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This study proposes deployable units driven by elastic hinges and a double-layer hoop deployable antenna composed of these units.
A rational modeling method based on the energy equivalence principle is presented to develop an equivalent model of the double-
layer hoop antenna in accordance with the structural characteristics of the antenna. The equivalent beam models of the rods with
elastic hinges are proposed. The relationship of geometrical and material parameters is established considering the strain energy
and the kinetic energy of the periodic unit, which are the same as those of the equivalent beam in the same displacement field.
The equivalent model of the antenna is obtained by assembling several equivalent beam models in the circumferential direction.
The precision of the equivalent model of the antenna is acceptable as found by comparing the modal analysis results obtained
through equivalent model calculation, finite element simulation, and modal test.

1. Introduction

The development of the aerospace industry leads to the
requirement of increasingly large and light antennas to meet
the needs of space missions [1]. The transport rockets used at
present possess limited storage space; thus, large antennas
must be designed as deployable mechanisms that can be
folded into a compact configuration before launch and be
deployed into a predetermined shape in the orbit [2].
Many types of antenna have been constructed. You and Chen
[3–6] and Huang et al. [7] developed deployable mechanical
networks using Bennett, Myard, and Bricard linkages. Lu
et al. [8] constructed a deployable mechanical network based
on Surrus linkages and scissor joints. The hoop truss deploy-
able antenna is an ideal structural form for large-aperture
antenna due to its high folding ratio and small mass,
which enable it to keep a stable mass and avoid radical
mass fluctuation when its diameter is increasing [9]. The
United States [10] launched a single-layer hoop deployable
antenna with a diameter of 12.25m in 2000. The Pactruss
deployable antenna, which is composed of inner deployable
truss, outer deployable truss, and central scissor-type link

mechanism, was proposed by Escrig [11]. In 2012, Datashvili
[12, 13] developed a new double-hoop deployable truss and
conducted a test for its deployable function. You et al. [14]
proposed a hoop mechanism with double-layer scissor hinge.
Yan et al. [15–17] proposed a new configuration of a double-
layer deployable antenna mechanism and studied the
dynamic characteristics of its deployment process. Qi et al.
[18, 19] proposed a large deployable mechanism based on
plane-symmetric Bricard linkage and a novel large ring
deployable mechanism based on a six-bar linkage unit. How-
ever, when the antenna diameter is expanded to 100m or
more, the existing structure form cannot meet the required
stiffness to work normally, and the driving system of the
antenna is extremely complex. As a result, a new double-
layer hoop deployable antenna with high stiffness, light-
weight, and passive driver should be introduced.

The dynamic characteristics of a large deployable
antenna greatly influence its position and posture, which
are important parameters in the structural design. Many
scholars have studied this field and achieved significant prog-
ress. Li [20] established a multi-rigid-body dynamic model of
a hoop truss antenna. Neto et al. [21] studied the dynamic
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coupling characteristics of flexible satellites based on the the-
ory of flexible multibody. Zhang et al. [22] constructed a flex-
ible multibody dynamic model of a flexible deployable
antenna. However, the dynamic models established using
such methods still present many degrees of freedom. This
characteristic contradicts with the low-order dynamic
models required by the structural vibration control. The
equivalent model can provide great convenience for solving
the effects of structural and material parameters and the
dynamic characteristics of structures. The establishment of
an equivalent model that cannot only reflect the dynamic
characteristics of the structure but also possess lower orders
becoming a key problem for the large deployable antenna
[23]. Noor et al. [24–27] set up an equivalent continuum
model of linear-type space truss composed of triangular
cross-sectional periodic unit. Salehian and Inman [28, 29]
constructed a continuum model of the linear plane truss,
and the results of the dynamic analysis were verified by
experiments. Bruls et al. [30] proposed a method for global
modal parameter reduction of a multiflexible body system.
Naets et al. [31–33] applied a reduced-order control model
of the multiflexible body system established using this
method to the hardware in the loop real-time control. Liu
et al. investigated the dynamic equivalent modeling of the
components of most antenna mechanisms, which provided
important references for the dynamic study of large deploy-
able antenna mechanisms. They established an equivalent
dynamic model for hoop truss structure composed of planar
repeating elements [34, 35], an equivalent circular ring model
for radial vibration analysis of hoop truss structures [36],
an equivalent dynamic model for the inflatable parabolic
membrane reflector [37], and an equivalent dynamic model
for the cable net of the antenna reflector [38]. Although
much literature is available on the establishment of the equiv-
alent continuum model of the linear truss structure and the
plane truss, inconsiderable work has been published on the
establishment of the equivalent model of the double-layer
hoop antenna. The double-layer hoop antenna is composed
of multiple structures with the same repeating three-
dimensional truss unit and can thus use the continuum
equivalent modeling method mentioned above.

In accordance with the requirement of a large antenna,
this study proposes deployable units driven by elastic
hinges and a double-layer hoop deployable antenna com-
posed of these units. The equivalent model is obtained
on the basis of the principle of energy equivalence to describe
the dynamic characteristics of the double-layer antenna. The
validity of the equivalent model is verified by comparing
with the results of the finite element method and the
modal test data.

The remainder of the paper is organized as follows. In
Section 2, the double-layer hoop deployable antenna is pre-
sented. In Section 3, a method for constructing the equivalent
model is proposed and the equivalent beam models of the
rods with elastic hinges are deduced. In Section 4, the strain
energy and kinetic energy of the unit are studied. In Section
5, the strain energy and kinetic energy of the beam model
are calculated. Subsequently, the equivalent model based on
the energy equivalence principle is established. In Section 6,

the validity of the equivalent model is analyzed. Conclusions
are drawn in the last section of the paper.

2. Double-Layer Hoop Deployable Antenna
Mechanism

The stiffness of a single-layer hoop deployable antenna can-
not meet the rigidity requirements of the truss mechanism
when the diameter increases to a certain extent, whereas the
stiffness of a double-layer hoop deployable antenna has a
larger increase and can meet the demand of a large-
diameter deployable antenna.

