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A new class of generalized functions (d-p-7-6)-type I univex is introduced for a nonsmooth mul-
tiobjective programming problem. Based upon these generalized functions, sufficient optimality
conditions are established. Weak, strong, converse, and strict converse duality theorems are also
derived for Mond-Weir-type multiobjective dual program.

1. Introduction

Generalizations of convexity related to optimality conditions and duality for nonlinear single
objective or multiobjective optimization problems have been of much interest in the recent
past and thus explored the extent of optimality conditions and duality applicability in
mathematical programming problems. Invexity theory was originated by Hanson [1]. Many
authors have then contributed in this direction.

For a nondifferentiable multiobjective programming problem, there exists a gener-
alisation of invexity to locally Lipschitz functions with gradients replaced by the Clarke
generalized gradient. Zhao [2] extended optimality conditions and duality in nonsmooth
scalar programming assuming Clarke generalized subgradients under type I functions.
However, Antczak [3] used directional derivative in association with a hypothesis of an invex
kind following Ye [4]. On the other hand, Bector et al. [5] generalized the notion of convexity
to univex functions. Rueda et al. [6] obtained optimality and duality results for several
mathematical programs by combining the concepts of type I and univex functions. Mishra
[7] obtained optimality results and saddle point results for multiobjective programs under
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generalized type I univex functions which were further generalized to univex type I-vector-
valued functions by Mishra et al. [8]. Jayswal [9] introduced new classes of generalized
a-univex type I vector valued functions and established sufficient optimality conditions
and various duality results for Mond-Weir type dual program. Generalizing the work of
Antczak [3], recently Nahak and Mohapatra [10] obtained duality results for multiobjective
programming problem under (d-p-77-8) invexity assumptions.

In this paper, by combining the concepts of Mishra et al. [8] and Nahak and Mohapatra
[10], we introduce a new generalized class of (d-p-1-0)-type I univex functions and establish
weak, strong, converse, and strict converse duality results for Mond-Weir type dual.

2. Preliminaries and Definitions
The following convention of vectors in R” will be followed throughout this paper: x 2 y &
X2y, i=L2,....mx>2yex2yxty;, x>y S x>y,i=12..,nLetDbea

nonempty subset of R”, 77 : D x D — R", x, be an arbitrary pointof Dand h: D — R, ¢ :
R—-Rb:DxD — R+.A1so,wedenoteRZ: {y:y€e R and y >0} andR’éz ly:yeRF

and y = 0}.

Definition 2.1 (Ben-Israel and Mond [11]). Let D C R" be an invex set. A function h is called
preinvex on D with respect to 7, if for all x, x, € D,

A(x) + (1= D)h(xo) = h(xo + Aq(x,x0)), VA€ [0,1]. 2.1)

Definition 2.2 (Clarke [12]). The function h is said to be locally Lipschitz at x, € D, if there
exists a neighbourhood v(x,) of x, and a constant k > 0 such that

|h(y) = h(x)| = klly - x| Vx,y € v(xo), (2.2)

where || - || denotes the euclidean norm. Also, we say that h is locally Lipschitz on D if it is
locally Lipschitz at every point of D.

Definition 2.3 (Bector et al. [5]). A differentiable function h is said to be univex at x, if for all
x € D, we have

b(x, %0)p(h(x) = h(x0)) Z [Vh(x0)] 1 (x, Xo)- (2.3)
We consider the following nonlinear multiobjective programming problem:

Minimize f(x) = (fi(x), f2(x),..., fp(x))

subject to  g(x) <0,

(MP)



Advances in Operations Research 3

where x € D and the functions f : D — RF, g: D — RF.Let X = {x € D : g(x) < 0} be a set
of feasible solutions of (MP) . For x, € D, if we denote by

J(x0) ={j€{1,2,...,k} : gj(x,) =0},

J(xo) = {j € {1,2,...,k} : gj(xo) <0},

J(xo) ={j €1{1,2,...,k} : gj(x0) >0},
(2.4)

then
J(x6) UJ(x0) U T (x0) = {1,2,..., k. (2.5)

Since the objectives in multiobjective programming problems generally conflict with
one another, an optimal solution is chosen from the set of efficient or weak efficient solution
in the following sense by Miettinen [13].

