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We have proved here that the expected number of real zeros of a random hyperbolic polynomial of the form y = P,(t) =
V(1)a, cosht + +/(5)a, cosh2t + - + +/(};)a, coshnt, where a,,...,a, is a sequence of standard Gaussian random variables, is
\n/2+ 0,(1). It is shown that the asymptotic value of expected number of times the polynomial crosses the level y = K is also \n/2
as long as K does not exceed V2"e#™, where y(n) = o(n). The number of oscillations of P,(t) about y = K will be less than +/n/2

asymptotically only if K = V2"e#", where u(n) = O(n) or n! p(n) — oo.In the former case the number of oscillations continues
to be a fraction of \/n and decreases with the increase in value of u(n). In the latter case, the number of oscillations reduces to

op(\/ﬁ) and almost no trace of the curve is expected to be present above the level y = K if u(n)/(nlogn) — oo.

1. Introduction

Let (Q, A, Pr) be a fixed probability space and let {a;(w)};_|
be a sequence of independent random variables defined on
Q. The sum ay(w) f1(t) + ay(w) f,(t) + -+ + a,(w) f,(t) is
traditionally known as a random algebraic polynomial if
fit) = t', a random trigonometric polynomial if f;(f) =
cos(it) or sin(it), and a random hyperbolic polynomial if
f;(t) = cosh(it) or sinh(it). One can have useful information
about the behaviour of these ensembles of polynomials if the
average number of times these polynomials oscillate about
the line y = K is known. The reader is referred to the book by
Farahmand [1] where an exhaustive account of progress made
in study of random polynomials has been presented. It is to
be noted that there is significantly more published literature
on random algebraic and random trigonometric polynomials
than that of random hyperbolic polynomials. Let

y=Q,(t) = Zak (w) cosh kt, ¢y

k=1

where g (w) are normally distributed random variables with
mean zero and variance one. One knows that Das [2] first
calculated the expected number of real zeros of Q, (¢). Farah-
mand [3] calculated the asymptotic estimate of oscillations
of Q,(t) about y = K if K = o(+/n). Some of the other
works in this direction are due to Mahanti [4-6]. Wilkins [7]
determined real zeros of Q,(t) when var(a;(w)) = k?, p > 0.
We observe that the asymptotic value of the oscillations of
random hyperbolic polynomials is (2/7) log n in each of these
cases.

One is tempted to ask whether Q,(#) has more than
(2/m) logn oscillations under certain conditions. In this con-
text, we are reminded of a recent work of Edelman and Kost-
lan [8] where it has been found out that the expected number
of real zeros of random algebraic polynomials increases
significantly if the variance of the coefficients changes from

unity to /(% ). Therefore, we examine what effect this new
assumption on variance of the coefficients has on number of
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oscillations of Q,,(¢). In other words, we calculate the number
of oscillations of the polynomial

y=P,(t) = éak (w) \j(Z) cosh kt, (2)

where g (w) are normally distributed random variables with
mean zero and variance one.

In Theorem 1 we have shown that the number of real zeros
of P,(t) is substantially larger than that of Q,(¢). Moreover,
there is a significant difference in the way real zeros of
P (t) and Q,(t) lie on the t-axis. Most of the real zeros
of Q,(t) are confined to the interval [—-1, 1] and there are
negligible numbers of them if [f| > 1 (see [4]). But there
are large numbers of real zeros of P,(t) outside [-1, 1]. This
phenomenon can be deduced from the formula given in (26)
and Lemma 10. In fact, the number of real zeros of P,(t) in the
region || > a, a > 1/+/n, is dependent on a. The real zeros
decrease in number with increase in « in the region [t| > «
and there are negligible numbers of them only whena — 0.

Let u(n) be any function of n such that u(n)/n — 0.In
Theorem 2 we have shown that the number of oscillations of
P,(t) about the line y = K, where K < V2"e#", is equal to its
axis crossings. Thus, for all these values of K one can say that
most of the oscillations of P,(t) that cross the t-axis reach up
to the level y = K. If u(n) = O(n) or n_ly(n) — 00, we have
proved in the theorem that the asymptotic value of number
of oscillations of P,(t) about y = K = V2"e#" is less than
\n/2.1f u(n) = O(n) the number of oscillations continues to
be a fraction of 1/n and decreases with the increase in value of
p(n). It n! u(n) — oo the number of oscillations is reduced
to op(\/ﬁ). Inequality (35) together with Lemma 14 provides
a glimpse of the manner in which the number of oscillations
decreases with increase in value of K. Inequality (35) also
shows that there is hardly any trace of the curve P,(¢) above
the level y = K = V2"et® if u(n)/(nlogn) — oo.

