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Abstract In this paper, we will analyze a three-dimensional
supersymmetric Chern—Simons theory in SIM(1) super-
space formalism. The breaking of the Lorentz symmetry
down to the S7M (1) symmetry breaks half the supersymme-
try of the Lorentz invariant theory. So, the supersymmetry
of the Lorentz invariant Chern—Simons theory with N = 1
supersymmetry will break down to N/ = 1/2 supersym-
metry, when the Lorentz symmetry is broken down to the
SIM (1) symmetry. First, we will write the Chern—Simons
actionusing SIM (1) projections of N = 1 superfields. How-
ever, as the S7M (1) transformations of these projections are
very complicated, we will define S7M (1) superfields which
transform simply under S7M (1) transformations. We will
then express the Chern—Simons action using these S7M (1)
superfields. Furthermore, we will analyze the gauge symme-
try of this Chern—Simons theory. This is the first time that a
Chern—Simons theory with A = 1/2 supersymmetry will be
constructed on a manifold without a boundary.

1 Introduction

Chern—Simons theories are topological field theories in
which the action is proportional to the integral of the Chern—
Simons 3-form [1,2]. Chern—Simons theories have important
condensed matter applications as they are related to the frac-
tional quantum Hall effect [3—6]. In the fractional quantum
Hall effect collective state in which electrons bind magnetic
flux lines to make new quasi-particles, the excitations have
a fractional elementary charge. The supersymmetric gener-
alization of the fractional quantum Hall effect has also been
analyzed [7,8]. The Chern—Simons theory has been used for
studying inflationary cosmology [9-12]. In fact, the Chern—
Simons theory has also been used to balance potential forces
in a generic mechanism of inflation [13]. In this model of
inflation the field motion presence of a large Chern—Simons
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coupling is a direct analog of the magnetic drift of a charged
particle in a strong magnetic field. Thus, this model of infla-
tion no special assumption is needed for the kinetic energy
and the potential energy terms. All that is required is to make
the magnetic drift slow enough to generate a long inflation-
ary era. This is accomplished by making the Chern—Simons
interaction sufficiently large.

Chern—Simons theories are essential for constructing the
action of multiple M2-branes. According to the AdS/CFT
correspondence, the superconformal field theory dual to the
11-dimensional supergravity on AdS4 x S7 has NV = 8
supersymmetry. This is because AdSy x §7 ~ [SO(2,3)/
SO(1,3)] x [SO®)/SO(T)] C OSp(8|4)/[SO(,3) x
SO(7)], and this supergroup OSp(8|4) gets realized as
N = 8 supersymmetry of this dual superconformal field the-
ory. Thus, a requirement for the superconformal field theory
describing multiple M2-branes is that it should have AV = 8
supersymmetry. Furthermore, this theory should have eight
gauged valued scalar fields and 16 physical fermions. This
exhausts all the on-shell degrees of freedom and hence the
gauge fields of this theory cannot contribute to any on-shell
degrees of freedom. In other words, the gauge sector of this
theory should be described by a topological field theory. It is
possible to demonstrate that a matter-Chern—Simons theory,
called the BLG theory, satisfies all these properties [14—18].
The gauge sector of this theory is described by a Chern—
Simons theory in which the gauge fields take values in a Lie
3-algebra rather than a conventional Lie algebra. However,
only one finite-dimensional example of such a Lie 3-algebra
exists, so, this theory only describes two M2-branes. It is pos-
sible to relax the requirement of manifest A/ = 8 supersym-
metry, and use the ABJM theory to study multiple M2-branes.
The gauge sector of the ABJM theory is described by two reg-
ular Chern—Simons theories with levels k and —k [19-23].
Even though it only has manifest A = 6 supersymmetry, its
supersymmetry can be enhanced to the full A/ = 8 supersym-
metry by monopole operators for k = 1 or k = 2 [24,25].
In fact, the ABJM theory coincides with the BLG theory for
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the only known example of the Lie 3-algebra. Apart from
the constructing of the gauge sector of multiple M2-branes,
Chern—Simons theories have also been used for analyzing
open strings ending on a D-brane in the A-model topological
string theory [26]. The holomorphic Chern—Simons theory
is also used for analyzing the B-model in the string theory
[27].

It may be noted that M2-branes can be coupled to
background fields [28,29]. It is well known that a non-
commutative deformation of field theories occurs due to a
constant background NS—N S B-field [30-36]. It is also
possible to study D-branes in the presence of a RR back-
ground [37-41]. In fact, a gravity dual of such a field the-
ory has been constructed [42]. This gives rise to a non-
anticommutative deformation of the field theory, which in
turn breaks half of its supersymmetry. Four-dimensional the-
ories with A= 1/2 supersymmetry have been constructed
by using non-anticommutative deformations of theories with
N = 1 supersymmetry [43-48]. On the other hand, it is
not possible to construct a three-dimensional theory with
N =1/2 supersymmetry using a non-anticommutative defor-
mation of the superspace. This is because there are not
enough degrees of freedom in the three-dimensional N =1
superspace to perform such a deformation. However, it is
possible to use non-anticommutativity to break the super-
symmetry of a three-dimensional theory from N = 2 super-
symmetry to N' = 1 supersymmetry [49]. It may be noted
that the boundary effects can break the supersymmetry of
a three-dimensional theory with A/ = 1 supersymmetry to
N = 1/2 supersymmetry [50]. This happens as the super-
symmetric variation of a Lagrangian with " = 1 supersym-
metry is a total derivative. In presence of a boundary, this
total derivative gives rise to a boundary piece breaking the
supersymmetry. However, it is possible to add a boundary
term to the original Lagrangian such that its supersymmet-
ric variation exactly cancels the boundary piece generated
by the supersymmetric variation of the original Lagrangian.
This way half the supersymmetry of the original theory can
be preserved. In the absence of a boundary the only known
way to construct a three-dimensional theory with N' = 1/2
supersymmetry is by breaking the Lorentz group down to
the STM (1) group [51]. This is because the breaking of the
Lorentz symmetry to the S7M (1) symmetry breaks half the
supersymmetry of the theory [51]. In fact, half the super-
symmetry of a four-dimensional supersymmetric theory is
also broken, if the Lorentz symmetry is broken down to the
SIM(2) symmetry [52].

