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By variational methods and some analysis techniques, the multiplicity of positive solutions

is obtained for a class of weighted quasilinear elliptic equations with critical Hardy-Sobolev
exponents and concave-convex nonlinearities.

1. Introduction and Main Results

Let Q be a smooth bounded domain in RN (N > 3) and 0 € Q. We will study the multiplicity
of positive solutions for the following quasilinear elliptic problem:

ulP?u ulP"(@h=2y, ulu
—div<|x|’“”|Vu|’”’2Vu> —‘u| | _ lul [l in Q,

|x|P(a+1) |x|bP*(a,b) |x|dp*(a,d) (1.1)

u=0 onoQ,

where A >0,1<p<N,0<pu<pup=((N-p)/p-af,0<a<(N-p)/p,a<bd<a+l,
1<g<p,p*(ad) = Np/(N-p(a+1-d)) is the critical Sobolev-Hardy exponent. Note that
p*(0,0) = p* & Np/(N - p) is the critical Sobolev exponent.
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In this paper, W £ W,"(Q) denotes the space obtained as the completion of C{°(Q)
with respect to the norm (fQ ||~ |Vu|’“dx)1/ P. The energy functional of (1.1) is defined on W
by

_1 —apro P |ul” 1 Juf” A |u|?
]A(”)—PIQ<|x| |Vul P‘|x|p<a+1) p*(a,b) lelbp*(a,b)dx q )o@ *

(1.2)

Then J, € CY(W,R). u € W \ {0} is said to be a solution of (1.1) if (J1(w),v) =0forallv e W
and a solution of (1.1) is a critical point of J). By the standard elliptic regularity argument,
we deduce that u € C1(Q \ {0}).

Problem (1.1) is related to the following Hardy inequality [1]:

| u|p*(a,b) p/p*(ab) N
—_— —ap p 0
<J;R bp*(a,b) dx> < C J‘RN |X| |Vu| dx, Yu e CO <R ), (13)

N x|

which is also called the (general or weighted) Hardy-Sobolev inequality. For the sharp
constants and extremal functions, see [2, 3]. If b = a + 1, then p*(a, b) = p and the following
(general or weighted) Hardy inequality holds [1, 4]:

P
f [l —dx < ij x|Vl dx, VueCE(RY), (1.4)
BN [ulP@tD T

where ji = (N - p)/p — a)? is the best Hardy constant.
In the space W, we employ the following norm if p < pi:

1/p
—a ul?
e = a2 ([ (ieriour - 20 Nax) (15)
o |x|’”( )

1/p

By (1.4) it is equivalent to the usual norm (|, |x|*|Vu|Pdx) "' of the space W. According to
(1.4), we can define the following best constant for0 < a < (N -p)/p,a<b<a+1land u < ji:

P
Suap(Q) = inf (Ll

. N p/p*(ab)
ueWw\{0} <J- | |p (a,b)/|x|bp (a,b)dx>

From Kang [5, Lemma 2.2], S, 45 is independent of Q C RN. Thus, we will simply denote
that Sy,a,b(Q) = Sy,u,b (RN) = S#/u,b.
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When a = 0, we set s = dp*(0,d) and t = bp*(0,b), then (1.1) is equivalent to the
following quasilinear elliptic equations:

P24, |u|P*(t)—2u |u|‘7_2u
—div(|Vaup2va) - + 1 inQ,
(v 2vu) - w25 = = 2T (1.7)
u=0 onoQ,

where A > 0,1 <p <N, 0<pu<pu=((N-p)/p)F,0<st<p 1<g<pandpt) =
p(N=1/(N - p).

Such kind of problem relative with (1.7) has been extensively studied by many
authors. When p = 2, people have paid much attention to the existence of solutions for
singular elliptic problems (see [6-16] and their references therein), besides, in the most of
these papers, the operator —A — y/|x|* with Sobolev-Hardy critical exponents (the case that
t = 0) has been considered. Some authors also studied the singular problems with Sobolev-
Hardy critical exponents (the case that t#0) (see [17-22] and their references therein). In
[23, 24], the authors deal with doubly-critical exponents.

