T400, Intel Core 2 Duo CPU P8700,
2.53 GHz, and Matlab version R2010b. The neural networks
with cosine basis functions have taken about 850 s, but the
other algorithms mentioned above need to run about 2,240s.

3.3.2. Example 2. We secondly consider the following linear
fractional differential equation:

Dy, y (x) = cos (x) + x “Cos;_, (x) - ¥ (x), (38)

with condition y(0) = 1. The exact solution is y(x) = cos(x).
We set the parameters g = 0.001, # = 7,and /" = 10 and
train the neural network 1000 times, and the weights of the
network for Example 2 are given in Table 1. Figures 4, 5, and
6 show that the neural network is still applicable when C # 0.
Table 3 shows the exact solution, approximate solution, and
accuracy for Example 2.
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FIGURE 3: The error curve for Example 1.
Learning curve
3
8
O
[
=
0.5 1 1 1 1 1 1 1 1
01 02 03 04 05 06 07 08 09 1

—— Exact solution
O Sample points

FIGURE 4: The learning curve for Example 2.

3.3.3. Example 3. We thirdly consider the following nonlin-
ear fractional differential equation:

r (35) 2.5«

2
TG5-a) —xy” (x), (39)

DY, y(x)=x"+

with condition y(0) = 0. The exact solution is y(x) = X2, We
set the parameters y = 0.001, # = 7, and 4 = 10 and train
the neural network 1000 times, and the weights of the network
for Example 2 are given in Table 1. Table 4 shows the exact
solution, approximate solution, and accuracy for Example 3.

Advances in Mathematical Physics
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FIGURE 5: The inspection curve for Example 2.

Error curve

1500

1000 R
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500 E

L

0 200 400 600 800 1000

Training times

FIGURE 6: The error curve for Example 2.

3.4. The Second Neural Network. To describe the method, we
consider (3) with initial conditions y(0) = C, and z(0) = C,.
The jth trial solutions for the problem are written as

M
i (x) = Zwi)j cos (ix)
i=1

M
+ (Cl - Zwi)j> cos (A + 1) x),
i=1

(40)
VA
z;(x) = Z’qi’j cos (ix)

M
+ (Cz - Zqi’j> cos (M + 1) x),

i=1
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TABLE 2: (a) Comparison of results for the solution of Example 1 for & = 0.5. (b) Comparison of results for the solution of Example 1 for
a =0.75.

(a)

X y(x) Numerical solution Accuracy
GL PSO GA NU GL PSO GA NU
0.1 0.01 0.0101 107
0.2 0.04 0.0401 0.0404 0.0396 0.0407 107 107 107 107
0.3 0.09 0.0901 0.0907 0.0917 107 107 107
0.4 0.16 0.1601 0.1604 0.1596 0.1621 107 107 107 107
0.5 0.25 0.2501 0.2496 0.2505 107" 107 107"
0.6 0.36 0.3602 0.3583 0.3573 0.3571 107 107 107 107
0.7 0.49 0.4902 0.4869 0.4853 1073 107° 1073
0.8 0.64 0.6402 0.6362 0.6352 0.6397 1073 107° 1073 107*
0.9 0.81 0.8102 0.8069 0.8186 107 107 107
1 1 0.1001 0.1000 0.1004 0.1003 107 107° 107 10°°
(b)
; y(x) Numerical solution Accuracy
GL PSO NU GL PSO NU
0.1 0.01 0.0107 0.0103 0.0092 107" 107" 107
0.2 0.04 0.0413 0.0414 0.0377 107 107 107
0.3 0.09 0.0918 0.0928 0.0875 1073 1073 1073
0.4 0.16 0.1622 0.1636 0.1592 1073 1073 107
0.5 0.25 0.2527 0.2538 0.2511 107 107 107
0.6 0.36 0.3631 0.3631 0.3609 107 107 107
0.7 0.49 0.4934 0.4918 0.4884 10°° 107 107
0.8 0.64 0.6438 0.6402 0.6373 107 107 107
0.9 0.81 0.8141 0.8091 0.8106 107 107 107
1 1 1.0044 0.9991 1.0020 107 107" 107
TaBLE 3: Exact solution, approximate solution, and accuracy for TABLE 4: Exact solution, approximate solution, and accuracy for
Example 2. Example 3.
o Numerical solution Accuracy o Numerical solution Accuracy
x  cos(x) 1 0.7 0.5 1 07 05 x X 1 0.7 0.5 1 07 05
0.1 09950 09945 0.9967 09972 107* 107 107° 01 0.0031 0.0022 0.0055 0.0066 10™* 10> 107°
0.2 0.9800 09788 0.9852 09867 107 1072 107° 0.2 0.0178 0.0133 0.0234 0.0266 10~ 10~ 107°

