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This paper studies the problem of fault detection and estimation in nonlinear time-delayed systems with unknown inputs, where
the time-delays are supposed to be constant but unknown. A new fault detection filter, which can estimate online the time-delays,
is first introduced. Then, a reference residual model is proposed to formulate the robust fault detection filter design problem as
an H, model-matching problem. Furthermore, by a novel robust adaptive fault estimation algorithm, the classical assumption
that the time derivative of the output error should be known is removed. In addition, applying a robust H_, optimization control
technique, sufficient conditions for the existence of the fault detection filter (FDF) are derived in terms of linear matrix inequality

(LMI). Finally, simulation results are presented to illustrate the effectiveness of the proposed algorithm.

1. Introduction

Modern industrial control systems become more and more
complex, with an increasing number of interconnected
physical components, such as actuators and sensors [1]. In
the system life, faults inevitably occur in these elements,
which leads to the drop of systems performances, or even
worse to system damage, with dramatic consequences on
the environment. Consequently, in parallel with the develop-
ment of high-performance technological systems, industrials
express a growing demand for reliability, maintainability,
and survivability [2]. Fault Tolerant Control (FTC) is an
effective way of maintaining system performances under
faulty conditions. FT'C can be achieved either by a passive
way or using an active method. Passive FTC uses feedback
control laws that are robust with respect to an a priori fixed
set of possible system faults [3, 4]. On the other hand, active
FTC uses a Fault Detection and Isolation (FDI) module that
provides online fault information. Active FT'C may consist
of a fault accommodation scheme [5, 6], which is in fact an
adaptive control with respect to the fault information, or may
be a control system reconfiguration scheme, which consists
of a switching control with a supervision layer that selects the

most suitable control law for the identified faulty situation
[7-10]. One difficulty is that FDI module and active FTC
algorithm have to be designed jointly because of their mutual
interactions.

In distributed or large-scale processes, the dynamic con-
tains time-delays which may cause instability and degrade the
system performances [11]. These time-delays may generally be
considered as constant ones for given operating conditions.
However these constant values are generally not known.
The existence of such time-delays renders the control design
problem much more difficult [12]. Increasing attention has
recently been devoted to stability control and fault diagnosis
of linear/nonlinear time-delayed systems, see, for example,
[4-6, 11-16]. In [14], an observer-based fuzzy control scheme
with adaptation to the time-delay was proposed. In [15],
fault detection and identification for uncertain linear time-
delay systems were investigated. In [16], by using H,, con-
trol theory, a robust fault detection scheme was proposed
for a class of discrete time-delay systems with parameter
uncertainty. However, the sensitivity of the residual signals
to the faults was not studied. In [17], the fault detection filter
design problem for linear time-delay systems was studied
by introducing an idealized reference residual model. Based


https://doi.org/10.1155/2017/4324370

on [16, 17], the robust fault detection filter (RFDF) design
problem was studied in [18] for nonlinear time-delay systems
with unknown inputs. In [19], H fault detection filter design
for linear discrete time systems with multiple time-delays
was discussed. The fault detection filter design problem was
investigated in [20] for LTI (Linear Time-Invariant) system
with time-delays. In [21, 22], the fault estimation problem
for linear systems with state time-delays was studied, and
an adaptive fault detection observer was designed. Many
observers that are proposed in the literature, as in [16-23],
use explicitly the time-delay value that is supposed to be
accessible. However, in practical applications, this time-delay
is generally not available, which makes these techniques not
applicable. Another drawback of many diagnosis techniques
that are proposed in the literature is that they need the deriva-
tive of the output signal for the fault estimation algorithm.
These derivatives are generally not directly measured and are
difficult to compute in a noisy environment.

In this paper, we investigate the problem of fault detection
and estimation of nonlinear time-delayed systems. Five main
contributions are worth emphasis.

(1) Compared with some results (see [16-22], for instance),
by online estimating the real value of state time-delay,
the assumption that the time-delay must be a priori
known is removed.

(2) An adaptive fault estimation algorithm is proposed
where the classical assumption that the time deriva-
tive of the output errors has to be known (see [22],
for instance) and is removed. Moreover, our scheme
is robust to bounded disturbances.

(3) Differing from numerous FDI schemes in the litera-
ture, the bounds of the time derivatives of the faults
have not been known in our proposed adaptive fault
estimation algorithm.

(4) In this paper, in contrast with [18], not only the fault
detection filter design problem is discussed, but also
an adaptive fault estimation algorithm is proposed.

(5) Sufficient conditions for the existence of the adaptive
fault observer are expressed using the Lyapunov
stability theory.

The paper is organized as follows. The problem formulation
is presented in Section 2. In Section 3, the main technical
results of this paper are given, which include the choice of
the reference residual model, the design of a robust fault
detection observer/filter, and the fault estimation algorithm.
Simulations are presented in Section 4. Finally, Section 5
draws the conclusion.