Various approaches to quantum gravity like discrete
spacetime [53], spacetime foam models [54], spin-networks
in loop quantum gravity [55], non-commutative geome-
try [56], and Horava—Lifshitz gravity [57], predict that the
Lorentz symmetry will be broken at the Planck scale. So,
there are strong theoretical motivations to study gauge the-
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ories in a spacetime where the Lorentz symmetry is spon-
taneously broken. Thus, there are strong indications that
the Lorentz symmetry might be only a low energy effec-
tive symmetry. Even in string theory spontaneous breaking
of the Lorentz symmetry occurs due to an unstable pertur-
bative string vacuum. This is because in string field theory a
tachyon field has the wrong sign for its mass squared, and this
causes the perturbative string vacuum to become unstable. If
the vacuum expectation value of the tachyon field is infi-
nite, the theory becomes ill defined. However, if the vacuum
expectation value of the tachyon field is finite and negative,
the coefficient of the quadratic term for the massless vector
field also becomes nonzero and negative. This causes spon-
taneous breaking of the Lorentz symmetry to occur [58]. It
has been demonstrated that appropriate fluxes can also break
the Lorentz symmetry in M-theory [59]. It is also possible
to argue for spontaneous breaking of the Lorentz symme-
try in string theory using the low energy effective action.
Thus, it is possible to analyze a gravitational version of the
Higgs mechanism for the low energy effective field theory
action obtained from string theory. This gravitational version
of the Higgs mechanism causes spontaneous breaking of the
Lorentz symmetry to occur [60].

Motivated by the theoretical developments, which predict
the breaking of the Lorentz symmetry in the ultraviolet limit,
a model for spacetime geometry has been proposed which
only preserves a subgroups of the Lorentz group [61]. How-
ever, the symmetry it preserves is enough to explain the vari-
ous experimental bounds like the constancy of the velocity of
light. This theory is called the very special relativity (VSR).
In VSR, if the CP symmetry is also postulated to be a sym-
metry of the theory, then the full Lorentz group is recovered.
In this context two subgroups of the Lorentz group that have
been analyzed are called the S/ M (2) and H O M(2) groups.
The Poincaré symmetry preserved on a non-commutative
Moyal plane with light-like non-commutativity also gives
rise to VSR [59]. It may be noted that abelian gauge symme-
try has been analyzed in the context of VSR [62]. This work
has also been recently generalized to include non-abelian
gauge theories [63]. Four-dimensional supersymmetric theo-
ries with the ST M (2) symmetry have also been analyzed [64].
A superspace construction of such supersymmetric theories
has also been performed [52], and the corresponding super-
graph rules for these theories have been derived [65]. The
Yang—Mills theory in S7M(2) superspace formalism have
also been studied [66]. This work has been recently used to
motivate the study of three-dimensional Yang—Mills-matter
theory in S1M (1) superspace formalism [51]. The construc-
tion of the three-dimensional Yang—Mills-matter theory in
SIM(1) superspace formalism was simplified by use of
covariant projections. However, it is not possible to analyze
the Chern—Simons theory by using covariant projections. So,
the construction of the Chern—Simons theory in SIM (1)
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superspace requires a highly non-trivial calculation, and this
is what we aim to do in this paper.

2 Notation

The spinor notation, the form of supersymmetry generators
as well as the definition of gauge covariant derivatives will
be the same as in [51]. The supersymmetry generator and the
super-derivative for a three-dimensional theory with A/ = 1
supersymmetry is

Qo = 0y — (Vag)aaa =0y + eﬂaﬂa»
Dy = 8y + (¥0)q04 = 34 — 0P84, (0

such that the anticommutator of spinor derivatives is

{Da, Dg} = —20qp. @)
The gauge covariant derivatives can now be expressed as
Vap = 0ap — ilap, 3)

and the connections are subject to gauge transformations,

Vo = Dy —ily,

F(; ZelKFae_lK +ielK(Dae_lK),

T =e'XTupe X +ie'X (upe™F), (4)

af =

where K is a real scalar superfield. The (anti)commutators
of gauge covariant derivatives are given by

{(Va, Vg} = =2V, (5a)
[Va, Vg, 1 = Cog Wy, (5b)
1 1
[Vaﬂ’ Vyﬁ] = _EcayFﬂS - ECQBF/SV
1 1
_ECﬁSFay - EcﬂyFan (5¢)
where the field strengths are
1 .
Faﬂ = —5 ( (aF,B) — l{Fa, Fﬁ}) 5 (63)
i 8 1 -8
We = =5 DPDolp — S[T, DgTa]
+2 (TP {Tp Tl VoW =0, (6b)
1
Fup = EV(O( Wpgy. (6¢)

‘We would also like to recall some well-known identities,
which we are going to use a lot in this paper. We have the
super-Jacobi identity
(—D([[a, blx, clx + (=DP[[b, c]x, al=

+(=D"[le, al+, bl+ = 0, )

where [-, -]+ stands for the graded commutator and the tilde
denotes the Grassmann parity. Then we have the super-

Leibniz rule (from which rules for integration by parts follow)
D(ab) = (Da)b + (—1)Pia(Db),
Dla, b)+ = [Da,blx + (~1)P%[a, Db), ®)

where for D we may substitute the Grassmann odd deriva-
tives Dy, d4 or the Grassmann even derivatives dyg. We are
also going to extensively use the cyclic property of the trace

tr(ab) = (=)t (ba), 9)
and the identity
tr(alb, cl+) = tr([a, b]+c). (10)

3 SIM(1) supersymmetry

In this section, we are going to summarize some facts about
the S7M (1) supersymmetry. The detailed explanation of the
SIM (1) supersymmetry can be found in [51]. Here, we are
only going to mention some basic facts.

The SIM (1) group is a subgroup of the Lorentz group
consisting of all transformations that preserve a given null-
direction, which means that a given null-vector is preserved
up to a rescaling. This null-vector will be denoted n and
we will assume that it is chosen such that it has only one
nonzero coordinate nt* = 1. When we work with spinors it
is useful to write the Lorentz transformations with the help of
the group SL(2, R), which is a double cover of SO+ (2, 1).
The Lorentz transformation of a spinor is then given as a
multiplication by a matrix from SL(2, R). The reduction of
the Lorentz group to the STM (1) subgroup corresponds to
the reduction of the group SL(2, R) to its two-dimensional
subgroup of triangular matrices. Thus, the STM (1) transfor-
mation of a general spinor v is given as

()= ()
o ()= W

where A, B € R.