0.3 09553 0.9538 09620 0.9638 10 10 107° 0.3 0.0492 0.0426 0.0566 0.0603 107 10 107°
0.4 0.9210 0.9203 09249 09256 10* 102 10° 0.4 0.1011 0.0972 01075 01093 102 10° 107

0.5 0.8775 0.8777 0.8758 0.8747 10* 102 10° 05 01767 01773 01783 01772 10* 10° 107"
0.6 0.8253 0.8254 0.8196 08176 10* 102 10° 0.6 02788 02797 02733 0271 10* 10° 10°
0.7 07648 0.7639 0.7607 0.7601 107 107 107° 0.7 0.4099 0.4055 0.4010 0.4009 10> 107 107
0.8 0.6967 0.6951 0.6990 0.7016 10~ 10~ 107° 0.8 05724 05643 05712 05738 107 107 107
0.9 0.6216 0.6213 0.6286 0.6328 10* 107 107 0.9 07684 07670 0.7832 07847 10 107% 1072
1 0.5403 05414 0.5414 0.5405 10> 107 107* 1 1 1.0064  1.0105 1.0056 10 107 107

where ./ represents the number of sample points and w; ; where
and g; ; are unknown weights of the network determined in
training procedures to reduce error function: yrz _ (Y y y z 2
gp B = (e (1),e] 2),....e) (4),€5 (1),€5(2),..,

&)

N
Y (k 2,1  (k 2, 41
(O + 32 GO 6D ey (50,2 (0) - Dy ()

k=

M=

1 1
=2 e - 22

Il
—
—



= f(xk’yj (xk)>zj (xk))

Vi Vi
-x ¢ Zwi,jC°51,1—a (ix) +| Cy - Zwi,j
i=1 i=1

-Cosy o (M + l)xk)>,

e;(k)=g (xk>)’j (%) 2; (xk)) - D,z (%)

= g(xlvyj (xk)>zj (xk))

(Zqzjcosll - lxk) + ( Z%])

i=1

-Cosy o (M +1) xk)> :

(42)

Then we adjust the weights w;, ; and g; ; by the following two
equations:

Wi = W j + Aw; j,

(43)
Qijr1 = i + A j
where

a]y+z

Aw Maw

B (JV oJ+e ae; (k)
k:lae;/ (k) aw,',j

L oopte ae]Z. (k)
kzlae§ (k) aw,,].

N
)=w24m
k=1

(fy (xk’ Vi (xk)2 (xk))
-(cos (x;) — cos (M + 1) x;.)) — (xk)(—oc)

'(Cosl,l—ocxk = Co8y 1« ((% +1) xk)))

N
—uY et (k) g, (xi y; (x0) 2 (31))

k=1

- (cos (x;) — cos (A + 1) x)),

A a]erz ( N a]erz ae? (k)
qij = —# =—¢ Z
J 9g;. i kzlae : (k) og; ;

va % N
o7z Oe; (k) N
+) ]y a] R XAC)
k:laej (k) 94, k=1
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(9. (07, (6) 2 ()

-(cos (x;) — cos ((M + 1) x;.)) — (xk)(—rx)

'(C031,1—axk - Cosy1« (A +1) xk))>

- P‘Zejy- k) f, (xk> Vi (x4) Zj (xk)) (cos (x)

—cos ((M +1)x;)).
(44)