When p #2. The quasilinear problems related to Hardy inequality and Sobolev-Hardy
inequality have been studied by some authors [25-32]. Here we recall the work in [25], where
the extremal functions for the best Sobolev constant S, 0 were studied. The results can be
employed to study the problems with critical Sobolev exponents and Hard terms, see [25,
28]. In [26] it is investigated in RN a quasilinear elliptic equation involving doubly critical
exponents by the concentration compactness principle [33, 34].

We should note that the nonlinearities of problems studied in [11-14, 26, 28, 31] are
all not sublinear or p-sublinear near the origin. To the best of our knowledge, there are few
results of problem (1.7) with nonlinearities being p-sublinear near the origin for 1 < p < N.
We are only aware of the works [20, 30, 32] which studied the existence and multiplicity of
positive solution of problem (1.7) with 1 < g < p < N. In this paper, we study (1.1) and
extend the results of [20, 30, 32] to thecasea#0and1<g<p < N.

ForO0<a< (N-p)/p,a<b<a+1,and 0 < pu < p, consider the following limiting
problem:

p-2 p*(ab)-2
|u| u _ |u| u in RN \ {0}/

—di -ap p-2 _
d“’(|x| Vi V”) H o@D = @b

u>0 in RN\ {0},
wewt (=),

(1.8)

where W;’p(RN ) is the space obtained as the completion of CSO(]RN ) with respect to the

norm (_fRN |x|‘“P|Vu|”dx)1/p. From [5, Lemma 2.2], we know (1.8) has a unique ground state
solution U, , satisfying

“(a, b) (7 - 1/(p(ab)-p)
L&AD=<£E_%&JQ> 19)



4 Abstract and Applied Analysis

and all ground states must be of the form U, (x) = e (N-p)/ P=@U, . (x/ ) for some ¢ > 0, that
is,

fi (1Vl? = plul? /P ) dx
Suab = in

) (1.10)
ueW,” (RN)\(0) (fg |ulp*(a,b)/|x|bp*(u,b)dx>p pia,

is achieved by U,. Moreover, U, is radially symmetric and possesses the following proper-
ties:

}iil’(l)ra(”)up,ﬂ(r) =c1 >0, }i_r}})ra(ﬂ)ﬁ u;)/‘u(r)| = C1CX(‘I/l) >0, (1 11)
lim AOU,, () = >0,  lim A9, (r)| = cp(p) >0,
where ¢; (i = 1,2) are positive constants and a(y), f(u) are the zeros of the function
fir)=(p-)7" - (N-pa+1))P ' +p, 720, 0<pu<p, (1.12)

which satisfy 0 < a(u) < (N —p(a+1))/p < p(u) < (N -p(a+1))/(p-1). Furthermore, there
exist the positive constants cz = c3(y, p, a,b) and ¢4 = ca(p, p, a, b) such that

N-p(a+1)

6
3 S Upu) (I 4 1 97) sy 68 =2

(1.13)

Throughout this paper, let Ry be the positive constant such that Q c B(0; Ry), where
B(0; Ry) = {x € RN : |x| < Ry}. By Holder and Sobolev-Hardy inequalities, for all u € W, we
obtain

(p*(ad)-q)/p*(ad) *(a,d q/p*(ad)
f I < j |x| 4" (@) f ()
a |x| @D =\ ) Bo;ry) Q |x|9P"(@d)

(p*(a,d)-q)/p*(a,d)
—(q/
> (Spaa) PNl (1.14)

N-dp*(a,d) (p*(a,d)-q)/p*(a,d)
< N(UNRO S -(4/p) q
NN (Spaa) [l

Ry
< <N(,UN J‘ r—dp*(a,d)+N—1dr
0

N -dp*(a,d)
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Set

. —dp*(ad) \ ~(P"(@d)-q)/p"(ad)
Ao = < P—q >(P—q)/<p (a,b)—p)<p*(a, b) —P> N(AJNR(])V dp*(a,d)
p*(a,b)-q p*(a,b) - q N —dp*(a,d)

% ( Sa ) q/p ( Suap ) p*(ab)(p-q)/p(p*(ab)-p) ,

(1.15)

where wy = 2rN/2/NT(N/2) is the volume of the unit ball in RN,

Furthermore, from0<a < (N -p)/pand a < d < a+ 1, we can deduce that
N —
0<p<Tp—a>+pd=N—p(a+1—d)<N, (1.16)
which implies
) _ pN
P (a/d) - N—p(a+1—d) >p/
N N (1.17)
ok _ p P
N dp(a'd)_N—p(a+l—d)< ’ a>>0.

