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Let A be aring and A a finitely generated A-module. We give necessary and sufficient con-
ditions for projectivity and flatness of a module over the endomorphism ring of A.
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1. Introduction. Suppose that a group G acts as a group of automorphisms on a
ring R. Jondrup [11] has studied when R is projective as an R“-module. Garcia and Del
Rio [8] have continued Jendrup’s work, and gave necessary and sufficient conditions
for the flatness and projectivity of R as an R¢-module. In [10], the second author gen-
eralized the results from [8] in the following way. Let k be a commutative ring, H a
Hopf algebra over k, and A a left H-module algebra. Then we can consider the smash
product A#H and the subring of invariants A¥. Then we can give necessary and suffi-
cient conditions for the projectivity and flatness over A” of a left A#H-module P. The
results from [8] are recovered if we take k =7, H = kG, and P = R.

The authors discovered recently that the same methods can be applied to the follow-
ing situation. Let j: S — A be a ring morphism, and consider the centralizer AS = {b €
A | bj(s)=j(s)b, forall s € S}. Then we can give necessary and sufficient conditions
for projectivity and flatness over AS of an (S,A)-bimodule.

In fact, both results are special cases of a more general result which happens to
be very elementary. Let A be a finitely generated module over a ring A, and B the
endomorphism ring of A. Adapting the techniques developed in [8, 10], we give, in
Section 2, some necessary and sufficient conditions for projectivity and flatness of a
B-module.

It turns out that in our two motivating examples, A is a cyclic module. Such mod-
ules appeared recently in [6] and are obtained by considering a ring morphism with a
grouplike functional. This will be explained in Section 3.

2. Main result. Let A be an associative ring with unit, and A € 4, where M4 is
the category of right A-modules and right A-linear maps. All our results hold for left
modules as well, but the formulas are slightly more elegant in the right-handed case,
a consequence of the fact that we write from left to right. Let B = Ends(A). Then A
is a (B, A)-bimodule; the left action is just evaluation: b - A = b(A), for all b € B and
A € A. Then we have an adjoint pair of functors (F,G) connecting the categories of
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right B-modules and right A-modules:
F=e®pA:lp— My, G = Homyu (A, e) : by — JMp. (2.1)

For M € M4, G(M) = Homu (A, M) is a right B-module, by (f - b)(A) = f(bA). The unit
and counit of the adjunction are defined as follows, for M € .4, N € Jlp:

ny:N — Homy (A,N®gA), nn(n)(Ad)=neA,

2.2
ey tHomp(A,M) @A — M, ey(fod)=f(A). (2:2)

The adjointness property then means that we have
G(em) oncon =Iooy,  eravy o F(Nn) = IFv)- (2.3)

In particular, n¢ ) is monic for every M € A 4.
Recall from [13] that A € (4 is called semi-Z-projective if the functor Homu (A, e) :
Ma — Ab sends an exact sequence in Jil4 of the form

AV —AD M —0 (2.4)

to an exact sequence in Ab. Obviously, a projective module is semi-Z-projective.

LEMMA 2.1. Let A be a finitely generated right A-module, and B = End s (A). For every
setl,
(1) the natural map k : BY = Homa (A,A)Y — Homau (A,AYD) is an isomorphism;
(2) e w is an isomorphism;
(3) npw is an isomorphism;
(4) if A is semi-2-projective as a right A-module, then n is a natural isomorphism; in
other words, the induction functor F = e ® s A is fully faithful.

PROOF. (1)is an easy exercise.
(2) It is straightforward to check that the canonical isomorphism BV @z A = AD is
the composition of the maps

BY @y A~ Homy (A, AD) @5 A 22 AD (2.5)
and it follows from (1) that &, is an isomorphism.
(3) Putting M = AY in (2.3), we find
Homuy (A, €x1)) © Niom, (aA®) = Tom, (A AD)- (2.6)

From (2), it follows that Homa (A, &,) is an isomorphism and from (1), it follows that
Homy, (A,AD) = BD  hence ng is an isomorphism.