As shown in Figure 1, a double-layer hoop antenna is
composed of a periodic deployable unit and cable net reflec-
tion surface. A periodic deployable unit driven by elastic
hinges for meeting the requirements of high stiffness and
low mass is presented in Figure 2.

The deployment process of the unit is divided into two
stages. First, the inner and outer ring trusses are deployed
in the circumferential direction. Second, the inner and
outer ring trusses are deployed in the radial direction
under the action of the link truss mechanism. Figures 2
and 3 indicate that the rotation joints of link truss mecha-
nisms A, B, C, and D are connected with elastic hinges.
When the antenna is folded, the elastic hinge uses its
stored elastic potential energy to promote the unit to deploy.
When the antenna is fully deployed, the upper and lower
chords are locked due to the self-locking characteristic of

(a) Folded state

Cable net reflection
surface

Periodic deployable unit

(b) Expanded state

Figure 1: Composition of the double-layer hoop antenna.

D
A

C

B

Outer-layer hoop truss

Link truss
mechanism

Inner-layer hoop truss

Figure 2: Periodic deployable unit.
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the elastic hinge. The locking of the entire mechanism is
finally completed.

The inner and outer ring truss mechanisms are slider-
crank-type unit driven by elastic hinges, as shown in
Figure 4. The basic unit is composed of two vertical support-
ing rods, four chords, and two elastic hinges. Rotation joints
A, B, C, and D are connected with elastic hinges. The two
cranks are fixed at two adjacent cross bars, and the sliding
block is sheathed on the vertical pole. Two speed control
cables are installed in the cross state. One end of the cable
is connected with the displacement compensation spring.
The other end is connected with the drive motor. When
the entire mechanism is in its folded state, the elastic
hinges are in a compressed state. After the lock is released,
the sliding block will slide on the vertical rod under the
driving moment of the elastic hinges. The turning angles
of the two cranks are equal in the movement process
under the action of the slider-crank mechanism, thereby real-
izing the synchronous deployment of the adjacent units. The
impact collision can be avoided through controlling the
release rate of the two speed control cables, and then, the
entire mechanism can be deployed smoothly. After the entire
mechanism is deployed, the rope displacement is compen-
sated by the rope displacement compensation spring to pre-
vent the rope from slack.

As shown in Figure 5, the elastic hinge is a component
with stable structural and drive functions. One elastic hinge
is composed of two hinge joints, two pieces of elastic reed,
and four reed clamps.

The material of elastic hinges is titanium-nickel alloy
Ni36CrTiAl with a mass density of ρ=8.0× 103 kg/m3,
Poisson’s ratio ν=0.35, and Young’s modulus E=36.94GPa
[39]. This material has high strength, high elastic modulus,
high elasticity, and good corrosion resistance. It is an ideal
material for making elastic hinges.

The elastic potential energy is stored in the elastic
hinge to provide the drive torque in its folded state. Rele-
vant research has indicated that the performance of the
torque characteristics of the elastic hinge is strong nonlin-
ear and a great peak torque exists in its fully expanded
state during the movement from the folded state to the
expanded state. Therefore, the elastic hinge exhibits the char-
acteristics of the beam with high bending stiffness in its
expanded state. Given its lightweight, small size, and other
advantages, the elastic hinge can replace the traditional
spring-driven hinge.

3. Equivalent Model Modeling Method
and Process

The equivalent continuum model has the following advan-
tages. First, the model can be used to evaluate the overall per-
formance of the double-layer hoop antenna. Second, the
characteristics of the antenna composed of different unit
structures are easy to compare and analyze using the model.
Third, the model can be adopted to evaluate the effects of the
structural and material parameters of the antenna. Finally,
the analytical solution of the dynamic characteristics of the
antenna can be obtained using the equivalent model. The
model will provide great convenience for solving the antenna
subjected to static, thermal, and dynamic loads. In this study,
a rational modeling method based on the energy equivalence
principle is proposed to develop an equivalent continuum
model of the double-layer hoop periodic deployable unit.

The bending and torsional stiffness of the inner and
outer layers and the link truss that contains the elastic hinge
in x, y, and z directions are calculated using the finite ele-
ment software to simulate their real stress condition. The
equivalent beam models of the rods can be instituted by
substituting the calculation results into the parameters of
the beam element.

The details of the modeling process of the equivalent
model of the unit are depicted in Figure 6. First, a basic peri-
odic unit is separated from the repeated units composed of a
double-layer hoop deployable antenna. Second, the nodal
displacement of any point and the element strain in the peri-
odic unit are then expressed through the displacement and
strain components at the center of the periodic unit in accor-
dance with the kinematical assumptions. Third, the strain
and kinetic energies of unit components are calculated.
Fourth, the strain and kinetic energies in terms of nodal dis-
placement, geometrical structure, and material parameters of
the unit and the continuummodel are derived. Subsequently,
the equivalent stiffness matrix and mass matrix of the equiv-
alent continuum model are obtained based on the energy
equivalence principle. Finally, the equivalent models of the
unit and the entire antenna are developed.

The equivalent beam model of the unit is shown in
Figure 7. The equivalent model of the entire antenna
can be obtained by assembling several equivalent beam
models in accordance with the geometric topology of the
original structure.

