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Abstract We show that to investigate the thermodynamic
properties of charged phantom spherically symmetric anti-de
Sitter black holes, it is necessary to consider the cosmological
constant as a thermodynamic variable so that the correspond-
ing fundamental equation is a homogeneous function defined
on an extended equilibrium space. We explore all the ther-
modynamic properties of this class of black holes by using
the classical physical approach, based upon the analysis of
the fundamental equation, and the alternative mathematical
approach as proposed in geometrothermodynamics. We show
that both approaches are compatible and lead to equivalent
results.

1 Introduction

In theoretical physics, phantom fields are obtained usually
as solutions to field equations which follow from the vari-
ation of Lagrangian densities with negative kinetic terms.
This kind of exotic fields have been investigated for many
years, especially in the context of electromagnetic and scalar
fields [1]. Although the study of phantom fields could seem
to have only a pure theoretical motivation, recent cosmolog-
ical observations have increased the interest in investigat-
ing their physical properties. Indeed, since the discovery of
the acceleration of the Universe many different models have
been proposed to explain such an unexpected behavior. One
the main characteristics of the Universe acceleration is that
it can be explained by assuming the existence of an effective
field generating repulsive gravity between the elements of the
Universe. A repulsive field would correspond in general rel-
ativity to a fluid with negative pressure, for instance. This is
the main characteristic of the cosmological constant which is
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an essential ingredient of the �CDM model, the most popu-
lar cosmological model in Einstein gravity [2]. But this is not
the only available explanation in Einstein gravity. If repul-
sive gravity is assumed to be also a part of general relativity,
an alternative model can be developed in which no exotic
matter is necessary, but the repulsion appears as a geometric
effect that affects the evolution [3]. An alternative source of
repulsive gravity in the context of exotic fields would be rep-
resented by a distribution with negative energy density, i.e.,
a phantom field. In fact, comparison with observational data
[4,5] suggests that a phantom field can explain the accel-
eration of our Universe. It is, therefore, very important to
understand the physical properties of phantom fields in the
framework of gravity theories.

Recently, a particular new phantom solution was obtained
in the framework of the Einstein–Maxwell theory with cos-
mological constant [6]. The solution represents a spherically
symmetric black hole with mass, cosmological constant and
charge, as independent physical parameters. The first two
parameters come from classical general relativity, but the
charge is phantom. This is an important point because the
phantom nature of the charge changes drastically the geo-
metric and physical properties of the corresponding space-
time, as clearly shown in [6]. In particular, the thermody-
namic properties of the new black hole were investigated by
using two different approaches, namely, the classical physical
approach of black hole thermodynamics [7] and the mathe-
matical approach of geometrothermodynamics (GTD) [8]. In
the special case of this phantom black hole, it was shown
in [6] that these two approaches lead to different results
(see also [9,10]). In particular, the points where phase tran-
sitions occur, as predicted by GTD, do not coincide with
the phase transition structure found by analyzing the behav-
ior of the corresponding heat capacity, which is the essen-
tial variable used in classical black hole thermodynamics
in order to determine phase transitions. Then the authors
of [6] conclude that GTD fails to describe the thermody-
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namic properties of a phantom black hole. Indeed, classical
black hole thermodynamics was established by assuming that
the laws of thermodynamics are also valid for black holes,
under the correct identification of the black hole thermo-
dynamic variables, and consequently the properties of any
particular black hole must be in agreement with the pre-
dictions of this approach. The formalism of GTD, on the
contrary, is a geometric approach which uses the mathe-
matical structure of classical thermodynamics in order to
identify the equilibrium space as a Riemannian manifold
whose geometric properties can be used alternatively to
determine the thermodynamic properties of the correspond-
ing physical system (for instance, phase transitions should
correspond to curvature singularities). This implies that in
the case of divergent results, one should assume as cor-
rect the predictions of classical black hole thermodynam-
ics.

The main goal of the present work is to show that the
contradiction between classical thermodynamics and GTD,
found in [6], can be avoided by applying the fact that any
thermodynamic system, even a phantom black hole, must be
represented by a fundamental equation which is mathemat-
ically determined by a homogeneous function [11]. Indeed,
we will show that for the fundamental function of the phan-
tom black hole derived in [6] to be a homogeneous function,
it is necessary to consider the cosmological constant as a
thermodynamic variable. This implies that the correspond-
ing equilibrium manifold must be 3-dimensional, instead of
the 2-dimensional case investigated in [6]. Once the third
thermodynamic dimension is taken into account the equiva-
lence between classical black hole thermodynamics and GTD
is recovered. Recently, using intuitive thermodynamic argu-
ments, it has been suggested in [12,13] that the cosmolog-
ical constant should be considered as an intensive thermo-
dynamic variable so that the enthalpy, instead of the mass,
should correspond to the energy of a black hole. The analysis
presented here can be interpreted as an additional more for-
mal mathematical argument toward a possible proof of the
thermodynamic nature of the cosmological constant.