Definition 2.4. A point x, € X is said to be an efficient solution of (MP) , if there exists no
x € X such that

f(x) < f(x0)- (2.6)

Definition 2.5. A point x, € X is said to be a weak efficient solution of (MP) , if there exists no
x € X such that

fx) < f(xo). (2.7)

Now we define a new class of (d-p-1-0)-type I univex functions which generalize the
work of Mishra et al. [8] and Nahak and Mohapatra [10]. Let functions f = (f1,..., f,) : D —
RFand g = (g1,...,8) : D — RF are directionally differentiable at x, € X, 7: X x D — R",
b, and b; are nonnegative functions defined on X xD, ¢, : R¥ — RP and ¢; : Rk — Rk, while
p € Rk and 0(:,) : X x D — R" be vector-valued functions.

Definition 2.6. (f, g) is said to be (d-p-n-0)-type I univex at x, € D if for all x € X
bo(x,xo)¢o(f(x) _f(xO)) 2 f,(xo;ﬂ(xrxo» +P1||9(x/xo)”2/

~b1(x, %0)P1(g(%x0)) = &' (x0;17(x, %0)) + P21 (x, %) |1~

(2.8)

If the inequalities in f are strict (whenever x # x,), then (f, g) is said to be semistrictly
(d-p-n-0)-type I univex at x,.

Remark 2.7. (i) If p!, p> = 0, bo(x, x,) = b1 (x,x0) = 1, ¢o(t) =t,¢p1(t) = t, then above definition
becomes that of d-type I function [14].
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(ii) If in the above definition, the functions f and g are differentiable functions such

that f'(xo;7(x,%0)) = [Vf(xo)]'n(x, X0), & (xo;1(%, %)) = [Vg(xo)] 1(x,%0); p', p* = O;
bo(x,x,) = bi(x,x5) =1, ¢o(t) = t, $1(t) = t, then we obtain the definition of type I function
[15].

Definition 2.8. (f, g) is said to be a weak strictly pseudo-quasi (d-p-1-0)-type I univex at x, €
Difforall x € X

bo (X, %0) o (f(X) = f(x0)) <0 = f'(x0;11(x, X0)) < —p' 0, x0) 1%,

(2.9)
bi(x, %0)1(g(x0)) = 0= ¢ (x0; 1(x, %0)) < —p*[10(x, x0) |

Definition 2.9. (f, g) is said to be strong pseudo-quasi (d-p-1-8)-type I univex at x, € D if for
allx € X

bo (X, X0) o (f(X) = f(x0)) <0 = f'(x0;11(x, X0)) < —p* 6, x0) 1%,

(2.10)
bi(x, %) 1 (8(%0)) = 0= g’ (x0; (%, %)) < —p2(16(2x, x0) |

Definition 2.10. (f, g) is said to be weak strictly-pseudo (d-p-1-0)-type I univex at x, € D if
forall x € X

bo(x, xo)‘i)o(f(x) - f(xo)) <0= f,(xo}ﬂ(x/xo)) < —p1||9(x,xo)||2,

(2.11)
b1(x, x0)1(g(x0)) 2 0 => g’ (x0;1(x, X0)) < —p*[|0(x, x0)|I*-

Definition 2.11. (f, g) is said to be a weak quasistrictly-pseudo (d-p-5-0)-type I univex at x, €
D if for all x € X

bo(x/xo)(,bo(f(x) - f(xo)) 0= fl(xo}rl(x/xo)) < —p1||6(x, xo)||2/
, (2.12)
[

b1 (x, x0)P1(g(x0)) = 0= ¢’ (x0;11(x, %)) < —p*1|0(x, x,)

Remark 2.12. In the above definitions, if f and g are differentiable functions such that

f(xoi1(x,20)) = [V ()] 11(x, %0); &' (Xo0i1(x, %0)) = [Vg(x0)]"1(x, %,); p' = p? = 0, then
we obtain the functions given in Mishra et al. [8].