Let the coefficients {ak(w)}t? of P, (t) be standard normal
random variables. The expected number of oscillations of
P, (t) about the line y = K, t € («, f3), has been denoted by us
as EN,, i (e, ) in the following two theorems.

Theorem 1. For sufficiently large n,

EN, , (—00,00) = ? +0, (n_l/2 logn). 3)

Theorem 2. For sufficiently large n,
(i) EN,, g (=00, 00) = /n/2 +Op(n’1/2 logn) ifK*/2" —
0,

(ii) EN, x(-00,00) = /2 + (2/v/merf(K/V2") +
0,(n " logn) if K* = O(2"),

(iii) EN,, x(~00,00) = vn/2 — n”u(n)/@n) + 2//7 +
Op(n_l/2 logn) if u(n)/n — 0, u(n) — oo, and K =
\2net)

(iv) EN, g (-00,00) = (Vi/m)sin™ (™ “7/~2) +
2/ + Op(ffl/2 logn) if u(n) = O(m) and K =

(V) EN, g (-00,00) = \/ﬁefnil”(”)/(Z\/E) + 2/ +
Op(n_l/2 logn) if u(n)/n — oo and K = V2"et™.

Two more differences in behaviour of P, (¢) and Q,,(t) are
noteworthy. In what follows we will find out that most of the

axis crossings of P, (t) reach the level V2"e#"), However, the
branches of Q, (¢) that cross the axis do not travel beyond y =
K, where K = O(~/n) (see Mahanti and Sahoo [6]). Almost
all of the polynomial Q,(t) lie below the level K, where
n’llog(K /+/n) — oo (Mahanti and Sahoo [6]). However, a
large part of P, (t) stretches above this level.

2. Formula for the Proof of the Theorems

The proof of the theorem is based on the formula for expected
number of level crossings given by Crammer and Leadbetter
[9, page 285]. Using it for P,(t) — K = 0 in the interval (e, §)

we can show that
B \’Ancn - Bfl K
ENn,K (0(,[;) = J; An (/5 (_ \/A_n) (4)
[2¢ () +n {20 (n) - 1}] dt,
where A, = var{P,(t)-K}, B,, = cov[{P,(t)-K}, P,;(t)], C, =
Var{Pr'l(t)}, o) = (1/V2n) jfoo exp(—xz/Z)dx, o) =
(1/V2m)exp(-x*/2),and 4 = —B,K/+/A,+\|A,C, - B2

Since the coefficients of P,(t) are independent and Var(aj) =

\/(}), it is easy to derive using little algebra that

L n
A, = Z \j< )coshzkt =2"" (coshnt cosh™t +1), (5)
k
k=1

" n
B, = le sinh 2kt = 2" *nsinh (n+ 1)t
23 k

(6)
-cosh™'t,
" n
C,= YK ( )sinhzk
k=1 k
37/ 2 -2 @)
=2" [(n cosh (n+2)t+ncosh nt) cosh™“t
—n’ - n] )
Let
D, =A,C,- B, =2""(n’(cosh™t-1)
+ (n2 - n) cosh™*t cosh nt sinh’t
(8)

+2n*cosh™ 't sinh nt sinh

+n (coshzn_zt cosh’nt — 1)) )
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Formula (4) now can be written as

EN,x (. ) = I, (&, B) + I (&, B) , )
where
1 (8 K*C
-2 oo |
L (0" ﬁ)
P \2KB, K? ¢ _KB, (10)
St ()

D

¢n (t) = \1/4_n

n

As a special case, we can also obtain the famous Kac-Rice
formula [10] for expected number of zeros of P, (t) by putting
K = 0in (9). Thus we have

BN, h)= - [ 4,0t )
| '

3. Preliminary Analysis

To evaluate the integrals in (9) and (11) we need to find
out the dominant terms of A, B,, and C,,. The inequalities
mentioned in Lemmas 4-7 will be helpful for the purpose. We
first mention the following form of LHépital’s Rule which we
use to derive some of the inequalities.

