J. Evol. Equ. 13 (2013), 633-650

© 2013 The Author(s).

This article is published with open access at Springerlink.com .
1424-3199/13/030633-18, published online June 15, 2013 Journal of Evolution
DOI 10.1007/500028-013-0194-2 Equations

Upper estimates of transition densities for stable-dominated
semigroups

KAMIL KALETA AND PAWEL SZTONYK

Abstract. We derive upper estimates of transition densities for Feller semigroups with jump intensities
lighter than that of the rotation invariant stable Lévy process.

1. Introduction and preliminaries

Leto € (0,2) andd = 1, 2, .. .. For the rotation invariant «-stable Lévy process
on R? with the Lévy measure

v(dy) = dy, yeRN\{0}, (1

c
|y|a+d

the asymptotic behavior of its transition densities p(z, x, y) is well known (see, e.g.,
[2]), 1e.,

p(t,x,y) ~ min (t_d/“, m) , t>0,x,y¢€ RY.

Estimates of densities for more general classes of stable and other jump Lévy pro-
cesses gradually extended. We would like to mention some of the recent results. Esti-
mates for general stable processes were obtained in [4,32] and for tempered and layered
stable processes in [28] and [30]. Other estimates of Lévy and Lévy-type transition
densities are discussed by Knopova and Kulik in [21], by Knopova and Schilling in
[22] and by Jacob et al. in [20]. Estimates of heat kernels on metric measure spaces
having the volume doubling property were obtained by Barlow et al. [1], Chen and
Kumagai [7,8], and Grigor’yan et al. [10]. Upper estimates for heat kernels of sym-
metric jump processes with small jumps of high intensity were obtained by Mimica
in [25]. In [24,27], the derivatives of stable densities have been considered, while
bounds of heat kernels of the fractional Laplacian perturbed by gradient operators
were studied by Bogdan and Jakubowski in [3].
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In [29], estimates of semigroups of stable-dominated Feller operators are given.
The corresponding Markov process is a Feller process and not necessarily a Lévy
process. The name stable-dominated refers to the fact that the intensity of jumps for
the investigated semigroup is dominated by (1). In the present paper, we extend the
results obtained in [29] and give estimates from above for a wider class of semigroups
with the intensity of jumps lighter than stable processes. We will now describe our
results.

Let f : R x R? - [0, oo] be a Borel function. We consider the following assump-
tions on f.

(A.1) There exists a constant M > 0 such that

oy —x[)
f(X’Y)SMWv x,yeRd, y # X,

where ¢ : [0, o0) — (0, 1] is a Borel measurable function such that
(a) ¢(a) = 1fora € [0, 1] and there is a constant c; = c{(¢) such that

¢(a) <c19®), la—bl=1,

(b) ¢ € C2(1, 00) and there is a constant ¢; = c2(¢, &, d) such that

¢ @)]) = 29 (a)

max (’d)’(a)

for every a > 1.
(c) there is ¢z = c3(¢, @, d) such that

/ ¢y —zD ¢z —xD , _ &0y —xD
|

71=qC s
_Z|a+d |z—x|°‘+d |y—x|°‘+d

x—zl=1,ly—z|=1 |¥

for every |x — y| > 2.
(A2) f(x,x+h)= f(x,x —h) forallx,h e R? ifa > 1.
(A3) f(x,y) = f(y,x)forall x, y € RY.
(A.4) There exists a constant ¢4 = c4(¢, «, d) such that

inf / Mdy >cqe” %, £>0.
xeR? Jiy—x|>¢ é(ly —xI)

Denote
bg(x)z/ fx,y)dy, &>0,xeR
|y—x|>¢e

It follows from (A.1) that there is also the constant cs = ¢5(¢p, M, «, d) such that

be := sup by(x) <cse™®, O0<e<l.
xeR4

Thus, (A.4) is a partial converse of (A.1) and we have

b, = inf be(x) > cee™, 0 <e < ey,
xeRd
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for constants g = eo(¢p, M, o, d), cg = co(¢p, M, @, d), since

f(xv )’) / f(_x,y)
by (x) = G NN D
(x) /|y_x|>8 oy —x > vt 90y — x|)( ¢y —xD)dy

> =M ly —x|7* ¢ dy
[y—x|>1

=46 % — Mc(a,d) > cge™,

provided e < =65
c(a,d)
We note that the assumption (A.1)(c) is satisfied for every nonincreasing function

¢ : (0, 00) — (0, 1] such that
p(a)pb) <cp(a+b), ab>1,

for some positive constant c. Therefore, it is easy to verify that all the assumptions on ¢
are satisfied, e.g., for functions ¢ (s) = e! ") A1, where 8 € (0, 11, (s) = (1vs)~7,
where y > 0, ¢(s) = 1/log(e(s Vv 1)), ¢(s) = 1/loglog(e’(s Vv 1)), and all their
products and positive powers.

