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The (2 + 1)-dimensional Kadomtsev-Petviashvili equation with time-dependent coefficients is investigated. By means of the Lie
group method, we first obtain several geometric symmetries for the equation in terms of coeflicient functions and arbitrary
functions of ¢. Based on the obtained symmetries, many nontrivial and time-dependent conservation laws for the equation are
obtained with the help of Ibragimov’s new conservation theorem. Applying the characteristic equations of the obtained symmetries,
the (2 + 1)-dimensional KP equation is reduced to (1 + 1)-dimensional nonlinear partial differential equations, including a special
case of (2 + 1)-dimensional Boussinesq equation and different types of the KdV equation. At the same time, many new exact

solutions are derived such as soliton and soliton-like solutions and algebraically explicit analytical solutions.

1. Introduction

The Lie group method is a powerful tool to perform Lie
symmetry analysis, study conservation laws, and look for
exact solutions of nonlinear partial differential equations
(NLPDEs) [1-4]. The notion of conservation laws, which
plays an important role in the study of nonlinear science, is
used for the development of appropriate numerical meth-
ods and for mathematical analysis, in particular, existence,
uniqueness, and stability analysis [5, 6]. In addition, the
existence of a large number of conservation laws of a partial
differential equation (system) is a strong indication of its
integrability. On the other hand, seeking exact solutions
of NLPDEs has become one central theme of perpetual
interest in mathematical physics as explicit solutions will
be helpful to better understand the phenomena described
by the equations. To get exact solutions of NLPDEs, many
effective methods have been presented such as inverse scat-
tering method [7], Hirota’s bilinear method [8], and Painlevé
expansion method [9]. Among them the Lie group method
offers a systematic algorithmic procedure to find the sym-
metry reductions and exact solutions of a partial differential

equation. In this paper, we use the Lie group method to

consider a time-dependent Kadomtsev-Petviashvili equation:
_ 2

E, =u, +6u, +6uu, +u +e(t)u, +nt)u, =0,

@

with time-dependent coefficient functions e(t), n(t), and
n(t) #0.

The above equation was also called “a 2D KdV equation
with time-dependent coefficients” by Hereman and Zhuang
[10]; they performed Painlevé analysis for (1) and found that
(1) was Painlevé integrable when e, + 2¢*> = 0, n, + 4ne =
0. Equation (1) can be reduced to the KdV equation (e(t) =
0,n(t) = 0) or the KP equation (e(t) = 0,n(t) = +1). Equation
(1) can also be reduced to the cylindrical KdV equation

XXXX

1
U, + 6Ult, + Uy, + eyl 0, (2a)

when e(t) = 1/2t, n(t) = 0 or the cylindrical KP equation

1 1
Uy + 6 +6uUU + U+ —U, + 3t—2u =0, (2b)

2t vy



when e(t) = 1/2¢, n(t) = +3/t*. The KdV and KP equations
and their cylindrical generalizations (2a) and (2b) are all
known to be completely integrable [10]. Zhang et al. [11]
performed Painlevé analysis for (1) and constructed bilinear
auto-Bécklund, analytic solutions in the Wronskian form.
Soliton-like solutions, Jacobi elliptic function-like solutions,
and other exact solutions have been obtained by the method
of auxiliary equations [12-15]. Elwakil et al. [16] used the
homogeneous balance method to study the exact solutions
of (I). Based on the homogeneous balance method and
Clarkson-Kruskal method, direct reduction and exact solu-
tions have been obtained in [17] by Moussa and El-Shiekh.
The bilinear formalism, bilinear Backlund transformation,
and Lax pair of (1) have been obtained by the binary Bell
polynomial approach in [18]. As far as we know, conservation
laws and symmetry reductions for (1) have not been studied.

The rest of the paper is organized as follows. In Section 2,
the Lie group method is applied to the time-dependent
Kadomtsev-Petviashvili equation (1) and thus Lie symme-
tries of (1) are obtained. In Section 3, using the obtained
symmetries and the general theorem on conservation laws
by Ibragimov, nontrivial and time-dependent conservation
laws are derived. In Section 4, we use the symmetry to get
symmetry reductions and new exact solutions of (1). The last
section is a short summary and discussion.

2. Lie Symmetry Analysis of (1)

Generally speaking, Lie symmetry denotes a transformation
that leaves the solution manifold of a system invariant; that
is, it maps any solution of the system into a solution of the
same system, so it is also called geometric symmetry. In this
section, we will perform Lie symmetry analysis for (1) by the
classical Lie group method. Suppose that Lie symmetry of (1)
is expressed as follows:

d d 0 d
V—Ea+l’]$+‘[a+¢a, (3)

where &, 7, 7, and ¢ are undetermined functions with respect
to x, y, t, and u. According to the procedures of Lie group
method, the vector field (3) can be determined by applying
the fourth prolongation of V to (1) and thus the undetermined
functions &, #, 7, and ¢ must satisfy the following invariant
condition:

¢+ 12" + 61 P + 6uPp™ + ¢

+e (t)Tu, +e(t) " +n' () Tuy, +n(t)¢” =0,
where

¢* =D, (¢> —&u, —nu, ~ ‘rut) + §lyy + My, + Ty,

t
¢X = Dxt (¢ - gux —nu, = Tut) + Euxxt + MUty T TUy
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¢xx = Dxx (¢> - f”x - nuy - Tut)

+&U o A U, + TUL s

XXy
Y- D ( —¢u, - _ )
¢ vy (l) Uy r’”y Tu,
Sty 1ty F Tl
¢XXXX = Dxxxx (¢ - &/ix —hu, - Tut)
+ Euxxxxx T MUsxxxy T Thyxxxt:

(5)

Substituting (5) into (4) with u being a solution of (1), that is,

_ 2
xxxx = " Uxt T 6u

u x

—buu,, —e(t)u, —n(t)u,, (6)

we obtain the determining equations of symmetry (3). Solv-

ing the determining equations with the aid of Maple, we can
get the following cases.

