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An adaptive sliding mode control using robust feedback compensator is presented for a MEMS gyroscope in the presence of external
disturbances and parameter uncertainties. An adaptive controller with a robust term is used to improve the robustness of the control
system and compensate the system nonlinearities. The proposed robust adaptive control can estimate the angular velocity and all the
system parameters including damping and stiffness coefficients in the Lyapunov framework. In addition, standard adaptive control
scheme without robust algorithm is compared with the proposed robust adaptive scheme in the aspect of numerical simulation and
algorithm derivation. Numerical simulations show that the robust adaptive control has better robustness in the presence of external

disturbances than the standard adaptive control.

1. Introduction

In recent years, MEMS gyroscopes are commonly used
microsensors for measuring angular velocity because of their
compact size, low cost, and high sensitivity. Most MEMS
gyroscopes utilize electrostatic force and capacitive detection.
However, there are some damping effects and cross-stiffness
in the presence of fabrication imperfections, and the per-
formance of MEMS deteriorates due to the effects of time-
varying parameters, external disturbances, and quadrature
errors. Therefore, the measurement of angular velocity and
minimization of the cross-coupling in the MEMS gyroscope
should be investigated and studied. In recent years, the
applications of adaptive control and robust control have
achieved great developments. To control the MEMS gyro-
scopes, people proposed advanced control methods such as
adaptive control, which can modify its characteristics with
the varying parameters. Arancibia et al. [1] presented an
adaptive control scheme for laser-beam steering by a two-
axis MEMS mirror. A robust adaptive control strategy using a
fuzzy compensator for MEMS triaxial gyroscope is proposed
in [2]. A robust adaptive control for MEMS triaxial gyroscope
is developed in [3]. Jagannathan and Hameed [4] presented

an adaptive force-balancing control scheme with actuator
limits for a MEMS z-axis gyroscope. Zhu et al. [5] devel-
oped an alternative for the control of parallel-plate electros
actuators. Leland [6] derived and summarized an adaptive
controller to control all modes of a vibrational MEMS
gyroscope. Park and Horowitz [7] presented adaptive add-on
control algorithms for the conventional modes of operation
of MEMS z-axis gyroscopes. Wang et al. [8] presented a
micromachined vibratory gyroscope with two proof masses
to adaptively measure a rotation rate. Liu et al. [9] introduced
the design of a digital closed drive loop for a MEMS vibratory
packaged gyroscope. Salah et al. [10] developed a new control
strategy to sense the time-varying angular rate for MEMS z-
axis gyroscopes. Some design and control methods have been
proposed for MEMS gyroscope in [11-15]. Liu [16] proposed a
robust adaptive control for an uncertain mechanical system.
In this paper, robust adaptive control scheme which
has the advantage of combining the tracking capability of
adaptive control with the robustness of robust control is
proposed for the control of MEMS gyroscope. In addition, in
the presence of external disturbance and model uncertainty,
robust control is incorporated into the adaptive control to
improve the dynamic characteristics and the robustness of the



control system. The robust term can maintain some charac-
teristics of the control system in the presence of parameter
perturbations.

The robust adaptive control scheme with an additional
robust term is firstly applied to the MEMS gyroscopes to
improve the transient performance. Moreover, a standard
adaptive control without feedback robust algorithm is pro-
posed to estimate angular velocity and all unknown parame-
ters for the purpose of comparison. The novelty in the paper
is that a feedback algorithm is incorporated into the robust
adaptive controller to improve the robustness of the control
system and minimize the cross-coupling between two axes.
The stability and convergence of the closed-loop control
system can be guaranteed.

This paper focuses on the design and stability analysis
of the robust adaptive control for MEMS gyroscopes. Mean-
while, in order to discuss the effect of the proposed control
scheme, a comparative study between the standard adaptive
control and the robust adaptive control is conducted, thus
evaluating the performance index such as the convergence
of angular velocity, tracking error, and the robustness of
the control system. The advantages of the proposed control
scheme are summarized compared to existing ones.

(1) A feedback algorithm is incorporated into the robust
adaptive controller to deal with nonlinearities of a
system. The robust adaptive controller can improve
the robustness of the MEMS and estimate angular
velocity and all unknown system parameters cor-
rectly. Meanwhile, cross-coupling between two axes is
minimized in the presence of external disturbances. A
novel robust adaptive control scheme is proposed and
used to estimate angular velocity and all uncertain
parameters with improved transient performance.