3.5. Convergence of the Algorithm

Theorem B. Let y represent learning rate, let /V represent the
number of sample points, and let M represent the number of
neurons: X = (x1,%y,...,%4),0 < x; < 1,1 <i < N Suppose
Ifyl < L, \|f,l < I3, lg,| < L, gl < I3, |Cos, 1 o(x)| < L,
on the interval (8, 1) for 0 < § < 1. Then the neural network is
convergent on the interval (8, 1) when

0
<H
(45)
< 2N +1
4 (1) + L+ 67Ly) + (15 + 15 + 672L,)°)
Proof. Let \/V'jﬁz = (W), Wyjp - > Wy G1jpDajp - - -G j)> and
then we denote yj(X ) and zj(X ) by
_ y+z ~1,0
y; (X) = Wi G
(46)
+(C =W L) cos (4 +1) X),
Zj (X) _ W]-)}+ZG0’1
(47)

+(C =W ) cos (4 + 1) X)
respectively, where

B = (e;(1),ejy.(z),...,e]¥(/V),ej(1),ej Q2),...,

e (M) = (f (X y;(X),2; (X)) - Df, y; (X),

9(X.y;(X),2;(X)) - Df,2; (X)) = f (X,
¥ (X),z; (X)) - X* (ij”Hl 0
+(C, - W]_)’+z[11)0) Cos; 1o (M + 1)X)> +g(x
y;(X),2; (X)) - X* (W] H"!

+(C, - ijﬂlf’l) Cosyy o (M +1)X)),
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+9, (Gl’o - 111,0 cos (A + 1) X))
HY = Cosy o (X),Cosy; , (2X),...,
— XY (H" = 1" Cosyy o (M +1)X)). (49)

u T Define Lyapunov function ij = (1/2)||Ejy. +Z||§; then simi-
Cos, | (#X),0,0,...,0 | , larly to the proof of Theorem A we get
0<y< 20 +1
U 2 (50)
y+z y+z
o [t [oE;™ 1aw} [
H™> ={0,0,...,0,Cos;; , (X),Cos;;_, (2X),...,
By simply calculating BE;' i aw].y 2, we have
T d A B B 2
oF’*? 2
Cos o (X)) | j 2
y+z . . . .
oW |, (51)
dod B B o
2 2
G" = cos(X),cos(2X),...,cos (MX), :4-%/’/(97 + 3B )’
where f = L’/ + L, + 8L, and B = L} + L + 6 “L,, and
T finally we obtain
P
0,0,...,0 , 0
<H
(52)
Vi < 20 +1
0.1 .
G =1 0,0,...,0,cos(X),cos(2X),..., 4/[/V<(L{+L§+6‘“L2)2+(LZI L5 +6‘“L2)2)
- This completes the proof. O
cos(UX) | 3.6. Example
3.6.1. Example 4. We first consider the following linear cou-
P P T pled fractional differential equations:
= T5,..,10,0,...,0 | , , s 2,
DY y(x)=x"+x"+ ——x~ “—y(x) -z (x),
5y () NSO RE)
T 0<x<1, 0<ac<l, (53)
o M Vi
=000, 1 2 s 6 s
Dg+Z(x) =X +Xx + m.x “—y(x)—z(x),
(48)  with initial condition as follows:
y(0) =0,

Then we have 2(0) = 0. (54)
QEY? The exact solution is y(x) = x? and z(x) = x*. We set the
ﬁ = f, (GI’O - [11’0 cos (M + 1) X)) parameters « = 0.9, ¢ = 0.001, # = 7, and /" = 10 and train
aWj the neural network 2000 times, and the weights of the

network for Example 4 are given in Table 5. Figures 7 and
+7, (GOJ — 1% cos (M + 1) X)) 8 show that the sample points and checkpoints are in well

agreement with the exact solutions for the problem. Figure 9
shows that the error of the numerical solutions decreases
rapidly within the first 50 training times. Table 6 shows
the exact solution, approximate solution, and accuracy for
+9, (GO’1 - I?’l cos (M + 1) X)) Example 4.