(4) follows from [13, Theorem 2.1]. We include a short proof for the sake of complete-
ness. Take a free resolution BY) — BY) — N — 0 of a right B-module N. nj is natural, so
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we have a commutative diagram

BW BD N 0

lngu) lng(]) lm\z (2.7)

GF(BY)) —— GF(BY) ——= GF(N) —— 0.

The top row is exact, the bottom row is exact, since GF(B") = Homu (A,AP) and A is
semi-X-projective. By (3), nzn and ng) are isomorphisms, and it follows from the five
lemma that ny is an isomorphism. O

We can now give equivalent conditions for the projectivity and flatness of P € .il3.

THEOREM 2.2. Assume that A € M is finitely generated and let B = Ends(A). For
P € Mg, the following statements are considered:

(1) P®gA is projective in M4 and np is injective;

(2) P is projective as a right B-module;

(3) P®gA is a direct summand in M of some AV, and np is bijective;

(4) there exists Q € M4 such that Q is a direct summand of some A", and P =

Homy (A, Q) in Jg;

(5) P®gA is a direct summand in M4 of some AL,
Then (1)=(2)<(3)<(4)=(5). If A is semi-3-projective (in particular, A is quasi-projective,
see [1, Proposition 1.8]) as a right A-module, then (5)=(3); if A is projective as a right
A-module, then (2)=(1).

PROOF. (2)=(3).If P is projective as a right B-module, then we can find a set I and
P’ € Mg such that B = P P’. Then, obviously, AV = BD gz A = (PozA) @ (P’ ®zA).
n is a natural transformation, so we have a commutative diagram

n

B PaP’
Np(n) \L \LTIP@WP’ (2.8)
Homy (A, A") —=— Homy (A, P @A) @ Homy (A, P’ @5 A).

From the fact that nz is an isomorphism, it follows that np (and np/) are isomorphisms.
(3)=(5). Take Q = P®pA.
4)=(2).If £:AD — Q is a split epimorphism in .4, then

Homy (A, f) :Homyu (A,AD) = BY — Homyu (A, Q) = P (2.9)

is also split surjective, hence P is projective as a right B-module.

(4)=(5) is trivial.

(5)=(3) under the assumption that A is semi-3-projective; this follows immediately
from Lemma 2.1(4).

(1)=(2). Take an epimorphism f : B — P in Mp. Then f ®pls : AD — PogA is
also surjective, and split in .4, since P ®g A is projective. Consider the commutative
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diagram

B P 0

ngml lm) (2.10)

GF(f)
Homy (A,AD) e Homyu (A,P®3A) — 0.

The bottom row is split exact since any functor, in particular, Homy4 (A, ¢), preserves
split exact sequences. Ny is an isomorphism, by Lemma 2.1, and diagram chasing tells
us that np is surjective. By assumption, np is injective, so np is bijective, and the top
row is isomorphic to the bottom row and therefore split. Thus P € .l is projective.
(2)=(1). If A is projective in /4, then A is a direct summand of AY) in ., for some
set J. Now P ®g A is a direct summand of A? and also of AYV*D so P®g A € M, is
projective. Since (2) implies (3), it follows that np is injective. O

The Govorov-Lazard theorem [9, 12] states that M € .l is flat if and only if it is the
inductive limit of a directed system of free modules of finite type. Theorem 2.3 can be
viewed as a generalization of this classical result.

THEOREM 2.3. Assume that A € M4 is finitely presented and let B = End4(A). For
P € Mg, the following assertions are equivalent:

(1) P is flat as a right B-module;

(2) PegA = @Qi, where Q; = A" in M, for some positive integer n;, and np is

bijective;
(3) PepA = limQ;, where Q; € M, is a direct summand of some AV, and np is
bijective;

(4) there exists Q =1limQ; € Ma, such that Q; = A™ for some positive integer n; and
Homy (A, Q) = P in Jg;
(5) there exists Q =1imQ; € Ma, such that Q; is a direct summand of AU as a right
A-module and Hom, (A, Q) = P in Mp.
If A is semi-Z-projective as a right A-module, then these conditions are also equivalent
to conditions (2) and (3) without the assumption that np is bijective.