It is also reasonable to ask whether the conditions in the assumption (A.l) are
satisfied by more general functions of the form

if s € [0, 1],

_ 2
() [e_"”ﬁsy ifs > 1, withm, 8> 0,y €R. @

In this case, both conditions (a) and (b) on ¢ hold for 8 € (0, 1] with no further
restrictions on parameters m and y, while, as proven in Sect. 3, the condition (c) is
satisfied when 8 € (0, 1] and y < d/2 + « — 1/2. Furthermore, this restriction on
parameters is essential (see Remark 1 in Section 3). Note also that this range of B
and y in (2) covers, e.g., jump intensities dominated by those of isotropic relativistic
stable processes (see, e.g., [23, Lemma 2.3]).

Forx € R? and r > 0, we let B(x, r) = {y e R4 : ly — x| <r}. By (R?) denotes
the set of bounded Borel measurable functions, Cf (R9) denotes the set of k times
continuously differentiable functions with compact support, and Cso(R?) is the set
of continuous functions vanishing at infinity. We use ¢, C (with subscripts) to denote
finite positive constants which depend only on ¢, M, «, and the dimension d. Any
additional dependence is explicitly indicated by writing, e.g., ¢ = c¢(n). The value
of ¢, C, when used without subscripts, may change from place to place. We write
f(x) ~ g(x) to indicate that there is a constant ¢ such that ¢! f(x) < g(x) < cf (x).

Under the assumptions (A.1) and (A.2), we may consider the operator

Ap(x) = gﬁ} () — o)) f(x,y)dy

ly—x|>¢

- /Rd (p(x +h) — @) = h - Vo) <1) f(x, x +h)dh

+%/ h-Vo&)(f(x,x+h)— f(x,x —h)) dh, ¢ e C>(RY).
|h|<1
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Recall the following basic fact (see [29, Lemma 1]).

LEMMA 1. If(A.1) and (A.2) hold and the function x — f(x,y) is continuous on
R\ {y} for every y € RY, then A maps CS(R“’) into Coo (RY).

In the following, we always assume that the condition (A.1) is satisfied. For every
e > 0, we denote

o, y) =1pere(y —x) f(x,y), x,y€R?,
and

Agp(x) =/(¢(y) — () fe(x, ) dy, ¢ € Bp(RY).

Note that the operators A, are bounded since [A.¢(x)] < 2|@llcobe(x) =<
2b; ||¢l 00 Therefore, the operator

" A"

e’Af:E £ t>0,e>0,
i n!
n=

is well defined and bounded from Bj(RY) to B,(RY). In fact, for every ¢ > 0, the
family of operators {e’*, t < 0} is a semigroup on B, (RY), i.e., e T9)Ae = gl AcesAe
forallt,s > 0,¢ € B, (R9). We note that elAe is positive for all # > 0, ¢ > 0 (see
(5)).

Our first result is the following theorem.

THEOREM 1. If (A.1)-(A.4) are satisfied, then there exists the constants C1 and
C, such that for every nonnegative ¢ € By, (Rd) and e € (0,9 A 1), we have

- —ag 19Uy —xD) .
¢p(x) < Cre® / ¢(y) min (r e, Ty—xprd )P te e (x),

for every x € RY.

The proof of Theorem 1 is given in Sect. 2. To study a limiting semigroup, we will
need some additional assumptions.
(A.5) The function x — f(x, y) is continuous on R?\{y} for every y € R?.
(A.6) Aregarded as an operator on Cyso (R9) is closable and its closure Aisa generator
of a strongly continuous contraction semigroup of operators { P;, t > 0} on C, (R9).

Clearly, forevery ¢ € Cf. (R?) with SUp, crd 9 (x) = @(x9) > 0, we have Agp(xg) <
0, i.e., A satisfies the positive maximum principle. This implies that all P, (r > 0) are
positive operators (see [9, Theorems 1.2.12 and 4.2.2]). Thus, by our assumptions,
{P;, t > 0} is a Feller semigroup.