2. Problem Formulation

Consider the following class of nonlinear time-delay systems
[18]:

X(t) = Ax () + Ayx (t — h) + Bu (t)
+Gg (x(t),x(t—h) + B, f (1) + Byd (1),
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y () =Cx(t) +Du(t)+fo(t)+Ddd(t),

x(t)=0, te[-ho],
(1)

where x(t) € R" is the unknown state vector, u(t) € R? is the
control input vector, y(t) € R? is the measured output, d(t) €
R™ that belongs to L7[0, +00] is an exogenous disturbance
input vector that regroups all the model uncertainties, f(t) €
R' is the fault vector to be detected, h > 0 is an unknown
but constant time-delay that satisfies h < h, where h is a
known constant, g(-,-) : R X R" — R is a known nonlinear
function, and A, A4, B, By, B;, C, D, D, Dy, G are all known
matrices with appropriate dimensions.

Throughout this paper, the following assumptions are
made.

Assumption 1. The pair (C, A) is detectable.

Assumption 2 (Lipschitz condition). It is supposed that
g(0,0) = 0and [lg(x;,x,) — gy, y)ll < llp(x = DI +
lp,(x, = )|l Vi, x5, ¥4, ¥, € R*, where p; > 0 € R, p, >
0 € R, are known constant.

To detect the fault, the following so-called fault detection
filter (FDF) is proposed:

X(t) = AX (1) + Ay% (t—h) + Bu(t)
+Gg(x(t),%(t-h))+H[y®) -y,
y()=Cx(t)+Du(t),

rt)=V[y®-yw],

2)

where X(t) € R” and y(¢) € R? denote the state and the output

of the filter, respectively; & is the estimation of the unknown
constant time-delay A; #(t) is the so-called residual signal. The
observer gain matrix H and the residual weighting matrix V
will be defined later.

For the above observer design, the following assumption
is made.

Assumption 3. There exists a known constant M > 0 € R
such that ||x(t) — X(¢)| < M.

Remark 4. Assumption 3 is not restrictive. In fact, this
is a common assumption in the literature concerning fil-
ter/observer design. In practical application, it may be diffi-
cult to know accurately the upper bound of the observer error.
Therefore, M can be chosen large in practical applications.
It must be pointed out that M is only needed for stability
analysis of the closed-loop system. Choosing a large M does
not degrade the performance of the closed-loop system.

Define

e=x(t)-x(t). (3)
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The error dynamics can be computed as
é(t)=(A-HC)e(t) + A% (t—h) — Agx (t - h)
+(By - HD;) f (t) + (B; — HD,) d () + GY
=(A-HC)e(t) + A% (t-h) - A% (t - h)

+Ad2(t—h)—Adx(t—h)
(4)
+(B; — HD;) f (t) + (By - HD,) d (t) + G¥

=(A-HC)e(t) + Age(t—h)+ A% (t—h)
—Ag%(t-h)+(B;—HD;) f ()

+(B;— HD,)d (t) + GY,

where ¥ = g(x(t), x(t — h)) — g(x(¢t), X(t - lAz)).
From Newton-Leibniz formula, we have

f(t—fl)—f(t—h):J_h?c(t+s)ds. 5)

-h

Thus, error dynamics (4) can further be described as

é(t) = (A—HC)e(t) + Age(t—h)

-h
+A, J_h x(t+s)ds+ (Bf —HDf)f(t)

(6)
+(B; — HD,)d (t) + GY,

From (6), it is seen that the dynamics of the residual signal
depends not only on fault f(t) and uncertainty d(t), but also
on the nonlinear part ¥. Motivated by the method presented
in [18], we propose using a reference residual model that
describes the desired behavior of the residual vector r(t),
to formulate the RFDF design problem as an H_ model-
matching problem. In other words, the objectives are finding
an idealized reference residual and minimizing the distance
between the generated residual and the idealized reference
residual. In the idealized case, the observed state x(t) and
the time-delayed state X(t — h) should be equal, respectively,
to x(t) and x(t — h); thus we have x(t) - x(t) = 0 and
x(t —h) — X(t — h) = 0. Consequently, ¥ = g(x(t), x(t -
h)) — g(x(t), x(t - fz)) = 0. Therefore, according to (6), and
assuming ¥ = 0, the corresponding reference residual error
model is given by

ér (t) = (A-HC)es (t) + Ages (t—h)
+(B; —HD;) f (t) + (B, —HD,) d (1), o
rp () =VCey (t) + VD;f (t) + VDyd (£)

e/ (t)=0 (t<0),

where e f(t) € R" is the reference model error state vector,

rs (t) is the reference model residual signal, and HandV are
the parameters of the reference residual model to be designed.
Thus the overall system can be described by

— —-h
ﬁ(t)zZn(t)+Zd11(t—h)+ZdJ X (t+s)ds
~h

+ Bw (t) + GY, ®)
re(t)=r(t)—rf(t):6;1(t)+5w(t),
where
© [ e(t)
t) = ,
T e
t = >
w () E
_ [A-HC 0
A= N I
| 0 A-HC
_ A; O
Ad: 4 ],
0 Ay
—  [Ay ©)
Ad= _ 0 5
_ 'G]
G: >
0
_ [B;-HD; B,-HD,
B= — — s
|B,-HD; B,-HD,
C=|[vc -vcl,

D=[VD;-VD; VD,;-VD,].