Case I. When e(t) and n(t) are arbitrary functions,

=0,

_ 9 _
&= _2n(t)+f(t)’ n=g(t),

5 ; (7)
¢ = t it n 9y

6 12n (t)y 1212 (t)y’

where f(t) and g(t) are arbitrary functions. It shows that (1)
admits an infinite-dimensional Lie algebra of symmetries

V=V;+V, (8)
where
o f, 0
V= f(t)—+ 22,
f f® ox " 6 ou
9y 0 0 < 9ty it > 0
= - t) — — —
g 2n(t) Ox t9(0) oy T\ 122 t) 12n (t)y ou
9)

Case 2. When e(t) = 0,n(t) = (t - m)’C,, p#0,C, #0, and
C2 5&0)

_GCx gy
$= 35 “c-mp SO
(L., 2) _G=m)
’7_<3p + 5 y+g(@)), T= » ,
¢ = 2C, N 9 yp - Gt S
1

12C,¢-mp’ 6
(10)

- u
3p 12C, (t - m)P*

where m, p, C,, and C, are constants and f(t) and g(t)
are arbitrary functions. This shows that the symmetries of
equation

2
Uy +O6U, + OUL, + U

+C(t-mfu,, =0 (1)
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have the form of

V=V, +V;+V, (12)

where

x 0 (2 1> 0
Vise——+|—+=)y=—+
3pox 3p 2)7 0y

is a one-dimensional Lie algebra of symmetries and V; and
V, are two infinite-dimensional Lie algebra of symmetries as

expressed by (9) with n(t) = (t - m)?C;.

Case 3. When e(t) = 0, n(t) = Const., and 7(t) # 0,

Ty Tyt 2 Yt
= — _— _——_— t)
& x y 2ny+f()

3 6n
2
n= grty+g(t), T=1(t), (14)
g2ty T Twe2 Gu o Ji

3180 36nm 12n° 6

where f(t) and g(t) are arbitrary functions. It shows that the
KP equation

+Cu,, =0 (15)

2
Uy +6U + OULL, + U vy

admits an infinite-dimensional Lie algebra of symmetries
V=V +V, +V, (16)

where C is a constant and C#0; V; and V,, are expressed by
(9) with n(t) = Const.,

vom (Exe

12)3 2 0 0
3 6n

a + thya + Ta
(17)
2
(B T T ) 2
3 18 36n ou

Case 4. When e(t) = —n,/4n + C;/7(t), 7(t) # 0, and n, # 0,

. Ty 2 G T 5
&= 35 T on)) T’ w2’
T (t) ntt 2 T (t) ntz 2
“ww’ Tawe ) /O

_(Tt®)n, 2 )
11_<—2n(t) 3 y+g(),

21, Tet

T T t)ynyn, ,
3 18

$= - 12143 (1)

T QLT B 7 (f) ”f 2 Tty 2
48n? (t) 16m* (t) 144n? (t)

2
Teer 2 Tihy

“3enn)’ 1m0

Ty 2

2
YT a0y

fi it 9y

+=L - +
6 12n (t)y 1212 (¢

)
18)

where f(t) and g(t) are arbitrary functions, C; is an integral
constant, and n(t) and 7(f) satisfy the following ordinary
differential equation:

N 2n,,T; ?)Ttnt2 3nf
My - 2
T(t n(t)(t n- (t
(t) Oz @) () 19)
dnyn,  ACn ()1,
n(t) 32 (t)
This shows that, under the condition (19), the equation
Uy + 6ui + OUU L, + Uy
(20)

+ (—Z—; + %)ux +n(t)uyy =0
admits an infinite-dimensional Lie algebra of symmetries
V=V+V, +Vy, (21)
where Vi and V, are expressed by (9):

T, T, n
v o= [ f T2 T
or (3 on’  8n2(t)’

2 T (1) L)
81 (t)

T(t)n’ 2) d +<T(t)nt

+ — s > 9,9
813 (t) V) ox m(t) 3 yay ot
+ _ﬁu+2x+1—(t)nttnt Z_T(t)nttt 2
30718 128 () 4872 (1)
T (t) ”S 2 Tt 2 Tur 2
16t (1)) 142 (07 3en(t)’
2
T 2 Ty o) 0
e ) 240 ) ou’

(22)

3. Conservation Laws for (1)

3.1. A General Theorem on Conservation Laws. As expressed
through the famous Noether theorem, for a given differential
equation, there is a close connection between Lie symmetries
and conservation laws. To derive conservation laws of (1), we
use the following conclusion proved by Ibragimov in [19].