Combining these with 1 < g < p, we get Ay > 0.
We are now ready to state our main results.

Theorem 1.1. Assume that N > 3,0 < p < pu,0<a< (N-p)/p,a<bd<a+1, and
1< g <p < N. Then one has the following results.

(i) If L € (0, Ag), then (1.1) has at least one positive solution in W.
(ii) If L € (0, (g/p) o), then (1.1) has at least two positive solutions in W.

Remark 1.2. In [5], Kang considered (1.1) with p-sublinear perturbation of p < g < p*(a,d).
Via variational methods, he proved the existence of positive solutions of (1.1) when the
parameters a, b, d, p, q, A, p satisfy suitable conditions. But the existence of positive solutions
for (1.1) involving the p-sublinear of 1 < g < p < N is not considered. In this paper, we will
give a complement result.

This paper is organized as follows. In Sections 2 and 3, we give some preliminaries
and some properties of Nehari manifold. In Section 4, we complete proofs of Theorem 1.1. At
the end of this section, we explain some notations employed. In the following discussions, we
will denote various positive constants as C, C; and omit dx in the integral for convenience. We
denote B(0; R) as a ball centered at the origin with radius R, and wy = 27rV/2/NT(N/2) is the
volume of the unit ball B(0; 1) in RY. We denote the norm in L"(Q) by |- |, for 1 < r < oo, and
L"(Q,|x|™), 1< r < oois the closure of CF(€2) with the norm |-|r- @ x+) = (Jq lx|5|- )Y wl
denoting the dual space of W. O(e') denotes |O(g) /€!| < C, and o(e') means |o(e') /&'| — 0
as ¢ — 0. By o(1) we always mean it is a generic infinitesimal value.
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2. Nehari Manifold

Since the functional ], is not bounded from below on W, we will work on Nehari manifold.
For A > 0 we define

Ny ={ue W\ {0} : (Jy(u),u) =0}. (2.1)

We recall that any nonzero solutions of (1.1) belong to /. Moreover, by definition, we have
that u € A, if and only if

p*(a,b) A q
Il #0, [l - " —j _ (2.2)
o |x]

1
p*(a,b) IQ |x[?7" P q dp*(ad)

The following result is concerned with the behavior of J, on ;.
Lemma 2.1. ], is coercive and bounded from below on N,.

Proof. If u € Ny, then by (1.14) and (2.2), we get

p@h-p, (P -g\ [
= v =M | e =

N-dp*(a,d) \ P"(@d)-q)/p*(ad)
*(a/ b) - *(a, b) - NWNR
D)y (20D g (Noy 7

p*(a,b)p p*(a,b)q N —dp*(a,d) ”

% (Spaa) P llull’.

Since0<a<(N-p)/p,a<bd<a+1land1<qg<p<p*(ab),itfollows that J, is coercive
and bounded from below on ;. O

Define ¢y : W — R, by ¢5 (1) = (J|(u),u), that is,

|u|P*(a,b) |u|?
o) =l - [ [ 25)
o |x|bp (a,b) o |x|dp (a,d)

Note that ¢ is of class C! with

|u|P*(a,b) |u|?

(pht00,2) = plhl? ~p(a,0) [ s o 26)

o |x|dp*(a,d)'
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Furthermore, if u € A, then by (2.2), we have that

- |ulP *(a,b)
(w02 = (-l ~ (a0 -9) [ Moy 7)
q
- (P @b)IP - @ @b i 28)

Now we split /U, into three sets:

Ny ={ue Ny (g (u),u) >0},
A = {ue My : (g (u),u) =0}, 2.9)
= (e i - g0, <)

The following result shows that minimizers on A/, are the “usual” critical points for

Ji.

Lemma 2.2. Suppose ug is a local minimizer of Jy on N, and uy ¢ ./Ug. Then, ]| (uo) = 0 in w-L

Proof. See [30, Lemma 2.2]. O
Motivated by the above result, we will get conditions for ,/US)L =0.

Lemma 2.3. ./Ug =@ forall A € (0, Ap).