From (8), the design of the robust fault detection filter, which
is the main objective of this work, may be formulated as
an H,, model-matching design problem. Applying a robust
H_, optimization control technique, for all exogenous distur-
bance inputs and nonlinear parts, the generated residual r(t)
will be designed as closely as possible to the reference model
residual 7(t), independently of the unknown time-delay h.
Thus, the problem of designing an observer-based RFDF can
be described as designing the observer gain matrix H and the
residual weighting matrix V' such that

(i) systems (8) are robustly asymptotically stable;

(ii) under zero initial condition, for given constanty > 0
and any nonzero w(t) € L,[0, 00), systems (8) satisty
the following inequality:

Ir. I, < yllw ©l, - (10)

After designing the RFDEF, the remaining important task is
to decide, from the generated residual, if an alarm has to be



generated. One of the widely adopted approaches is to choose
a so-called threshold J; > 0 and, based on this, use the
following logical relationship for fault detection:

lr (Ol > Jy, = a fault has occured = alarm

(11)

lr @), < Jin = no fault has occured,

where [lr(t)l,,, = [ jff r®) r(dt) 2 T =t —t,, t € [t),1,].

The threshold J;, > 0 can be chosen as J4, = f + d, where
f >0 e Randd > 0 € R denote, respectively, the upper
bound of the norm of fault f and exogenous disturbance d,
thatis, | I, < f, Idl, < d.

Remark 5. There are many results on fault detection
observer/filter design for time-delayed systems in the litera-
ture. In general, the observer, as the one in [16, 18], is designed
in the following form:

X(t) = AX(t) + A X (t — h) + Bu(t)
+Gg (X (t),x(t - h))
+Gg(E@),x(t-h)+H[y®)-5®)], @12
y () =Cx(t) + Du(t),

rt)=V[y@®-yw].

However, just as said in [14], the shortcoming of the above-
mentioned observer is that the constant state time-delay h
must be exactly known. If the time-delay / is unknown, the
above observer will not work in practical applications.

3. Main Results and Proof

As mentioned in [24, 25], the design of a RFDF for the
nonlinear time-delay system (1) can be formulated as an H_,
model-matching problem. In this section, we first design the
reference residual model and then express the RFDF design
problem under an LMI formulation.

3.1. Choice of the Reference Residual Model. As pointed out
in [18], the selection of a suitable reference residual model is
one of the key steps to design an RFDF for nonlinear time-
delay systems. If the reference residual model is not selected
suitably, miss alarms or false alarms may occur. In order to
select a suitable reference residual model, we consider the
following performance index J Iz

Ip=|ta@| - o), (13)

A"P+PA-C'Y"-YC+C"ZC+Q P (B,

1
Il

*

*

holds and applying the time-delay adaptive law

h= —%M (IPA] +[PGro|)) e ). RO >h  (20)
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where T,fd(s) and Trf f(s) are the transfer functions from f

and d to the reference model residual r -
Notice that if J o min {J f}, then one has

T4 )| — max{T, 4 )},
(14)

T, s (S)HOO —» min {Trf ; (s)} .

Therefore, according to the performance index J f (13), the

reference residual model can be designed, which takes into

account not only the robustness of the reference model

residual against disturbance but also the sensitivity to faults.
For the sake of simplicity, we assume that [ = m.
Consider the following transfer function:

T = MT, oN = M[T, /T, ;| N, (15)

where the matrices M € R, N € R*™ select the appro-
priate input/output channels or channels combinations and
T satisfies the following equalities:

. {éf (t)=(A-HC)e (t) + Ages (t—h) + B9 (1), )

ry (t) = MVCe; (t) + MD,N9 (t),

where B, = [Bf —ﬁDf B, —ﬁDd], D, = [Dy Dy], and
() = [d - f1.

Choosing M = I,
it follows that

T .
xgp N = [-Iq L] ,and givinga > 0,

1Tl =

Trya = T’ff"oo > T’fd"oo - Trff”oo’

1Tl < &= |T,,a]_-|T:, 0] <o
Then the reference residual model can be designed by solving

the following optimization problem:

min «
(18)
s.t.  (13),(17) hold.

The following theorem provides a sufficient condition to
ensure that, for a given « > 0, the reference RFDF satisfies
(16).