This paper is organized as follows. In Sect. 2, we present
the explicit form and review the main properties of the anti-
de Sitter black hole with phantom charge. In Sect. 3, we
analyze the fundamental equation of the phantom black hole
and derive its main thermodynamic properties, considering
the cosmological constant as an additional thermodynamic
variable. In Sect. 4, we perform a geometrothermodynamic
analysis of the 3-dimensional equilibrium manifold of the
phantom black hole, and show that the structure of its ther-
modynamic curvature leads to results which are equivalent
to the ones obtained from the analysis of the corresponding
heat capacity. This proves the compatibility between classi-
cal black hole thermodynamics and GTD. Finally, in Sect. 5,
we discuss our results.

2 An anti-de Sitter black hole with phantom charge

Consider the Einstein-Hilbert action with cosmological con-
stant �, minimally coupled to the electromagnetic field [6]
(we will use geometric units and the mostly minus signature
throughout this work)

S =
∫ √−g

(
R + 2� + 2ηFμνF

μν
)

d4x, (1)

where the constant η indicates the nature of the electromag-
netic field. For η = 1, we obtain the classical Einstein–
Maxwell theory, whereas for η = −1, the Maxwell field
is phantom. The corresponding field equations are, in prin-
ciple, equivalent to the Einstein–Maxwell system of differ-
ential equations. In particular, the constant η enters only the
Maxwell energy-momentum tensor at the level of the Ein-
stein equations.

In the case of spherically symmetric spacetimes,

ds2 = f (r)dt2 − 1

f (r)
dr2 − r2(dθ2 + sin2 θ dφ2), (2)

a particular solution is given by

f (r) = 1 − 2M

r
− �

3
r2 + η

q2

r2 ,

F = 1

2
Fμνdxμ ∧ dxν = q

r2 dt ∧ dr, (3)

where q represents the electric charge of the source. This
exact solution is regular in the entire spacetime, except at
the origin r = 0 where a curvature singularity exists. It is
asymptotically flat for any finite values of the parameters M ,
q, and � = 0, and asymptotically anti-de Sitter for � �= 0.
Moreover, it reduces to the Minkowski metric when all the
parameters vanish. In this sense, this solution can be con-
sidered as physically meaningful. In the case of a phantom
charge (η = −1), however, the energy contribution of the
electromagnetic field to the action becomes negative and,
therefore, it is interpreted as exotic matter.

The solution (2)–(3) corresponds to a black hole space-
time because of the presence of horizons. Indeed, the zeros
of the function f (r) determine the location of the horizons.
In general, one can show that the equation f (r) = 0 has two
different roots which correspond to the radii of the horizons.
In the case of a negative cosmological constant (anti-de Sit-
ter) and a phantom charge (η = −1), only one of the zeros,
say r+, is positive. This implies that the condition

M = r+
2

(
1 − �

3
r2+ + η

q2

r2+

)
(4)

must be satisfied on the horizon. For η = 1, the case of the
AdS–Reissner–Nordström black hole is recovered.
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3 Fundamental equation and thermodynamics

Classical black hole thermodynamics [7] is based upon the
assumption of the validity of the laws of thermodynamics
and the Hawking–Bekenstein entropy relation

S = 1

4
A , (5)

where A is the area of the outer horizon. In the case of spher-
ically symmetric spacetimes A = 4πr2+. Since the radius r+
is obtained as a solution of the equation f (r) = 0, it should
depend only on the parameters entering the function f (r).
Then Eq. (5) represents a relationship between the entropy S
and the parameters M , �, and q, i.e., it is a fundamental equa-
tion that relates all the parameters of the black hole. In con-
crete calculations, it is not always possible to solve explicitly
the algebraic equation f (r) = 0. Instead, it is always possi-
ble to use the identity (4) to find the fundamental equation
which in this case reduces to

M = 1

2
S3/2

(
1

S
− �

3
+ η

q2

S2

)
, (6)

where for the sake of simplicity we have rescaled the entropy
as S/π → S.

