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Let X be a nonempty set. For a fixed subset Y of X, let Fix(X,Y) be the set of all self-maps on X which fix all elements in Y. Then
Fix(X,Y) is a regular monoid under the composition of maps. In this paper, we characterize the natural partial order on Fix(X,Y)
and this result extends the result due to Kowol and Mitsch. Further, we find elements which are compatible and describe minimal

and maximal elements.

1. Introduction

For any semigroup S, the natural partial order on E(S), the set
of all idempotents on §, is defined by

e<f iffe=ef = fe (1)

In 1980, Hartwig [1] and Nambooripad [2] proved that if
S is a regular semigroup, then the relation

a<b iffa=eb=>bf forsomee, f € E(S) (%)
is a partial order on S which extends the usual ordering of the
set E(S).

Later in 1986, the natural partial order on a regular
semigroup was further extended to any semigroup S by
Mitsch [3] as follows:

a<b iffa=xb=by,
)

1
xa=a forsomex,yeS.

Let X be a set and B(X) denote the semigroup of binary
relations on the set X under the composition of relations. A
partial transformation semigroup is the collection of functions
from a subset of X into X with composition which is denoted
by P(X). Let T(X) be the set of all transformations from X

into itself and it is called the full transformation semigroup on
X. Then P(X) and T(X) are subsemigroups of B(X). It is well
known that P(X) and T'(X) are regular semigroups.

In 1986, Kowol and Mitsch [4] characterized the natural
partial order on T'(X) in terms of images and kernels. They
also proved that an element « € T(X) is maximal with
respect to the natural order if and only if « is surjective or
injective; « is minimal if and only if « is a constant map.
Moreover, they described lower and upper bounds for two
transformations and gave necessary and sufficient conditions
for their existence.

Later in 2006, Namnak and Preechasilp [5] studied two
natural partial orders on B(X) and characterized when two
elements of B(X) are related under these orders. They also
described the minimality, maximality, left compatibility, and
right compatibility of elements with respect to each order.

Let Y be a subset of X. Recently, Fernandes and Sanwong
[6] defined

PT(X,Y)={ae P(X): XaCVY}, 3)

where Xo denotes the image of o. Moreover, they defined
I(X,Y) to be the set of all injective transformations in
PT(X,Y).Hence PT(X,Y) and I(X,Y) are subsemigroups of
P(X).
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In [7], Sangkhanan and Sanwong described natural par-
tial order < on PT(X,Y) and I(X,Y) in terms of domains,
images, and kernels. They also compared < with the subset
order and characterized the meet and join of these two
orders. Furthermore, they found elements of PT(X,Y) and
I(X,Y) which are compatible and determined the minimal
and maximal elements.

Let Y be a fixed subset of X and

Fix(X,Y)={a e T(X): ya =y Vy € Y}. (4)

In 2013, Honyam and Sanwong [8] proved that Fix(X,Y) is
a regular semigroup and they also determined its Green’s
relations and ideals. Moreover, they proved that Fix(X,Y) is
never isomorphic to T'(Z) for any set Z when 0 # ¥ ¢ X,
and every semigroup S is isomorphic to a subsemigroup of
Fix(X',Y") for some appropriate sets X' and Y’ with Y' ¢
X'. Note that this also follows trivially from the fact that
T(X) embeds in Fix(X U Z, Z) for any set Z with X N Z =
0. Recently, the authors in [9] proved that there are only
three types of maximal subsemigroups of Fix(X, Y) and these
maximal subsemigroups coincide with the maximal regular
subsemigroups when X \Y is a finite set with | X\ Y| > 2. They
also gave necessary and sufficient conditions for Fix(X,Y) to
be factorizable, unit-regular, and directly finite.

In this paper, we characterize the natural partial order
on Fix(X,Y) and find elements which are compatible under
this order in Section 3. In Section 4, we describe the
minimal elements, the maximal elements, and the covering
elements. Moreover, we find the number of upper covers
of minimal elements and the number of lower covers of
maximal elements.

2. Preliminaries and Notations

In [8], the authors proved that Fix(X, Y) is a regular subsemi-
group of T(X). Note that Fix(X,Y) contains 1y, the identity
map on X. If Y = 0, then Fix(X,Y) = T(X); and if | X| = 1
or X =Y, then Fix(X,Y) consists of one element, 1. So,
throughout this paper we will consider the case Y ¢ X and
[X] > 1.