Theorem 6. Given o > 0 and the reference residual model (7),
if there exist symmetric matrices P = P’ > o, Q= QT > 0,
Z >0, and Y such that

~B;)+Y(B;-B,)+C"Z(D;-D;) PA,

(Dd—Df)TZ(Dd—Df)—ocZI 0 | <0 (19)
. -Q

then system (7), subject to Assumptions 1-3, is stable and
satisfies ||T,fd||00 - IITrffIIOO < o, where a(t) = [X(t)ll, n > 0,

h(t) > h H=P'Y,andV = 722,
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Proof. Consider the following Lyapunov-Krasovskii func-
tion:

t

V, () = e}’ (t) Pey (t) + J,h e}; (1) Qe (1) dr

t

-h 0
+2M |[PA| j_ﬁ d6 L atrs)ds @D

+

NSEEN

- 2
(h-h)".
Differentiating V; with respect to time t, one has

Vi <ef () (P(A-HC)+ (A-HC) P)e; (t)

+ eJ? (t) PA AL Pe (t) + e}" (t —h) Qe (t — h)
-

+ 2ej§ (t) PA, J ) X(t+s)ds +e}“ () Qe (1)

~ Tt -m)Qes (t— 1)+ (h—h)h =
2w (Joa ] + [#Gel) | (- B)a o
~-h . 0
- “(f+9)d0+hJAoc(t+s)ds] .
—h -
Since i = ~(1/mMIPAllalt) < 0, one has i [ a(t +

s)ds < 0. Under idealized condition, using the FDF (2), the
observer error is asymptotically converging to zero; that is,

x(t) - X(t) = 0, x(t —h) = %(t —h) — 0.
Then, one has

Vi<ep(t)
(P(A-HC) +(A-HC) P+PA,ATP+Q) (23)

Define the following performance index J;:
L= o wd-at [ oo
0 0
_ J (@ o-29 ©ow v, 0]de @Y
0

-Vi®)]+ Vi), -

Then, we have

J, < LOO [r}; Oy () -9 (1)9(1) +V, ()] dt.  (25)

5
— —T— T
LetY = PH,Z =V V,M = I, and N = [~y I4];
then
_ T _
rirg = (MVCe; + MD,N9) (MVCe; + MD,N9)
— T
= (VCe; +D, [-9 9]") (VCe;+D, [-9 9]")
T ~T71 T\ (7 T
= (efc"V" +[-9 9] D] ) (Vce, + D, [-9 9]") o6
—T— —T —T
= e;C'V VCe; - e;C'V D9 +¢;C'V D9
TY7, T T T T
+ 9D VCey — 9D D 9" + 9D D,9".
Therefore,
(o]
J; < J Adt, (27)
0
where

T ~T771 77, T ~T75! T . T Ti71 T
A=e;C'V VCer—e,C'V DY +e,C'V Dy9
—9D{VCe + 9D D 9" - 9D} D,9"
+9D5VCe; - 9D;D 9" + 9DID9 +ef (t)  (28)
: (P (A-HC)+(A- ﬁC)TP +PALATP + Q)

rep (1) +-a’9" (1) 9()

which may be rewritten as

oo rf(t)]T:[rf(t)] 2
]1<L [S(t) o | 29

Since & < 0, we have J; < 0and IITrfd(s)—T,ff(s)IIOO < a. And
||T,ff||OO <a.

If P(A -~ HC) + (A — HC)"P + PA4ATP + Q < 0 holds,
that is,
ATP+PA-YC-CTYT+Q PA,

. <0 (30)
Alp -Q

then, Vl < 0 under the condition 9 = 0. If (19) holds, then
(30) holds. Thus, system (7) is asymptotically stable.
The proof is completed. O

3.2. Design of Robust Fault Detection Filter. In this section,
we propose a theorem that gives a sufficient condition to
guarantee that the RFDF system is stable and has a pre-
scribed H,, performance, independently of the time-delay.
Before presenting the theorem, the following lemmas are
introduced.

Lemma 7. Given constant matrices x, = XIT, X2 = X;F > 0,
and x;, then x; + XX x;" x5 < 0, if and only if



[Xl X;F]<0

X3 X2 31)

or equivalently [_)? K ] < 0.
1

X3 X
Lemma 8. Let A and B be real matrices of appropriate
dimensions. For any scalar ¢ > 0 and vectors x,y € R", the
following inequality holds:
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2x"ABy < ¢ 'x"AA"x + ¢y" B By. (32)

Recall the nonlinear time-delay system (8).

Theorem 9. For a given positive constant y > 0, if there exist
a scalare > 0 (28,02Tp2 < Q) and matrices P, = PIT > 0,
P,=P'>0Q =Q">0,Q,=Ql >0,Y, and V such that
the following LMI:

[0, 0 P A, 0 PB;-YD; PB;-YDy, ctvt PG|
£ Q, 0 pA, P,(B;-HD;) P,(B,-HD,) ~C'V' 0
x % 2epp—Q 0 0 0 0 0
* % * Q, 0 0 0 0 (33)
<0 33
*o * * -’ 0 Df(vI-V") o
* * * * —yzl DZ (VT - _T) 0
* % * * * * -1 0
R * * * * * —el |
holds and applying the time-delay adaptive law Differentiating V with respect to time t, one has
= 1 = — ~ 7! — 9,0 Y Y _ =i =
i _EM(”PAd” . ||Psz||) a®), hO)>h (1) Vi (t) =2 ()P [An(t) + Agn (t —h) + GY + GA
— h
+Buw(®)] + 2 (1) PA, J Ck(t+9)ds,
then system (8), subject to Assumptions 1-3, is stable and h
. 7 7 _ T _ .
satigies Izl < Ylwly, whereht) 2 b, 0, = PiA+ 4 B VO =n" OQn®) " ¢ =mQn-h,
YC-CTYT+2¢p! p,+Q,, Q, = P, A+ATP,—~P,HC-C"H P+
Q, >0, H=P'Y, at) = [|x(t)|l, and Q — T > 0; I denotes Vi) =0 (;, _ h) h
the identity matrix with appropriate dimensions.
Proof. Define the following Lyapunov-Krasovskii function: V4’ (t)=2M ("P Zal” + “P GPz “)
—h . (0
V, =V +V, +V, +V, (35) ~{JE[oc(t)—oc(t+9)]d9+hJ.Ea(t+s)ds}
(37)

with
v =" (t) Py (t),

t
VI = j 7" () Qn (s) ds,
t—h

(36)

V=2 (h-n),

o Q

_ ~h 0
V, =2M (“Pzd" + "Papz") LE do L a(t+s)ds,

where P = [%g])Qz [Qo1 QOZ]‘

([ #Gl) | [ w00

R L0
—J oc(t+6)d6+hj;x(t+s)ds]
h h

= -2M (|[Pa,| + |PGp|)

-h

~[(ﬁ—h)oc(t)JAoc(t+9)d9

-h

L0
+hJA(x(t+s)ds].
~h
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From Assumption 2, it yields
191 < oy (x (1) - )]

tles (xt = -2 (e -h))]

<Ipe @] + s (zee-m -2 (e -R)| ¥
-h
= |pe ] + |2 J—E X (t+s)ds|.
From Lemma 8, one has
0" () PGY < 20" )] - [PG| - ¥
<2[n®)] - PG
-h
(et 209
<2[n®)] -G
(et o [ reolas)
<2[n®)] - |PG]

(Il [ at+oas)

<y () PGG Py (t) +2¢e” () pl pye (t)

-h
+2 ”I’] (t)|| . "Pép2 “ J—E o (t+s)ds.

Then

V, <&y (t) PGG Py (t) +2ee” () pl pre (1)

+2|y@)]-|Pa]- ||p2||j a(t+s)ds+n (1)
QO -1 e -mQre-W+o(h-nh 0

— -h
~2m [P [(ﬁ ~h)a(- [ at+0)do

+hJ a(t+s)d5]
h

Since h = —(1/n) M(|[PA,| +|PGp,|)a(t), we have h j_°ﬁ alt+
s)ds < 0. Because |x(t) — x(t)|| = |le(®)] < M, and the
above fault detection observer error is equal to zero under
ideal condition, it holds that [(t)]| < M. ]

From Lemma 8, one has

V, <2n" (t) P[An(t) + Agn (t —h) + Bw (t)]

+ s_qu () PGGTPn (t) + 2ee” (1) plTple t)

(41)

0" QM) 1 (t=m)Qy(t—h).
And e(t) = [1 o][f“)] = [I 0]y(), et — h) =
[:f(ft h;z)] = | n(t — h). Thus, (41) can be rewritten

as

Vy < 2" (1) P[An(

t) + Agn (t —h) + Bw (t)]

+e'y () PGG Py (1)

+ 281’]T ()

1
T
P1
0

T

1
) [0] n(t)+4" () Qn(t)

7 (t-h)Qn(t-h)

=n' ()P [An(t)+ A (t - h) +Bw (b))

+[An ) + At -1+ Bu®] Pn()

+ eflnT () P@ETPn ()

T
prp 0
+2en” (t) [ 10 1 0] () + " () Qn ()

- (t—h)Qu(t—h).

Consider the following performance index:

], = ro rl (), () dt -y JOO w' O w(t)dt
0 0

= LOO [reT ) r, ) -y w O w)+V, (t)] dr

-V, 0], + V2 ()],2o

< L‘” [\ @), (0 = yw” () w () + V, (0] dt

n(t)

T

n(t)

gro ni-m| alne-nla,
0

w (1)

w (1)

(42)

(43)



where

2ep{ p; 0
0 0

AP

B P

C

i G'p

A'P+PA+

From (35), one has Q2 < 0. Hence J, < 0 and ||z[l, < yllwll,.
If w(t) = 0, from the above analysis, one has

nw) 1 [ 1
Q' nt-h|adt, (45)
w(t)

[6e)

e [ne-n
" wo

A P+PA+e ' PGG Pr2epTpy+C C+Q PA, 0
AP —Q o
0 0 —’I
. ! .
Obviously, @ < 0 = Q' < 0. Furthermore, transferring
!
Q', one has

where Q' =

A P+PA+2ep p +C C+Q PA, PG
AP —Q 0 |<0 (46)
GP 0 -l

which implies that if w(t) = 0, then V, < 0.If (35) holds, then
(46) holds. Hence, system (8) is stable.