3. Sufficient Optimality Conditions

In this section, we discuss sufficient optimality conditions for a point to be an efficient
solution of (MP) under generalized (d-p-1-0)-type I univex assumptions. In the following
theorems, u = (p1,...,4p) € RPand A = (A4, ..., Aj(x,)) € J(x0).
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Theorem 3.1. Suppose there exists a feasible solution x, for (MP), vector functionsn : XxD — R"
and vectors p > 0 and A 2 0, such that

(i) Zf:l Ilifil(xo} Tl(x/ Xo)) + Zje](xo) ')L]g; (xo; ﬂ(x/ X)) 2 0,
(ii) (f, g7(x.)) is a strong pseudo-quasi (d-p-n-0)-type I univex at x,,

(iii) forany u € RP, u < 0= ¢o(u) < 0andv € RI¥), v > 0= ¢1(v) = 0; by(x,x,) >0,
bi(x,x,) 2 0,

(iv) 37, Hip} + Sjeyix,) )‘jP? 20,
then x, is an efficient solution of (MP).
Proof. Suppose x, is not an efficient solution of (MP), then there exists x € X such that

f(x) < f(xo)-
Since gj(x,) =0, j € J(x,), therefore by hypothesis (iii), we get

bO(x/xo)‘i’O(f(x) - f(xo)) <0,

(3.1)
b (X, xo)d)l (g](xo)(xo)) 2 0.
which using hypothesis (ii) yields
F' (%03 1(x, %0)) < =pH10(x, x0)I?,
(3.2)
8y (X0 1%, X0)) £ =p ) 100, x0) |-
Alsop >0and A 2 0, so, we get
‘ & 2
DK (o (x, Xo)) < = 3o prip; 110(x, xo)II%,
i=1 i=1 (33)
> NG (xoim(xx0)) £ = > X2 l10(x, xo) |1
j€J(xo) j€J (x0)
Adding the above inequalities, we obtain
4 S 2 2
DHifi(Xoin(x,%0)) + D g (xerm(x,%0)) <= Dpipt + DL Aipr )18k, xo0)
i=1 JEJ (x0) i=1 JEJ (x0) (34)

<0 (By hypothesis (iv)),

which contradicts hypothesis (i). Hence the proof. O
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Theorem 3.2. Suppose there exists a feasible solution x, for (MP), vector functionsn : XxD — R"

and vectors p > 0 and A 2 0, such that

(i) Zf;l liifil(xo} n(x, Xo)) + Zje](xo) -)L]g; (%o; T](JC, X)) 2 0,
(ii) (f, g7(x.)) is a weak strictly-pseudo-quasi (d-p-n-0)-type I univex at x,,

(iii) forany u € RP, u <0 = ¢o(u) <0and v € RV¥), v > 0= ¢1(v) = 0; bo(x,x,) > 0,

bi(x,x0) 2 0,
(V) 5 pip} + Zjeix,) Aipf 20,

then x, is an efficient solution of (MP).

Proof. Suppose x, is not an efficient solution of (MP), then there exists x € X such that f(x) <

f(x0).
As gj(x,) =0, j € J(x,), so, hypothesis (iii) yields

bo(x/xo)(i)o(f(x) - f(xo)) <0,

b (x/ xo)¢1 (g](xo) (xo)) 2 0.
By hypothesis (ii), the above inequalities imply

F' (203 1(x, %0)) < =p10(x, x0)I%,

&7y (%01 1102, %0)) = =p] ;) 10Cx, x0) I

Since p > 0and A = 0, we get

14 14
> uifi (xorm(x, x0)) < =D uipt10(x, x0)1%,
i=1 i=1

> Ligi(xoin(xx0)) £ = 5 Aiprl0(x, x,)II%.
€T (xo) j€ (xo)

Adding the above inequalities, we obtain

]ej(xo)

P P
DHifi (Xoin(x,%0)) + D ;g (%o 1(x, X)) <—<Z#ip3+ > Ajﬂ?>||9(x,xo)ll2
i=1

i=1 Jj€J(x0)

<0 (using hypothesis (iv)),

which contradicts hypothesis (i). Hence the proof.