For any « € T(X), the symbol 77, denotes the partition of
X induced by the map «, namely,

Ty

= {xoc_1 1X € Xoc}. (5)

Fora, B € T(X), o € m,, and B C 7, we say that o refines
3 if for each A € o/ there exists B € 9 such that A C B.
Throughout this paper, unless otherwise stated, let Y =
{y;:iell
For each « € Fix(X,Y), we have y,a = y; foralli € I. So
Y = Yo € Xa. If & € Fix(X,Y), then we write

(Ai Bj> ®)
x =
Vi bj

and take as understood that the subscripts i and j belong to
the index sets I and J, respectively, such that Xa = {y; : i €
IJUfb; : j € Jhya = A, andbjof1 = B;. Thus A;nY = {y;}

foralli e I, B; cX\Yforallje ]and{bj cjeJlcX\Y.
Here J can be an empty set.

An idempotent e in a semigroup S is said to be minimal if
e has the property f € E(S) and f < e implies f =e.

In [8] the authors showed that

A;
E, = {( ) :{A; :i € I} is a partition of X with y;
Ji

eAi}

is the set of all minimal idempotents in Fix(X,Y) and it is
an ideal of Fix(X,Y). We note that E,, is simply the set {« €
Fix(X,Y) : Xa = Y} and « is an idempotent in Fix(X,Y) if
and only if xa = x forall x € X'\ Y.

7)

3. Natural Partial Order on Fix(X,Y)

Kowol and Mitsch [4] gave a characterization of the natural
partial order on T'(X). Later in 1994, Higgins [10] showed
that if T is a regular subsemigroup of a semigroup S, then
the natural partial order on T is the restriction to T of the
natural partial order on S. Here we describe the natural partial
order on Fix(X,Y) which is a regular subsemigroup of T'(X)
without making use of Higgins’ result and when we take Y =
@, we recapture the result above by Kowol and Mitsch.

We note that if &, € Fix(X,Y) and « = By for some
y € Fix(X,Y), then 71, refines 7.

Since Fix(X,Y) is regular, we use (#) to study the natural
partial order on this semigroup.

Theorem 1. Let o, 8 € Fix(X,Y). Then o < f3 if and only if the
following statements hold:

(1) Xa € Xp;

(2) mg refines 7,;

(3) if xp € Xa, then xf = xa.

Proof. Suppose that « < . Then, by (), we have

a=AB=py (8)
for some A,y € E(Fix(X,Y)). Thus X = (XA)8 € X5. Since
a = Py, we get that 7rg refines 7,. Now, let x € Xa. Then
xB = x'a for some x' € X and thus x = x'a = x'By =
(x'B)y. Hence xf3 € Xy and then xa = xBy = xf3 since y is
an idempotent.

Conversely, assume that conditions (1)-(3) hold. By con-
dition (1), we can write

(Ai B]->
o= ,
Yi bj

!
/3:<Ai C; Ck)
Yi bj be

where y; € AiﬂAg,bj,bk € X\Y,and B;,C;,C; € X\Y. Since
y; € A;nA’and 7 refines 7, we obtain Al c A foralliel
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If ] = @, then define A = « and thus &« = AB. If ] # 0, then,
foreach j € ], letc; € C;. So¢; = b; € Xa. By condition (3),
cjo = ¢;3 = bj; that is, ¢; € B; and hence C; € B;. Define

j
A; B;
A= . (10)
i €

We get A € E(Fix(X,Y)) and a = Ap.
IfK = 0, then o = 1. If K # 0, then, for each k € K, we
choose ¢, € Cy.

Case 1. Consider Xf3 = X. Then X \ Xa = {b,
define y € Fix(X,Y) by

X, x € Xa,
xy = 11)
o, x=b e X\ Xa.

: k € K}. We

To prove thata = By, let x € X.If x € A| for someiorx € C;
for some j, then it is clear that xae = xfy. Now, if x € C, for
some k, then xf3 = ¢ and thus xa = g since 714 refines 7.
So(xB)y = by = g = xa. Hence o = By. It remains to show
that y is an idempotent. Let xy € Xy \ Xa. Then xy = ¢« for
some k. Thus (xy)y = (¢.&)y = g« = xy since & € Xa.