The proof is completed.

The last step of fault detection is to evaluate the residual.
This is a decision making process that always comes down to
a threshold logic of a decision function. From Assumption 2
(d € L,), we can further have |d(t)|l, = S, where
S > 0 is a constant. By using Theorem 9, we obtain
Ya = SUPger, I7ll,/1dll,. In the fault-free case, the generated
residual 7(t) is only affected by the disturbance input d(t).
Therefore, the threshold J;, can be determined by

Jin = Vald Oll; = yaS. (47)
The fault detection decision logic can be designed as

lr @, > Jin = afault has occured = alarm
(48)
I ()l < Jg, = no fault has occured.

]+Q PA, PB C PG
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[ZSPZsz 0] 0 o o

0 0 (44)
0 —y*I DT 0
0 D -I 0
0 0 0 —ell

Remark 10. In [18], ¥ was described as ¥ = g(x(t), x(t —h)) -
g(x(t), X(t — h)). From Assumption 2 in [18], one has

]| < [lpy (x (8) = % (1),
+|lpy (x (t —h) - % (t - h)|

(49)
< |pie @] + |pse (=B,

VI < 2]pe @ +2 et - ).

However, if time-delay h is an unknown constant, |'¥] and
[¥[? are not available and can not be used in the design
procedure. In this paper, an improved observer is proposed,

in which & is replaced by the estimation value h. Then, ¥ is
presented in the following form:

¥=gx(t),x(t-h)-g(x®),%(t-h)). (50)
Furthermore, by using Newton-Leibniz Formula, one has

1]l < |lpy (x (5) = % (1))

tlos (x ) 2 (: - 1) 51

pZJA X (t+s)ds
-h

< lpe @]+

3.3. Fault Estimation. After detecting the fault, fault isolation
and estimation are considered. Similar to [21], by a bank of
so-called fault isolation observers, fault pattern and location
can be obtained. In this paper, it is assumed that faults have
been isolated and fault isolation is not studied further. In the
following, we will investigate the fault estimation problem.

In order to estimate the fault, a following observer is
constructed:

X(t) = AX () + A% (t—h) + Bu(t)
+Gg(2(t),%(t—h))+Bsf (t)
+Hy®-7@®)], (52)

$(t) = Cx(t) + Du(t) + D f (¢),

rt)=Vy®)-y®],



Mathematical Problems in Engineering

where X(t) € R" is the observer state vector, y(¢) € R7 is the

observer output vector, i1 and f are the estimation values of i
and f, respectively, and r(t) is the so-called generated residual
signal. The observer gain matrix H and the residual weighting
matrix V will be defined later.

Let

e=x(t)-x(t),

. _ (53)
f=rm-1r@.

Then, the error dynamics can be described as

é(t)=(A-HC)e(t) + A% (t—h) - Agx (t —h)
+(B; — HD;) f (t) + (B; - HD,) d (1)
+GY

=(A-HC)e(t) + A% (t—h) - A% (t —h)
+ AR (t—h) - Agx(t—h)
+(By - HD;) f (t) + (B; — HD,) d (t)
+GY
=(A-HC)e(t) + Age(t-h)+ A% (t - h)

9
—Ag%(t-h)+(B; - HD;) f (1)
+(By;-HD,)d () + GY,
(54)
where ¥ = g(x(t), x(t — h)) — g(x(t), X(t — ﬁ)).
By using Newton-Leibniz Formula, one has
-~ 7’1:’ .
#(e-R)-7C-W=| Fer9ds )
~h
Equation (54) can be rewritten as
éet)y=(A-HQ)e(t)+ Aye(t—-h)
7”:' . ~
+Ay J_h xX(t+s)ds+(B; - HD;) f (1) 6

+(By; — HD,)d (t) + GY,
r(t) =VCe(t)+ VD, f (t) + VDud (t).

To realize the above-mentioned fault diagnosis objective, the
following Theorem 11 is proposed.

Theorem 11. Consider system (1) subject to Assumptions 1-3.
For a given positive constant « > 0, if there exist a scalar & > 0
and matrices P, = P > 0,P, = P} > 0,Q, = Q] > 0,
Q, = Q; > 0,Y, and V such that

[Q, 0 P A, 0 PB;-YD; PB;-YD, ctvt P,G
£ Q, 0 pA, P,(B-HD;) P,(B,-HD,) ~C'V' 0
*® ok ZSpZTp2 -Q 0 0 0 0 0
* % * Q 0 0 0 0
g = ? o <0, (57)
. . x I 0 pi(v'-V') o
* % * * * —yZI Dg (VT - \_/T) 0
% % * * * * -1 0
EE * * * * * —el
T
FC=(B;-HD;) P (58)

then, using the following adaptive laws:

h=-LM(PA| + |PGoy))a(t), h(0) > F,
n (59)

F(0) = ' TFe, (1), f(0) =0,

the closed-loop system (56) is stable with |le|l, < «|d|,, where
a(t) = |1x@)|, ng >0, andT =TT > 0 are adaptive rates, and
n is selected such that fz(O) >h Q-1 >0, and I denotes the
identity matrix with appropriate dimensions.