4. Calculation of the Unit Energy

4.1. Kinematic Assumptions and Displacement Expansions.
As shown in Figure 7, a basic periodic unit is separated from
the repeated units composed of the double-layer hoop
deployable antenna. The Cartesian coordinate system based
on the right-hand rule is established, and its origin is located
at the unit center. The deformed positions of any cross sec-
tion of each unit shown in Figure 7 are defined by 12 dis-
placement parameters. Therefore, the displacements in the
plane of the cross section are assumed to be specified by a
total of 12 parameters. The displacement components u, v,
and w are assumed to have a linear variation along the x-axis

Inner
ring

Outer
ring

A

B C

DA

B

C

D

Figure 3: Link truss unit.
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in the plane of the cross section (planes y–z). The displace-
ment field in the cross-sectional plane can be expressed as
follows:

u x, y, z = u0 − yϕz + zϕy + yzu,

v x, y, z = v0 + yεy
0 + z −ϕx +

1
2 γyz

0 + yzv,

w x, y, z =w0 + zεz
0 + y ϕx +

1
2 γyz

0 + yzw,

1

where u0, v0, and w0 are the nodal displacement components
at y = z = 0; ϕx, ϕy, and ϕz are the rotation components; εy

0

and εz
0 are the principal strains in the y and z directions,

respectively; γyz
0 is the shearing strain in the plane of the

cross section (plane y–z); and u, v, and w are the warping
and distortion of the cross section (plane y–z).

Figure 8 provides the details of sign convention for the
displacement and rotation components. The 12 parameters
u0, v0, w0, ϕx, ϕy , ϕz , εy

0, εz
0, γyz

0, u, v, and w are the func-

tions of x. As shown in Figure 8, the displacements u, v,
and w along the x-axis exhibit a linear change.

For the periodic unit with an isosceles trapezoid cross
section, the deformed position of any cross section is speci-
fied by three displacement components of its four nodes
(12 displacement parameters). Considering that the number
of free parameters in (1) is 12, (1) represents the field dis-
placement in the cross-sectional plane for the unit exactly.

According to the displacement components at the origin
(located at the center of the unit), the displacement compo-
nents of node i of the periodic unit can be expanded in a

D

Vertical
supporting

rod

Chord

Crank Slider

Elastic hinge

A

B

C
A

B

C

D

Speed control cable

Figure 4: Slider-crank mechanism unit.

Hinge joint
Reed clamp

Elastic reed

(a) Schematic diagram

of the structure

Elastic hinge

Chord

(b) Folded state

Elastic hinge

Chord

(c) Expanded state

Figure 5: Elastic hinge.

Separating a repeating unit

Equivalent continuum model

Element strain and nodal
displacement calculation

Strain and kinetic
energy calculation
of the unit

Strain and kinetic
energy calculation
of the continuum

Equal energy of unit and continuum

Stiffness matrix
and mass matrix

Strain energy and kinetic energy
calculation of the components

Figure 6: Modeling flow chart.
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y

Figure 7: Equivalent process.
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Taylor series in the x direction. In any case, the displacement
components should not exceed the number of nodal dis-
placements and rotations that characterize the deformation
of the periodic unit. For the unit shown in Figure 7, its defor-

mation has the characteristics of 24 nodal displacements and
rotations. Therefore, the following displacement expansions
can be obtained by using only the first two terms of the
Taylor series and (1).

where εx
0 = ∂u0, κy0 = ∂ϕz , κz

0 = ∂ϕy, γxy
0 = ∂v0 − ϕz , γxz

0 =
∂w0 + ϕy, κx

0 = ∂ϕx, εy
0 = ∂v0, εz0 = ∂w0, and ∂ ≡ d/dx.

The classical beam model used in this paper assumes that
no warping and distortion of the cross section are observed.
Thus, u, v, and w do not exist in the beammodel. The param-
eters in (2) related to u, v, and w are set equal to zero to make
the equivalence of the unit and the beam model, that is,

u = v =w = ∂u = ∂v = ∂w = 0 3

The compatibility among the units of the beam model
used in this paper requires that strains εy

0, εz
0, and γyz

0 in
the cross-sectional plane of two adjacent elements be the
same at their interfaces. This condition can be satisfied if
the following strain derivatives are set to zero.

∂εy
0 = ∂εz

0 = ∂γyz
0 = 0 4

The following formula can be obtained by substituting
(3) and (4) into (2).

ui x, y, z ≃ u0 − yiϕz + ziϕy + xi εx
0 − yiκy

0 + ziκz
0 ,

vi x, y, z ≃ v0 + yiεy
0 + zi −ϕx +

1
2 γyz

0 + xi εy
0 − ziκx

0 ,

wi x, y, z ≃ w0 + ziεz
0 + yi ϕx +

1
2 γyz

0 + xi εz
0 + yiκx

0

5

The displacement of all nodes in the unit can be calcu-
lated by (5). As shown in Figure 9, 24 nodes are found in
one unit: A–L and A′–L′.

4.2. Strain Energy. In accordance with (1), the strain compo-
nents can be obtained by the Cauchy equation as follows:

εx = ∂u0 − y∂ϕz + z∂ϕy + yz∂u = εx
0 − yκy

0 + zκz
0 + yz∂u,

εy = εy
0 + zv,

εz = εz
0 + yw,

γxy = ∂v0 − ϕz + y∂εy
0 + z −∂ϕx +

1
2 ∂γyz

0 + yz∂v

= γxy
0 + y∂εy

0 + z −κx
0 + 1

2 ∂γyz
0 + yz∂v,

γxz = ∂w0 − ϕy + z∂εz
0 + y ∂ϕx +

1
2 ∂γyz

0 + yz∂w

= γxz
0 + z∂εz

0 + y κx
0 + 1

2 ∂γyz
0 + yz∂w,

γyz = γyz
0 + yv + zw,

6

where εx
0, εy

0, and εz
0 are taken to be the principal strains in

the x, y, and z directions, respectively; γxy
0, γyz

0, and γxz
0

refer to the transverse shearing strains in the xoy, yoz, and
xoz planes, respectively; κx

0 is the twist; κy
0 and κz

0 are the
curvature changes in the y and z directions, respectively;
and ∂ ≡ d/dx.