(3.5)

(3.6)

(3.7)

(3.8)
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Theorem 3.3. Suppose there exists a feasible solution x, for (MP), vector functionsn : XxD — R"
and vectors p > 0 and A 2 0, such that

(i) Zf:l .uifil(xo; ﬂ(x/ Xo)) + Zje](xo) )ng;. (xo}n(x/ %)) 2 0,
(ii) (f, g7(x.)) is a weak strictly-pseudo (d-p-n-0)-type I univex at x,,

(iii) forany u € RP, u <0 = ¢o(u) <0andv € RF%), v > 0= ¢1(v) = 0; by(x,x,) >0,
bi(x,x0) 20,

(iv) 3V, wip} + ey Lip 20,
then x, is an efficient solution of (MP).
Proof. Suppose x, is not an efficient solution of (MP), then there exists x € X such that

f(x) < f(xo)-
As gj(x,) =0, j € J(x,), so hypothesis (iii) implies

bo(x/xo)¢o(f(x) - f(xo)) <0,

(3.9)
by (X, xo)‘i)l (g](xo) (xo)) Z 0.
Since hypothesis (ii) holds, above inequalities imply
f(xoim(x,%0)) < =p"[|00x x0)?|
(3.10)
&) oy (%03 1(%, %0)) < =p7 10, x0) 1.
Also p > 0and A 2 0, so we obtain
P 4 )
DHifi (Xoin(x,x0)) < = Do pip; 0(x, %),
o = (3.11)

> Ligi(xom(x,xo)) < = D Lipfle(x, xo)|.
j€J (x0) ISAED)

On adding and using hypothesis (iv), above inequalities yield

P 14
DHifi(Xoin(x,x%0)) + D, Aigi(xoin(x,%0)) <= Dipi + D, Aip} ) 16(x, x0)[F £ 0
i=1 j€J (x0) i=1 j€J (%0)

(3.12)

which contradicts hypothesis (i). Hence the proof. O
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Theorem 3.4. Suppose there exists a feasible solution x, for (MP), vector functionsn : XxD — R"
and vectors p 2 0 and A > 0, such that

(1) Zle #ifil(xo; 71(x/ xo)) + Z]'e](xo) -)L]g; (xo; q(x, xo)) 2 O/
(ii) (f, gy(x,)) is weak quasi-strictly-pseudo (d-p-n-0)-type I univex at x,,

(iii) forany u € RP, u < 0= ¢o(u) < 0andv € RN, v =2 0 = ¢1(v) = 0; by(x,x,) >
0, bi(x,x,) =0,

(iv) Zf:l #ipil + Zje](xo) )‘]'PJZ' 20,
then x, is an efficient solution of (MP).
Proof. Suppose x, is not an efficient solution of (MP), then there exists x € X such that f(x) <

f(x0).
Since gj(x,) =0, j € J(x,), therefore hypothesis (iii) yields

bo(x/xo)(i)o(f(x) - f(xo)) <0,

(3.13)
b1 (x, xo)d)l (g](xo)(xo)) 2 0.
By hypothesis (ii), we get
f, (xo; 71(xr xo)) < —P1||9(X, xo)”z/
. (3.14)
87y (¥o3 102, X0)) < =T 1006, %) I
Also p 2 0and A > 0, so, we obtain
. S 2
> nifi(x0im(x,x0)) < =D pipH10(x, x0) I, (3.15)
i=1 i=1
> Aigi(xoim(x,x0)) <= D, AipTl6(x, o). (3.16)

j€J (o) j€J (o)

On adding and using hypothesis (iv), above inequalities yield

p 4
i (Xorn(x,%0)) + D Aigi (X0 m(x, %)) <—<Z#iP}+ > ‘)Ljpjz'> 16(x, x0)II* (3.17)
i=1 .

j€J(xo) i=1 j€J (x0)

[IA

0,

which contradicts hypothesis (i). Hence the proof. O

Now, following Antczak [3], we state following necessary optimality conditions.
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Theorem 3.5 (Karush-Kuhn-Tucker type necessary optimality conditions). If
(i) x, is a weakly efficient solution of (MP),
(i) gj is continuous at x, for j € f(xo),
(iii) there exists a vector functionsy: X x D — R",

(v) forall i = 1,p and j € J(x,), fi and gj are directionally differentiable at x, and the
functions f](x,;1(x, %)), i=1,pand gj’. (x0;1(x,%0)), j € J(x,) are preinvex functions
of xon X,

(v) the function g satisfies the generalized Slater’s constraint qualification at x,,

then there exists p € RY, and \ € R’; such that

p k
D Hifi (xoi1(x,%0)) + D48 (Xoi1(x,%0)) 20 Vx €X,
= = (3.18)

)L]-g]-(xo) =0, j:1,k.