- X% (H" = 1}°Cosy y_o (M +1) X))
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TABLE 5: Weights obtained along with the solution of Examples 4
and 5.

a=09 Example 4 Example 5
w,/q, 0.5307/0.4494 0.8215/0.7682
w,/q, —-0.0592/0.0013 0.3545/ — 0.7084
w;/q; —0.6414/ — 0.7451 —-0.1512/ — 0.2292
w,/q, 0.0052/ — 0.0392 —0.1342/ - 0.1116
ws/qs 0.0559/0.3705 0.1657/0.3582
We/q6 0.3998/0.2282 -0.0815/0.0781
w,/q, —0.4141/ - 0.4014 0.0533/ — 0.2259
Learning curve
1.4 T T T T T T T T
1.2 ¢
1.0 ®
Y /
1 7
w 0.8 2
< ;
£ a
% 06| el
1 .
= e
04 -
_.©
02t oo
_.©
o
Od—— == Q- -~ L L
01 02 03 04 05 06 07 08 09 1
X

-+ - Exact solution z(x)
O Sample point for z(x)

—— Exact solution y(x)
*  Sample point for y(x)

FIGURE 7: The learning curve for Example 4.

3.6.2. Example 5. We second consider the following nonlin-
ear fractional coupled differential equations:

D,y (x) = x° + cos (x) + X (y ()

_6
I'4-a)

-z(x), 0<x<l,0<ac<l,

(55)
DSz (x) = x° + cos (x) + x “Cosy o (%) = ¥ (x)
-z (x),
with initial conditions as follows:
y (0) =0,
(56)
z(0) =1,

The exact solution is y(x) = x> and z(x) = cos(x). We set
the parameters &« = 0.9, 4 = 0.001, # = 7, and 4 = 10.
Numerical solutions in Table 7 show that this network can
also be applied to the nonlinear fractional coupled differential
equations but we need more time to train the network.
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Inspection curve
1.4 T T T T T T T T

1.2+

1.0t

0.8

x*and z

0.6

y=

0.4

02+

T

0 e e L
0.1 0.2 0.3 04 05 0.6 0.7 0.8 0.9 1

—— Exact solution y(x) - - Exact solution z(x)
Checkpoint for y(x) +  Checkpoint for z(x)

FIGURE 8: The inspection curve for Example 4.

Error curve
50 r

45 + E
40 R
351 E
30 E

25t 1

Error value

20t 1
15} 1
10 L B

5t i
0 w
0 500 1000 1500 2000

Training times

—— Error of y(x)
--= Error of z(x)

FIGURE 9: The error curve for Example 4.

4. Conclusion

In this paper, by using the neural network, we obtained the
numerical solutions for single fractional differential equa-
tions and the systems of coupled differential equations of
fractional order. The computer graphics demonstrates that
numerical results are in well agreement with the exact
solutions. In (1), suppose that f(x, y(x)) = A(x) + B(x)y+
C(x) yz; then the problem transformed into Fractional Riccati
Equations (Example 3 in this paper). In (3), suppose that
floy(x) = y(x)(r — ay(x) - bz(x)) and g(x,z(x)) =
z(x)(-d + cy(x)); then the problem transformed into
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—— The graphics of Cos; o(x) =~ The graphics of Cos; ¢ g(x)
The graphics of Cos, o (x) —— The graphics of Cos,; (x)

- -~ The graphics of Cos; o 5(x)

FIGURE 10: The graphics of the function Cos, ;_,(x).

TABLE 6: Exact solution, approximate solution, and accuracy for
Example 4.

a=09 Numerical solution Accuracy
x  yx) z(x) y(x) z(x) yx)  z(x)
01 0.01 0001  0.0101 0.0020 10t 107
02 0.04 0.008  0.0408 0.0104 10"t 107
03 0.09 0027  0.0926 0.0301 107 107
04 016  0.064 01641 0.0664 102 107
05 025 0125  0.2529 0.1233 10° 107
0.6 036 0216  0.3584 0.2071 10° 107
0.7 049 0343  0.4847 0.3290 107 107
08 064 0512  0.6389 0.5033 107?107
09 081 0729 08215 0.7361 10?107
1 1 1 1.0126 1.0076 102 107

fractional-order Lotka-Volterra predator-prey system. We
will consider this problem in another paper. The neural net-
work is a powerful method and is effective for the above two
problems, which should be also able to solve fractional partial
differential equations.
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