According to (3), the above equations are simplified and
the expressions can be obtained as follows:

εx = εx
0 − yκy

0 + zκz
0,

εy = εy
0,

εz = εz
0,

γxy = γxy
0 + y∂εy

0 + z −κx
0 + 1

2 ∂γyz
0 ,

γxz = γxz
0 + z∂εz

0 + y κx
0 + 1

2 ∂γyz
0 ,

γyz = γyz
0

7

ui x, y, z ≃ u0 − yiϕz + ziϕy + yiziu + xi ∂u0 − yi∂ϕz + zi∂ϕy + yizi∂u

≃ u0 − yiϕz + ziϕy + yiziu + xi εx
0 − yiκy

0 + ziκz
0 + yizi∂u ,

vi x, y, z ≃ v0 + yiεy
0 + zi −ϕx +

1
2 γyz

0 + yiziv + xi ∂v0 + yi∂εy
0 + zi −∂ϕx +

1
2 ∂γyz

0 + yizi∂v

≃ v0 + yiεy
0 + zi −ϕx +

1
2 γyz

0 + yiziv + xi γxy
0 + ϕz + yi∂εy

0 + zi −κx
0 + 1

2 ∂γyz
0 + yizi∂v ,

wi x, y, z ≃w0 + ziεz
0 + yi ϕx +

1
2 γyz

0 + yiziw + xi ∂w0 + zi∂εz
0 + yi ∂ϕx +

1
2 ∂γyz

0 + yizi∂w

≃w0 + ziεz
0 + yi ϕx +

1
2 γyz

0 + yiziw + xi γxz
0 − ϕy + zi∂εz

0 + yi κx
0 + 1

2 ∂γyz
0 + yizi∂w ,

2
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The axial strain of the rod and cable elements in the unit
can be written as follows:

ε k = εx
k l k 2 + εy

k m k 2 + εz
k n k 2

+ γyz
k m k n k + γxz

k l k n k + γxy
k l k m k ,

8

where ε k is the axial strain in the kth member; εx
k , εy

k ,

εz
k , γyz

k , γxz
k , and γxy

k are the strain components in
the coordinate directions evaluated at the member center;
l k , m k , and n k refer to the direction cosines of the axis
of a rod or cable unit in the unit coordinate system of the
member k.

The strain components of the kth member can be
expanded in a Taylor series about the selected origin as
follows:

εx
k ≃ εx

0 − y k κy
0 + z k κz

0 + x k ∂εx
0 − y k ∂κy

0 + z k ∂κz
0 ,

εy
k ≃ εy

0 + x k ∂εy
0 + 1

2 x k
2
∂2εy

0,

εz
k ≃ εz

0 + x k ∂εz
0 + 1

2 x k
2
∂2εz

0,

γxy
k ≃ γxy

0 + y k ∂εy
0 + z k −κx

0 + 1
2 ∂γyz

0

+ x k ∂γxy
0 + y k ∂2εy

0 + z k −∂κx
0 + 1

2 ∂
2γyz

0 ,

γxz
k ≃ γxz

0 + z k ∂εz
0 + y k κx

0 + 1
2 ∂γyz

0

+ x k ∂γxz
0 + z k ∂2εz

0 + y k ∂κx
0 + 1

2 ∂
2γyz

0 ,

γyz
k ≃ γyz

0 + x k ∂γyz
0 + 1

2 x k
2
∂2γyz

0,

9

where x k , y k , and z k are the coordinates of the center of
the kth member and ∂2 ≡ d2/dx2.

Considering that the derivative of the strain is neglected
in the displacement expansion of the periodic unit (5), we
considered that the strain in the periodic unit is constant.
Thus, the derivative of the strain in the upper formula can
be deleted. In accordance with (4), the strain components
of the kth member can be simplified as follows:

εx
k ≃ εx

0 − y k κy
0 + z k κz

0,

εy
k ≃ εy

0,

εz
k ≃ εz

0,

γxy
k ≃ γxy

0 + y k ∂εy
0 + z k −κx

0 + 1
2 ∂γyz

0 ,

γxz
k ≃ γxz

0 + z k ∂εz
0 + y k κx

0 + 1
2 ∂γyz

0 ,

γyz
k ≃ γyz

0,

10

The coordinate system of the rods and the cables is
shown in Figure 10. The coordinate system of the unit is pre-
sented in Figure 9, where γ is the angle between the outer

z, wx, u

y,  v

(a) Displacement component

zx

y
𝜙y

𝜙z

𝜙x

(b) Corner component

zx

y

P

Sy

Sz

(c) Force component

My

Mz

zx

y

T

(d) Moment component

Figure 8: Beam element and sign convention.
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(22)

(23)J′
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𝛽

Figure 9: Coordinate system of the periodic unit.
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Figure 10: Coordinate system of rod and cable.
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cable and the outer rail, θ is the angle between the inner cable
and the inner rail, α is the angle between the central connec-
tion side cable and the central connecting rod, and β is the
angle between the central connecting rod and rail. The crank
connecting rod is arranged at a 45° angle.

In accordance with (8), the axial strain of each compo-
nent can be obtained as follows:

ε 1 = εx
1 ,

ε 2 = εx
2 ,

ε 3 = εx
3 ,

⋯,
ε 28 = εy

28 −sin β 2 + εz
28 cos2β + γyz

28 sin β cos β
11

Each point of the rods and the cables possesses the same
strain. Therefore, their strain can be expressed by the strain
of the midpoint. lb is the length of the central connecting
rod in the y direction; lm is defined as the length of the central
rod; lc1 and lc2 are given by the length of the outer and inner
rails. lm

2 = lc1 − lc2/2 2 + lb
2, ld = 1/2 lc1 + lc2 , le = 1/2

lc1 − lc3 , and l f = 1/2 lc2 − lc4 , where lc3 and lc4 are the
distances between the slider and the node of the unit.