Theorem 1. Every Lie point, Lie-Bicklund, and nonlocal sym-
metry

; d
V=& (xuugy,...) == +17 (%uuq),. (23)

)2
Ox! " ous

of a system of m equations

F (%, uqys. . upgy) =0, s=1,...,m,  (24)
with n independent variables x = (x',...,x") and m
dependent variables; u = (u',...,u™) provides a conservation

law for system (24) and the corresponding adjoint system

F: (x, u,v, U(l), V(l)’ cens M(N), V(N))
1) (viF,-) (25)
= =0, s=1,...,m.
ouf
Then the elements of the conservation vector T = (Th,...,T"

are defined by the following expression:

T = &L+ W*
X a_L_ij a_L +DXijk aL — e
ous ous. au?.k
L 1 1] 1]
+D,; (W*)

X oL —D.x a—L +Dkar oL —
ous, o\ ou, x ous,
L ij ij ijkr

+ DD (W) [aif "D"'<a25L_ >+] S

ijk

with

W=y -8u, s=1,...,m. (27)
3.2. Conservation Laws for (1). To search for conservation
laws of (1) by Theorem 1, adjoint equation and formal
Lagrangian of (1) must be known. We first construct its
adjoint equation. Following the idea in [19], the adjoint
equation of (1) is

E] = v +6uv + v —e(t) v +n(t)v,, =0, (28)

where v is a new dependent variable with respect to x, y, and
t.

According to the method of constructing Lagrangian in
[19], the formal Lagrangian for the system consisting of (1)
and (28) is

L=v (uxt + 614)2C + 66Ul + Uy, e () u, +n(t) uyy) .
(29)

By means of the symmetries of (1), conservation laws
of the system consisting of (1) and (28) can be derived by
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Theorem 1. However, we are only interested in the conserva-
tion laws of (1). Therefore one has to eliminate the nonlocal
variable v which is introduced in the adjoint equation. To
solve this problem, the concepts of self-adjointness, quasi-
self-adjointness, and nonlinear self-adjointness are devel-
oped [20-24]. In the following, we will discuss the adjointness
and nonlinear adjointness using these definitions.

Equation (1) is said to be self-adjoint if the equation
obtained from the adjoint equation (28) by the substitution
v = u is identical with the original equation (1). It is easy
to see that (28) is not identical with (1) when v = u, so (1)
is not a self-adjoint equation. According to the definition of
nonlinear self-adjointness [24], (1) is said to be nonlinearly
self-adjoint if its adjoint equation (28) is satisfied for all
solutions u of (1) upon a substitution

v=H(x,y,t,u), H(x,yt,u) 0. (30)

In other words, (1) is nonlinearly self-adjoint if and only if

E: |V:H(x,y,t,u) =1 (x’ Y t,u, Uy uy’ Up Uyss - - ) El) (31)

where A is an undetermined and smooth function.
From (31), we can get the following equation:

(Hu - A) Ugxxx T 1 (t) (Hu - A) Uyy + (Hu - /\) Uyt

+4H vy + 4Hu, o+ 2n(0) Hyu,
+ 1 (6uH,, + 6H,,, 1y, — 6A + 6H, )

+u(12u,H,, + 6H,u,, — 6Au,, +6H, )+ H,u,
-Ae(t)u, —e(t)u H, +n(t) u;Huu

+ 12quuuxuxx + uxutHuu + 6Hxxuuxx + 4Hxxxuux

+H,,u, +4H

3 2 4
xuuuy + 3Huuuxx +H, u

Uuuu " x

+ (—e MO H,+n(t)H,, + H,, + Hxxxx) =0.
(32)

Solving the above system with the aid of Maple, the final
results read as

A=0, (33)
3 2
_ a4y’ by
H= (a(t)y+b®)x @
Ha®)y’ e®)b®)y o
e(t)a(t)y e(t)b(t)y
6 () (D) +k(®) y+1(),

where a(t), b(t), k(t), and I(t) are arbitrary functions. In
summary, we have the following statements.

Theorem 2. The time-dependent KP equation (1) is nonlin-
early self-adjoint.

In the following, we first construct the conservation laws
for the system consisting of the initial equation (1) and its
adjoint (28).
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For the symmetry in Case 1, the corresponding compo-
nents of the conservation laws are

Xl = f (t) leVt + ftuxv - g (t) uxxxyv - g (t) uxyvxx

—fovaut fOugv+ g @) u, Ve + fteét) !
+g () Uy v+ g () u,y,
+ () UV + f () Viclh

U,V
S O + P2 gy B
+fOnt)u,v+ GuedVe | GitdVoxx | 6f () u,vu

12n(t) 12n(t)

-g(t)e(t) u,v—6g (t) uyu, v+ 6g (t) Uy, u

_Guye®) v giyu.v
12n(t) 2n(t)

1
=69 () uyuv - gft"t

G VUV Gu YUKV + Gt YUV + gryme(t)v
2n(t) 2n(t) 2n(t) 1212 (t)

YUY G YV GV Ve G )M Vxxx
212 (t) 2n? (t) 1202 (t) 1202 (t)

_ 3gtyuxvxu _ gtyuxvxxx _ gtyuxxxvx
n(t) 2n(t) 2n(t)

e 6 12 12n(t)

”(t)ftVy Y9itVy GV, 1
- + - _Egtyuxvy

+F OO, T OnOuy, - L S

1 1
+ Egtuxv + Egtyuxyv - f (t) n (t) uxyv

—g@®)vnt)u,,
1= % - f(t) UpxV — g(t) uxyv'