Proof. We argue by contradiction. Suppose that there exists a A € (0, Ag) such that /A #0. Let
ue ,/Ug be arbitrary, then by (2.2), (2.7), and (2.8), we have that

prab)-q( |

0<|lulf = ,
I === ) o

2.10
p’(a,b)—q ] .

0 P = .
<l p*(a,b) —=p Jq |x|9 (@D

By (1.14), (2.10), and Sobolev-Hardy inequality, we get

1/(p*(a,b)—
nw>(—£;l_>@m)mwmwﬂw@wmw>
- p*(a/b)_q ” ’

. 1 N —dp*(ad) \ P @d)-9)/p(ad)(p-q)
- P*(a/ b) _P N - dP (a/ d) ol

(2.11)
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Hence we must have

. —((p*(a,d)-q)/p*(a,d

- ( p—g >(PQ)/(P*(a,b)P)<p*(a,b)_p) Neog R4 @ (7" (ad)=q)/p"(ad))
“\p*(ab)-g p*(a,b) —q N —dp*(a,d)

x (S, d>q/P ( Sﬂ/a/b)P*(a,b>(P—q)/p(p*(a,b>—p)

= AO/
(2.12)

which is a contradiction. O

For each u € W\ {0}, let

(p =)l Vet
Tmax = (b b (b . (213)
(p*(a,b) _ q) J’Q |ulP (a/ )/lx p*(ab)

Lemma 2.4. If A € (0, Ag), then for each u € W \ {0}, the set {Tu : T > 0} intersects NV, exactly
twice. More specifically, there exist a unique T~ = 7~ (u) > 0 such that T"u € N, and a unique
7" = 7" (u) > 0 such that T°u € ;. Moreover, T" < Tmax < T~ and

I(thu) = 0<i£1f Ji(Tu), I(t7u) = sup Jy(Tu). (2.14)
STSTmax T>Tmax
Proof. The proof is similar to that of [29, Lemma 2.7] and is omitted. O

We remark that by Lemma 2.3 we have, /) = _/UI U _/UX forall A € (0, Ag). Furthermore,
by Lemma 2.4 it follows that /] and ] are non-empty and by Lemma 2.1 we may define

a = uie%h(u), ay = uie%h(u), a, = uier}{;h(u)' (2.15)

Theorem 2.5. (i) If A € (0, Ag), then one has ay < a; < 0.

(i) If A € (0, (q/p)No), then a > dy for some positive constant dy.
In particular, for each A € (0,(q/p)/Ao), one has ay = a7 <0< a;.

Proof. (i) Let u € A}. By (2.7),

|u|p* (ab)

P-q p f
—||ul|” > _ 2.16
p*(a,b) - q” | Q |x|PPr(ab) (210
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and so also using (2.2),
1 1 1 [P (@)
-GG L2
Eih (P q>” ul q p*(ab) o |x|bp (a,b)

) [(% - 2) " G - p*(ilb)>< @, b) )] [[uel[P (2.17)

_ p-a@b-p), »_q

pap*(a,b))

Therefore, from the definition of a) and “X/ we can deduce that ay < sz <0.
(i) Let u € W}. By (2.7),

- p*(ab)
7f—i—ww<f'ﬂ*b~ (2.18)
p*(a,b)—q Q |x|bPrab)
Moreover, by Sobolev-Hardy inequality,
JufP" ") ~(p*(ab)/p) ., 1p*(ab)
J;: W < (Sﬂ,a,b) [|ell . (2.19)
This implies
_ 1/(p*(ab)-p) N v
> (5 =) (San) TP e (220)

By (2.4) and (2.20), we have

J|P@b-p oy (@b -q
Ja(u) > [[u| p*(a,b)p ol A( p*(a,b)g )

N RN dp* (a,d) (p*(a,d)-q)/p*(a,d)
X w— (S d)—(q/p)
N -dp*(a,d) ot

/(p*(a,b)—
( pP—q )q #ab) p)(swb)qP*(a,b)/P(p*(a,b)—p)
p*(a,b)—q ”

p*(a,b) —P< pP-q )”“")/ (”*(“’b)f")(sﬂ )7 @D B0 P @)
p*(a,b)p \p*(a,b) - “

(p*(a,d)=q)/p*(ad)
* N-dp*(a,d)
—A(p (a,b) —q) NwnR, (Spaa) "
p*(a,b)g N -dp*(a,d) "
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- 4/(p" @b)p) *(a *(a,b)— *(a,b) -
= (ﬂAo —A> <&> (Syap) ™ @D/ (@D p)(P (a,b) ‘1)

p p*(a,b)—q p*(a,b)g
—dp*(a (p*(a,d)-q)/p*(ad)