The following theorem is our main result.
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THEOREM 2. If(A.1)—(A.6) hold, then there is p : (0, 00) X RY x RY — [0, 00)
such that

Pip(x) = /d oMNpt,x, ) dy, xR 1>0, g eCo(R)),
R

and

l’ J—
p(t,x,y) < Cre® min [ =9/, 9y —x]) , x,yeRY 1 >0. (3)
|y _ x|a+d
We note that A is conservative, i.e., forp € Cfo(Rd) suchthat) < ¢ <1, ¢(0) =1,
and g (x) = @(x/k), we have sup;cy [ A@kllec < 00, and limg o0 (Agr)(x) = 0,
for every x € R4, 1t follows from Theorem 4.2.7 in [9] that there exists a Markov
process {X;, t > 0} such that E[p(X;)|Xo = x] = Pre(x).
It is known that every generator G of a Feller semigroup with CZ° (RY) c D(G) is

necessarily of the form

d
Go) = > 4 ()Dyy Dy p(x) + () Ve (x) — c(x)g(x)
i j=1
+/]Rd ((p(X—i-h)—gD(x)—h-V(p(x) 1|h\<1) v(x,dh), 4

where ¢ € C° (Rd), q(x) = (qij (x))ff =1 is a nonnegative definite real symmetric
matrix, the vector [(x) = (/; (x))fl:1 has real coordinates, c(x) > 0, and v(x, -) is a
Lévy measure (see [17, Chapter 4.5]).

The converse problem whether a given operator G generates a Feller semigroup
is not completely resolved yet. For the interested reader, we remark that criteria are
given, e.g., in [13-16, 18]. Generally, smoothness of the coefficients ¢, [, ¢, v in (4)
is sufficient for the existence (see Theorem 5.24 in [12], Theorem 4.6.7 in [19] and
Lemma 2 in [29]). Other conditions are given also in [26].

Chen et al. [6] and Chen and Kumagai [7, 8] investigate the case of symmetric jump-
type Markov processes on metric measure spaces by using Dirichlet forms. Under the
assumption that the corresponding jump kernels are comparable with certain rotation
invariant functions, they prove the existence and obtain estimates of the densities (see
Theorem 1.2 in [6]) analogous to (3). In the present paper, we propose completely
different approach which is based on general approximation scheme recently devised
in [29]. In Theorem 2, we assume the estimate (A.1) from above but we use (A.4) as the
only estimate for the size of f from below. We also emphasize that we obtain exactly
¢ (Jx — y]) in (3) and from [8,6] follow estimates with ¢ (c|x — y|) for some constant
¢ € (0, 1). This seems to be essential especially in the case of exponentially localized
Lévy measures. Our general framework, including a layout of lemmas, is similar to
that in [29]. However, in the present case, the decay of the jump intensity may be
significantly lighter than stable, and therefore, much more subtle argument is needed.
Note that the new condition (A.1)(c), which is pivotal for our further investigations,
is necessary for the two-sided sharp bounds similar to the right-hand side of (3).
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2. Approximation

In this section, we apply an approximation scheme recently devised in [29] (we note
that an alternative approximation scheme is given in [5]). We recall that

fe(x,y) = 1gee(y — ) f(x,y), &>0,x,yeR,

and
b= [ fenay= [ Aeody o> 0 xer.
‘We have o
e = [ 00) = 00D fr ) dy + B = 0.0 [0 = p(08.0y)
= /(w(y) — @(x) Ve (x, dy)

=Tepx) — Eg(p(x), NS Bb(Rd), X € Rd,

where
De (x, dy) = fe(x, y) dy + (be = be(x))8:(dy),
and
Fo) = [omtedy. o € ByE.x e R,
This yields that

e = e TP D) = e7PeeMep(). 5)

A consequence of (5) is that we may consider the operator I', and its powers instead
of A,. The fact that T, is positive enables for more precise estimates.
For n € N, we define

Jav1e(x,y) = / Jne(x,2) fe(z, ) dz
+ (be = be(1) fae (e ) + (be = be ()" felx, y),
where we let f1 . = f.. By induction and Fubini—Tonelli theorem, we get
/fn,s(x, y)dy = b — (b — be(x))", xeR? neN. (6)
Also, it was proved in [29, Lemma 3] that for all e > 0, x € RY andn € N
Ilok) = /w(Z)fn,s(x, 2)dz + (be — be(x))" (), (N

whenever ¢ € B,(RY).
The next lemma is crucial for our further investigation. It is essential that we obtain
precisely the constants equal to one before b, (y) below.
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LEMMA 2. We have the following.