(35)

For the symmetry in Case 2, the corresponding compo-
nents of the conservation laws are

Cmuyv,u 1 1 9:y
XZ = - 62—ptx - gftvxxx - gftvt + #(t)uxxvxx
Comuy oV Guy 9u) 9u)
+ - + +
» m@ = T an @)t 2n ()
Cyx Cyx 39:y 9:y
+ iuxvt + éuxvxxx - (tt) U v, u— 2nt(t) UV,
C 2C 2C
+4Lyuvu+ 2yuv+—2yuv

y'x 3p Yt 3p Y xxx

C,t
- 3Cyuyu, v+ 3C, yu,v,u - G%utuxv

C,t C,t C,t C
O U U U+ UV~ UV it e i 14
p p p p
C,mu,v Cyx 2Cyy
- =2 pt Sl iuxxvxx - 312) uxyvxx
C,t C,yt
= 3C,yuvu,, - 6Tfuxtuv - Xu v,
g:yp ; 10C,uu, v 4C2)’”y”x"
12n(t) (t —m) ' P P
+ Cyxuy,v + Coxn () uy,v 9 Yy
3p 3p ()

9:yp

+ f(t)vn(t) Uy, + I G =) D —m™

B g:yp Git)
@) t—m) T o

9typP

+ 6C2m
-V — U, uv
12n(t) (t —m) p

C
2 szvxuxxx - i) UsxxVx
3p 2n(t)

N 2C,y Cyt 2C2yuxxxyv

3p UsxyVx + Tl’lxxtvx - 3P

B Cotdy v B Cymu,v,

p p

+g(t) Uy Vs

- ftvxu -9 (t) UsxxyV = f () UpxVix T f (t) UsxxVx

+ () theyy Vi + bV + f () UV — 9 () thy Vi
2C,
+vf () gy + g () v, + f () uv, + 3

&uzv B Mu G vy, . 2C,x

* xT T My P

uv,u

C
+6g () uyvu—6gt)uuy+ %yuyvxxx

Cyy 2C
+ %uyvt +6f()uvu+ 3—p2uvxxx
C 5C, U,V
_ 2) Vuxxxy _ 2% xxx
2 3p
Cyy 4C
+ Tvxuxxy + 3—;uxxvx - 6g (1) Uy VUL
Cz)’ 4C2yux}’uv szuxxtvx
- VxUxy = - ’
2 p p
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Cyin(t)u,v Cymn(t)u,v 1 2
GV 2 vt 2 vt X b4
Y,= - STl r + » + ﬁTtthx - 5‘%&%" + gn‘r,vuyy - %gttuxv
givp 2C,n (t) uv, X 2
- fOn(t)vu,, + 12(t —m) 3p 3TV~ TVl ygtvu + f @) viu,
v Coxn(t)u,v
__9oPvy 2 xy+f(t)n(t)uxvy x x 2
12 (t —m) 3p - 10T,uu, v + ETttuxV - thth“ + %vat
2C,yn(t)u,v C,yn(t
+ 24 A 2) ()u},vy+g(t)n(t)uyvy 2 y y x
3p 2 + %Ttttvxxx + Ezgttvt + anttvxxx + th”th
Citn(t)uyv, Cmnt)uyv, g,
+ - T Uy X 2)/
p p 2 3 TtV + 6f (t) u v u+ = Ty
~ 4Cn (t) uyv ~ Cyxn (t) uy, L G G YUy 2
3p 3p 12 2 + 3 Tl Ve — 69 () uy v+ 6 (1) veu,u
g yuv 1 Con(t)u,v x
- % - gftn v, - Ty — 67 (t) uu, v+ 67 (t) uv,u— 3 Tether Ve
2C,yvn(t) Cyyvn(t) 2
—g @) vn()u,, - 3p Uy = = 5y ?yrtuxyvxx = 69 (1)t uv — 67 () Uy uv
_ Guyv Cxuv gtyuxx X 2y 2y
T, = - > 3p - fQuyy 3 Tibh Ve + 5 Tilhegy Ve ~ 3 TilheyV
3 2C, yuy v B Cyyuy, S _ Cyvtuy, y 2
31) 2 9 uxyv - %gtutxv - &Tttvxuxxx - z_ngtuxxxvx
Cyvmu,, 2 2 2
p - 7Tttuxvxu - @Tttuxvt - @Tttuxvxxx
(36) 3
Y y Y
- 7gtuxvxu - %gtuxvt - %gtuxvxxx
Here we should note that the coefficient function n(t) in the
expression of X,, Y,, and T, satisfies n(t) = (t - m)*C;, m, p, 52
and C, are constants, and p#0, C, #0. —4dyTuu v+ 4yTu, v + oy TitthexVcx
For the symmetry in Case 3, the corresponding compo- "
nents of the conservation laws are 4
gt xxVxx 4yTtuxtu + thuxxvx’
x
X3 = T o Tt Vaxx T f (t) Vilyxx T 9 (t) Villxx 2
18 4 v 1 y y
3= Z GVl + = GyVy — TV + o TyV
+ f (t) U Vixx +7 (t) UV = Ty Vi + g (t) uy XXX 2 o 12 " 18 " 36 "
2 2 1 x y ’
+g)u,v, + th”Vt —T(E) UpyVyy + thquxx 9 + gnft” y T+ 3 TtV + g Tty