N N(AJNR(I)\I o (5 )*(q/p)

N - dp*(a,d) wad ’
(2.21)

Thus, if A € (0, (q/p)Ao), then

Ja(u)>dy Yue N, (2.22)
for some positive constant dj. O

Remark 2.6. If A € (0, (q/p)Ao), then by Lemma 2.4 and Theorem 2.5, for each u € W\ {0}, we
can easily deduce that

Tue N, Ju(t7u) = supJi(tu) > a) >0. (2.23)

>0

3. Proof of the Main Results

First, we define the Palais-Smale (simply by (PS)) sequences, (PS)-values, and (PS)-
conditions in W for ], as follows.

Definition 3.1. (i) For ¢ € R, a sequence {u,} is a (PS).-sequence in W for ], if J\(u,) = c+o(1)
and J} (u,) = o(1) strongly in Wlasn — oo.

(ii) c € Ris a (PS)-value in W for ], if there exists a (PS) .-sequence in W for J,.

(iii) J) satisfies the (PS).-condition in W if any (PS).-sequence {u,} in W for J,
contains a convergent subsequence.

Now, we use the Ekeland variational principle [35] to get the following results.

Proposition 3.2. (i) If A € (0, Ag), then ], has a (PS),, -sequence {u,} C N,.
(ii) If A € (0, (q/p) o), then ]y has a (PS)“;—sequence {un} C N}

Proof. The proof is similar to [29, Proposition 3.3] and the details are omitted. O
Now, we establish the existence of a local minimum for J, on /,.

Theorem 3.3. Assume that N > 3,0 <y < pu, 0<a< (N-p)/p,a<bd<a+]l,and
1<g<p<N.IfL€(0,A), then there exists uy € N such that

1) a(un) = ay = ay,
(ii) uy is a positive solution of (1.1),

(iii) flua]| — Oas A — 0.
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Proof. By Proposition 3.2(i), there exists a minimizing sequence {u,} C A/, such that
Ji(un) = ay+0(1), Ji(up) =0(1) in W™ (3.1)

Since J, is coercive on N, (see Lemma 2.1), we get that {u,} is bounded in W. From
[5, Lemma 2.1], we deduce that the embedding W < L"(Q,|x|"%"@) is compact for
1 < r < p*(a,d). Thus, there exists uy € W, passing to a subsequence if necessary, using
similar arguments found in [27, 36], then one can get thatasn — oo

u, — uy weakly in W,
u, — u,, strongly in L1 (Q, |x|’dp*(“’d)> for1<g<p,

u, — uy a.e. in Q,

Vu, — Vu, ae. in Q, (3.2)
Un

S e eakly in (@),

f funl” 2w f a2,
Pal” (Bl
Q Q

|x|bp*(“’b) |x|bp*(a,b) v, YveW.

Consequently, passing to the limit in (]} (u,),v), by (3.1) and (3.2), as n — oo, we have

Vi, P2V Vo o Juy Py w0 [P wo
e syl Bl My mtl Wy e €
Q || |x|? o |xP Q |x|F

for allv € W. That is, (J| (u1),v) = 0. Thus u, is a weak solution of (1.1). Furthermore, from
u, € N, and (2.3), we deduce that

q *(a,b) — *(a,
o[ e _ap@b-p), L, pl@ba (3:4)
x|

dp*(ad) — p(p*(a,b) - q) p*(a,b)—q

Letn — oo in (3.4), by (3.1) and (3.2), and since a) < 0 by (i) of Theorem 2.5, we get

q *
Af al? o __plabg g (3.5)
Q |x|

v @d = pr(ab)—q

Thus u) #0, and since | ;‘ (uy) =0, it follows that uy € A, and, in particular, J) (1)) > a,.
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Next, we will show, up to a subsequence, that u, — u, strongly in W and J, (u,) = a,.
From the fact u,, u € N,, (2.3) and the Fatou’s lemma, it follows that