(2) Using Lyapunov analysis, the stability and conver-
gence of the control system can be guaranteed. The
tracking errors all converge to zero, and all the
unknown parameters including angular velocity con-
verge to their true values. Incorporating feedback
algorithm into a robust adaptive controller, the con-
trol system tracks the desired reference trajectory
much more quickly compared with other ones.

This paper is organized as follows. In Section 2, the
dynamics of MEMS gyroscopes sensor is introduced. In
Section 3, the design of robust adaptive control for MEMS
gyroscopes is proposed. In Section 4, simulation results are
provided, and comparative study between robust adaptive
control and standard adaptive control is implemented. Con-
clusions are provided in Section 5.

2. Dynamics of MEMS Gyroscope

The dynamics of MEMS gyroscope are described in this
section. Dynamics of a MEMS gyroscope are derived from
Newton’s law in the rotating frame.

In a z-axis gyroscope, by supposing the stiffness of spring
in z direction much larger than that in the x, y directions,
motion of poof mass is constrained to only along the x-
y plane as shown in Figure 1. Assuming that the measured
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FIGURE I: Simplified model of a z-axis MEMS gyroscope.

angular velocity is almost constant over a long enough time
interval, the equation of motion of a gyroscope is simplified
as follows.

Taking fabrication imperfections, which cause extra cou-
pling between x- and y-axes, and external disturbances into
account, the governing equation for MEMS gyroscope is

mx +d X +d,y+kex+kyy=u,+2mQ,y,

@

my+dyx+d,,y+k,x+k,y=u,-2mQx.

In (1) d,, and d,, are damping; k,, and k,, are spring
coefficients; d,., and k,,, called quadrature errors are coupled
damping and spring terms, respectively, due in large part to
the asymmetries in suspension structure and misalignment
of sensors and actuators.

Dividing both sides of (1) by m, q,, and w}, which are
a reference mass, length, and natural or resonant frequency,
respectively, and considering lumped external disturbances,
we get the form of the nondimensional equation of motion as

. . . 2 .
Etdox+dyy+twx+w,y=u,+2Q0,y+d, o

y+dgx +dyy)'/+wxyx+wf,y =u, - 2Q0,x+d,,

where d., /mw, — d
Q‘z/wO - Qz’

ki, /mw} — w,,, and d, and d, denote disturbances in the
two axes. Note that, the lumped disturbances d, and d, could
also contain the effects of the time-varying unknown but
bounded parameter uncertainties.

The vector form of MEMS gyroscope dynamics model
can be written as

wo Ayy/mwy — dy, dy [mwy — d,,

Kyoo/mwy — w,, Ak, [mo] — w,, and

G+Dg+Kyqg=u-2049+ f, (3)

where q = [3Lu =[] f = [#].0 = [& ]
2
[ ] and iy = [

lumped parameter uncertainty and external disturbance.

Wy
o ], and f represents the matched
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We make the following assumption: the lumped uncer-
tainty and disturbance f is bounded such that || f|| < «, where
« is a known positive constant.

3. Robust Adaptive Control

In this section, a robust adaptive control scheme with applica-
tion to a MEMS gyroscope is given. The control objective is to
improve the robustness of the control system and minimize
system nonlinearities; thus all unknown system parameters
and angular velocity can be estimated correctly. The block
diagram of a robust adaptive control for a MEMS gyroscope
is shown in Figure 2. The tracking error between gyroscope
state and reference state acts as the input of the robust
adaptive controller which is proposed to control the system;
thus the angular velocity and all the unknown parameters can
be estimated.

Suppose that a reference trajectory is generated by an
ideal oscillator and the control target is to make the trajectory
of the gyroscopes follow that of the reference model. The
reference model x,, = A, sin(w,t) and y,, = A, sin(w,t) can
be redefined in vector terms as

where g = [I"], k,, = [uf u(jg ] e = q - q,, is the tracking

error.
The sliding surface is designed as

s=é+ce, (5)

where c is a positive definite constant matrix which needs to
be selected, ¢ = diag{A,, A,}.
The derivative of the sliding surface is

S=u+ f-(D+2Q)g-Kq+c(4-q,) + K, Gpm-  (6)

Substituting D = [ZW dxy])Kz [ w wxzy],andQ _ [((2) 7%]

vy Ay Wy, W) z

into (4) yields

d d., —2Q
$ = _ xx xy z | |91
s=uer=[a a0 3]

vy 92
o w 7)
_[ 2y:| [21]+C(q_qm)+Kmqm'
Wy, w, 2
Rewriting (5) yields
rd,
dy,
1, g, 0 -2 0 d)'y
$ Q1 9 24y 9 92 Q
S=u+ f- =
/ 0 4 g 291 0 q q, Z (8)
wx
wy,
| w) |

+c (q - qm) + Kmqm'

3
Disturbancel

Input om e Robust u d
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FIGURE 2: Block diagram of a robust adaptive control for a MEMS
gyroscope.