5 2 2
+ T () Vllyyy — thvuxxx — T (£) VUdypry +4T,U Y, + gnft”"y
1
- fivau—g(@) UyyVix T+ thtLlV + feuv +nt () u,

2

1
- gftvxxx -9 (t)

- f (t) UsexVix VlUyxxy + f (t) VU
- TV
6
2
+ f() v, + T () uv X +y—‘l’ uy
t¥x 7 xxx 18ttt 6nttt X + nTtyy
2
Y Y 1
+ %gttuvx - aTttV”xt - gftvt +2XT U,V U —g(t)vau

x

— gyt nf (t)u,
4

vy = NIV,

)
S 9V

2

v, t+g (t) nv,u,
—nf (t) Vidy, — T (£) nvuy,

1
gnftvy

+ ygtVI/l
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1 X
Ty, = —7(t)vu,, — T,vu, + Eftt" - thV”xx

2
Yy Yy
+ aTttuxxV + ;lgtuxxv - f (t) VlUyx

2y
- ?Ttuxyv =7 (1) vuuy,,.

(37)

For the fourth symmetry, the two functions 7(t) and n(t)
are determined by the differential equation (19) and they have
many explicit solutions. For simplicity, we take 7(f) = 1; then
n(t) = 1+ tan’t and e(t) = (—tant/2) + C;. When f(t) =
g(t) = 0, the corresponding Lie symmetry is

2
y o o 0 0
=-Z — 4 —+0— 38
% 4ax+ytantay+at+Oau, (38)

and the components of the conservation laws are

2 2

X4 = T Vlpxxx — Tuxxxvx - 6uvuxt + Xuxxvxx

+ 6uu, v, — 6vuu, — Csu v + v, + UV,

2 2 2
tant y y
+ Tu,v - Zuxvxxx - Zuxvt - Zu},},v
2 2
3 tan®
= et UV — UVl F yvu,,

T YUV tant + yu v tant + yv,u,,, tant

tan’t 2
- 6yvuyux tant — C3yvuy tant — Ty vy,

= U Vix = YVaxllyy tant — yvu, .. tant

- 6yuvu,, tant + 6yuu v, tant,

2 2

_ 7 2
Y, = - Zuxvy - Tvyuxtan t+yv,u,tant

3 2, 1
+yvyutant +vou + v utant + Evyux

2 2

Y Y 2 3
+ Zvuxy + Zvuxytan t—vu,tant - vu tan’t

1
- Vi, — vutytanzt + Evyuxtanzt

3
- yvtantu,, — yvtan'tu,,

2

T, = Zvuxx — yviy, tant — vi,.
(39)

We should mention that in the above components of the
conservation laws for (1) and (28), u is a solution of (1) and v
is a solution of the adjoint equation (28). Making use of the

explicit solutions of (28), local conservation laws for (1) can
be obtained. For example, when a(t) = 0 and b(¢) = 0 in (34),

v=k(t)y+1(t), (40)

where k(t) and I(¢) are arbitrary functions, is an exact solution
of (28). Substituting (40) into the above four conservation
laws, we can obtain time-dependent and local conservation
laws for (1). Here we take (X,,Y,,T,) as an illustrative
example; when v = k(t)y + I(t), the components of the
conservation laws (X, Y,, T,) become

X, = - C3y2uyk (t)tant — G5l (t) yu, tant

— 6k (t) yzuyux tant — 6l (t) yuyu, tant + ' (t) u,

3
—1(t) U,y — 6k (1) yzuxyu tant — %k (t)uy,

2
-2V Ou -Gl 0w+ %l (6) i, tan £ — 61 (£)

b b
-6l (t)u,u— Zl () uyy, =k (t) Ythgpr — ?k ®)u,

2

3
K () yu, — %l (t) iy, — yzk (t) u,

= YH(t) ey tant — k (t) yzuxxxy tant
3

Y 2, Y '
- Zk(t) u, tan’t + Ek(t) u tant + 1 (t) yu, tant

2
— 6k (t) yuu,, + )E/l (t) u},tanzt + y?k (t) uytanzt

y*tan’t

- 6k (t) yuu,, — C3k (t) yu, — 1

I(t) Uy,
+k (1) yzuy tant — 6l (t) yuyutant,

Y,= -1(@) yu},},tan3t = 1(t) yu,, tant — 1 (t) u,,t + k() u,

2, 3 2 Yy 2
—k(t) y"tan’tu,,, — k(t) y tan"tu,, + El (t) u tan’t
y y’
+ Zl ) uxytanzt + Zk (1) vy, + k(1) u,tan’t

2
+ ka B u, —1(t) uyttanzt —yk(®)u, —1(¢) uytanst

2
— 1@y tant + 201 (@) g, + 210,

)’2 2 )’3 2
+ Zk (t) u tant + Xk(t) U, tan’t
—k(t) yzuyy tant,

T, = :11 (k(t)y+1(t)) (yzuxx —4yu,, tant — 4uxt) .
(41)



These are local and explicit conservation laws of (1). Next
we show that the above conservation laws (X,,Y,,T,) are
nontrivial:

D, (X,)+D,(Y,)+D,(T,)
= —C3 k(D) thyy tan t = L(1) Uy = 1 () thyyy
—k(t) yuyy — 121 (1) uu,, — 21 (t) uyytan3t
+ %l () uxtanzt =2I(t) u,, tant + %yk t)u,
—k(t) yuyppnr — 61 () Uty — 61 (t) uyuay,