By taking the coordinate values of each middle point
in the yoz plane into (10), we can obtain the axial strain
expressions of vertical bars (1–4), cables (5–12), cranks
(13–20), rails (21–24), and central connecting rods (25–28)
as follows:

εx
1 = εx

0 −
lb
2 κz

0 −
lc1
2 κy

0,

εx
2 = εx

0 −
lb
2 κz

0 + lc1
2 κy

0,

⋯,

εx
18 = εx

19 = εx
0 + lb

2 κy
0 +

l f
2 κz

0,

εz
18 = εz

19 = εz
0,

γxz
18 = γxz

19 = γxz
0 −

lb
2 κx

0 + 1
2 ∂γyz

0 +
l f
2 ∂εz

0

12

In accordance with (11) and (12), the axial strain of each
component can be written as follows:

ε 1 = εx
0 −

lb
2 κz

0 −
lc1
2 κy

0,

ε 2 = εx
0 −

lb
2 κz

0 + lc1
2 κy

0,

ε 3 = εx
0 + lb

2 κz
0 + lc2

2 κy
0,

⋯,
ε 28 = εy

0 sin2β + εz
0 cos2β + γyz

0 sin β cos β,

13

The strain energy of each component is as follows:

Uε
k = 1

2 E
k A k l k ε k

2
, 14

where E k signifies the elastic modulus of the kth member,
A k means the cross-sectional area of the kth member, l k

is the length of the kth member, and ε k is the principal
strain of the kth member.

Therefore, the total strain energy of the unit can be
expressed as

Uε = 〠
members

U ε
k = 1

2 〠
members

E k A k l k ε k
2

= 1
2 × 1

2 ElAlll 〠
4

k=1
ε k

2
+ 1
2 Ed′Ad′ld1′ 〠

6

k=5
ε k

2

+ 1
2 Ed′Ad′ld2′ 〠

10

k=9
ε k

2
+ 1
2

× 1
2 Ed′Ad′ld3′ 〠

k=7,8,11,12
ε k

2

+ 1
2 Em′Am′lm1′ 〠

16

k=13
ε k

2
+ 1
2 Em′Am′lm2′ 〠

20

k=17
ε k

2

+ 1
2 En′An′ln1′ 〠

22

k=21
ε k

2
+ 1
2En′An′ln2′ 〠

24

k=23
ε k

2

+ 1
2 × 1

2 Ef ′Af ′l f ′ 〠
28

25
ε k

2
,

15

where the subscripts l, d′, m′, n′, and f ′ stand for the vertical
bar, cable, crank, rail, and central connecting rod, respec-
tively; d1′, d2′, and d3′ refer to the outer cable, the inner
cable, and the cable in the plane of the central connection
unit, respectively; m1′ and m2′ stand for the outer and inner
crank connecting rods, respectively; and n1′ and n2′ are the
outer and inner bars, respectively.

As a result of the vertical pole, the stay cable and the cen-
tral connecting rod are shared by two adjacent units and their
strain energy is taken as half of the original values.

The classical beam theory assumes that the fibers in the
cross section do not interact. Thus, no εy

0, εz
0, and γyz

0 exist
in the beammodel. The stress related to the strain in the cross
section is set equal to zero to make the equivalent of the unit
and the beam model, that is,

∂Uε

∂εy0
= ∂Uε

∂εz0
= ∂Uε

∂γyz0
= 0 16

In accordance with (14) and (15), the strain energy of the
unit can be expressed as follows:
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Uε = 〠
members

Uε
k = 1

2 〠
members

E k A k l k ε k
2

= 1
2C11 εx

0 2 + 1
2C22 γxz

0 2 + 1
2C33 γxy

0 2

+ 1
2C44 κx

0 2 + 1
2C55 κy

0 2 + 1
2C66 κz

0 2

+ 1
2C15εx

0κy
0 + 1

2C24γxz
0κx

0,

17

where

C11 = 2 ElAlll + Ed′Ad′ld1′ sin4γ + Ed′Ad′ld2′ sin4θ

+ Ed′Ad′ld3′ sin4α +
1
4Em′Am′lm1′ +

1
4Em′Am′lm2′ ,

C22 = 2 Ed′Ad′ld1′ sin2γ cos2γ + Ed′Ad′ld2′ sin2θ cos2θ

+ 1
4 Em′Am′lm1′ +

1
4Em′Am′lm2′

+ Ed′Ad′ld3′ sin2α cos2β ,

C33 = 2 Ed′Ad′ld3′ sin2α cos2α sin2β ,

C44 = 2 1
4Ed′Ad′ld1′ sin2γ cos2γl2b

+ 1
4 Ed′Ad′ld2′ sin2θ cos2θl2b

+ 1
4 Ed′Ad′ld3′ sin2α cos2α sin2βl2d

+ 1
16 Em′Am′lm1′l

2
b +

1
16Em′Am′lm2′l

2
b ,

C55 = 2 1
8ElAlll l

2
c1 + l2c2 + 1

4Ed′Ad′ld1′ sin4γl2b

+ 1
4Ed′Ad′ld2′ sin4θl2b +

1
16 Em′Am′lm1′l

2
b

+ 1
16Em′Am′lm2′l

2
b ,

C66 = 2 1
4ElAllll

2
b +

1
4Ed′Ad′ld3′ sin4αl2b +

1
16 Em′Am′lm1′l

2
e

+ 1
16 Em′Am′lm2′l

2
f ,

C15 = 2 −Ed′Ad′ld1′ sin4γlb − Ed′Ad′ld2′ sin4θlb

−
1
4 Em′Am′lm1′lb +

1
4 Em′Am′lm2′lb ,

C24 = 2 Ed′Ad′ld1′ sin2γ cos2γ + Ed′Ad′ld2′ sin2θ cos2θ

+ 1
4 Em′Am′lm1′lb −

1
4 Em′Am′lm2′lb

− Ed′Ad′ld3′sin α cos βld

18

4.3. Kinetic Energy. The kinetic energy is calculated by con-
sidering the motion of the rigid body only. The kinetic energy
of the rods and cables is as follows:

K k = 1
6ω

2ρ k A k l k

uiui + uiuj + ujuj + vivi + vivj

+ vjvj + wiwi +wiwj +wjwj ,

19

where ui, vi, wi, uj, vj, and wj are the nodal displacements of
the kth member; ω is the circular frequency of vibration of
the unit; and ρ k is the density of the kth member.