PROOF. (1)=(2). P = li_II}Ni, with N; = B"i. Take Q; = A", then
@QiE@(Ni®BA)E (@Ni)®BAEP®BA. (2.11)
Consider the following commutative diagram:

X liman.
P= @Ni - 5 @HomA (A,Ni ®BA)

npl l P (2.12)

Homy (A, (limN;) @A) ——= > Homy (A, lim (N; ®pA)).

By Lemma 2.1, the ny; are isomorphisms; the natural homomorphism f is an isomor-
phism because A is finitely presented. Hence np is an isomorphism.
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(2)=(3) and (4)=(5) are obvious.

(2)=(4) and (3)=(5). Put Q = P®gA. Then np : P - Homu (A,P ®p A) is the required
isomorphism.

(5)=(1). We have a split exact sequence

0—N;— P =AY —Q; —0. (2.13)
Consider the following commutative diagram

0 —FG(Ni) ——= FG(P)) ——=FG(Qi) —>0

lwi lepi \LfQi (2.14)

0 N; P; Qi 0.

We know, from Lemma 2.1, that &p, is an isomorphism. Both rows in the sequence are
split exact, so it follows that ey, and &g, are also isomorphisms. Next, consider the
commutative diagram

(limHomy (A, Q;)) ®pA Senl Homy (A, Q) ®p A
hT leQ (2.15)
lim (Homs (A, Q) @A) — % 0,

where h and f are the natural homomorphisms. h is an isomorphism because o ®g A
preserves inductive limits, and f is an isomorphism because A € Jl, is finitely pre-
sented. limgyp, is an isomorphism because every &g, is an isomorphism, so it follows
that €¢ is an isomorphism. From (2.3), we deduce

Homa (A, £0) © NHoma (A,0) = IHoma(A,0)- (2.16)

Homy (A, &g) is an isomorphism, SO Nhom,(a,q) 1S also an isomorphism, and, since
Homy (A, Q) = P, np is an isomorphism. Consider the isomorphisms

P —2 - Homy (A, P®zA) ——= Hom, (A, Homa (A, Q) ®5A)

(2.17)

Hom(A,e0) .
OO Homa (A, Q) ——— L limHomy (A, Q).

It follows from Lemma 2.1 that Homyu (A, P;) = B9 is projective as a right B-module,
hence Homy (A, Q;) is also projective as a right B-module, and we conclude that P € Jlp
is flat.

The final statement is an immediate consequence of Lemma 2.1(4). |

REMARK 2.4. To A € .4, we can associate a Morita context (cf. [2]), namely, (A, B, A,
A* =Homy (A,A), T,u) with connecting maps
T:A®,A* — B, T(A®A*)(u) = AA*(u),

2.18
:A*®pA — A, pu(A*®A) =A*(A). ( )
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T is surjective (and a fortiori bijective) if and only if A is finitely generated and projective
as a right A-module. In this situation, the natural transformation

Y :G1 = e®,Homy (A, A) — G = Homa (A, ¢) (2.19)

with yy (m®4A*)(A) = mA*(A) is a natural isomorphism.
For any N € g, we easily compute that

YNepa =Nne (IN®T). (2.20)

We can conclude that n is a natural isomorphism if A is finitely generated and projective
as a right A-module. This is an alternative proof of a special case of Lemma 2.1.

3. Main example. Let A and A be rings, i : A — A a ring morphism, and x : A - A a
right grouplike functional. This means that x satisfies the following properties, for all
a,b € A (see [6]):

(1) x is right A-linear;

(2) x(x(a)b) = x(ab);

(3) X(14) =1a.