4. Mond-Weir Type Duality

In this section, we consider Mond-Weir type dual of (MP) and establish weak, strong, con-
verse, and strict converse duality theorems. In this section, we denote gy = (A1g1,.-., Ak gk)-

Max f(y)
14 k

subject o Y uifi (y,n(x,y)) + D Aigi(y,n(x,y)) 20 VxeX, (MWD)
i=1 j=1

Aigi(y) 20, j=1k,

wherey € D, u € R’;, Ae R’é, 1: XxD — R" Let W be the set of feasible points of (MWD).
Theorem 4.1 (Weak Duality). Let x and (y, u, A, 1) be the feasible solutions for (MP) and (MWD)
respectively. If

(i) (f, 1) is a weak strictly-pseudo-quasi (d-p-n-0)-type I univex at y,

(ii) forany u € RP, u <0 = ¢o(u) < 0andv € R, v 2 0 = $1(v) = 0; bo(x,y) >
0, bi(x,y) 20,

(iii) 37, pip} + Sjea P} 20,
then

f(x) £ f(y)- (4.1)

Proof. Suppose to the contrary that

f(x) < f(y)- (4.2)
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Since A;gj(y) 2 0, j = 1, k, hypothesis (ii) yields

bo (%, ¥) o (f(x) = f(y)) <O,

(4.3)
bi(x,y)¢1(81(v)) 2 0.
As hypothesis (i) holds, therefore the above inequalities imply
finxy) <-pHllecyll’,
, (4.4)
g in(xy)) = -p*[16C I
Also p € R’;, s0, we obtain
L ' - 1 2
2Hfiwin(xy)) < -2 mpill0Ge I,
i=1 i=1
(4.5)

k k
S Agiwin(xy) - Aoy’
= =

On adding above inequalities and using hypothesis (iii), we get
4 k L&, 2
2ifi(in(xy)) + 208 (in(xy)) <= Zpmpi + 20 N6yl =0, (46)
i=1 j=1 i=1 j=1

which is a contradiction to the dual constraint. Hence the proof. O

The proofs of the following weak duality theorems are similar to Theorem 4.1 and
hence are omitted.

Theorem 4.2 (Weak Duality). Let x and (y, u, A, ) be the feasible solutions for (MP) and (MWD),
respectively, with y; > 0,i=1,p. If
(1) (f, gu) is a strong pseudo-quasi (d-p-n-0)-type [ univex at y,

(i) foranyu € RP, u <0 = ¢po(u) < 0andv € R¥, v 2 0 = ¢1(v) = 0; bo(x,y) >
O/ bl(x/]/) 20,

(iif) S, pip} + S P} 20,
then f(x) % f(y).

Theorem 4.3 (Weak Duality). Let x and (y, pu, A, 1) be the feasible solutions for (MP) and (MWD),
respectively. If
(1) (f, gu) is weak strictly-pseudo (d-p-n-0)-type I univex at y,

(ii) foranyu € RP, u <0 = ¢o(u) < O0andv € R, v 2 0 = $1(v) = 0; bo(x,y) >
0/ bl (x/ y) Z 0/
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(iii) 3, pip} + S P} 20,
then f(x) £ f(y).

Corollary 4.4. Let x, and (yo, u, A, 1) be the feasible solutions for (MP) and (MWD), respectively,
such that f(x,) = f(Yo). If the weak duality holds between (MP) and (MWD) for all feasible solutions
of two problems, then x, is efficient for (MP) and (y,, u, A, n7) is efficient for (MWD).