According to classical black hole thermodynamics [14],
the fundamental equation should be given by a homogeneous
function of the extensive variables [14,15]. On the other hand,
the mathematical definition of a homogeneous function of n
variables, say �(Ea), a = 1, . . . , n, implies that �(λEa) =
λβ�(Ea), where λ and β are real constants, and β indicates
the degree of the homogeneous function. With � = M and
Ea = {S, q}, it is easy to see that the function (6) is not
homogeneous. However, the idea of homogeneous functions
admits further generalization [17]. Indeed, a function �(Ea)

is called a generalized homogeneous function if it satisfies
the condition

�(λα1 E1, . . . , λαn En) = λβ�(E1, . . . , En) , (7)

or, equivalently, �(λαa Ea) = λβ�(Ea), where α1, . . . , αn

are arbitrary real constants. Notice that the degree of general-
ized homogeneous functions can always be set equal to one.
Indeed, if a function satisfies the relationship �(λαa Ea) =
λβ�(Ea), it is possible to introduce a new constant λ̄ = λβ

such that �(λ̄αa/βEa) = λ̄�(Ea), i.e., with a redefini-
tion of the constant λ, the degree of �(Ea) is reduced to
one. Alternatively, one can always introduce new coordi-
nates Ēa = (Ea)β/αa to obtain a first-degree generalized
homogeneous function.

Consider now the fundamental equation (6) with the
rescaling S → λαS S and q → λαq q. One can easily show
that it is not a generalized homogeneous function, unless we

consider � as a thermodynamic variable which rescales as
� → λα��. In this case, we see that if the conditions

α� = −αS, αq = 1

2
αS (8)

are satisfied, the fundamental equation (6) is a generalized
homogeneous function of degree β = αS/2. This proves that
the cosmological constant must be considered as a thermo-
dynamic variable in order for the phantom AdS black hole to
be a thermodynamic system. Notice that in order for the mass
to be an extensive variable (not necessarily linear), β must
be positive. Then αS > 0 and α� < 0, implying that � is
not an extensive variable. On the other hand, a fundamental
equation like (6) should depend only on extensive variables.
To “convert” � into an extensive variable, it is sufficient to
consider its inverse. To conserve the physical meaning of the
parameters entering the fundamental equation (6), we there-
fore introduce the radius of curvature l as l2 = −3/�, and
obtain

M = 1

2
S3/2

(
1

S
+ 1

l2
+ η

q2

S2

)
, (9)

where the radius of curvature l rescales as l → λαS/2l. This
is now a fundamental equation which satisfies all the phys-
ical requirements. If we choose αS = 1, it corresponds to a
generalized homogeneous function of degree 1/2, i.e.,

M(λS, λ1/2l, λ1/2q) = λ1/2M(S, l, q) . (10)

As mentioned before, the degree of any generalized harmonic
function can be reduced to one, by choosing the variables
appropriately. In the above case, it is sufficient to introduce
the new entropy s = S1/2 so that Eq. (9) reduces to

m = 1

2
s3

(
1

s2 + 1

l2
+ η

q2

s4

)
, (11)

which is, in fact, a first-degree homogeneous function. This
is, however, a mathematical reduction which can change the
physical properties of the system due to the transformation
involving the power of the entropy (for this reason we use
a different notation for the mass). We will see in the next
section that using anyone of the fundamental equations (9)
or (11), it is possible to avoid the contradictions found in [6],
when applying GTD to phantom black holes.

We will now explore the main thermodynamic proper-
ties of the phantom black hole under consideration in this
work. First, let us note that the phantom mass function (9)
can become negative for certain values of the entropy and
curvature radius. Let us assume that S and l are positive.
Then, for η = −1, we see that there exists a critical charge
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qc = √
S(l2 + S)/ l at which the mass vanishes. For val-

ues q > qc, the mass becomes negative. This exotic region
appears as a result of the fact that the contribution of the
electromagnetic energy is negative. The first law of black
hole thermodynamics in this case reads (the constant η is
introduced only for notational reasons, and our results do not
depend on its value)

dM = T dS + Ldl + ηA0dq , (12)

where T is the temperature of the black hole, L is the inten-
sive variable dual to l, and A0 is the electric potential which
is in accordance with the Faraday 2-form (3). The intensive
variable L = −(r+/ l)3 represents the ratio between the hori-
zon and the curvature radii. Finally, the temperature,

T = 1

4S3/2l2
(Sl2 + 3S2 − ηq2l2) , (13)

is always positive for a phantom charge (η = −1), but it can
become negative otherwise. This means that a phantom black
hole has no zero-temperature limit which, in this case, can
be interpreted as an indication of the lack of phantom naked
singularities.