Then A € Jl 4, with action

A —a=x(a). (3.1)
A is finitely generated, in fact it is a cyclic module, since
A=x(1a)A = x(14A) = X (1aA14) = 14 — (142) (3.2)
for all A € A. It is easy to verify that
Homy (A,M) =M* = {m e M | ma=mx(a), Va € A}. (3.3)
In particular,
B=Homy(AA) =AY ={bcA|bx(a)=x(ba), Vac A}. (3.4)

We can apply Theorems 2.2 and 2.3, and we find necessary and sufficient conditions for
P € Ay to be projective or flat. Observe that A is semi-S-projective if the functor (e)#
sends an exact sequence AY) — AD — M — 0 in Jl4 to a free resolution BY) — B —
MA — 0. A € My is projective if ()4 is exact. A is finitely presented as a right A-module
if Kerx is a finitely generated right ideal of A. We now give some particular examples
of ring morphisms with a grouplike functional. More examples can be found in [6].

ExXAMPLE 3.1. Let H be a Hopf algebra over a commutative ring k, and A a left H-
module algebra. The smash product A = A#H is equal to A® H as a k-module, with
multiplication defined by

(A#h) (u#k) = A(hq) - p)#he)k. (3.5)
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Let ny and &y be the unit and counit of H. Then i = Iy ® ng : A — A#H is a ring
morphism, and x = Ix ® €y : A#H — A is aleft grouplike functional. It is easy to compute
that B = A4 = A is the subring of invariants of A. Thus we find necessary and sufficient
conditions for projectivity and flatness of a module over the subring of invariants, and
we recover the results obtained by the second author in [10].

In the particular situation where H = kG is a group ring and A is a G-module algebra,
A is a skew group ring, and we recover [8, Theorems 3 and 5], in which necessary and
sufficient conditions for projectivity and flatness of A as a A°-module are given.

This example can be extended to factorization structures; we refer to [6] for details.

EXAMPLE 3.2. Let j:S — A be a morphism of algebras over a commutative ring k.
Theni: A - A=S8P®A,i(A) =1s®Aisaring morphism,and x: A — A, X(s®A) = j(s)A
is a right grouplike functional. We easily compute that

B=A*={beA|bj(s)=j(s)b, Vse€S}=AS (3.6)

is the centralizer of S in A. Thus we obtain necessary and sufficient conditions for
projectivity and flatness over the centralizer.

ExXAMPLE 3.3. Let A be a ring and (¢,A«, &¢) a A-coring (this is a coalgebra in the
monoidal category a.Jls). Corings were introduced by Sweedler [14]. The language of
corings allows us to generalize, unify, and formulate more elegantly many results about
generalized Hopf modules. This is due to the fact that Hopf modules (and their general-
izations) are in fact comodules over a coring. This observation can be found implicitly
in the proof of [7, Theorem 2.11]. It is tributed to Takeuchi in a Mathematical Review
(MR 2000c 16047) written by Masuoka, but the referee informs us that it was already
known by Sweedler. Only recently the importance of the coring viewpoint became clear.
Brzezinski’s [3] is the first of a series of papers on this subject; we refer to [5] for more
references and the actual state of the art.

x € 4 is called grouplike if A¢(x) = x ®x x and &¢(x) = 14 (see [4]). The left dual of
% is then a ring: A = y Hom(%,A) has an associative multiplication

(f#g)(c) =g(ca)flce)). (3.7)
The unit is &¢. We have a ring morphism
itA— A, i(Ad)(c) =¢e¢(c)A, (3.8)
and a right grouplike functional
X:A—A Xx(f)=f(x). (3.9)
We easily compute that
B=A"={bcA|bf(x)=f(xb), VfecAl, (3.10)

and we find necessary and sufficient conditions for projectivity and flatness of a right
B-module.
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