Case 2. Consider X3 ¢ X. We choose ¢, € X \ X and define
y' € Fix(X,Y) by

X, x € Xa,

xy' = 1ga, x=b € XB\ Xa, (12)

6 xeX\XB

By the same prove as glven in Case 1 we get a = /3y and
(xy )Y = xy' for all xy € XB.If xy' = ¢, then (xy')y’ =
6y = ¢ = xy'. Soy' is an idempotent. Therefore, & < 8 by
(). O

Remark 2. If Y = 0, then Fix(X,Y) = T(X), and we have
the characterization of < on T(X) which first appeared in [4,
Proposition 2.3].

As a direct consequence of Theorem 1, we get the
following corollary.

Corollary 3. Let o, f € Fix(X,Y) witha < S. If Xa \ Y =
XB\Y, thena = 3.

Let S be a semigroup. An element a € S is said to be left
(right) compatible with respect to the partial order < if ab <
ac (ba < ca) whenever b < c.

The following results describe all the left compatible and
right compatible elements in Fix(X,Y) when 0 # Y ¢ X.
We also write « < fSinstead of « < fand a # Sfora, 8 €
Fix(X, Y).

Theorem 4. Assume that @ + Y ¢ X and let A €
Fix(X,Y). Then A is left compatible if and only if A is a minimal
idempotent or A is surjective.

Proof. Suppose that A is left compatible. Assume by contrary
that A is not a minimal idempotent and A is not surjective. So
therearea € XA\ Y and b € X \ XA. Define

y; X\Y
o= ,
Yi a
% b X\ (YU
B= :
y; a b

(13)

Then a, $ € Fix(X,Y) with a < 8 and thus A« < Af3 since A
is left compatible. However, XA ¢ XAf since a € XA« but
a ¢ XAp, a contradiction.

Conversely, let « < 3. If A is a minimal idempotent, then
Ao = A = AP. Now, assume that A is surjective. So XAa =
Xoo € XB = XAB.Let A € myp. S0 A = x(AB) ™" = (xf7)A™!
for some x € XAp.Sincea < f3, we have that 714 refines 77, and
hence xf" ¢ x'a™" for some x” € Xa. Since x" € Xa, we get
x' = ua for some u € X and u = vA for some v € X because
A is surjective. Hence vAa = ua = x'; that is, x' € Xe.
Further, A = (x A" ¢ (aHA 7' = X' M) € 7y,
thus ), refines m,. Let aAf € XAa. So (ad)B € Xa and
then aAf = ala. By Theorem 1, we have Ao < Af3 which
implies that A is left compatible. O

Theorem 5. The following statements hold.

(1) IfIY| = 1, then A € Fix(X,Y) is right compatible if and
only if A is a minimal idempotent or A is injective.

(2) IfIY| = 2, then A € Fix(X,Y) is right compatible if and
only if A is injective.

Proof. (1) Assume that Y = {y} and A is right compatible.
Suppose in the contrary that A is not a minimal idempotent
and A is not injective. So we can write

A B;
A= v b , (14)
J

where y € Aand J # 0. Since A is not injective, two cases
arise.

Case 1. Consider |A| > 2. Choosea € A\ {y}andc € B,
for some j, € J. Let X \ {a,c} = {x; : k € K} and define

« € Fix(X,Y) by
o= ({a, d xk); (15)
C X

we get « < ly. Moreover, we have a(IyA) = al = y =
y(1xA), hence there is B ¢ T such that {a,y} < B.
However, {a, y} ¢ C for all C € 7, since a(ad) = cA =
b, # y = y(a)). This means that 7, , does not refine 7. By
Theorem 1, we get ol £ 1xA, a contradiction.



Case 2. Consider IBJ | > 2 for some j, € J. Choose a,b € B;
such thata # b. Let X \ {a,b,y} = {x; : kK € K}. Define
a, 5 € Fix(X,Y) by

({y,a} b xk>
o= ,
yooa X

abyx
B = (b y k))
ay x
we get « < . Since a(fA) = bA = = b(BA), there is
B € mp) such that {a,b} < B. However, {a,b} ¢ C for all
C € myy sincea(ad) = yA = y # b, = al = b(ad). So
7gy does not refine 7,,. By Theorem 1, we get ad £ BA, a
contradiction.