Define
po[d 8 2 0]
0.4 ¢ 2q 0 q 9]’
0 = [d, dy d, 0, W w, wl], O
Q=c(d=qn) + Kp-
Then, (6) becomes
S=u+f-Y0"+Q (10)

where Y(q;, 4, 95,4,) is @ 2 x 7 matrix of known functions
and 6" contains unknown system parameters. We assume
both position and velocity are measurable.

Setting $ = 0 to solve equivalent control u, gives

Uy =YO" -Q~ f. 1)

The adaptive controller u is proposed as

s
u:YO—Q+u51+u52:YG—Q—KSS—pH, (12)

u s kg O 0
whereu = [ ], s =[] K, = Slksz] >0,p = [%lpz] >

0, and K, and p are constant matrices to satisfy the desired
transient performance of the control system. 0 is the estimate
of 0"; u, = —k,sis a feedback component. Consider

S
[a, 2
Ug = [um] Z—Pi=—<pl 0) T (13)
s U Isll 0 p 2z
\$2+ s

is the sliding mode control component.
Substituting (12) into (10) yields

§=Y0-Q-Ks—p— (14)

s
Isl’

where 6 = 6 - 6*.
Consider the following Lyapunov function:
V= %STPS + %éTm_lg, (15)

where P = PT, m = m are positive definite and symmetric
matrix.
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FIGURE 4: Tracking error using standard adaptive control.
The derivative of V is To make V' < 0, choose the robust adaptive law as
U e 0 = -mY " Ps. 17)
=sPs+0 m 0 o
. The choice yields
_T A S 517 .
=s P(Y9+f—PH—KSS>+9 m 0 (16) V =s"Pf-Ppls| - s PK,s
_ < |s|P|f|—Pp|s|—sTPKSs

~ T ~
sTPf —Pp|s| - s"PK,s + (sTPYO +0 m_l(?) .
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= —IsIP(p—|f]) - s"PKs.
(18)

In (18), the second term represents the effect of the feedback
component u,; = —ks. Without the feedback component
and with p satisfying p > « + #, where 7 is a positive
constant, V' becomes negative semidefinite; that is, V <
—yllsll < 0. V is negative definite implying that s and K
converge to zero. V is negative semidefinite ensuring that V,
s, and 0 are all bounded. It can be concluded from (14) that
$ is also bounded. Barbalat’s lemma can be used to prove
that lim,_, ,,s(t) = 0. The inequality V. < —7|s| implies
that s is integrable as _[Ot Islldt < (1/n)[V(0) — V(t)]. Since
V(0) is bounded and V() is nonincreasing and bounded,
it can be concluded that lim, _, Jot |Islldt is bounded. Since

lim, _, o, JZ [Islldt is bounded and § is also bounded, according
to Barbalat’s lemma, s(¢) will asymptotically converge to zero,
lim, _, . s(t) = 0. If Y is persistently exciting signal [17], then

0(t) = —1YTs(t) guarantees that 0 — 0,0 wil converge to
its true values. Then the unknown angular velocity as well as
all other unknown parameters can be consistently estimated
and the control is asymptotically stable. )
Taking the feedback component into account, V' <
—sTPKss < ~Ymin (PK) lIs|*, where Ymin (PK,) is the minimum
eigenvalue PK, and y, . (PK,)|ls||* € « based on Lemma 1. In
(15), V = (1/2)s"Ps + (1/26"m™'6 = (1/200" [F % ]e,
where ® = [sT éT]T. Therefore (1/2))Lmin(M)IIG‘)II2 <V =
(1/2)0"MO < (1/2)A0 (M)[O]?, where M =

[ ﬁ mq1 :
Because (1/2)A,;,(M)[O|* € x and (1/2)A,,, (M)[O]* € x
based on Lemma 1 and according to Lemma 2 the closed-loop
system is exponentially stable. Therefore incorporating the
feedback component into the standard adaptive control could

improve the stability of the control system better.