*(a,b) - *(a,b) - a

pp*(a,b) P (a,b)q ' ad
.. |pab)-p <P*(afb)—Q)f |14n|? (3.6)
<lim inf| ———||u,||” = A -
A [ raop NN @ng ) ) e
= lim inf]) (u,) = ay,
which implies that Jy (1)) = a) and lim,_ |[u,||? = ||uy||P. Standard argument shows that

u, — u, strongly in W. Moreover, u, € A}. Otherwise, if u), € /N, by Lemma 2.4, there exist
unique 7, and 7, such that 7{u, € A}, 7 uy € A, and 7} < 7, = 1. Since

d d?
E],\(T;ul) = 0, FL\(TIIA\) > 0, (3.7)
there exists 7 € (7|, 7)) such that J)(7u,) < Ji(7u,). By Lemma 2.4 we get that

Tu(riuy) < an(Tuy) < a(tyun) = (), (3.8)

which is a contradiction. Since J) (1)) = Jy(Jjuy|) and |uy| € A7, by Lemma 2.2, we may assume
that u, is a nontrivial nonnegative solution of (1.1). By [5, Lemma 2.3], it follows that u) > 0
in Q. Finally, by (1.14) and (2.8), we obtain

* N-dp*(a,d) \ P (@d)-a)/p"(ad)
_ 14 ((1, b) - q) N(AJNRO —a/p)
p—q
||u/\|| < .)L<p*(a/b) _p N_dp*(a’d) (S”,a,d) 7 (39)

which implies that ||u,|| — 0as A — 07. O

Next, we will establish the existence of the second positive solution of (1.1) by proving
that J satisfies the (PS)a; -condition.

Lemma 3.4. Let {u,} be a bounded sequence in W. If {u,} is a (PS)_-sequence for ], with

p*(a,b)-p p*(a,w/(p*(a,b)—p))
ce (0= Fs,. , 3.10
( plabyp reb) o1

then there exists a subsequence of {uy,} converging weakly to a nonzero solution of (1.1).

Proof. Let {u,} C W be a (PS).-sequence for J, with ¢ € (0,((p*(ab) -
p)/p*(a,b)p) (Sﬂla,b)’”‘(“’b)/ #*@b)-P)y - Gince {u,} is bounded in W and the embedding
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W < L"(Q, x| (@D) is compact for 1 < r < p*(a,d) (see [5, Lemma 2.1]), thus passing
to a subsequence if necessary, we may assume thatasn — oo

U, — ug weakly in W,

u, — up weakly in L (@) <Q, |x|’b”*<“'b)>

. (3.11)
u, — up strongly in L7 <Q, |x| P (“’d)> for1<g<p,
U, — Uy a.e. in Q.
Using the same argument in Theorem 3.3, we deduce that | (u0) = 0 and
|un|q _ |u0|q
J\,J‘QW =1 QW +O(1). (312)
Next we verify that uy#0. Arguing by contradiction, we assume uy = 0. Set
L |un|}7*(a,b)
I= nlgrc}o J‘Q W. (313)

Since | (uo) = 0 and {u,} is bounded in W, then by (3.12), we can deduce that

_ ) _ , |un|P*(a,b) _ )
0= <nlgr;oh(un),un> = nlglgo [|2n | — ’[Q W = nh_f)f;oHun” -1, (3.14)
that is,
tim [[un||? = 1. (3.15)
n— oo

If I = 0, then by (3.12)—(3.15), we get

= lim Jy(u,) = li 1|| 17 - el -1 [nl” =0 (3.16)
TR = NP T ) e T ) g e ) T '

which contradicts ¢ > 0. Thus we conclude that [ > 0. Furthermore, the Sobolev-Hardy
inequality implies that

lu |p*(a,b) p/p*(ab)
p n
Jaall” > Sy < fg e > . (3.17)

Then asn — oo, we have I = lim,,_, oo ||u,||P > Sﬂ,a,bl”/ P'@b) which implies that

l 2 (Sﬂ’a,b)p*(a,b)/(p*(ﬂ,b)—p)‘ (318)
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Hence, from (3.12)—(3.18) we get