Proof. Suppose that x, is not efficient for (MP), then for some x € X
f(x) < f(x0) = f(Yo)- (4.7)

which contradicts weak duality theorems as (y,, y, A, 77) is feasible for (MWD) and x is
feasible for (MP). So, x, is efficient for (MP). Similarly (y,, u, A, 17) is efficient for (MWD). O

Theorem 4.5 (Strong Duality). Let x, be a weakly efficient solution of (MP), g; is continuous at x,
for j € J(xo), f, g are directionally differentiable at x, with fi(xo,m(x,x,)), and g;.(xo,q(x, X)) as
preinvex functions on X. Also if g satisfies the generalized Slater’s constraint qualification at x,, then
Jpue RZ, AeE R’é such that (x,, u, A, n) is feasible for (MWD) and the objective function values of

(MP) and (MWD) are equal. Moreover, if any of weak duality theorem holds, then (x,, u, A, 1) is an
efficient solution of (MWD).

Proof. Since x, is a weakly efficient solution of (MP), therefore by Theorem 3.5, there exists
UEe R;, Ae R’g such that

P k
D Hifi (xo,1(x,%0)) + D48 (%0, 1(x,%0)) 20 Vx€X,
i = (4.8)

)L,-g]-(xo) =0, jzl,k.

It follows that (x,, 4, A, 1) € W and therefore feasible for (MWD). Clearly objective
function values of (MP) and (MWD) are equal at optimal points.

Suppose (x,, 4, A, 1) is not an efficient solution for (MWD). Then 3 (i, ji, X, 1M ew
such that f(x,) < f(¥), which contradicts weak duality theorems. Therefore (x,, y, A, 77) is an
efficient solution of (MWD). Hence the proof. O

Theorem 4.6 (Converse Duality). Let (y,, i, A, 17) be a feasible solution of (MWD). If

(i) (f, gu) is a weak strictly-pseudo-quasi (d-p-n-0)-type I univex at y,,

(ii) forany u € R, u <0 = ¢o(u) <0andv € R*, v =2 0= ¢1(v) = 0; bo(xo,Yo) >
0/ bl (xO/ yo) z 0/

(iii) X7, pip} + Zjap? 20,
then y, is an efficient solution of (MP).

Proof. Suppose that y, is not an efficient solution of (MP). Then 3 x,, € X such that

f(x0) < f(yo)- (4.9)
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Now proceeding as in Theorem 4.1 (Weak Duality), we obtain a contradiction. Hence v, is an
efficient solution of (MP). O

Theorem 4.7 (Strict Converse Duality). Let x, and (y,, p, A, 1) be the feasible solutions of (MP)
and (MWD), respectively. If

() f(x0) = f(Wo),
(ii) (f, g1) is a weak quasi-strictly-pseudo (d-p-n-0)-type I univex at y,,

(iii) foranyu € RP, u < 0 = ¢po(u) < 0and v € R, v>0= $1(v) 2 0; bo(xo, yo) >
0/ bl(xm]/o) 2 0/

(iv) Zf:l pip; + Z;'(:l PJZ' =0,
then x, = Yo.

Proof. Suppose x, # Yo.
Since v, is a feasible solution of (MWD), therefore by hypothesis (i) and hypothesis

(iii), we get

bo(xo, Yo) o (f (o) = f (¥0)) <0,

(4.10)
b1(xo, o) $1(81(¥0)) 2 0.
By hypothesis (ii), we obtain
F (Yorn(xo, ¥0)) < =" 100, yo) I,
) (4.11)
8\ (o 1(xo,¥o)) < =p*[16 (o, o) I
Since p € R;;, therefore the above inequalities yield
- ! C 1 2
Dotifi o (X0, Yo)) < =D pip; 1|18 (xo, o) I (4.12)
i=1 i=1
k k )
D8 (Woi (%o, v0)) < =Dp7[10(x0, yo) I (4.13)
j=1 j=1
which on adding gives
. ! < ! L 1 S 2 2
DHifi (o n(Xo,vo)) + D48 (Yo (%o, y0)) < =( Dopipi + D7 ) 18Cx0, yo) |l w1
i=1 j=1 i=1 j=1 .

<0 (using hypothesis (iv)),

which is a contradiction to feasibility of y,. Hence x, = y,. O
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