4 Geometrothermodynamic approach

The starting point of GTD is the thermodynamic phase space
which is a (2n + 1)-dimensional Riemannian contact man-
ifold (T ,�,G), where T is a differential manifold, � is a
contact form, i.e., �∧ (d�)n �= 0, and G a Riemannian met-
ric. If we introduce in T the coordinates Z A = {�, Ea, I a}
with a = 1, . . . n and A = 0, . . . , 2n, according to the
,Darboux theorem, the contact form � can be expressed as
� = d� − δab I adEb. In order to reproduce the Legen-
dre invariance (independence of the chosen thermodynamic
potential) of classical thermodynamics, the metric G must
be invariant with respect to Legendre transformations [8,18].
This is a problem because, in general, Legendre transforma-
tions do not constitute a group and, therefore, it is not possi-
ble to apply the standard methods of differential geometry to
derive the most general Legendre invariant metric [19]. Nev-
ertheless, it is possible to find particular solutions and impose
physical requirements in order to derive quite general metrics
which allows us to describe large classes of thermodynamic
systems [20–22]. For instance, the metric

G = �2 + (δab I
a Eb)(ηcddEcdEd), (14)

has been used to describe black hole thermodynamics.
Indeed, the idea is to induce a Legendre invariant metric g =
ϕ∗(G) for an n-dimensional submanifoldE ⊂ T by means of

the pullback ϕ∗, which is associated with the smooth embed-
ding map ϕ : E → T , and satisfies the condition ϕ∗(�) = 0.
If we choose the set {Ea} as coordinates of E , then the embed-
ding reads ϕ : {Ea} �→ {�(Ea), Ea, I a(Ea)} so that �(Ea)

is the fundamental equation and the induced metric becomes
(up to a multiplicative constant)

g = ϕ∗(G) = �ηba�,bc dEadEc, (15)

where ηca = diag(−1, 1, . . . , 1). Notice that here we have
used the Euler identity in the form Ea�,a = β� for homo-
geneous functions of degree β. However, if �(Ea) is a gen-
eralized homogeneous function, the term (δab I a Eb) in Eq.
(14) should be changed accordingly so that it induces the
Euler identity in the form αa Ea�,a = α��. This issue has
been discussed in detail in [23].

We now apply the above formalism to the case of phantom
black holes. First, let us consider the first-degree homoge-
neous function (11), which is mathematically equivalent to
the fundamental equation (9). In this case, the metric (15) is
3-dimensional and can be expressed as

g = m

(
−3s4 + ηq2l2

s3l2
ds2 + η

s
dq2 + 3s3

l4
dl2

)
, (16)

which leads to the following scalar curvature:

R = 4N (s, q, l)

3(s4 + s2l2 + ηq2l2)3(3s4 + ηq2l2)2 , (17)

N (s, q, l) = 9 s8 (
7 s2+l2

) (
s2+l2

)−s2q4l4
(
4 l2+31 s2)

−3 η s4q2l2
(
23 s4 − 4 s2l2+3 l4

) + 5 η q6l6,

(18)

where we have used the relation η2 = 1 to simplify the
expressions. We see that there are two curvature singularities.
The first one occurs when the condition (s4+s2l2+ηq2l2) =
0 is satisfied, which has real solutions in the phantom case.
However, it is easy to see that this condition implies also that
m = 0, which can be interpreted as unphysical, because in
this case the first law of thermodynamics breaks down and
the thermodynamic metric g is not defined at all. The second
singularity implies that 3s4 = −ηq2l2, which is valid only in
the case of phantom black holes. According to the conjectures
of GTD, this means that this phantom black hole undergoes
a second-order phase transition, once the phantom charge is
given by q = ±√

3s2/ l. To see if the theory of black hole
thermodynamics predicts a similar behavior, we calculate the
heat capacity [7]

Cq,l = T

(
∂S

∂T

)
= s(3s4 + s2l2 − ηq2l2)

2(3s4 + ηq2l2)
, (19)
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which indicates a second-order phase transition for (3s4 +
ηq2l2) = 0. This coincides with the curvature singularity
of the metric (16) and proves the compatibility between the
results of GTD and black hole thermodynamics.