Proof. Define the following Lyapunov-Krasovskii function:

V,(t) = e (£) Pe (t) + Jt ¢ (1) Qe (r)dr
h

-h 0
v 2M (IPAg] +[PGR)) | 0| atersyds (60
~h 0

+

o=

(=) sny (F=1) T (F- 1),

where P = [%lg],Q= [QO‘QO ]
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Differentiating V; with respect to time ¢, one has - HDf) f+2¢" (t)P(B; — HD,)d (t)
V, < e’ (1) (P(A- HC) + (A- HO) P)e(t) + 2, FTT7F <" (1) (P(A- HO)
+e' () PA;A Pe(t) +e' (t—h)e(t—h)+2¢" (1) +(A-HCO)T P+PA AP +Q+e7' PGGTP

~h T o F 7T
.P<Adj %(t+s)ds+G\y>+2eT(t)P(Bf +2ep) py) e (t) = 2f FD; f (1) 2 FDyd (1)
—-h

+2¢" (t)P(By - HD,)d (t).

—HD;) f+2¢" (t)P(B; - HD,)d (t) + " (t) (63)
Qe(t)—e" (t—h)Qe(t—h)+n (ﬁ - h) h (61) Now, define the following performance index:
~ _ ® T 2 o

oM (|PA + [PGa]) [(h h)a) L= wewdi-a* [ d" wdwar

0 L _ ro " W e - d" Od )+ 0)]de O
—JA(x(t+9)d6+hJAoc(t+s)ds:| 0

- - - Vi (@), + Vs ()],

FT 17

21y frf Since under zero initial condition and h(0) > h and

h Vi(t)l,—o = 0, Vi (t) = 0 for all t. Thus,
From Assumption 2 and ||| < [|p,e(®)]l + I p, '[_ﬁ x(t + s)ds|,

it yields L<| [Fo(pa-Ho s @a-HO P
0
T -1 T T
2¢’ () PGY <¢ e (t) PGG Pe(t) +PALATP +Q+ e PGGTP + 26p7p, +1)e (1) .
T T
+2ee (ppe®+2Me®l 4y ~2f"FD,f (1) - 2 FDyd (¢) + 2¢" (1) P (B,
-h
|PGp| J Calt+s)ds. —HD,)d (t) - od" (0 d (1)) dt
-h
I which can be rewritten as
Because h = —(1/n)M(||PA 4]l + IPGp,|)a(t) < 0, we have -
h J‘_Oz a(t + s)ds < 0. Notice that Q — I > 0; then o e~(t) eN(t)
L |Fw] & Fo|a (66)
V; <e’ (t)(P(A-HC) + (A - HC)" P+ PA,ALP " law )
+Q+& 'PGG'P +2¢ep, py)e(t) +2¢" (t) P (B; where
P(A-HC)+(A-HC) P+PA AP +Q+¢'PGG'P+2eplp,+1 0 (B;—HD,)' P
B, = 0 -FD;  -DjF (67)
P (B, - HD,) ~-D,F —a’l
From (57), one has E; < 0. Therefore, J; < 0 with [le[, <
alldll,. 1
P(A-HC)+(A-HC)"P+PA,ATP +Q+&e'PGG™P +2¢eplp, +1 0 0
El = 0 -FD; 0 |<0. (68)

0 0 —o’I
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holds, then, V3 < 0 under the condition d(t) = 0. Obviously,
if (57) holds, then (68) holds. Therefore, system (56) is
asymptotically stable.

The proof is completed. O
Remark 12. Because of the existence of unknown distur-

bances, from the fault detection mechanism (54), the adaptive
laws can be redesigned as

F=P{-/TFe,®D[e,).] )]}, (69

where the dead-zone operator D[] is defined by

0, 17N < T,

Dle, (t),r(t)] = (70)
e, (), 1) Ol > T

where Jy, = y,4Ild®)ll, = v,S.

Remark 13. If there exist two known constants f, i, finax SUch
that f .. <|f(t)] £ fiae then the fault f(t) can be modeled
in the following form:

f (t) = % (fmax - fmin) (1 - tanh 6) + fmin’ (71)

where 0 is an unknown constant. Thus, estimating the fault
f(t) consists in estimating 0; that is to say

.?(t) = %(fmax_fmin)(l _tanh§> +fmin (72)

which prevents the phenomenon of parameter drift in the
presence of bounded disturbances and ensures f,;,

LFE] < Fmax

4. Simulation Results

Consider the following time-delayed nonlinear system:

%(t) = Ax () + Agx (t — d) + Bu (1)
+Gg (x(t),x(t—h)) + B, f (1) + Byd (£),

y(t) = Cx (t) + Du () + Gg (x (£) , x (t - ) (73)
+D,f (£)+ Dyd (8),

x(t)=0, te[-ho],

where

o
~
[

Dd=

g(x (), x(t—h))=sin0.2x(t) +sin0.1x (t - h),

h:

d:

From Theorem 6, by solving LMI (19), one has

P =

Y =

Xmin

-1.2 0.1
0.1 -1.0]°

0.6 0.7
-1.0 -0.8]°

(0.1 0.3
102 05]°
07 0
|-0.5 0]’
[0 1.0
0 02]°
[0 —0.4
0 08 ]’

(1.5 0
102 0]’

0.5s,

0.1sint.