The space of spinors S is not irreducible when the sym-
metry is reduced to the SIM (1) subgroup. There are two
irreducible spaces that are important for understanding of the
SIM (1) supersymmetry. The first one is the space Sipvariant
of all spinors that satisfy the condition 7/ = 0, the second
one is the quotient space Squotient = S/Sinvariant- The space
Sinvariant consists of spinors that have ¥, coordinate equal
to zero; the space Squotient can be conveniently described
if we choose in each equivalence class a representative for
which the coordinate i/ vanish. The STM (1) transforma-
tions change spinors from these spaces as
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()-(2) [(D)-[)]

The STM (1) supersymmetry is a reduction of the super-
Poincaré supersymmetry that we get if the Lorentz symmetry
isreduced toits S7M (1) subgroup. However, it is not enough
to reduce the spacetime symmetry, the amount of supersym-
metry has to be reduced as well. We keep only half of the
N = 1 supersymmetry when we make the reduction to the
SIM (1) supersymmetry. Thus, we can say that the STM (1)
supersymmetry describes A/ = 1/2 supersymmetry. Since
the amount of supersymmetry is halved, the number of anti-
commuting coordinates that parametrize S M (1) superspace
has to be halved as well. So, in the SIM (1) supersymmetry
we have only one supercharge S, one anticommuting coor-
dinate 6_ to which corresponds the spinor derivative d. The
supersymmetry generator and the spinor derivative can be
written as

St =04 +i60_04y, dy =04 —i0_044, (13)
and they satisfy
{S+, 84} =2044, {S4+.d4+} =0,

{dy dy} = —2044, 046 =—i. (14)

The anticommuting coordinate 6_ transforms under the
SIM(1) group as a spinor from Sjpyariant, the supersymme-
try generator and the spinor derivative transform under the
S1M (1) group as spinors from Squotient-

4 Chern—Simons theory with SIM (1) projections

In most application of the Chern—Simons theory, like the
BLG theory [14-18] and the ABJM theory [19-23], the
Chern—Simons theory is coupled to matter fields. We can
write the total action for a simple matter-Chern—Simons the-
ory as

S = Sm + Scs. (15)

where Sy is the action for matter fields, and Scg is the action
for the Chern—Simons theory. The action for the Chern—
Simons theory in A/ = 1 superspace can be written as

k 1
SCS = Etrfd3xD2 <FaWa - E{Faa Fﬁ}Faﬂ) ) (16)

where k is the level of the Chern—Simons theory. The matter
fields coupled to gauge fields have already been studied in
SIM(1) superspace [51], and the analysis here will not be
very different. It is possible to break the Lorentz symmetry
down to the STM (1) symmetry by adding a suitable mass
term [51]

Sy = —mz/d3xV+ (ququ) . (17)
Vi
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It may be noted that the mass deformed BLG theory is thought
to be related to the theory of MS5-branes [67]. In this paper,
we will not analyze the detail construction of the BLG theory
and the ABJM theory, but we will just assume that the Chern—
Simons theory is suitably coupled to a term that breaks the
Lorentz invariance to the S7M (1) invariance. We will thus
construct a Chern—Simons theory in S M (1) superspace with
N = 1/2 supersymmetry and explicitly demonstrate that this
theory is gauge invariant.

So, we are going to write the Chern—Simons action in
SIM(1) superspace. We are going to do this in two steps.
In the first step, we are going to write the Chern—Simons
action using SIM (1) projections of I'y, I'eg and STM(1)
projections of field strengths Wy, Fyg. In this case S1M (1)
projection means that we set the anticommuting coordinate
04+, which was removed when we made the reduction to
S1M (1) superspace, to zero. In the second step, we are going
to replace these projections with S7M (1) superfields which
will have nicer transformation properties with respect to the
SIM (1) group. The gauge transformations will be very com-
plicated for these S1M (1) superfields.

Let us start with step one. We define SIM (1) projections
v+ =Tilo=0, v- =T—lg, =0,

Yo+ =Ditlo =0, v4—=T4_lo,=0, Y——=T—_lg, 0.

(18)
of connections and S1M (1) projections
wy = Wylo,=0, w- = W_|g, -0,
Jr+=Fiilo,=0, f4—=Fi—lo,=0, f-——=F__lo,—0,
(19)

of field strengths.

In the STM (1) formulation of the gauge theory we will
use the projections y4, ¥—, Y4+, Y+—, and y__. We will see
that this set of projections contains all the information we
need. The only constraint that this set of projections has to
satisfy is

i
diyy = —ves + 5 vak (20)

which follows from {V, V,} = —2V_ . The projections of
the field strengths (19) can be expressed as (anti)commutators
of Vg, =0, Vi+lo,=0, V4—lg,=0,and V__|g, —o

wy =i[Vy, Vi lo,=0 = dyyy— — 04—yy —ilys, y+-1

i
w—_ = E[V—Fs v——]|9+=0

1 .
=3 (dyy—— —0——y4+ —ily+, v—-D,

S+ = —ilVaqr, Vi lloy=0 = =044 V4— + 04—v4+
+ilves v+-1s
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i
f+_ = _E[V++’ V——]|9+=0

1 .
=3 (=04 4y——+ 0——y4t +ilys+, v—-D,

foe = —i[Vie, Voo, m0 = — 04—y + 0—_ysm
+ilys—, y—-1 @
The projections of D_ derivatives of the connections

D_Tylo, =0 and D_Tggle, =0 can be calculated as

(D-T'Plo,=0 = =2y4— —dyy— +i{ys, v-1,
(D_T)lg,=0 = —y— + S{y—. -},
(D-Tylop=0 = 044y — 2wy +ily—, y4+1,
(D-T'4)lg,=0 = 04—y— —w— +ily—, y4-1,

(D-T'_lo,=0 =0y +ily—, y—-1 (22)

The fact that we know projections of all connections and pro-
jections of their D_ derivatives allows us to reconstruct the
original connections. A Lorentz superfield ® can be written
with the help of its projection ®|g, —o and projection of its
D_ derivative (D_®)|g, — as

® = (Plo,—0) — ib4 [(D-P)lg,—0) +i6_04_(Plg,—0)].
(23)

The same thing can also be done in the case of connections.
The projection y_ does not appear in any of our results and
we do not need it to calculate any of field strengths.