Lemma 1. A continuous function ¢ : [0 ] — R* (or a con-
tinuous function ¢ : [0 co] — R*)is said to belong to Class
«; that is, ¢ € « if

(1) ¢(0) =0,
(2) @ is strictly increasing on [0 r] (or on [0 00]).

Lemma 2. If V is decrescent and there exist ¢, @,, @5 € k of
the same order of magnitude such that

¢y (Ix]) <V (t, %) < 9, (Ix]), V(t,x) < o5 (Ix]) (19)

forall x € B(r) andt € RY, then x, = 0 is exponentially stable.

Remark 3. For the purpose of comparison, a standard adap-
tive control is also proposed for a MEMS gyroscope. The
difference between robust adaptive control and standard
adaptive control schemes is that a feedback controller is not
incorporated into the adaptive controller which is proposed
as

N

“=Y0-Q Py

(20)
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FIGURE 5: Adaptation of angular velocity using robust control.
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FIGURE 6: Adaptation of angular velocity using standard adaptive
control.

Remark 4. In order to eliminate the control discontinuities,
a smooth sliding mode control that can reduce chattering
problem is proposed as

u=Y0-Q-Ks—-p (21)

sl + ¢’

where ¢ is a small positive constant.

4. Simulation Example

In this section, the robust adaptive sliding control and the
adaptive sliding control are both evaluated on the MEMS
gyroscope model for the purpose of comparison. The control
objective is to estimate angular velocity and all the unknown
parameters and make the control system track the reference
trajectory. Random signal with zero mean and unity variance
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is considered as external disturbance. The parameters of the
MEMS gyroscope are listed as follows:

m=18x10"kg, k. =63.955N/m,

k,, =9592N/m,  k,, =12779N/m,

-6 -6
d, =18x10"N-s/m, d,, =18x10"N-s/m,
-7
dy, =3.6x10"N-s/m.
(22)

Choose 1 micrometer as the reference length g, and 1kHz
as natural frequency of each axis of MEMS gyroscopes. The
unknown angular velocity is assumed as Q, = 5.0 rad/s. The
nondimensional parameters are calculated as follows:

wi =3553,  w) =5329,
Wy, =70.99,  d, =001, (23)
d, =001, d,=0002 Q=01

The desired motion trajectories are x,, = A, sin(w,?), y,, =
A, sin(w,t), where w;, = 1kHz, w, = 2kHz. The m and P
in (17) are chosen as m = diag{10, 10, 10, 10, 10, 10, 10} and
P = diag{1000, 1000}. The K, and p in (12) are chosen as K =
diag{1000, 1000} and p = diag{100, 100}.

Figures 3 and 4 compare the tracking errors, where e, =
x—x,, denotes tracking error in x axleand e, = y—y,, denotes
tracking error in y axle. It is observed that the tracking
errors all converge to zero asymptotically and the tracking
error of robust adaptive sliding control has better transient
performance than that of standard adaptive sliding control.
Figures 5 and 6 compare the adaptation of angular velocity; it
can be seen that the estimation of angular velocity Q, using
the robust adaptive control converges to its true value more
quickly than that using standard adaptive sliding control.
Figures 7, 8, and 9 compare the adaptation of parameters
using these two different controllers, respectively. It can be
observed from these figures that the former achieves better
parameter identification performance than the latter.

In summary, with the control law (12) and the parameter
adaptation law (17), if the gyroscope is controlled to follow the
mode-unmatched reference model, the persistent excitation
condition is satisfied; that is, w, #w,, and all unknown
gyroscope parameters, including the angular velocity, are
estimated correctly. In the presence of external disturbance
and model uncertainties, the robust adaptive sliding control
has better robustness and transient dynamic characteristics
than adaptive sliding control.

5. Conclusion

In the paper, a novel robust adaptive control scheme is pro-
posed for MEMS gyroscopes. For the purpose of comparison,
a robust adaptive control and a standard adaptive control
without feedback algorithm are investigated. Numerical sim-
ulations show that if the persistent excitation can be satisfied,
all unknown parameters, including the angular velocity,

converge to their true values, and tracking error converges
to zero asymptotically, using these two adaptive approaches.
But in the presence of external disturbance and model uncer-
tainties, the robust adaptive control has better robustness and
dynamic characteristics than standard adaptive control.
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