The kinetic energy of hinges and sliders can be expressed
as follows:

K m = 1
2ω

2m m u m u m + v m v m +w m w m , 20

where u m , v m , and w m are the nodal displacements of the
hinges and sliders and m m is their mass.

The total kinetic energy of the unit is given by

K = 〠
members

K k + K m 21

Considering that the rigid body motion is the main part
of kinetic energy, the strain term in (5) is neglected when cal-
culating the kinetic energy of the periodic unit. Thus, the for-
mula for the nodal displacement used to solve kinetic energy
can be obtained as follows:

ui x, y, z ≃ u0 − yiϕz + ziϕy ,

vi x, y, z ≃ v0 − ziϕx,
wi x, y, z ≃w0 + yiϕx

22

The kinetic energy of cross bars, vertical rods, cables,
hinges, sliding blocks, and crank connecting rods ∑Kb,
∑Kl, ∑Kd , ∑Km1, ∑Km2, and ∑Km can be obtained by
using (20), (21), and (22).

The longitudinal rods, central connecting rods, central
link unit cables, hinges, and sliders are shared by two
adjacent units, and their kinetic energy is taken as half of
the original values.

In accordance with (21), the total kinetic energy of the
unit is obtained as follows:

K =〠Kb +〠Kl +〠Kd +〠Km +〠Km1 +〠Km2 23

Equation (24) is the specific expression of the total kinetic
energy of the periodic unit, as shown below.

K = 1
2B1ω

2 u0u0 + ν0ν0 + w0w0 + 1
2B2ω

2 ϕxϕx + ϕyϕy

+ 1
2B3ω

2 ϕxϕx + ϕzϕz + 1
2B4ω

2 w0ϕx − u0ϕz

24

where
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The subscripts b1, b2, and b3 stand for the central con-
necting rod, outer rail, and inner rail, respectively; l stands
for the vertical bar; d1, d2, and d3 stand for the outer cable,
the inner cable, and the cable in the plane of the central con-
nection unit, respectively; m1 andm2 stand for the hinge and
the slider, respectively; and m1 and m2 stand for the outer
and inner crank connecting rods, respectively.

5. Establishment of the Equivalent Model Based
on the Continuous Beam Theory

5.1. Beam Strain Energy. The strain energy of the periodic
unit includes the coupling terms between the stretching and
lateral bending as well as the coupling terms between torsion
and shearing in Section 4.1. Therefore, the unit needs to be
equivalent to the anisotropic beam model.

The strain energy of an anisotropic beam can be
expressed as

Uc =
1
2 l

ΓTDΓdx, 26

where Γ is the strain of the neutral axis of the beam, which
can be written as

Γ = εx0, γxz0, γxy0, κx0, κy0, κz0
T
, 27

where κx0 refers to the twist; κy0 and κz0 are the curvature
changes in the y and z directions, respectively; γxy0 and γxz0
signify the transverse shearing strain in the xoy and xoz
planes, respectively; and εx0 means the principal strain in
the x direction.

The strains of the equivalent beam model ε0x, γ0xz , γ0xy,
κ0x, κ0y , and κ0z are equal to the strains at the center of the
periodic unit.

The matrix D is taken to be the stiffness matrix of the
continuous beam, which can be defined as follows:

D =

EA′ η12 η13 η14 η15 η16

GAz′ η23 η24 η25 η26

GAy′ η34 η35 η36

GJ′ η45 η46

EIy′ η56

EIz′

, 28

where EA′, GAx′, GAy′, GJ′, EIx′, and EIy′ stand for the stiffness
of the stretching, shearing, twisting, and bending of the
equivalent beammodel and ηij i, j = 1,… , 5, i ≠ j is the cou-
pling coefficient of each stiffness.

5.2. Beam Kinetic Energy. The displacement strains related to
εy

0, εz
0, and γyz

0 are disregarded due to the linear relation-

ship of displacement. The kinetic energy of the anisotropic
continuous beam model can be expressed as follows [40]:

Kc =
1
2 llω

2 m11 u0u0 + ν0ν0 + w0w0

+ 2m12 −u0ϕz + w0ϕx + 2m13 u0ϕy − v0ϕx

− 2m23ϕyϕz +m22 ϕxϕx + ϕyϕy

+m33 ϕxϕx + ϕzϕz ,

29

where m11,m12,m13,m22,m23, and m33 are the equivalent
mass parameters of the beam model and ω means the vibra-
tion angular frequency of the beam model.

5.3. Establishment of the Continuous Beam Equivalent Model.
The length of the equivalent beam model is set equal to the
length of the periodic unit (ll). The principle of equal strain
energy and (17), (26), (27), and (28) indicate that the stiffness
matrix of the equivalent beam model can be expressed as

B1 = 2 ρlAlll + ρb1Ab1lb1 + ρb2Ab2lb2 + ρb3Ab3lb3 + ρd3Ad3ld3 + ρd1Ad1ld1 + ρd2Ad2ld2 + 2ρm1Am1lm1 + 2ρm2Am2lm2 + 2m1 + 2m2 ,