[0.6248 0.0610
10.0610 0.4262

[ 1.1752

|

—0.1434]

|-0.1434 1.4028

[0.8685 0.0672
10.0672 1.8887

|

[0.8536 —0.5914:|

10.2573

=0.6391.

1.9270

1

(74)

(75)
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Furthermore, we obtain the observer gain matrix H and the
residual weighting matrix V,

1.3259 —1.4076
04140 47225 |

(76)
0.9315 0.0291
10,0201 1.3740]
In this study, ¢, p;, p, are selected as [16, 18]
e=0.1,
0.2 0.1
P03 02 77)

0.1 0.2
Py = .
* o3 01
By using Theorem 11, we obtain the solutions of LMI (35) with
P, P,,Q,,Q,,V,Y and minimal y,,;,, respectively, as follows:

[ 24.0724 —12.6296
P = >
b -126296  10.7939
[44.0436  2.0634 ]
Q1 = >
| 2.0634 71.8486 |
129.9378 83931 ]
P2 = >
| 83931 16.0890 |
643589 17.5958 ] (78)
Qz = >
17,5958 67.3153 |
[ 0.4468 —0.0364
V: >
|—0.0364 0.0128
350527 28.7520
Y = :
287520 78.3480
Voot = 0.6402.

Then, one has the observer gain matrix H:

(79)

4.2442 12.9558
H = .
5.3140 22.4176

In this paper, to illustrate the effectiveness of the proposed
algorithm, two fault cases are considered: abrupt fault case
and incipient fault case.

Mathematical Problems in Engineering

09} 1
08} |
07} 1
06 1

0.5 R

Fault signal

04} 1
03} 1
02} |
0.1} |

Time (s)

FIGURE 1: Fault signal f(t).

Residual signals

-0.3

Time (s)

— ()
o) (t)

FIGURE 2: Generated residual r(t).

4.1. Abrupt Fault Case. Inthis case, fault f(t) = [ f; (t),fz(t)]T
is defined in following form:

[0, 0<t<3
fit)=405 3<t<8
0, t>8,
_ (80)
0, 0<t<3
f,(t)=404, 3<t<8
0, t > 8.

The fault signal f(t) and the generated residual signals
r(t) (including r,(t) and r,(t)) are shown in Figures 1 and
2, respectively. Figure 3 shows the evolution of residual



Mathematical Problems in Engineering

3.5

Residual evaluation function

0 " \ \ \ \ \ \ \ \
0 2 4 6 8 10 12 14 16 18 20

Time (s)

FIGURE 3: Evolution of the residual evaluation function ||r(¢)].

1.5
1t |
=
=
o0
!
]
=9}
0.5+ g
0 1 1 1 1 1 1
0 2 10 12 14 16 18 20
Time (s)
— f1(®)
f(8)

FIGURE 4: Fault signal f(¢).

evaluation function |7(¢)|, from which the fault can be
detected.

4.2. Incipient Fault Case. As pointed out in [18], in many real
physical systems, the fault evolves slowly. In this case, the fault
f(¢t) is assumed to be an incipient fault, which is shown in
Figure 4. The generated residual signals r(t) (including 7, (¢)
and r,(t)) and the evolution of residual evaluation function
are illustrated in Figures 5 and 6, respectively.

5. Conclusions

In this paper, the problem of fault detection and estimation of
nonlinear time-delayed systems with constant but unknown
state time-delay is studied. A new fault detection filter with

13

0.5

0.4

0.3 F

0.2+

0.1

Residual signals

-0.1

-0.3 1 1 1 1 1 1 1 1 1

Time (s)

FIGURE 5: Generated residual r(t).

Residual evaluation function

0 \ \ \ \ \ \ \ \ \
0 2 4 6 8 100 12 14 16 18 20

Time (s)

FIGURE 6: Evolution of the residual evaluation function ||#(¢)|.

adaptation to the time-delay is proposed. Then, a reference
residual model is introduced to formulate the robust fault
detection filter design problem as an H,, model-matching
problem. A novel robust adaptive fault estimation algorithm
is proposed where the time derivative of the output errors
has not been computed. In addition, applying a robust H,
optimization control technique, sufficient conditions for the
existence of the fault detection filter are derived in terms of
LML In future, we will consider the fault diagnosis and fault
tolerant control of actuators and sensors when both the input
and the state are time-delay.
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