+ %l Buy tant —Cyl () uy, —1(t)u tan’t

yyt
=k (t) yu,,, - 6y°k (t) Uty tan t
- 12y°k (t) Uy, tant — 12yl (f) u,u,, tant

-6l (t) yuu,,, tant — 6k (t) yzuyuxx tant

xxy

=6l (t) yuyu, tant -1 (H)u Gl (¢) yu,, tant

yyt

1 2 3
+ El B u, —k(t) yu,,tan’t - I(t) yu,, tan’t
+ %yl (t) uxytanzt - Csk (1) yu,, — 6yk (t) uu,,

XXXXY

+ %yzk (t) uxytanzt —1(t) yu tant

— 12k (t) yu,u,, — 6k (£) yuu,,, + %yk (t)u,, tant

- k(1) yzuxxxxy tant — k (t) yzuxyt tant

= 1(t) yu,, tant — 2k (t) yuyytan3t

1 2
+ Eyk (t) u tan“t — 2k (t) yu,, tant

—k(t) yzu tant — [ (t) yu,,, tant

yyy

—k(t) yzuyyytan3t.
(42)

Obviously, if k(t), I(t) are not zero at the same time, D,(X,) +
D, (Y,) + D,(T,) # 0. And we can easily check that

(I)x ()(4) +'l)y (Y;)

(43)
+D, (T,))

=0.

Unex = Uy —6U, 2 —6u, —e(t)u, _n(t)uyy

Abstract and Applied Analysis

4. Symmetry Reductions and New Exact
Solutions of (1)

In Section 2, we obtain the Lie symmetries of (1). In this sec-
tion, we will investigate the symmetry reductions and exact
solutions for the equation. Using the obtained symmetries (3),
similarity variables and symmetry reductions can be found by
solving the corresponding characteristic equation:

dx _dy _dt _du
& n T ¢

For the four different cases, we determine the following
symmetry reductions and exact solutions of (1).

(44)

4.1. For the Symmetry in Case 1, Where e(t) and n(t) (n(t) # 0)
Are Arbitrary Functions.
(i) When g(t) = 0, f(t) #0, we can obtain

lr—ﬁf+(MyJL (45)

= o7

and Q(y, t) is a solution of the following reduction equation:

Ju  ef:

— +—+nQ, =0. 46

of Fof T (46)
From the above equation, we can obtain an algebraically
explicit analytical solution for (1):

_E_ftt"'eft 2
u= 6f lzl’lf y +F1(t)y+F2(t)> (47)

where F, (t) and F,(t) are arbitrary functions of .
(ii) When f(¢) = 0, g(t) = t, the corresponding symmetry

is
y 0 0 0 n,

S Y A =
mox ay+ ot 1227 ou

(48)
By the characteristic equations of the symmetry, we have
u=Q0,t),0 = y2/2 + 2nxt. Substituting it into (1), we get a

symmetry reduction of (1):

0
Qg + ;Qeg +12nt(QpQ),, + 81t Qggge

2
300n ) n; My
=L +e®))|Qp+ - (49)
(Zt n TeW) et s - T
e(t)n,
12n2t

If the coefficient functions e(t) = 0, n(t) = Const., the
obtained symmetry reduction can be simplified to

0 3
Qet + ?Qeg + EQ@ + 12nt(QQQ)9 + 87’13t399999 =0. (50)

Integrating (50) with respect to 0 and taking the constant of
integration to zero, we get the following equation:

6 1
Q+um%o+w¥9m+?%+ﬂoza (51)
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Equation (51) is the (1 + 1)-dimensional generalized KdV
equation with variable coeflicients. To the best of our knowl-
edge, exact solutions of (51) have not been studied up to now.
Solving (51) by the method in [25], we can get the following
solutions for (1):

M

U= QO = —— 4 3
24nt?  24ntM,

B 8nszoZ B 81’1sz64
3t t

(52)

2
P (¢),
@ = M0t + Myt + M,

where M,, M,, and M; are arbitrary constants and the func-
tion P(¢) satisfies

P? = ¢ + ¢, P* + ¢, P, (53)
where ¢, ¢,, and ¢, are constants; solutions of (53) have been

given in [26]. By means of the solutions of (53), plenty of
solutions for (1) can be obtained; for example,

B y2/2 + 2nxt M,
T 24n? 24ntM,

B 8’ M: (—k2 - 1) ~ 8’ M2k*sn* ()
3t t ’

(Co =lLg=-1-k,¢ =k2),

¥2/2 + 2nxt M,

u =
2 24nt? 24ntM,
WM (K1) wMins ()
3t t ’
(0=Fe= 1Ko =1),
¥*/2 + 2nxt M, SnZMfCZ
Uy = -
3 24nt? 24ntM, 3t
8n*M?>c,sech?
¥2/2 + 2nxt M, 8’ Mic,
u, = a
4 24nt? 24ntM, 3t
4n* M? ¢ tanh? ;
N 19 ((P)’ 6022’02<0’C4>0 >
t 4C4
(54)

where k (0 < k < 1) denotes the modulus of the Jacobi
elliptic function.