Lemma 3 (the monotonic form of LHépital’s Rule [11]). For
-00 < a <b < ooletgh: [abl — R be continuous
on [a,b] and differentiable on (a,b) with H(@) + 0on (ab).
Ifg'(t)/h'(t) is increasing or decreasing on (a,b), then so are
(9(H) — g(@))/(h(t) - h(@)) and (g(t) ~ g(B)/(h(t) — h(b)). If
g'(t)/h'(t) is strictly monotone, then the monotonicity of the
above two quotients is also strict.

2 4 2
Lemma4. If0 < t < 71/2, thene™ /™ /8 < (cosht)" < "' /2,
In particular in the interval (0, n 12
nsinh’t  n(n—2)sinh*t
+ 5 + A <

(cosht)"
(12)
nsinh’t  n’sinh*t

<1+ +
2 4

Thus (cosht)" = 1+ O(nt?) if t = o(n"/?).

Proof. The series representation of tanh ¢ is given by [12, page
42] tanht = Y2, 5it?* 7!, where s, = 2%(4* — 1)B,;/(2Kk)!.
Using the fact that {(2k) = 22k_17r2k|sz|/(2k)! [12, page 1038],
we have |sk|l‘2k71 =772k n%* 11 - 272 2k).

Now, (1 -27"){(n) = Z?:O(Zj + 1)™" is a monotonically
decreasing function of n. Therefore, the power series of
tanht converges absolutely and uniformly for 0 < ¢t <
7/2. Integrating term by term we have the alternative series

log cosht = Zzl(Zk)_lsktZk for 0 < t < m/2. Since the
coefficients of t** are monotonically decreasing, we find that
the first part of the lemma is true.

Let hy(t) = r,(t)/r,(t), where r;(t) = (cosht)” — 1 and
r,(t)=n sinh?#/2 + n’sinh*t/4, with r1(0) = r,(0) = 0. Then

ry (t)
(13)

. {sinhzt - %H {2 (1+ nsinhzt)T1

It is easy to verify that ¢ + £2/5 < (n+2)/(n* - 4n) ift < n V2.
Using the series representation of sinh t we find that
t3 t3 o8] t2k+1
t+—-sinht=—-) ——
5 30 4 (2k+ 1)
(14)
1 & 1
3
21| — - > 0.
(30 ,;2 2k + 1)!>

Therefore sinh?t — (1 + 2)/(n*> — 4n) < 0ift € (0,n"/?). Asa
consequence, r{(t) / r;(t) is strictly decreasing in the interval
0,n712). By Lemma 3, h,(t) is decreasing in (0,n7?) and
by UHopital’s Rule h;(0+) = 1. Therefore, r,(t) < r,(t). Let
hy(t) = r;(t)/r,(t), where r5(t) = (cosh )" — 1 - (n sinh?t)/2
and r,(t) = (n*sinh*t)/4 with r3(0) = r,(0) = 0. Then
r)/ri(t) = (cosh"*t — 1)(nsinh®t)™" = r5(t)/re(t), where
rs(t) = (cosht)” — 1 and ry(t) = nsinh’t with r5(0) =
r6(0) = 0. Now r.(t)/re(t) = (n - 2)(cosh £)"*/(2n), which
is increasing. So, by Lemma 3, h,(t) is strictly increasing. By
L'Hopital’s Rule we find that h,(0+) = (n—2)/(2n). Therefore,

nsinh’t L (n—2) sinh*t

5 o < (cosht)". (15)

O

Lemma 5. Ift — 0, then /4 + t/2 - £/12 < tante' <
/4 +t)2 —13]12 + £°/48.