(1) If(A.1), (A.2) and (A.4) hold then there is a constant c7 = ¢7(¢p, M, a, d) and
the number k € (0, 1) such that

/ |2 = x|7 7 fe(y, 2dz < e () + e7) Iy — x| 7979,
B(y.xly—x))

for every € € (0, 1) and for every x, y € R%.
(2) If (A.1) and (A.2) hold then there is a constant cg = cg(¢p, M, o, d) such that

¢y —xI)

|y _x|a+d’

/B PUZZ2D (3 2)dz < (bely) +c)

(1 |z —x[et
for every ¢ € (0, 1) and for every |x — y| > 2.

Proof. First, we prove the statement (1). We have

/ 2 — X7 fo(y, 2)dz
B(y.kly—x|)
= / [Iz I XI_‘H’] fe(y, 2)dz
B(ykly—x)

+ly — XI*‘HJ/ fe(y, 2)dz.
B(y.kly—xI)

We only need to estimate the first integral on the right-hand side of the above equality.
Denote 0(z) := |z — x|, |z — x| > 0.

8;0(2) = (@ + )|z — x| 7“2 (x; — 2),

and

8],](9(2) — (a +d)|Z _x|—a—d—2 |:(C(+d+2) (-x] _Z])(xk _Zk) —(S]ki| ]

Ix —z|?
This yields
sup (3,02 < (@ +d)(1 — )@ |y — x7od=1, (8)
z€B(y.k|y—x]),
je{l,....d}
and

sup 19,40(2)] < (@ +d) (@ +d +3)(1 — )"y —x|7*7472(9)
Z€B(y,kly—x]),
joke{l,..d}
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for every k € (0, 1). We consider now two cases. Let first « < 1. Using the Taylor
expansion for 6, (8) and (A.1), we get

/ [Iz—xl‘““’— Iy—XI_“_d] fe(y,2)dz
B(y.kly—xI)

/ O +h) = 0(»)) fe(y,y+h)dh‘
B(0,k|y—x])

<C(l—x)y @41y —xr“—d—l/ k) fe (v, y + ) dh
B(0,k|y—x|)

< Ck" 1 =)  y — x| y — x|

Let now « > 1. Again, using the Taylor expansion for 0, (9), (A.1) and (A.2), we

obtain

/ [Iz—xl‘“‘d— Iy—XI_“_d] fe(v,2)dz
B(y.xly—x)

/ O +h) —0(y) = VOO - ) fo(ys y +h>dh'
B(0,k|y—x])

< C(1 =) @2y — o2 / P fo(y. y + ) di
B(0,«|y—x|)
< Ck*(1— 1) 92|y — x|y — x|

We thus see that by the two above estimates and by (A.4), we finally have

/ [le =217 =y —x ] v, 00 e
B(y.k|y—x])

<ly—x|"* (l{ly—x<80}/ f(y,z)dz + C71{|y—XIZ€0}) )
[z=yl[>K|y—x|

for sufficiently small ¥ € (0, 1). This ends the proof of (1).
We now show the statement (2). Let |x — y| > 2. Similarly as before, we have

#z = xD _ pUz—xD) ¢y —=x]
/B |a+dfs(y,z)dz _/B<y,1) [|z—x|a+d |y_x|a+d:|fg(y,z)dz

G le—x

¢y —x)
I——— Sfe(y, 2)dz.
ly —x[@* [ ‘

Observe that it is enough to estimate the first integral on the right-hand side of the
above-displayed equality. Denote 1(z) := ¢(|z — x|)|z — x|, Clearly, by (A.1)
(a)—(b), we have

max | sup [9;n(z)], sup [3jxn(@)] | = Cn(y). (10)

zZ€B(y,1), z€B(y, 1),
jell,...d} J.kell,....d}
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Using the Taylor expansion for 1, (10), (A.1) and (A.2), we obtain

/ [¢(|z—x|) </i>(ly—x|)}fs(y7z)dZ
B(y,1)

|Z—x|“+d |y—x|°‘+d

/ m(y +h) —n®»)) fa(}’»)""h)dh‘
B(0,1)

<

/ My +h)—n)—VnQ)-h) fs(y,y+h)dh'
B(0,1)

& ) h — Je ) _h
/ Vn(y)_hf(y y+ )zf(y y )dh'
B(0,1)
< cgn(y).