(iii) When e(t) = 0,n(t) = (t-m)PC, p#0,C; #£0, f(t) =
M,, and g(t) = 1, we can get

u=Q(0,t), 0=x-M;y. (55)

And Q(0, t) satisfies the following reduction equation:

2
Qg + 6 (Qf + Qg + ggep
(56)
+ Mgcl (t - m)Pﬂee =0.

The above equation can be integrated by 6 and, when we take
the constant of integration to zero, we get a reduced reduction
equation:

Equation (57) is variable coefficient KdV equation and
soliton-like solutions have been obtained in [27]. By means
of the known solutions, many explicit solutions of (1) can be
obtained. For example,

u, = ky + 2ck}sech’ (Veg),
@ = ky (x — Myy) — 6k, kot — 4ck;t

MgCik,
p+1
u, =k, - 2ck}tanh’ (¢),

(t - m)P+1>

(58)

@ = ky (x — Myy) — 6k, k,t + 8Kyt

MZC\k,

_ p+l
Pl (t-m)™",

where k;, k4, and ¢ are constants.

(iv) When e(t) #0and n(t) = N, exp((f(et —2¢%)/e)dt),
f(t) = Ny, g(t) = 1. By the corresponding characteristic
equation of the symmetry, we have

u=Q(0,t), 0=x-N;y. (59)

Substituting it into (1), we get the following symmetry
reduction of (1):

Q@t +6 (Qé + QQ@G) + 99999 +e (t) Qg

e, - 2¢° (60)

+ NN, exp(J dt) Qgg-

Integrating the above equation with respect to 0 and taking
the constant of integration to zero, the obtained reduction
equation becomes

— 262 (61)
+ N12N0 exp (j 2T dt) Qp.
e

Equation (61) is a variable coefficient KdV equation [28, 29].

4.2. For the Symmetry in Case 2, e(t)=0, n(t)=(t-m)’C,, p#0,
C,#0. When f(t) = g(t) =0,m =0, p = C, = 2/3, then
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n(t)=C ltz/ 3 and C, #0; the corresponding symmetry of (1)
is

_x 0 0

— + 214i 62)
30x yay ou’ (

w22
ot 3

By the characteristic equations of the symmetry, we can get
the explicit solutions for (1)

u=0@6,0" =2, 5= % (63)

where the function Q(0, §) satisfies the following reduction
equation:

— 30" Qg — 367805 — 5670

+540" (Qf + QppQ) + 360" Q02
(64)

+810°°Qggpp + 32407 Qggq + 1800720y
+ CIQBS = 0

Equation (64) is difficult to solve and we will study its exact
solutions in a future paper.

4.3. For the Symmetry in Case 3, e(t)=0, n(t)=Const., and
7(t)#0. When f(t) = 0, g(t) = 0, the corresponding
symmetry is

V= (Ex
3 6n

2T,
+<——tu+2x—ﬂ 2) 9
3 18 36n ou

_ T Z)i 2.0 9
Y )ax T3, TT0
(65)

By the characteristic equation of the symmetry, we have

1 I 5 I 5 -2/3
=—x1,—-—VYT1,+——y 1. +Q6,8) 1t ",
180 3enr” " Sapp? N ©.9)
_ 1 _ _
0=xt 1/3+—yz‘rtr 43, S=y1 213,
6n
(66)

Substituting it into (1), we get a symmetry reduction of (1):

605 + 60990 + Qeeae + nQ&; =0. (67)

Equation (67) is the special case of (2 + 1)-dimensional
Boussinesq equation and exact solutions of (67) have been
studied by Chen and Zhang in [30] (witha = 0,b = 0,7 =
-3/n, and s = —1/n). With the help of the known solutions
in [30], many explicit solutions of (1) can be obtained. We

Abstract and Applied Analysis

list the following soliton solutions (u,-u,) and Jacobi elliptic
function solutions (us-u;,):

2
- 4 - -
u, = < g(l:z) + gocz) 2 — 20’77 *tanh? (¢)

2 2
Wy | T
18t  36nt  54nt?’

2
- 2 = -
u, = < ;‘:2) - g(xz) 7 4 2027 Psech? ()

2 2
Wy | T
18t  36nt  54nt?’

2
—nw 1 _

U = e E
602 3

~ oc_zT_z/3 etanh?® (¢) + B(1 + sech ())*
2 tanh? () (1 + sech (¢))°

2 2.2
X Tu) P4
18t  36nr  54nt?’

2 2
-nw” 2 _ _,/3sech
< _(xz) 23 _pp2 23 (9)

6?2 3

u, =
! tanh® (¢)

2.2
X Wy’ | Ty
187  36nt  54nt?’

2
—nw 2 2 _ _
Us = ( +—a2+§(x2m2)12/3—20¢21 23

6a® 3

e+ pm’sn’* (9) X 7y’ th)’z
sn? (@) 18t 36nt  S54nt?’

2

- 2 2 - -

Ug = e A LRy ) 2 e
6a% 3 3

edn' () + pren’ (9) wx my’ | Ty
cn? () dn? (@) 18 36nt  54nt?’

2

-nw” 4 2 - -

u, = - ZaPm? + 2ot | T —2aPr7
6ar 3 3

s(l - mz) — Bm*cn* () T,X
X + = -

7)) N 7y’
cn? () 187

36nr  54nt?’