Proof. Let r,(t) = tanh~'e’ — 71/4, rg(t) = t/2 - £2/12, and
ro(t) = t/2 — £7/12 + t°/48. Observe that r,(0) = r4(0) =
r9(0) = 0. Let hy(t) = r,(t)/rg(t) and hy(t) = r,(t)/ry(t).
Then ré(t) /ré(t) = secht is a monotonically decreasing and
r;(t)/ré(t) = 2secht/(2 — 1) is monotonically increasing
function of t. By UHopital Rule h;(0+) = h,(0+) = 1.
Therefore, by Lemma 3, r,(t) < rg(t) and ry(t) < r,(t) for
t>0. O]

Lemma 6. Let m > 0, p > 1. Then
sinh?t(sinh nt) " (cosh )™ is a monotonically decreasing
function of t in (0,00) if p = 1 and is a monotonically
decreasing function of t in (p/n,00) if p = 2 and

n > /pi3(1 - tanh p)} /2,



Proof. Since
(sinhpt (sinhnt) ™" (coth t)””)l = sinh? 't

- (cosh )™ cosh nt (16)

. (p tanh nt —ntanht — mtanh nt tanhzt) ,

to prove the lemma we show that ptanhnt — ntanht < 0
under the conditions mentioned in the lemma. We first note
that (tanh nt—ntanht)’ = n(sec h*nt—sec h*t) < 0. Therefore,
if p=1andt > 0, ptanhnt — ntanht < 0 since its value is
zero att = 0.

Now let p > 2. Let g(t) = r(t)/r,(t), where r,(t) =
tanht and r,(t) = t with r,(0) = 0,7,(0) = 0. As
r{(t)/r;(t) = sech’tisa decreasing function of ¢, it follows
from Lemma 3 that ¢ tanh is monotonically decreasing.
Therefore, for a fixed p, (p/ n) 'tanh( p/n) increases with . As
ltnﬁoo(p/n)’1 tanh(p/n) = 1 and tanh p < 1, there exists an
integer n, such that, for n > ny, ( p/n)_1 tanh(p/n) > tanh p.
In other words, for n > n,, ptanhnt — ntanht < 0 at
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t = p/n. Since (tanhnt — ntanh )" < 0, we conclude that
ptanhnt —ntanht < 0ift > p/nandn > n;. We can find out
n, in the following manner.

We note that ¢! tanh t—1+¢2/3 > O as (tanh t—t+£>/3)’ =
t sec W2 t(cosh’t —t 2sinh’t) > 0 and tanh t —t+£°/3 is zero at
t = 0.S0 (p/n)'tanh(p/n) > tanh pif 1 - p*/(3n*) > tanh p;
thatis, n > n, = \/p{3(1 - tanhp)}_l/z. O

Lemma7. If0 < x < 1/~/2, then

(m/2) xV1 - x?

. -1
(14271 (1 - 2x2))" s
(17)
(/2) xV1 — x?
(1+2 (1- 2x2))1'1137"' :
Proof. Letx = sinfand « = 26. Letr,,(0) = log(1+2_1 cos )

and r,;(0) = log(msina/(2«)). We observe that r,y(7/2) =
r11(7/2) = 0. After differentiation we have

2) sinoc+(cotoc—oc"1)(1+2cosoc)] (18)

’"{1 0) ! (2 + cosa) (oc_1 — cot cx) ' 2 [(2 + cos ) (cos ec’o— o
<r10 (0)) - sin v -

We now use the following power series representation
(see [12]) convergent for [t < 7t - cott =
2221 (22k|B2k|/(2k)!)t2k71, where B, is the Bernoulli number

of degree 2k.
Then,
!
sin®a ( ril (9)) _ 5 z 2% |sz| (« )2k 2
o (G)) vt (2k)! (19)

(2k-1)2+cosa)sina—a (1 +2cosw)).

We observe that (2 + cos «) sin 20 — «(1 + 2 cos «) is nonnega-
tive in (0, 7r/4) since it vanishes at zero and its derivative, that
is, 2(a sin o — sin’a) is positive.

It follows from (19) that (r{1 @)/ r{O(G) is a nondecreasing
function in (0, 7r/4) since

(2k-1)(2+cosa)sina—oa (1+2cosa)
(20)
> (2+cosa)sin20—a (1+2cosw).