The infinitesimal gauge transformations of the projections
(18) are quite simple:

Sgv+ =ilk, y+]+dyk,
SgVt = ilk, yq ]+ 044k,
Sgy—— =ilk, y——]1+ 0—_k,

Sgy— =ilk, y—1+K—,
SgV4— =ilk, y4—1+ 04—k,
(24)

where k is the SIM (1) projection k = Klg,—0 of a real
scalar superfield K and k= = (D_K)lg, 0 is a projection
of its derivative.

The S1M (1) projections of the field strengths (19) trans-
form covariantly, thus their infinitesimal gauge transforma-
tions are just commutators with k

Sewy =ik, wyl], dqw_ =ilk, w_],
8g f++ = ilk, f44], 8¢ f+— = ilk, f+-1,
8o f—— =ilk, f__].

The infinitesimal S7 M (1) transformations of superfields can
be split into two parts, s = S + 5. The first part 8, corre-
sponds to the change that can be attributed to the representa-
tion carried by the superfield, the second part 8, corresponds
to the change caused by the transformation of the superspace
coordinates. We will focus on the first part because the invari-
ance of the action with respect to the second part is ensured
by integration over superspace. The infinitesimal S7M (1)

(25)

transformations of the projections (18), (19) follow directly
from (11)

A A

Ssy4 = Ayy, Osy— = —Ay_ + Byy,
8sV4++ =2AY44, Ss¥V4+— = Byiy,

8sy—— = —2Ay—— + 2By,
35w+ = Awg, gxw, = —Aw_ + Bwy,
Sfr+ =2Afr+. Sfi— =Bfiy.

§,f-— = —2Af _ +2Bf;, (26)
and for derivatives we have

8sdy = Ady, 85044 =2A044, 8504 = By,

850 = —2A0__ +2Bo_. (27)

4.1 Chern—Simons action with S7M (1) projections

In this section, we are going to write down the Chern—Simons
action (16) in SIM(1) superspace. This SIM(1) action
should depend only on S7M (1) superfields Yy, Yug, Wa» fup»
and their d, dyg derivatives. Moreover, it should be written
as a SIM (1) superspace integral of a STM (1) Lagrangian.
Since we do not have the 6~ coordinate in STM (1) super-
space, there is no integration over 6~ in the S7M (1) super-
space integral.

The first step to obtain the S7 M (1) action is the reduction
of the integration measure. We expand the summation in the
action and write everything with lower indices

k
Scs = Etr/d3XD+D_ <—F+W_ + Wy

i i
—6{F+, R | §{F+7 | Q) -

—=(r- F}m) , (28)

and then we integrate over D_

k
Ses = gt [ @by (—(me LTLD_W)
T

+(D_T_ )W, —T_(D_W,)
— S (DT TP = S(T T )(D-T-)

+5 (DT TPy + (M T H(D Ty )

— S (DT TPl — (T, F}(DF++)) .

(29)

The integration measure can now be written as d>xd, and
the expression inside the integral can be expressed with
SIM (1) superfields. If there is no D_ derivative acting on
the Lorentzian superfield, then we can replace it with its pro-
jection (18), (19). If the D_ derivative acts on one of the

@ Springer
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connections I'y, 'yg, then we use the substitutions (22). In
the case where the D_ derivative acts on the field strength
Wy, we calculate the projection from (6¢),

D_Wilo, =0 = f+— +i{y—, wi},

D_W_lg,=0 = f— +i{y—, w-}. (30)

What remains is to calculate the projection of the D_ deriva-
tive of the anticommutator {I'y, I'g}. In the case of {T'y, I'1}
we get

D_{T'y,Ty}lo,=0 = =2[T+, D-T']lo, =0
= 2y4, 2y4- —dyy- +i{y+, v-1l
=4y, y+-1 = 2d{y+, y-} = 2ly++, v-]
+il{y+, v+t v=1+2il{y+, v-1 v+l

=4y+, y+-1 = 2d+{y+, -} = 2ly4++. v-1, (31

where we used

v+, dyy-1= —di{ys, -} + ldyy4, -1
—d{y+, v-} + [=v++ + 5l v b v-1
(32)

and the super-Jacobi identity 2[{y+, Y-}, y+1 + [{y+, v+},
y—] = 0. In the case of {I"}., I'_} we get
DAy, T-}Ho,=0 = (D-T4, -] = [T+, D_-T'_]) lo, =0
=[-2y4- —dyy-+ifys. v-} vl
—[y4 —y—— + Sy—. v
= 20y— ye-] + I v——] = g {y—, v-), (33)

where we used the super-Jacobi identity 2[{yy, y—}, v+] +
[{v+, v+},v—=1 = 0 and the identity [dyy_,y-] = %
di{y_, y_}. Finally, in the case of {I'_, I'_}we get
D_AT'_,I'_}o,=0 = =2[I'—, D_T"_]lo, =0

= 2y-, —y— +sly—. - =2ly-,y—-1. (34

When we substitute all the above expressions in (29), we
obtain

Scs = %tr/d3xd+ (2y+,w, + (dyy-)w—
—ifys, v-two + oy f— Five{y-, w-}
—y—wy + Sy v dwe —y fr —iy{yo wy}
— g valy—— = Sly— vasly——
+ 5y v-Dv—— = §lrs v} (0-—y-)
e vl lv— v—— 1+ = v lye—
+ 4y v dys- — Edily— y- Dy
+ Ly, v=30r—y) — Sy, y-w_
e 12V | £ 22 V2 g (VAN VAR,
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— Ly v )@y + Sy— v dwy
+ 4y vy ves]). (35)

This result satisfies all the requirements that we expect from
the STM (1) action. It is expressed as a STM (1) superspace
integral and it is expressed with the help of S7M (1) super-
fields and their derivatives. This action can be further sim-
plified if we use the fact that all surface terms vanish. We are
going to need the surface terms that are total d derivatives

tr/d3xd+(d+(y_w_))
= tr/d3xd+((d+y—)w— — Y-S —iy-{ys, w-}),
[ Exdi(datrr v-ly-o)

= tr/d3Xd+((d+{)/+, y-Dy——

Hoys, v=10——yp) + 2{y4, y-tw-
+ifye y-Hyss v—-1),

w [ sty y-1vo)

=t [ i (@t y-De

Hy— v-104+—y+) + {y—, v-twy

+ify— v Hys. ve-]), (36)

and also some surface terms that are total spacetime deriva-
tives

w [ Exasfo (v vy

=t [ Exds 20k 7 YOy + e 7) O]
[ Exdi[or- - 1]