2

—nw 4 2 _ _

Ug = ey K2 2/3+20c21 23
8 602 3 3

8(1 _mz) +ﬁdn4 (¢) UL 4 n ﬁ

dn? () 18t 36nt  S4nt?’
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e’ 4, 2 5 5\
Uy = - -a+zam T
6« 3 3

IR e (1 - mz) sn* (¢) + Ben* ()
s (¢) en* (¢)

2 2 2
X Ty o)

18t  36nr  54nt?’

B —nw? 4, 5, 2 , -2/3
Uy = ——am + a1
602 3 3

22l edn* (¢) - pm? (1 - mz) sn* ()
sn’ (¢) dn (¢)

2 2.2
X Ty) 4

18t  36nr  54nt?’

B —nw® 1 5, 2 5 , -2/3
Uy = @t oam T
6a 3 3

-2

o pesnt () + (1L xen(9)"
2 sn” (¢) (1 + en (g))’

2 2.2
X Ty Yy

187  36nr  S54nt?’

B —nw® 1 5, 2 5 -2/3
Uy, = @t oam T
6 3 3

B “_ZT—2/38CH4 (o) + ,B(\/l —m?sn(¢) = dn ((p))4

20 (@) (V- mn(g) £ dn ()’

2 2.2
X Ty) 4

18t  36nr  54nt?’

e’ 1, 1, 5\
U = - sa - —am T
6 3 3

+%2(1—

mZ) T edn” (p) + B(1 £msn (?))4
dn (¢) (1 £ msn (9))’

2 2.2
X ) (P4
18t  36nt  54nt?’

B —nw? 1, 1 5 , -2/3
Uy = —506—5061’1’1 T

€ (1)t @)+ B2 on o)
2 en (9) (120 (9))’

2.2
Y | T
187  36nt  54nt?’

B —nw® 1 5, 1 5 , -2/3
Us=|—5 -z —zam |t
6 3 3

1

“_27—2/38(1 - m2)2 + B(men () +dn (go))4
2 (men (p) £ dn(p))’

2 2
Wy T
18t  36nt  54nt?’

—na)2 1 2 2 2 2 -2/3
Ui = R -0 ——-am T
60 3 3

+

@ (1) o0 (9) + Bdn 9) £ en 9)’
2 sn? (¢) (dn (g) + cn (¢))”

2 2 2
X Ty | P4
187  36nr  S54nt?’

B —nw? 1 , 5 2 , -2/3
Uy = ——am + a1
602 3 3

B “_ZT—2/3 em*cn? () + ﬁ(\/l -m?+dn ((p))4
2 cn? (go)(\/l -m?+dn ((p))2

2 2.2
X Tu)y P4
18t  36nr  54nt?’

(68)

where ¢ = alxt P + (1/6n)y2‘rtrf4/3) + w(yrfw), o and w

are constants, k(0 < k < 1) denotes the modulus of the Jacobi
elliptic function, and € and f are arbitrary elements of {0, 1}.
We should mention that the soliton solution u, is the limit of
us whenm — 1,& = 0, § = 1. The solutions u,, u;, and u,
are the limit of u;, u,;, and u,, respectively, when m — 1,

B=1.

4.4. For the Symmetry in Case 4, e(t)=-n,/4n + C;/(t), n(t),
and t(t) Satisfy (19). For simplicity, wetake f(t) = g(t) =0,
7(t) = 1;thenn(t) = 1+tan’t and e(t) = — tan t/2+Cj5. Solving
the corresponding characteristic equation, we get
2
u=0Q(,8), 0=x+ % sintcost, & = ycost. (69)

Substituting it into (1), we get a symmetry reduction of (1):

8 2
ZQGG + 60990 + 609 + 09999 + C3Qe + 085 = 0 (70)

Obviously, QO = —(C5/6)0 + N;§ + N, is a solution of
(70). From that, we can get an algebraically explicit analytical
solution for (1) as follows:

c 2
u=—?3<x+yzsintcost)+N1ycost+N2, (71)
where N, and N, are integral constants. And, if C; = 0,
(70) becomes the following (2 + 1)-dimensional variable
coeflicient Boussinesq equation:

62
ZQ@@ + 60999 + 6Qé + 09999 + Q&g = 0 (72)
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Remark 3. To the best of our knowledge, the symmetry
reductions obtained in this paper have not been reported
in the existent literature, so they are completely new. The
exact solutions of (1) obtained here are all different from the
known solutions and they are also new. All the solutions and
conservation laws obtained in this paper for (1) have been
checked by Maple software.

5. Conclusions

In summary, by performing Lie symmetry analysis to (1),
four cases of geometric symmetries are obtained when the
coefficient functions satisfy four different constraint con-
ditions. According to the relationship between symmetry
and conservation laws given by Ibragimov, many explicit
and nontrivial conservation laws, which includes arbitrary
functions of ¢, are derived. These conservation laws may
be useful for the explanation of some practical physical
problems. Using the associated vector fields of the obtained
symmetry, (1) is reduced to (1 + 1)-dimensional nonlinear
partial differential equations including different types of
variable coefficient KdV equation (see (51), (57), and (61)),
special case of (2 + 1)-dimensional Boussinesq equation (see
(67) and (72)), and other reduction equations (see (64) and
(70)). Many new explicit solutions of (1) have been derived
by solving the reduction equations. These solutions, including
soliton solutions, Jacobi doubly periodic solutions, and alge-
braically explicit analytical solutions, can make one discuss
the behavior of solutions and also provide mathematical
foundation for the explanation of some interesting physical
phenomena.
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