Itg_, o111(0)/10(0) = In(m/2)/In(3/2) = 1.1137... and by
LCHopital's Rule Ity _, ;/4r11(0)/r0(0) = 4/m = 1.27..., we
obtain the proof of Lemma 7 using Lemma 3. O

Lemma 8. Consider

by—b <

~5

J e T erf (x)dx < by, (21)
0

sina

where

@) vk 2 .
b (1 e Zj:o ((qV) /J!))’ a1 (22)
(2 (2k + 1) g**+2)

Proof. Consider the following power series representation of
erf(x) (12, eq. 3.32L1] erf(x) = (2/vm) Yoo (-1)Fx**)
(k!(2k + 1)). The power series converges absolutely and
uniformly for x € R. Hence [12, page 346]

ﬁj e T% erf (x)dx

2 Jo

. J‘V 2k+1 —qx

,;) U ey 1) (23)
k=co 2,2 k=00

B f y(k+ 1,q7v ) - X

- ,;) Ry TS T go 1)k

where by, = (1 - ¢ @’ z (@) P 1022k + 1)g™ ). 1t is
easy to see that bk is nonincreasing and b, — Oask — oo.
Thus, the statement of the lemma is true. O

Lemma9. Letu, = o(n"1?); then

Lu" ¢, () dt = O (u,\/n). (24)
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Proof. By Lemma 4, D,, defined in (8) can be written as

D, = 22"y sinh*nt

: JL(n — 1) sinh’t cos ech’nt (coshznt —cosh nt) (25)
+ (nsinh t cos echnt + 1)2} (1 +0 (nt)2) .

By Lemma 6 we find that (nsinh ¢ cos echnt + 1)* =0(1)
in (0,1) and (sinh f cos echnt)*cosh’nt = O(n™!) if nt = O(1).
Also, sinh*tcoth’nt = O(t*) if nt — oo and t € (0,1). So,
(2% *nsinh’*nt) ' D, ~ C,, 1 < C, < 2. Also using Lemma 4
and (5) we find that A,,/Z"_1 ~ coshnt +1. By (11), we see that
Lemma 9 is valid. [

Lemmal10. If > a > 21" logn, then

Jﬁ ¢, () dt = \/ﬁ(tan_leﬁ - tan_le“)
* (26)

+0 (n3/2 sinh a exp (—n(x)) .

Proof. Using Lemmas 6 and 4 we obtain from (8) that D,
224 cosh®*t cosh*nt(1 + O(n sinh u exp(—nu))) and A,
2" cosh ntcosh™t(1 + O(exp(—nu))). The conclusion of the
lemma follows now from (11). O

4. Proof of Theorem 1

If u, is taken as 2n”" log 1 we can derive from Lemmas 9 and
10 the following relations:

EN, o (0, ! log n) = Op (n71/2 log n) ,

-1
EN, o (Zn logn, oo) 27)
- \/_ﬁ ~ ﬁtan—le%fl logn

5 - +OP (n_l/z).

Since the integrand in (11) is an even function of ¢, we have
EN,, , (—00,00) = 2EN,, (0, 00) . (28)

—llef1 logn

Using Lemma 5 to approximate tan , we see that

Theorem 1is true.

5. Proof of Theorem 2

To determine EN, x(-00,00) we need to calculate
I, (00, 00) and I, (—00, 00) for different ranges of values of K
as both quantities depend on magnitude of K. In Lemma 14
we have calculated I, (—0c0, 00). Value of I, (—c0, o) for three
different ranges of value of K has been calculated in Lemmas
11-13. The relations (32), (34), and (35) and Lemma 14
establish Theorem 2. Note that we only need to calculate
I,(0,00) and L,(0,00) since I;(e, ) and L(a, 8) are even
functions of t.
Since I} («, B) < EN, o(«, B), by Lemma 9 we have

I (0, 2n"" log n) =0 (n_l/2 log n) . (29)

p

In order to calculate I; (2n ! logn, 00), we need the dominant
term of C,/D,,, which can be calculated with the help of
Lemmas 4 and 6 as

% =n (2"71 cosh ntcosh"t)_1 (1 +0 (1’171)) . (30)

n

For brevity, we have written K' = K?/2" in the following
lemmas.

Lemma 11. As long as K' does not exceed e*™, where p(n) =

o(+/n),
1, (0,00) = \/Tﬁ +0, (n"logn). (31)

Proof. Let K' < n* a > 0. Then by Lemma 9 we find
that I, (0,n ™" (o + 2) logn) = O,(n”"/* logn). Using (30) and
Lemma 10, we obtain that Il(n_l(oc +2)logn, c0) = Vn/4 +
Op(n_l/2 logn). Hence I;(0, ) = v/n/4 + Op(n_l/2 logn).

Now let K' > n*, « > 2, and n_l/zlog(K') = o(1). It
follows from (30) that the maximum value of e X ©P " in
(n™! logn, nillog(nK'z/ logn)) is on™).