B2 = 2 lc1
2

2 1
3 ρb1Ab1lb1 +

1
3 ρb2Ab2lb2 +

1
2 ρlAlll +

1
3 ρd3Ad3ld3 +

1
3 ρd1Ad1ld1 +

2
3 ρm1Am1lm1 +m1 +m2

+ 2 lc2
2

2 1
3 ρb1Ab1lb1 +

1
3 ρb2Ab2lb2 +

1
2 ρlAlll +

1
3 ρd3Ad3ld3 +

1
3 ρd2Ad2ld2 +

2
3 ρm2Am2lm2 +m1 +m2

+ 2 lc1
2 ⋅

lc2
2

1
3 ρb1Ab1lb1 +

1
3 ρd3Ad3ld3 ,

B3 = 2 lb
2

2 1
3 ρb1Ab1lb1 + ρb2Ab2lb2 + ρb3Ab3lb3 + ρlAlll +

1
3 ρd3Ad3ld3 + ρd1Ad1ld1 + ρd2Ad2ld2

+ 2ρm1Am1lm1 + 2ρm2Am2lm2 + 2m1 + 2m2 ,

B4 = 2 lb2 2ρb2Ab2lb2 − 2ρb3Ab3lb3 + 2ρd1Ad1ld1 − 2ρd2Ad2ld2

25
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follows: EA′ = C11/ll, GAz′ = C22/ll, GAy′ = C33/ll, GJ′ = C44/ll,
EIy′ = C55/ll, EIz′ = C66/ll, η15 = C15/2ll, and η24 = C24/2ll; the
other items of ηij i, j = 1,… , 5, i ≠ j are set equal to zero.

The principle of equal kinetic energy and (24) and (29)
present that the mass parameters of the equivalent beam
model can be written as follows: m11 = B1/ll, m22 = B2/ll,
m33 = B3/ll, m12 = B4/2ll, and m13 = m23 = 0.

The equivalent beam model of the periodic unit is estab-
lished through the preceding analysis. The equivalent contin-
uum model of the double-layer hoop deployable antenna can
be obtained by assembling several equivalent beammodels in
the circumferential direction in accordance with the geomet-
ric topology of the original structure.

6. Equivalent Dynamic Model Validation
and Application

6.1. Validation of the Equivalent Beam Model. The geometry,
physics, and material parameters of the anisotropic beam ele-
ments, which are needed to be input in the finite element
software to establish the anisotropic beam element in the
finite element software, are derived on the basis of the param-
eters of the stiffness matrix and the inertia matrix solved
using the equivalent method obtained above. In this way,
we can establish the equivalent beam model obtained above
in the finite element software. The dynamic characteristics
of the unit are analyzed using the equivalent beam model,
finite element model, and modal test. The finite element

software ABAQUS was used in this paper. First, the equiv-
alent beam models of the rods of the unit that contains
elastic hinges were established in Section 3. The other bars
in the unit were also simulated by the beam model. The
B31 element was used in the software to simulate the
beam model. The cables were simulated with the T3D2
element, which can only withstand tension in the software.
The corner points and sliders were modeled with the mass
element in the software. The total degree of freedom per
node is six. The first two natural frequencies of the unit
are obtained through theoretical calculation, simulation,
and experiment. The correctness of the equivalent contin-
uum beam model of the unit is verified through the com-
parison among the simulation, theoretical calculation, and
test results.

6.1.1. Theoretical Equivalent Calculation. The material selec-
tion and the geometric parameters of the unit are shown in
Tables 1 and 2, respectively.

The mass of the corner blocks and the sliders can be
expressed as follows: m1 = 0 1Kg and m2 = 0 1Kg. By
substituting the parameters given above into the expressions
of the equivalent stiffness and the equivalent mass, we can
acquire the equivalent parameters shown in Tables 3 and 4.

6.1.2. Test Verification. A double-layer deployable antenna
unit mechanism is developed to verify the rationality of the
design of the double-layer antenna. The folded state and
the fully expanded state of the unit are shown in Figure 11.

Table 1: Material of the unit.

Structure Cross bar Longitudinal rod Hornblock Slider Stay cables

Material Aluminum alloy Aluminum alloy Aluminum alloy Aluminum alloy Kevlar

Table 2: Structural parameters of the unit.

Parameter name Value Parameter name Value

Diameter of rod (mm) 40/38 Diameter of cable (mm) 2

Length of central connecting rod (mm) 1295.4 Angle γ (°) 45.75

Length of outer rail (mm) 2704.1 Angle θ (°) 49.55

Length of inner rail (mm) 2366.4
Angle α (°) 64.98

Angle β (°) 82.51

lc3 (mm) 476.5 Modulus of elasticity of bar El (Em) (GPa) 70

lc4 (mm) 476.5 Modulus of elasticity of cable Ed (GPa) 500

Length of vertical bar (mm) 2776 Density of bar ρl (ρb1, ρb2, ρb3) (kg/m
3) 2700

Length of crank connecting link (mm) 673.8 Density of cable ρd1 (ρd2, ρd3) (kg/m
3) 1570

Table 3: Stiffness parameters of the beam model.

Bending rigidity
EIz′ N ⋅m2

Bending rigidity
EIy′ N ⋅m2

Torsional rigidity
GJ′ N ⋅m

Shearing rigidity
GAz′ N

Shearing rigidity
GAy′ N

Axial rigidity
EA′ N

Stiffness
coupling
coefficient

η15

Stiffness
coupling
coefficient

η15

8 0 × 106 2 9 × 107 1 5 × 106 2 9 × 106 0 2 × 106 2 1 × 107 −0 7 × 106 0 2 × 106
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The expansion function test of the double-layer unit is
conducted, and the test process is shown in Figure 12.
Figure 12 depicts that the inner and outer ring trusses are first
deployed under the action of the elastic hinges. The link truss
mechanism is then deployed. The entire development process
is smooth, without interference, and getting stuck. Therefore,
the expansion performance of the double-layer unit is good.

The modal testing system is composed of five parts, as
shown in Figure 13.

The gravity compensation is conducted for the unit
test by suspending the four corners on the combined
microgravity compensation test bench with some flexible
soft ropes. The acceleration of measured points is input
into the modal analysis software through the multichannel
vibration measurement and analysis system after the exci-
tation is applied using the force hammer. This experiment
needs four three-axis piezoelectric acceleration sensors
made by PCB Piezotronics Inc. The acceleration response
signals can be collected in the software Test. lab of LMS
by knocking two times. The same test is repeated five
times. We use the average results of five effective hammer-
ing to analyze the modal of the antenna unit.