Consider now the fundamental equation (9) which, accord-
ing to the analysis presented above, is a generalized homo-
geneous function of degree 1/2 that does not involve a redef-
inition of the thermodynamic variables, affecting the phys-
ical properties of the thermodynamic system. The thermo-
dynamic metric (15) is again 3-dimensional and reduces to

g = M

(
−3S2−Sl2+3ηq2l2

8S5/2l2
dS2+ η

S1/2 dq2+3
S3/2

l4
dl2

)
.

(20)

Notice that in this case the Euler identity, which generates
the conformal factor of g, reads 2M = 2ST + l L + ηq A0,
using the notations introduced in Eq. (12). A straightforward
calculation leads to the following curvature scalar:

R = 8Sl4N (S, q, l)

3(S2 + Sl2 + ηq2l2)3(3S2 − Sl2 + 3ηq2l2)2 (21)

where

N (S, q, l) = S3
(

4 l6 + 36 S3 + 7 Sl4 + 27 S2l2
)

−9 l4q4S
(
l2 + 12 S

)
+ η

[
18 q6l6

−q2l2S2
(

59 l4 + 18 Sl2 + 90 S2
)]

. (22)

The first curvature singularity located at (S2+Sl2+ηq2l2) =
0 implies that the mass of the black hole vanishes; as men-
tioned above, we interpret this type of singularities as unphys-
ical. The second singularity is determined by the zeros of
(3S2−Sl2+3ηq2l2), and indicates that there exists a second-
order phase transition in phantom black holes that satisfy the
condition l = ±3S/

√
3S + 9q2. This is the geometric inter-

pretation of a phase transition according to GTD. Now, we
will see that this result is compatible with the interpretation of
a phase transition in black hole thermodynamics. Indeed, the
heat capacity that corresponds to the fundamental equation
(9) is given by

Cq,l =
(

∂M

∂S

)(
∂2M

∂S2

)−1

= 2S(Sl2 + 3S2 − ηq2l2)

3S2 − Sl2 + 3ηq2l2
.

(23)

We see that the phase transitions occurs for (3S2 − Sl2 +
3ηq2l2) = 0, a condition that determines exactly the same
points of the equilibrium space where the thermodynamic
curvature (21) diverges.

5 Final remarks

In this work, we investigated the thermodynamics and
geometrothermodynamics of a spherically symmetric AdS
charged phantom black hole. The electric charge has a phan-
tom nature because the electromagnetic energy density that
enters the corresponding action is negative. As a conse-
quence, the field equations allow the existence of exact solu-
tions with exotic properties. First, we investigated the fun-
damental equation that relates the total mass, the entropy
and the phantom charge. We proved that for the fundamen-
tal equation to be a homogeneous function, it is necessary
to consider the cosmological constant as a thermodynamic
variable. It turns out that the cosmological constant has the
properties of an intensive variable and, therefore, in order for
the fundamental equation to depend on extensive variables
only, it is necessary to use the curvature radius instead. As a
result, we obtain a fundamental equation whose mathemat-
ical properties resemble those of classical thermodynamic
systems. Considering the cosmological constant as a ther-
modynamic variable implies that the equilibrium space must
be extended by one dimension. A similar result was obtained
recently [13], by assuming that the energy of a black hole
is not represented by its total mass, but by the correspond-
ing enthalpy, indicating that the cosmological constant is an
intensive thermodynamic variable similar to the pressure.
Our results corroborate from a more formal mathematical
point of view the intuitive analysis performed in [13].

We investigate the properties of the extended 3-dimensional
equilibrium space in the framework of GTD. To this end,
we perform two different analysis. First, we show that it is
possible to redefine the entropy of phantom black holes in
such a way that the fundamental equation turns out to be a
first-degree homogeneous function. In this case, the result-
ing physical properties of the system can be modified due to
the redefinition of a thermodynamic variable. Nevertheless,
we perform a comparison between the geometric properties
of the equilibrium space and the predictions of the theory of
black hole thermodynamics. We show that there exist curva-
ture singularities at those places in the equilibrium space
where second-order phase transitions occur. We interpret
this result as a mathematical proof that GTD can correctly
describe the properties of particular phantom black holes.

A more physical approach consists in analyzing the fun-
damental equation as a generalized homogeneous function of
degree 1/2, without redefining thermodynamic variables. In
this case, we also investigate the main thermodynamic prop-
erties of the phantom black hole system, and show that the
analysis of the corresponding extended equilibrium space in
the framework of GTD is compatible with the predictions of
classical black hole thermodynamics. We conclude that GTD
correctly describes the thermodynamic properties of this par-
ticular class of AdS black holes with phantom charge.
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