Conversely, let o, f € Fix(X,Y) be such that « < B. If A
is a minimal idempotent, then A = (i,( ) and wd = A = BA;
that is, A is right compatible. Now, assume that A is injective.
Since Xao < XP, we get Xad < XPA. Let A € mp,. So

(16)

A = x(ﬁ)t)_l = (xA_l)ﬁ 1 for some x ¢ XBA and hence
(x)fl),B_1 c x'a7! for some x' € Xa. So x' = u«a for
some u € X. Since A is injective, {x'} = vA™! for some

v € XAand uak = x'A = v thatis, v € Xal Thus
"ot = WA e = wad)™" € 7,y which implies that T
refines 71,,. Let affA € XaA. So aBA = baA for some b € X.
Since A is injective, aff = b and then af € X«. Thusaf = ax
since « < B and that afA = axA. Therefore, aA < 31, and we
conclude that A is right compatible.
(2) Suppose that A is right compatible and A is not

injective. Write
A; B;
A= , (17)
Yi bj

where y; € A; and |I| > 2. Since A is not injective, two cases
arise.

Case 1. |A; | > 2 for some i, € I. Choosea € A; \{y, } and
Vi, € Y\{ylo} LetX\{y, ,a} = {x; 1 k € K} anddeﬁne

a=<{y"l’a} x"). (18)
Yii Xk

Then a < 1y and hence aA < 1yA. We can see that {y; ,a} ¢
A; €m =m ), but{y,,a} ¢ Bforall B € 7, since aad =
Yi A=y, # ¥, = ;@A This means that 7, , does not refine
T, @ contradiction.

Case 2.|B; | > 2 for some j, € J. This is virtually identical to
Case 2 of (1) above. L]

4. Minimal and Maximal Elements

Let S be a semigroup together with the partial order <. S is
said to be directed downward if every pair of elements has a
lower bound. In other words, for any a and b in S, there exists
cin Swith ¢ < aand ¢ < b. A directed upward semigroup is
defined dually.
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If Y = 0, then Fix(X,Y) = T(X) and it has neither
minimum nor maximum elements under the natural order
(see [4]). So, in Lemmas 6 and 7 we assume that @ # Y ¢ X.

Lemma 6. Assume that § # Y ¢ X. Then the following
statements are equivalent.

(1) Fix(X,Y) has a minimum element.

(2) Fix(X,Y) is directed downward.

@) IYl=1
Proof. (1)=(2) This is clear.

(2)=(3) Assume that Fix(X, Y) is directed downward. Let
yil’yiz €Yand ] =1 \ {ipiz}- Consider

=<yj ¥, (X\Y)U{yil}>

Yi Vi, Yi,
(19)
_(yj Yi (X\Y)u{yiz}>
Yi Vi Yi,

We have «, 8 € Fix(X,Y) and there is y € Fix(X,Y) such that
y < aand y < fB. By Theorem 1, 7, refines 7, and 74 refines
7T, Then there is A € 7, such that (X \Y)u {yl-l} C Aand
(X\Y)u{y, } € A. Thus y; , y; € Aandhence y; = y, . Since
Yi,» J;, are arbitrary elements in Y, we obtain that |Y] = 1.
(3)=(1) Assume that Y = {y}. It is easy to see that 0 =

( i,( ) is the minimum element in Fix(X,Y). O

Lemma 7. Assume that 0 + Y ¢ X. Then the following
statements are equivalent.

(1) Fix(X,Y) has a maximum element.
(2) Fix(X,Y) is directed upward.
(3) IX\Y|=1

Proof. (1)=(2) This is clear.
(2)=(3) Assume that Fix(X,Y) is directed upward. Let
a,be X\Yand X\ {a,b} = {x; : k € K}. Define

ab x
oc:( )ele(X Y). (20)
b a x

Then there is y € Fix(X,Y) such that « < yand 1y < y.
Since « and 1y are bijective, y is also bijective and thus by €
(Xa\Y)N(X1x\Y).Soa =ba = by = bly = b. Since a, b
are arbitrary elements in X \ Y, we get | X \ Y| = L.

(3)=(1) Assume that | X \ Y| = 1. It is easy to see that 1
is the maximum element in Fix(X,Y). O

We now describe minimal and maximal elements in
Fix(X,Y) when 0 # Y ¢ X. If |Y| = 1, then Fix(X,Y) has a
minimum element by Lemma 6 and it is minimal. In the same
way, if | X\ Y| = 1, then Fix(X, Y) has a maximum element by
Lemma 7 and it is maximal.