) 1 ) |un|P*(a,b) A |un|q
= = lim ||u,||F - lim ——— — — lim —_—
pn—>oo” n” p*(a,b)nﬂooJ‘Q |x|bP*(a,b) gn—w Jo |x|dp*(‘1/d)

p p*(ab)
* ,b - *(a *(a,b)—
JP Ea ) P (S )V @0 00D,
p*(a,b)p
This contradicts the definition of ¢. Therefore, 1 is a nontrivial solution of (1.1). O

Lemma3.5. f N >3,0< pu<pu0<a<(N-p)/pa<bd<a+1l,andl1<qg<p<N, then
for any A > 0, there exists vy € W such that

p*(a,b)—p p*(ab)/ (p*(ab)-p)
su T0)) < ———— (S, . 3.20
TZ%))]/\( /\) p*(a, b)p ( H ,b) ( )

In particular, a; < ((p*(a,b) - p)/p*(a,b)p)(Suap)’ 0/ P @) for all A € (0, Ao).

Proof. Let Uy, be a ground state solution of (1.8), p > 0 small enough such that B(0;p) C
Q1 e CP),0<nx) <1,nx) =1for x| < p/2, n(x) = 0 for |x| > p. Set U (x) =
s‘((N"’)/”)‘“UP,H(x/s) and u.(x) = q(x)ljlg (x), € > 0. Then, following the same lines as in [5],
we get the following estimates as ¢ — 0:

”uE”P — (S#,a,b)r’*(a,b)/(p*(a,b)fp) + O<€ﬂ(‘u)p+p(a+1)—N>’ (3_21)
Jue P *(@b)/ (p*(a,b)-p) b)p* (ab)-N
f [P (@P) = (Spap)” T +O<£(W)+ et > (3:22)
QX ’

CeN-dradqs N Zdp(@d) q<p*(a,d),
U
q N —dp*(a,d
J |ui| > Cg‘?(ﬁ(.“)_‘s)“n E|, q= w, (323)
Q |x|9P(ad) p(n) .
CeaB-5) 1<g< w,
pn)

where b(y) is given in the introduction satisfying 6 = (N —p(a+1))/p < b(u) < (N —p(a +
D/ (p-1.
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Now we consider the following functions:

P P (ab) lu |P‘(u,b) - [ug)?
g(T) ])L(Tug) p ”uE” p*(a/ b) o |x|bP‘(a,b) q J‘Q |x|dp*(a:d)
- o D e (3.24)
g(T) = _”uE”p_ * bp* b M
p p*(a,b) Jq |x|PP (@b
Using the definitions of g and u,, we get
TP
g(T) = Ja(Tue) < ?“usﬂp/ VT >0, A>0. (3.25)

Combining this with (3.21), let ¢ € (0,1), then there exists 7p € (0,1) independent of € such
that

p*(a,b)—p p*(@b)/ (" (a,b)-p)
su T) < —————(Sya, , VA>0, Vee (0,1). (3.26)
Sup 80 < by (Swet) @D

On the other hand, by the fact for By, B, > 0

max( B T g ) P@Y) =P g s @) ) -p 0 ) (327)
0 \ p p*(a,b) p*(a,b)p ’

and by (3.21) and (3.22), we can get that

* * =(p/(p*(ab)-p))
pab-p § ‘“'l’)>
£

P (@b)/ (7" (@b)-p) f Juel”
p*(a,b)p o |x[7 ()

_p(ab-p p*(ab)/(p*(ah)-p) B(Op+p(a+])-N
= W((S#,a,b) + O(S >

% <(S’w,b)P*(a,b)/(p*(a,b)fp) + O<E(ﬂ(;4)+b)p*(a,b)—N>>_

p*(a,b) _P( p*(ab)/(p*(ab)-p) B(wp+p(a+1)-N
_pebp + O(ebwpipiarn-NY,
p*(a,b)p "

ax ¢(T) =
ma 8(7)
p*(ab)/(p*(ab)-p)

(3.28)
(p/(p*(ab)-p))

Henceas A > 0,1 < g <p, by (3.28) we have that

(1) = 2( )_,\T_q _fuel”
supgl7) = sup| g(7 q Jo |x|dvad

T2T) >T)
* a,b - * * _ Tq u q
<P ( ) P (S0)" @0/ 0 (@)D +O(€ﬁ(#)p+p<a+n_w) N |di|(a -
p*(a,b)p q Ja |x|% @