=tr / Fxdy 20y, v @p—yo) + (v v} @4—v)].
tr/d3xd+[%8++({y—, y-3y-)]

=t [ Exdi [ b @] G7)

If appropriate multiples of these surface terms are added to
the action (35), all terms that contain derivatives are elimi-
nated. This gives us the action

Scs = %tr/ d3xd, (2y+_w_ +yifom —y——wy
—iyilye—, v—1
+ My v v v— 1+ My vlly—, -2
— Yy v My v = My v y- ve-d

+ 4 v vae))) (38)
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which could also be written as

4

—iy+ly+—, v—1

+ 3 b v y—— + flys v voly——
— sly— y=h yelyas — sUys v ) v-lyee

k
Scs = —tr/d3xd+ (2V+—w— + VS —y——wy

+ - v D). (39)

The terms that contain two (anti)commutators vanish because
of the super-Jacobi identities

2y, v=h vl + Uy, v4) v=1=0,

2{y+, v=hv=1+Uy— v-} v41=0 (40)

and the identity [{y_, y—_}, y—1 = 0. The final expression for
the Chern—Simons action in SIM (1) superspace is

k
Scs = Etr/d3xd+(2y+_w_ + v fm —y——wy

— i+ lye— v—-D. (41)

4.2 Gauge invariance of the action

In this section, we are going to verify the gauge invariance
of the STM (1) superspace Chern—Simons action (41) that
we have derived in the previous section. According to (24),
(25), the change in the Chern—Simons action caused by an
infinitesimal gauge transformation is

8¢Scs = %u f d3xd+<2 (ilk, y+—14 04—k) w_
+2p4 ((lk, w-]) + Gk, 4] +dak) [
s Gk, foo]) = Gk, y——] + 9-—k) we
—y—— (ilk, wyl) — i Glk, 4]+ d4k) [y4—, y—-1]
—iyy [ilk, o]+ 4k, y—]

— iy [pems itk v+ 0- K] ). 42)

As expected, all terms that contain commutator i [k, -] cancel
due to the cyclic property of the trace and the super-Jacobi
identity, so we are left with

k
¢Scs = —tr / Bxd 204 _kw_ + (dk) f

— (0——wy —i(dik)[y4+—, y—-]

—iylo4—k, y——]—iysly+—, 0——Kk]). (43)

Now, we integrate by parts to move the derivatives away from
the superfield k

k
SeScs = gt [ Exdi k(=20 w- —duf o+ 0w,

+idilys—, y——1—io4_[y+, y—-]
+i0——[y+, y+-DI

+ itr/ Fxdildykf-— —iklyi—, y—_1)
4

+ 04— Qkw— + ikly+, y—-1)

+ 0 (—kwy — ik[yy. y+-D]- (44)

The above expression consists of two parts, the bulk part and
the surface part. When we substitute for the field strengths
(21) and their derivatives

O——wy = 0——dyyp— — 0——04—yy —i0——[y4, y+-1,
1 .
0w =7 (O4—dyy—— — 040y —i04_[y4, v—-D,
dyfo = —04—dyy—— +0_—dyys— +idylys—, y——1
(45)

then the terms in the bulk part cancel one another and only
the surface term remains,

k
dgScs = Etr/d3xd+[d+ (=k(O4—y—-) + k(0——y+-))
+04— (k(dyy——) — k(0——y4))

- (—k(d o) + K@) . (46)

This surface term vanishes because we assume that we are
working on a manifold without a boundary, so our action is
gauge invariant.

4.3 SIM/((1) invariance of the action

In the Lorentz invariant setting, the Lorentz invariance is
manifest. It follows from the fact that upper indices are
summed with lower indices. In the SI/M(1) setting, the
invariance under S7M (1) transformations is not manifest,
its verification is a non-trivial task. In this section, we are
going to verify the S7M (1) invariance of the Chern—Simons
action (41).

According to (26) and (27), the infinitesimal change of the
action is

k
8sScs = Etffd3xd+(z4(27/+—w— v fm —y——wy

— iy [V Y1)+ 2Byw_ — 2Ay4_w_
+2By—wy + Ayq fo— — 24y, f—
+2By4 f4— +2Ay——wq — 2Byt _wy
—Ay——wy — iAy [y, v—]
—iByy[yet, v——1+2iAy[ys—, v—-]
—2iBy+[y+—, v+-D. (47)

The terms with A cancel one another because each term
(including dy from the integration measure) contains the
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same number of plus and minus indices, so, for each +A
term there is one —A term. Thus, we are left with

k
8sScs = BEtr/d3xd+(2V++w, +2y4 fo-

— 1Y+ V44, v—-D. (48)

After we substitute for the field strengths (21), we obtain

k
8sScs = BEtr/d3xd+(y++(d+y__)

= V44 (0——y4) = Y4 (B4 y—-)

+ Y+ O——y44) +ilve, Ve+ly--). (49)

We will show that the above expression can be written as a
surface term. In order to do that we will need the following
total d4 derivatives:

trldy (y4 (dyy--)] = ul(dry)(dyy—-) — y4(ddyy——)]
= trl—y 4 dyy—) + Sy v} dyy-o)

+ 7+ (0+4+y—)1, (50)

and

trldy (4 O~y )] = trl(dy y1) (0——y4) — v+ (0——dyy1)]
= =4+ O —ys) + 5 v O —v) + v (O —ysp)
— 5y (O0—{y. ya D]
= t[=y44+(O——y4) + v+ (O——v44)

— 50—+ lv, DL (51)
Here we used (20), the identity d+d+ = —0d4+ and
tr{0—— (v {ys, v D1 =3[~y ) v+, v+1]

3
= ztr[)/+(3——{3/+, Y+Dl (52)

Now, the infinitesimal change of the action (49) can be writ-
ten as

k
3yScs = Bt / Bxdy (~di (vs [y y--)
i
+dy (Y (0——y)) + E{VJ” Y+ id+y—-)

+ %3——(V+{)’+» veh + %(d+{7/+’ Y+Dy—-),

(53)
where we also used the identity
di{ys, v+ = =2y dioye ] = 2[v4, v44d
—ily+, (v v =204, v+l (54)

@ Springer

The above expression for 65 Scs can be written as a sum of a
total d__ derivative and a total d; derivative

k i
8sScs = BEU/CPXCQ [3 <6V+{V+, V+}>
+di (—y+(dyy—) +y+0-——y4)

i
+ E{V+s V+}V——>:| : (55)
This term vanishes since we assume that we are working on
a manifold without a boundary, so the Chern—Simons action
(41)is SIM (1) invariant.