Theorem 8. Assume that @ #+ Y ¢ X and let « € Fix(X,Y).
Then « is minimal if and only if « is a minimal idempotent.
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Proof. Assume that « is minimal but « is not a minimal
idempotent. So we can write

A; B,
o= , (21
Yi bj

where ] # 0. Choose i, € I'and j, € J. LetI' = T\ {i,},
J' = J\ {j,} and define f € Fix(X,Y) by

A. UB, A, B
‘B — < ) ]0 z ] > . (22)
Yi, it bj’

Hence 3 < &, which contradicts the minimality of e.
Conversely, assume that « is a minimal idempotent and

B <a SinceY € XB € Xa =Y, we get X3 = X and hence

XB\Y < Xa\'Y. By Corollary 3, we obtain 8 = a. O

Theorem 9. Assume that® + Y ¢ X and let o« € Fix(X,Y).
Then o is maximal if and only if o is injective or « is surjective.

Proof. Let o be maximal. Assume that « is not injective and
surjective. So there are a,b,c € X such that ao = ba with
a#+ bandc € X\ Xa. Write

<Ai B]-> 023)
a= .
Yi bj

Case 1.a,b € A; forsomei, € I. We may assume thata # y; .
LetI' = I'\ {i,} and define

A, A, B;
ﬁ:( i, \{al a A; J). (24)
Yi, c Yy bj

Then f e Fix(X,Y) and « < f8 which contradicts the
maximality of a.

Case 2. a,b € B; for some j, € J. Then we let 7' =7\ Lo}

and define
A; B; \{a} a By
y= ! 7). (25)
yi b]l] C b],

Then y € Fix(X,Y) and « < y which contradicts the
maximality of «.

Conversely, assume that « is injective or « is surjective
and « < B for some 8 € Fix(X,Y). Then X« € Xf and Xor \
Y € XB\Y. Consider the case where « is injective, by letting
z € XB\Y. Then z = xf3 for some x € X \Y and xa €
Xa \'Y € XB\Y;thatis, xa = x'ﬁ for some x' € X\ Y. So
x' € Xaand x'B = x'a by Theorem 1. Since « is injective,
we get x = x' and thus z = xB = x'8 = xa € Xa'\ Y, whence
XB\Y < Xa\ Y. Hence, in this case, Xa \ Y = X\ Y and
by Corollary 3 we obtain « = f3. In the case « is surjective, we
get X\Y = Xa\Y € XB\Y < X\Y; thatis, Xa\Y = XB\Y.
Again by Corollary 3, we have that « = f. Therefore, « is
maximal. O

Figure 1 shows the diagram of Fix(X,Y) when X =
{1,2,3,4} and Y = {1,2}. The notation (abcd) for o €
Fix(X,Y) means that la = a, 2a = b, 3a = ¢, and 4 = d.

(1234) (1243)

FIGURE 1

An element 3 € Fix(X,Y) is called an upper cover for « €
Fix(X,Y) if « < f and there is no y € Fix(X,Y) such that
a < y < f3; lower covers are defined dually.

Lemma 10. Assume that @ + Y ¢ X and let a« € Fix(X,Y).
Then the following statements hold.

(1) If « is not minimal in Fix(X,Y), then there is some
lower cover of o in Fix(X,Y).

(2) If « is not maximal in Fix(X,Y), then there is some
upper cover of  in Fix(X,Y).

Proof. (1) Let « € Fix(X,Y) be not minimal. By Theorem 8,
« is not a minimal idempotent. So we can write

A; B
Yi bj

where J # 0. Define 8 as in the proof of Theorem 8, we get
B < a. Suppose that there is A € Fix(X,Y) such that § < A <
«. Then by Theorem 1, X3 € XA € X« and thus X \Y <
XA\Y € X\ Y. Since Xa \Y = (XB\Y)U {bjo} which
implies XA\Y = XB\Yor XA\Y = Xa \ Y, thus A = Sor
A = a by Corollary 3. Therefore, f3 is a lower cover of «.

(2) The proof is similar to (1), using f3 or y from the proof
of Theorem 9 as appropriate. O

Now, we aim to find the number of upper covers of min-
imal elements and the number of lower covers of maximal
elements when X is a finite set. The following lemma is
needed in finding such numbers.

Lemma 11. Assume that® # Y ¢ X and let o, 8 € Fix(X,Y)
with o < . Then B is an upper cover of a if and only if | Xf3 \
Xa| = 1.