(3.29)
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(i) If1 < g < (N —dp*(a,d))/p(u), then by (3.23) we have that

|us|q _
_ el 5 cg4(BGm)-0)
JQ ledp*(u,d) >Ce (3.30)

and since b(u) > 6 = (N —p(a+1))/p, then

p(w)p +pla+1) =N =p(p(n) - 6) >q(p(n) - 6). (3.31)

Combining this with (3.26) and (3.29), for any A > 0, we can choose ¢, small enough such
that

p*(a,b)-p p*(ab)/ (p*(ab)-p)
su tug) < P22 " Pig . 3.32
ng’ ])L( ,x) p*(ll,b)P ( My b) ( )

(ii) If (N —dp*(a,d))/p(u) < g <p,thenby (3.23) and b(u) > 6 = (N —p(a+1))/p we
have that

CeN-dp(ad)-q5 N -dp*(a,d)

J’ LSS ﬂ(ﬂ)d o

o [P D ") Ceapiron g, q- NP (@d) (3.33)
p(n)

N -dp*(a,d) - q6 < qp(u) — 96 <p(B(u) —6) = p(w)p +pla+1) - N.

<g<p*(ad),

Combining this with (3.26) and (3.29), for any A > 0, we can choose ¢, small enough such
that

p*(a,b)-p p*(ab)/ (p*(ab)-p)
STgIOD ])L(Tuq) < p*(ll, b)p (Sy,u,b) . (334)

From (i) and (ii), (3.20) holds by taking vy = u,,.
From Lemma 2.4, the definition of a, and (3.20), for any A € (0, Ag), we obtain that
there exists 7, > 0 such that 7,0y € N and

p(ab)-p (S @D @ @0)p) (3.35)
e, : :

< (o) < <
a, < i(ryoy) < stlzl(};h(Tm) o (@ b)p

The proof is thus complete. U
Now, we establish the existence of a local minimum of J, on ;.

Theorem 3.6. Assume that N > 3,0 <y <, 0<a< (N-p)/p,a<bd<a+1and

1<g<p<N.IfLe(0,(q/p)No), then there exists U\ € N, such that

(i) (W) =aj,
(ii) U, is a positive solution of (1.1).
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Proof. If A € (0,(q/p)Ao), then by Theorem 2.5 (ii), Proposition 3.2 (ii), and Lemma 3.5,
there exists a (PS)a;—sequence {u,} Cc Ay in W for J, with af € (0,((p*(a,b) -

p)/p*(a,b)p)(Suap)’ "(ab)/ (P (@b)=p)y ‘Gince J) is coercive on M, (see Lemma 2.1), we get that
{u,} is bounded in W. From Lemma 3.4, there exists a subsequence still denoted by {u,} and
a nontrivial solution U, € W of (1.1) such that u, — U, weakly in W.

First, we prove that U, € ;. Arguing by contradiction, we assume U, € . Since
N7 is closed in W, we have [[U)|| < liminf, . ||u,||. Thus, by Lemma 2.4, there exists a
unique 7, such that 7, U, € NV .If u € N, then it is easy to see that

_p@b-p p (P(ab)-q |u|?
])L(u)_ p*(a,b)p ||‘L[|| ( p*(a,b)q )J'Q |x|dp*(a,d)' (336)

From Remark 2.6, u, € A, U, < lim inf, o [[ux||, and (3.36), we can deduce that
ay < Ji(myUy) < lim i (7yu,) < lim Jy(uy) = a). (3.37)

This is a contradiction. Thus, U, € ;.

Next, by the same argument as that in Theorem 3.3, we get that u, — U, strongly in
W and Jy(U,) = a) > 0 forall A € (0,(g/p)Ao). Since J1(Uy) = Ji(|U,]) and |U,| € N7, by
Lemma 2.2, we may assume that U, is a nontrivial nonnegative solution of (1.1). Finally, by
[5, Lemma 2.3], we obtain that U, is a positive solution of (1.1). O

Now, we complete the proof of Theorem 1.1. The part (i) of Theorem 1.1 immediately
follows from Theorem 3.3. When 0 < X < (q/p)/Ao < Ao, by Theorems 3.3 and 3.6, we obtain
(1.1) has two positive solutions u, and U such that uy € A7, U, € N}. Since A7 NN, =0,
this implies that 1, and U, are distinct. This completes the proof of Theorem 1.1.
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