5 Chern-Simons theory with redefined superfields

The superfields that have been used to write down the action
(41) have non-trivial ST M (1) transformation properties. The
matrix that appear in (11) is not diagonal, so the STM (1)
transformations mix the superfields with minus indices with
those that have plus indices. However, it is possible to rede-
fine SIM(1) superfields such that they do not suffer from
this deficiency [51]. The S7/M (1) transformation properties
of these redefined superfields are simpler because they do
not carry representation of S, they carry representation of
Sinvariant and Squotient instead.

The idea behind these redefined S1 M (1) superfields could
be most easily understood on an example of a spinor super-
field. Let us consider a spinor superfield ¥ and its projections

Y =WV_Jg, 0, (56)

Vi = Wilo, =0,

which transform under the infinitesimal S/ M (1) transforma-
tions as

Sy = Ay, Sy_ = —Ay, + By,

The transformation rule for the projection 14 is a conse-
quence of the fact that the projection ¥4 carries the same
representation that we have on the space Sipvariant (12). The
SIM (1) transformation of the {_ projection mixes it with
Y4 projection. Instead of the S7M (1) superfield _ we are
going to use the redefined S M (1) superfield ¥, that carries
the same representation as we have on Squotient (12). For this
purpose we define the operator

(57)

d
Oa = =, (58)
.
or in components
04—
dgp =1, Oy =——. (59)
04+

The superfield 1« is defined with the help of this operator as

Yy = iaxa“ya|9+=0 = 1//— - BX_$+. (60)
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The infinitesimal S7M (1) transformation of this superfield,
does not mix it with ¥,

S5 = —Atrx.

The S1M (1) superfields that we are going to use in this sec-
tion will be defined in exactly the same way. Although the
above example used a superfield that carries only one index,
the procedure that has been described can easily be general-
ized for superfields that carry more than one index. If there
are multiple indices, we just need to repeat the above proce-
dure for each index.

Instead of SIM (1) superfields y4, y—, Y4+, V4—s V——
that has been used to describe the Chern—Simons in section
4, we are going to use the superfields y., Y4+, which were
defined in (18) and

(61)

Yx = i(0x“To)lo,=0 = Y- — dx— V4,
Yt = 10x"Tai)lo,=0 = Vi4— — Ox— Vi1,
Yxx = —(0x 9P Tap)lo, =0 = Y- — 20x—y— + 02 _yis.
(62)

The infinitesimal gauge transformations of these superfields
are more complicated than the ones for y_, y4_, y__,

Sevx = ilk, yx] — Ax Tk, Oxay+] + Kx,

BgVxt = ik, Yx4+1 — 0x [k, OxaVi+],
Sg)/xx =ik, yxx] = 20x"[k, OxaVx+]

— 00 Ik. Dxadpyis] + 5ok, (63)
where we use the redefined S7M (1) superfield
Ky =1 (8X°‘DO,K) lo,—0 = k— — Ox_dk, (64)

instead of «_. The SIM(1) transformations of redefined
superfields are very simple

~ A ~

SsV+ = Ayy, SsVat =2AV44, Ssyxt+ =0,

A

Os¥Vxx = —2AYxx. (65)

In fact, we can treat x as a new type of index. Each of the
indices +, —, and x have a specific transformation law (57),
(61) attached to it. The action of the SIM (1) group on a
S1M (1) superfield is fully determined by the types of indices
it carries.

5.1 Chern—Simons action with redefined superfields

In this section, we are going to rewrite the action (41) such
that it is expressed with the help of redefined S7M (1) super-
fields that have been introduced in the previous section.

Before we start our calculations, we would like to men-
tion few properties of the operator 9, _ that we are going to
need. There are two identities that follow directly from the
definition of this operator:

O

0__=—+ 8++8>2<_, 8+— = 8-|—-|—8><—, (66)
O+

and there is a rule for integration by parts

[ Ex@no = [ Exir@cen. (©7)

In order to eliminate y4_, y—_ from the action (41), we
have to make the substitutions

Y= = Vxt T 0x—Vits

Voo = VYxx + 20x—yx+ + a>2<7V++’ (68)

which are just inverse relations to (62). We also have to sub-
stitute for the field strengths w4 and w_ (21)

wy = dyyst — ily4, Yxr] + 0 [v4, Oxa Vil (69)
where

x4y Oxa Vet 1=10x [y, Yol —ilys, Ox—y4+1 (70)
and
w_ =

%d"‘yXX - %[7/-&-7 Yxx] — %%)&,— + 0x—dyys+

—i[y4, Ox—Yx+l+ %3i_[)/+, Y+l

— 4y, 9% vl (71)
The field strength f__ is given by
f,, = %Vx+ +i[Yxt, Yxx] — [axa)/x+y axa]/x+]
— 044 0x—Vxx — 3++83<77/X+
+ %8x—)/++ + ilYxts 02 Vit
Fi[0x—Vits Yxx ]+ 2i[0x— Y44, Ox—¥Yx+]
+il0x— Yt 0% Vit (72)
where
[0x % Vx4, OxaVxt+] = —2i[Vx+t, Ox—Vx+]. (73)

Now, we are ready to evaluate each of the four terms that
appear in the action (41). The first term is

2y1-wo = Y (d1+¥xx) —iYx+ v+, Yxx]
Al A2

—Vx+ (%V—F) F2Yx4(Ox—dyyxs)
A3 A4

— 2yt [V Ok Vet ] Fivr (02 _[ves vt )
A5 A6

— iyt Ve 0% _vis] +(3X—V+X8)(d+)/x x)

A7
O
EI )/+>

— i@y lves vex] =@x-yis)
A9
A10
+ 2(ax7]/+4;\)1(18><7d+y><+)
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— 20 s Y[V Ox— Vet 1H @y ) (2 [y, vt D)
Al2 Al3

— i B V) [V 02 vt ], (74)

Al4
the second term is

e
Bl

- )/+[axa)/x+, OxaVx+] —V4+ (044 0x—Vxx)
B3 B4

2yef = ve (s 7et) Hralyes v

O
m3x7]/++)