Figure 14 provides the details of the vibration mode of the
first two orders of the unit obtained using the three methods
mentioned above. The vibration modes of the first two orders
obtained by the three methods are consistent.

Table 5 shows the modal frequency of the first two orders
of the unit.

In comparing the errors between the vibration frequency
values obtained by the equivalent beam model and the finite
element simulation, the fractional error Δf is set as follows:

Δf % = f ei − f oi
f oi

× 100, 30

where f ei and f oi are the frequencies of the first i order calcu-
lated by the equivalent model and finite element simulation.

Table 5 indicates that the fractional error of the first order
of the equivalent model is 8.82% and the fractional error of
the second order is 5.30%. The fractional error is small, which
proves the correctness of the equivalent model established in
this study.

The values of the vibration frequency obtained by the
equivalent beam model and finite element simulation are
larger than those of the model test because the stiffness is
weakened and the natural frequency is reduced by the assem-
bly of the unit prototype and the clearance among the hinges.

6.2. Application of the Equivalent Model of a Double-Layer
Hoop Antenna. As shown in Figure 15, a double-hoop
antenna with a diameter of 20m consisting of 24 units is set
as an example to unify the research objects of the theoretical
calculation, simulation, and experiment. Its equivalent
model can be obtained by assembling several equivalent
models established in Section 6.1 in the circumferential
direction in accordance with the geometric topology of the
original structure.

The equivalent model is calculated and analyzed by the
finite element program, which considers the shear deforma-
tion and the anisotropy of the material. The finite element
software ABAQUS was used in this paper. The simulation
calculation is carried out by the finite element software,
which is the same as in Section 6.1.

As shown in Table 6, the modal frequency of the first six
orders of the antenna can be generated using the two
methods mentioned above.

As described in Figure 16, the vibration modes of the first
and fourth orders are torsion whereas the vibration modes of
the second, third, fifth, and sixth orders are bending. The

(a) Folded state (b) Expanded state

Figure 11: Double-layer deployable antenna unit mechanism.

Table 4: Mass parameters of the beam model.

Unit linear
density m11
(kg/m)

Rotational
inertia coefficient

m22 (kg/m)

Rotational
inertia coefficient

m33 (kg/m)

Inertia
coupling
coefficient

m12
3.30 3.24 1.29 0.05

Gravity
compensation

system

Multichannel
vibration test and
analysis system

Acceleration
transducer

Force hammer

Computer

Figure 13: Modal test system.

Figure 12: Expansion process of the double-layer unit mechanism.
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maximum fractional error of the modal frequency of the first
six orders is 4.96%. The vibration modes and the correspond-
ing vibration frequencies of the antenna can be obtained by
its equivalent model accurately.

The other modal frequency of the antenna with diame-
ters of 50m (100 units) and 100m (200 units) is solved to ver-
ify the efficiency and accuracy of the equivalent model. The
parameters of the equivalent model used in the 50 and
100m diameter antennas are the same as that of the 20m
diameter antenna introduced above.

The modal frequency and the time it takes are shown in
Table 7.

Table 7 presents that the calculation results of the equiv-
alent model and finite element simulation are similar. How-
ever, the equivalent model method has a great advantage in
reducing calculation time. With the increase in the diameter,
the advantage becomes obvious. Therefore, the use of the
equivalent model can greatly reduce the calculation workload
and results in high precision.

7. Conclusion

In this study, we construct deployable units driven by elastic
hinges and a double-layer hoop deployable antenna com-
posed of these units to realize the lightweight, high stiffness,

(a) Folded state (b) Expanded state

Figure 15: Double-layer hoop antenna mechanism with a diameter
of 20m.

Table 6: Modal frequency of the antenna.

Modal
order

Frequency of
finite element
simulation (Hz)

Frequency
of equivalent
model (Hz)

Fractional
error (%)

1 0.9508 0.9036 4.96

2 0.9714 0.9516 2.04

3 1.6852 1.6495 2.12

4 2.5852 2.5363 1.89

5 2.5227 2.4707 2.06

6 3.3398 3.2717 2.04

(a) Modal test

(first order)

(b) Equivalent model

(first order)

(c) Finite element

(first order)

(d) Modal test

(second order)

(e) Equivalent model

(second order)

(f) Finite element

(second order)

Figure 14: Vibration modes of the first two orders.

Table 5: Modal frequency of the unit (Hz).

Modal
order

Equivalent
model

Finite element
simulation

Modal
test

1 43.358 47.454 40.113

2 54.396 51.658 42.845
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and passive driving design of large deployable antenna. We
also propose a rational modeling method to develop an
equivalent model of the double-layer hoop antenna. The
equivalent beam models of the rods with an elastic hinge
are established to facilitate the establishment of the equiva-
lent model. The displacement of any point in the periodic
unit is expressed through the displacement and strain com-
ponents at the center of the periodic unit in accordance with
the kinematical assumptions. The strain and kinetic energies
in terms of nodal displacement, geometrical structure, and
material parameters of the unit are derived. We analyze the
stiffness and mass matrices of the equivalent beam model
on the basis of energy equivalence principle. The equivalent
models of the unit and the entire antenna are obtained. The-
oretical calculation, finite element simulation, and modal test
are conducted with the antenna to verify the equivalent
model. Comparison of the theoretical values and the practical
ones indicates that the analysis and simulation match the
experiment to some degree, which confirms the accuracy of
the equivalent model. The construction method of the equiv-
alent model is significant for engineering practice applica-
tions because of its capability to realize a fast solution of the
dynamic characteristics, the static characteristics, and the
influence of various parameters of the large antenna. The
equivalent method presented in this paper may serve as a

reference in establishing other equivalent models of a large
antenna composed of different units.
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