Proof. Write

A; B
o= . (27)
Yi bj
Since a < 3, we can write
A; C; C
B= < L ">, (28)
Vi bj be



where y; € A} € A, C; € Bj, and Cy is contained in either
A, for some i or B; for some j. We get |[K| = | X\ X«|.
Assume that is an upper cover of . If | X5\ Xa| = 0, then
Xp = X which implies that f = «, a contradiction. For the
case | XB\ Xa| > 1, we choose k, € K and hence C, € A;
for some iy € I or C; < B for some j, € J. Assume that

Cr, €Ay, (the other case being similar). Let I'=1\ {iy} and
K' = K\ {k,}. Define

! !
y=<Ai0UCkO Al C; Cy

) e Fix(X,Y). (29)
Vi Vi bj b
Since K' # @, we get « < y < 3, a contradiction. Therefore,
|XB\ Xa| = 1.

The converse is proved in similar fashion to Lemma 10
(D). O

Let X be a finite set with n elements and Y a nonempty
proper subset of X with r elements. If [Y| = 1, then Fix(X,Y)
has unique minimal element, say o = (i,( ) By Lemma 11,

each of upper covers of « is of the form ( X>B 5), where 0 #

B< X\ {ylandb € X Y. Since there are (2""' — 1) ways to
choose B and n — 1 choice of b, in this case there are in total
Q" - Dmn-1) upper covers of a.

If | X\Y]| = 1, then Fix(X, Y) has unique maximal element,
the identity map. Let I = {1,2,...,n—1},Y ={y, : i € I}, and
X \'Y = {b}. Then each of lower covers of 1y is of the form

gt} vy
Yig Vit
there are in total n — 1 lower covers of 1.

), where I' = I\ {i,}. Since i, can be chosen from I,

Theorem 12. Assume that® #+ Y ¢ X and let « € Fix(X,Y).
Then the following statements hold.

1) Ifa= (‘;‘i") is minimal, then there are
(24 -1)(n-r) (30)
-1

upper covers of .

(2) If a is maximal, then there are (n—r)(n—1) lower covers

of a.

Proof. SinceY is a finite set with r elements, Y = {y,,..., y,}
andI =1{1,...,r}.

(1) Let = ( if’ ) be minimal in Fix(X,Y) and f3 an upper
cover of a. Then | X3 \ X«| = 1 by Lemma 11; that is, X8 =
Y U {b} for some b € X \ Y. Since 73 must refine 77, we can

write
i G
B v b ’

where A}, € A;and 0 # B A, \ {y; } for some i, € I. We
claim that A’ = A, foralli € I\ {iy}. Assume by contrary that
there is i; € I'\ {i;} such that A'i1 ¢A; . LetB, = A; \A'il.
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So® # B, N A'l. C A, for somei # i, but B; € A, ; thatis
A;NA; #0,acontradiction. So we can write

Ay A \B B
B= , (32)
it Yi, b

whereI' =T\ {iy}. Since there are 2l ways to choose B
and n—r choices of b, in this case 5 can have A D (n-r)
forms, but i, can be chosen from I = {1,...,r}, so that there
are in total Z:zl(ZlA*'lfl — 1)(n — r) upper covers of a.

(2) Assume that « is maximal. Then « is a bijection and

we can write
by
a= <y ’>, (33)
Ji €

where J] = {1,...,n — r} and {bj cjeJl=X\Y = {cj :
j € J}. Let 3 be alower cover of . Then | X« \ Xp| = 1; that
is, Xp = Xa \ {c; } for some j, € J. Let J' = J\ {j,} and
by € {b;: j€]'}.Sobya = ¢y € XB\Y, then by = by B
since < a. Hence xar = xf forall x € X\{b; }and b; f = y;,
for some iy € I orb; f = b; B = c; for some j € J'. Thus

ﬁ=<{yio’bf} Ji bj,), (34)

Yi, Yir €y

where I' = I'\ {i,}, or

B (J’i {b;,.b,} bk)) (35)

Yi o G

where K = ]\ {jj, j;}. For the first form and the second
form, the numbers of ways of placing b; israndn—r -1,
respectively. So the total number of ways of placing b; is
n — 1. But j, varies in the index set J; hence there are in total
(n - 1)(n —r) lower covers of «. O
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