B6

— Y1 (04405 Y1) + v (
BS

+ iy [Vt 02 _ Vit ] Hiva[Bx— Vit Yxx]
B7 B8

+ 20y [0x—V+» Ox—Vx+]
BY

Y [ Ve 3% Vit ], (75)

B10

the third term is
VWi = Y ([dVxt) FVsex Vs Vx+]
Cl C2
— Vxx (axa[V+, OxaV++])
C3
—2(0x—Yx+)(d+VYx+) F2i(Ox—Yx)[V+> Vx+]
C4 C5
+2i (Ox—yx+) v+, Ox—V4++]
C6

— 20 (B Yxt) Ox— [V, vt ]) =2 _ys) diyxs)
C7 C8

+i(@2_ v Ve, vt
Cc9

(2 Y )V OVt =i (B2 _ ) Ox—[v4, v+ D),

C10 Cl1
(76)
and finally the fourth term is
—iyilyy— y—-1= —i)/+[)/]3<l+, Vxx]
— 204 [Vt Dx— V] — iV [yt 0% vas]
D2 D3
— 1Y+ [0x— Vg, Vx| =20y [0x— V44, Ox—¥Yx+]
D4 D5
— iy yig. 0% _viel. (77)

D6

We placed a designation consisting of an uppercase letter
followed by a number under each term on the right side so
we can easily identify them in later calculations. We are going
to use the equivalence sign to denote that expressions differ
by something that has trace equal to a surface term,
f~g & / Sxdy f=tr / dxdyg. (78)
The sum of the above terms constitutes the integrand of the
Chern—Simons action. We are going to split this sum into
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smaller pieces, such that each piece is separately SIM (1)
invariant. The terms

O

—Vx+ (%7@) +y+ <ﬂy><+> (79
A3 B1
will be kept as they are, the terms
254+ (Ox—d4Yx4+)—2@0x—Yx+)(dyyx+) ~ 0, (80)
A4 C4
and we also have
_i)/><+[7/+1 )/xx] +iV+[J/><+» J/><><] +iJ/><><[V+s V><+]
A2 B2 2
—iVi[Vxt, Vxx] ~ 204 [Vx+, Yxx 1,
DI
YVt ([dryxs) = Vxx ([dyyxs) ~ 2Vx (diyxx). (81)
Al C1
Other expressions that are easy to handle are
—2iYx+[V4s Ox—Vx+] =V [0x Vx+» OxaVx+]
A5 B3
+ 20— Yx+) V4, Vx+]
cs
= 20V [V x4, Ox=Vx4] ~ Y4 [Vx+, Ox—Vx+]
D2
~ _2V+[axayx+, axayx+] (82)
and
(O — V) (d1yYxx) =1 (Ox— v+ Y+, Yxx]
A8 A9
— V4 (044+0x—¥xx)
B4
F iy [0x Y4+, Vxx] —¥xx (3x“[y+, OxaV++])
BS C3
— V[0 — V45 Vxx]
D4
~ 20y [0x— Vs Vxx] — iV [Vat, Ox—¥xx]
+ (—d+ Y4+ + 044 ¥4) (Ox—¥x x)
~ 20V [0 — Vg Vi x ] = 20y [ V44, Ox—Vxx]
~ 2V+[a><a7/++7 axa)/xxL (83)
where we used the identity (24), (54),
dy Yoy = 0y ye +ilve, vasl (84)

We also have

iVt (02 [y, Vit D) =iVt [V 02yt
A6 A7

+2(0x—Y4++)(Ox—d4+yx+)
All

— 26 A= Y- [Vs Ox— Ve ] =V 04402 _ ¥t
A2 BS

iy [Vt 0% _Yit]
B7

+ 2i)’+[3x—)];49r+, Ox—Vx+] +2i(3xf)/x+g£)/+, Ox—V4+]

=20 D V) @[y, YD) =% _v1)(@d1yt)
C7 C8
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02y )y Y] =iy [yt 02yt

c9 D3
= 20y [0x— Y44y Ox—Vx+]
D5

~ =20y (05 Vi V] + AV [0k Vit Ox— ¥t ]

— 20y [Vt 0% _Vxt]

~ 20y (0595 Vit Bxadxpyt], (85)
where we used (84) to show that
2(0x— )’++)(3x diyx+) V+(3+J£ _Vx+)
- (3X_V+&)(d+yx+) ~ (—dy v + 01y % _vus)
~ =iy [y, 03 _vx+l (86)

The terms that we have not used yet could be arranged into
the expressions

—(Ox—Y++) <3++ )+V+ <3++3x V++)

Al10 B6
~ 25 (0 yi4) (87)
and
i@V ) O2_ [V Vet D) =i @xm ) [V 0%yt ]
Al3 Al4
iy [0u Vi 0% yer ] H@F vy )lyse. dx—vi4]
B10 C10
— (0% ) Ox—[y4. V44D
Cl1
— iy [Ou— Vit 0% _Vis]
D6

~ 2iy g [x— Vg 0% Vil (88)

These two expressions do not lead to contributions to the
action that are separately S7M (1) invariant, however, we can
combine them into a STM (1) invariant expression. In (87),
we use (20) to replace y44 with an expression that contains

only y4,
2y4 (3++ Ix— V++) = —2V+( Ix— d+J/+>

+iJ/+< O —{V+, V+})

Next we will show that the first term on the right hand side is
a surface term. We integrate by parts to move all derivatives
and the propagator such that they act on the first term, and
then we use the cyclic property of the trace to show that

(89)

it

(3++8>< d+)’+) Y+
9 d+y+>~0.