Hence I,((2n"" logn, n”'log(nK'/logn))) = Op(n_l/z).
As the integrand of I,(a,b) is bounded, we have
Il(n_llog(nK'/logn),n_llog(K'znz)) = Op(n_l/z). By
Lemma 10 and (30) we find that Il(n_llog(K'nz),oo) =
\nj4 + Op(n_l/z). Taking into account (29) we see that (31)
is true. O

Lemma12. Letn /2 logK' = u(n), where either u(n) = O(1)
or u(n) — 00, but u(n) = o(+/n); then

Il (0) OO)

- ¥—M+O (nlogn).  (32)

27 p

Proof. By Lemma 10 and (30) we find that the following
relations are true:

2
I (2?2_1 logn, 2n)! logn+ u (n) w2 y_(n))

2
=0, (\/ﬁe—vﬁ) ,
2
I (21/1_1 logn + p (n) A i) () , oo) = %
u(n) ()
-1/2
- + Op (n ) s
1 1/2 .“2 (n) 1
I ((Zn)_ logn+um)yn = - T,Zn_ logn
-1/2 HZ (n) ~1/2
+u(m)n e O, (n logn).
These relations and (29) yield (32). O
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Lemmal3. Letlog K' = nu(n), where u(n) = O(1) or u(n) —

00. Then
2@) ) _1<eu(n)>
I, (0,00) = [ 22
1 (0,00) ( - )sin 7 60

For large values of n

Vnx V1 — x?
127...
4(1 + \/1—x2+x4)

VnxV1 - x?

4(1 +V1I-x%+ x4)1‘“37~- >

< I, (0,00)

(35)

where x = e *™ /~/2.
Moreover, 1,(0,00) = Op(l) if u(n) = O(nlogn) and
I,(0,00) = op(l) if u(n)/(nlogn) — oo.

Proof. Lett, and t, be the points in R where (exp(2t) +1)"/2"
assumes the values (n/logn)exp(nu(n)) and n? exp(nu(n)),
respectively. It follows from (30) and Lemma 10 that

I (Zn_1 logn, tl) =0, (n_l/z). (36)

Let z = In((e* + 1)/2) and s = 2¢°.

Then jsechtdt = J(dz/\/Zez -1) = I(ds/sx/s— 1) =
—2sin_1(s_1/ %), Therefore, by (30) and the definition of
I, («, B), we have I, (t,,t,) = Op(n_l/2 logn) and I,(t,,00) =
Vrsin™' (e /42) + 0,(n""?). We obtain (34) if (29) is
also considered. Inequality (35) follows immediately from
Lemma 7. From this inequality the other two estimates of
I,(0, 00) valid for p(n) = Op(n logn) and u(n) such that
pu(n)/(nlogn) — oo follow. O

Lemmal4. The dependence of I,(—00, 00) on K is given by the
following relations:

(i) if K* = 0(2"), then I,(~00,00) = 0,(1),

(ii) if K> = O(2"), then I,(~00,00) = (2//m)erf(u) +
Oye™,

(iii) szz/ZZ” — 00, then I,(-00,00) =
Op(e—K /2 )’

whereu = VK.

2/m) +

Proof. Using Lemma 4 we find that in (0, u,,)

2n—4

D nsinh®nt (1 + 2nsinh f cos echnt + o (1)),

(37)

=2

n

B, = 2" *nsinh’nt (1 +0(1)).

Hence, B,,/+/D,, ~ \/n/c, where 1 < ¢ < /3.

On the other hand, using Lemma 6 and the definitions
of B, and D,, in (u,,00), where u, > 2n"'logn, we have

Bn/ \/Dn ~ \/ﬁet.
Lets = K/+/2A,,.Itis not difficult to see that (K/s)!/" ~ ¢!
in the interval (u,,, 00)

I, (00, 00) = 21, (0, 00)

= (é) Ju exp (—52) erf (sp) ds

w/ Jo
(38)
= (%) erf (up) erf (u)

—4p Ju exp (—pzsz) erf (s)ds,

0

where i/ V3 < p < ne"™.
Clearly I,(—00,00) = oP(l) if K* = 0(2"). The other two
parts of the lemma are found to be true by virtue of Lemma 8.
O
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