In the second term on the right hand side of (89) we are going
to use the identity (66) to express aD with 0__, dx_, and
d44, then we are going to use integration by parts to move

Y+ (3++ Ox— )’++)
90)

04

’“—V+<

some derivatives and propagators. Finally, we are going to
use the identity (66) again, this time to get % back into our
expression,

ive (70 (v vi) ~ @x -y ) O (r1, v}

— 3% _ 0 (v 4D
~ 20 Dy y Oy, v} — 2003 _

~ 20 @) [ 32V v |42 @y 0402y v}
—2i(d3_ 91)

Y- {0+ v4s v}

Y0+ v+, v+ )

Now we take two thirds of the second term on the right hand
side of (89) and two thirds of the expression that we obtained
in (91)

2V+( _2 <3++V+> @x—{y+, v+D
+% (a++ V+> {y+, 0x—y+}

+ %(3x—)/+){3++3x—

Ox— 7/++) ~

044

V4, V)

—Z@ )0 ve). 92
The first two terms can be written as
-3 <3++ V+> Ox“{y+> OxaV+)) (93)

which, when traced and integrated over S1M (1) superspace,
gives STM (1) invariant contribution to the action. The third
term in (92) is a surface term. In order to show that we use
the identity

0~ 044+ ((Ox—y+ ) {0x—y+, Ix—¥+})

~ 3044 0x— Yy {0x— V4, Ox—y+} %94)
and the identity
0~ 04— (V4 {0x— V4, Ox—¥+})
~ (044 0x— V4 {Ox— Vs Ox—¥4}
+200440% _yi) v, Ox—v4). 95)

To prove this identity, we used the second identity from (66).
The first term in (95) vanishes according to identity (94), so
the second term, which is the same as the third term in (92),
must vanish,

(01405
As for the last term in (92), we have the identity
0~ dy ((dlys, v+ D@ _v4))

= — @+ VD@ v) = @iy, v+ D@5 _drys)

= —2{04 4V, Y @y + 20, v+ 103 _vit)
— Ly, D@2y, v ), 97)

Yeve, Ox—y4} ~ 0. (96)

where we used (20) and (54). The last term (d+{y+, y+})
(Bi_{)q_, y+}) in (97) is a surface term. In order to prove
it, we use the cyclic property of the trace to exchange
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di{y+, y+} with Bif{er, y+}, integrate by parts to move
d4 from the first anticommutator to the second anticommu-
tator and to move 33 _ from the second anticommutator to
the first anticommutator. The result that we obtain in this
way is the same as the original expression, but with opposite
sign, hence it must be a surface term. Thus (97) gives us the
identity

@2y 0y, va) ~ valves, 83yl (98)

Now, with the help of this identity, we combine the last term
in (92) with (88),

iy [x—Vig 0% Vi) — Fvalvis 05 _vis]
= — 2y [0x%0xP 0% Vi, Dxadxpdny Vit ], (99)
which also leads to a S/M (1) invariant contribution to the
action. This completes our work because the action (100) is
a sum of (79), (80), (81), (82), (83), (85), (93), and (99). The
Chern—Simons action can now be written as
_ kK 3 B (D
Scs = ol dxdy | —2yxx (dyyx+) Y+ ) Vx+

oy
+ry (%VX-F) - % (%J@) (9x* {y4, Oxav+))
+ 24 [Vxs V) = 274 [0x Vs Oxa ¥Vt |
+ 274 [0x Vit Oxa¥xx ]
+2iy1 [0x0x Vi Oxadxpynt]

1
-3 [0x%0xP0x” vy, amaxﬁaxyy++]>. (100)

Thus, we have been able to write the Chern—Simons action
explicitly using redefined S7M (1) superfields. As we have
expressed the Chern—Simons theory using redefined S1M (1)
superfields, it is manifestly S7M (1) invariant.

6 Conclusion

In this paper, we analyzed the Chern—Simons theory in
SIM(1) superspace. We started with the Lorentz invari-
ant Chern-Simons theory with AV = 1 supersymmetry. We
broke the Lorentz symmetry down to the S/M (1) symme-
try, and this in turn broke half the supersymmetry of the
original theory. Thus, we obtained a Chern—Simons theory
with ' = 1/2 supersymmetry. This was the first time that
a Chern—Simons theory with A" = 1/2 supersymmetry has
been constructed on a manifold without a boundary. Theo-
ries with A/ = 1/2 supersymmetry are usually constructed
by imposing non-anticommutativity. A non-anticommutative
deformation of a four-dimensional theory with A" = 1 super-
symmetry breaks down half of its supersymmetry, and we get
a theory with AV = 1/2 supersymmetry. However, there are
not enough degrees of freedom in three dimensions to per-
form such a deformation. Thus, it is not possible to construct
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a Chern—Simons theory with A/ = 1/2 supersymmetry by
imposing non-anticommutativity. It may be noted that we ini-
tially expressed the Chern—Simons theory using S M (1) pro-
jections of superfields. However, the transformation proper-
ties of these S7M (1) projections were very complicated. So,
we redefined these superfields to the ones which have simple
S1M (1) transformation properties. Finally, we expressed the
Chern—Simons theory using these redefined S M (1) super-
fields.

It may be noted that the gauge sector of both the BLG
theory [14—18] and the ABJM theory [19-23] comprises a
Chern—Simons theory. Furthermore, it is well known that in
string theory spontaneous breaking of the Lorentz symmetry
occurs due to an unstable perturbative string vacuum [68]. It
is expected that such a mechanism can operate even in M-
theory. It has been demonstrated that appropriate fluxes can
break the Lorentz symmetry in M-theory [58]. The sponta-
neous breaking of the Lorentz symmetry can also be achieved
by using a gravitational version of the Higgs mechanism for
the low energy effective action of string theory [60]. A simi-
lar procedure can be followed for the 11-dimensional super-
gravity action, which is the low energy effective action of
M-theory. Thus, it could be possible to study spontaneous
symmetry breaking the Lorentz symmetry in for M-theory.
It would be interesting to use the results of this paper to study
such a spontaneous symmetry breaking. It may be noted that
another way to break the Lorentz symmetry would be to cou-
ple the BLG theory to a mass term, in such a way that only
SIM (1) invariance is left. The mass deformed BLG the-
ory is thought to be related to the theory of multiple M5-
branes [67], hence, it would be interesting to study such a
system. It could also be interesting to generalize the analysis
of this paper to Chern—Simons theories with higher amount
of supersymmetry. In fact, S7M (2) superspace has already
been constructed [64], and from a supersymmetric point of
view A/ = 1 supersymmetry in four dimensions is equiva-
lent to N = 2 supersymmetry in three dimensions. So, it will
be possible to use the results obtained in the construction of
S1M (2) superspace to analyze breaking of the Lorentz sym-
metry down to the STM (1) symmetry, for a Chern—Simons
theory with N' = 2 supersymmetry. It would be interest-
ing to use these results for analyzing a system of multiple
M2-branes. In this case, we can start by writing the ABIM
theory or the BLG theory in A/ = 2 superspace, and then
spontaneously break the Lorentz symmetry to the STM (1)
symmetry. It could also be interesting to investigate various
mechanisms which can cause such a spontaneous breaking
of the Lorentz symmetry.
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