_I_

which ends the proof.
O

We now obtain the estimates of f, ¢(x, y). Our argument in the proof of the follow-
ing lemma shows the significance of assumptions on the dominating function ¢.

LEMMA 3. If (A.1)—(A.4) hold then:
(1) there exists a constant c9 = co(¢p, M, a, d) such that

- —1 Co—
Fae(e,y) < con (b +c7)" " |y —x|77,

foreveryx,y € R ¢ e 0,1),n eN,
(2) there exists the constants c19 = c10(¢p, M, o, d) and c11 = c11(¢p, M, a, d) such
that

n—1 ¢(ly — x|

Sne(x,y) < cron (58+C“) |y_x|ot+d’

foreveryx,y € R ¢ e 0,1),neN.

Proof. We use induction. Clearly, for n = 1, both inequalities hold with constants
c9g = M ,ci9p = M (and an arbitrary positive c11), respectively. Consider first the
inequality in (1). We will prove that it holds with constant cg = Mx =%~ where
k € (0, 1) is the number from previous lemma.

Let

/fn,s(x, 2) fe(z, y)dz z/ +/ =I1+1I
B(y.k|y—x|)¢ B(y.kly—xl)
By (A.1) (a) and (6), we have

I <My —xr“—d/fn,s(x, )dz

ey — x5 = G b0,
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By symmetry of f (see (A.3)), induction, and Lemma 2 (1), we also have

11 < con(be +c7)"! / lx — 217 fo(y, 2)dz
B(y,«|y—x|)

< con(be +c1)" L (be(y) + c7)lx — y| 7474

We get

SorreGoy) =14+ 1T+ (be = be(y)) fue(x. ¥) + (be = be(x))" felx. y)
< M (B2 = (B = be(@)" | Iy = x1 77
+egn(be + )"~ (be (y) + e7)|x — y| 477
+ (be = be() con(be + )" e — y[ 7474
+ (be = be ()" Mlx — y| 774
< co(n + 1)(be +c7)"lx — y| 774,
which ends the proof of part (1).
We now complete the proof of the inequality in (2). We will prove that it holds with
constants cjg = ¢} max(co, 2O‘+‘1M) and c¢;1 = max(c7, cg+Mc3). When [x —y]| < 2,

then it directly follows from the part (1) and (A.1)(a). Assume now that |x — y| > 2.
We have

/fn,s(x,z)fg(z, y)dz =/ +/ =1+11I.
B(x,1) B(x,1)¢
By (A.1) (a) and (6), we get

1= 2tiue P20 [
— 2ot+dM d(x —yD) [ (bs bs(x))n] ]

| |a+d

By symmetry of f (see (A.3)), induction, and Lemma 2 (2) and (A.1) (c), we also
have

QU= 2D ¢ (5, 2y

¢(x =y

|x |a+d'

1T < cion(b +C11)"_1/
‘ B, 1) X —z[*T

< cron(be +c11)" " (be(y) + cs + Mc3)
We get

Furre (6 3) =L+ 11+ (be = be(3) fre () + (be = be ()" fe(x, ¥)
w ~ — n ¢(|y_x|)
< 2¢% ppey [bg - (be - bg(X)) ] W

é(x =y

+eion(be + c1)" ! (be(y) + e + me
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+ (B — be () cron(be + 611)"_1%
- no PUx —yD
+ (be = be(x)) Mm
¢(x —yD

< cion + Db +c1)" et

O

LEMMA 4. Assume (A.1), (A.3), and (A.4). Then, there exists c1o = c12(¢p, M, o, d)
such that

Sue(x,y) < clzl;g/o‘ (5? — (l;g - bg(x))n) , X,y € RY ¢ ¢ (0, &0), n € N.
(1D

Proof. Forn =1 by (A.1) and (A.4), we have

(a+d)/a 7o\ d/a
fg(x,y) < Siww < M (ba(X)) < M (bs(X)) (b_s) .

€6 €6 €6

and so (11) holds with cjp = M cg4/*~1. Let (11) holds for some n € N with
c12 = M c¢~%/*~1, By induction and the symmetry of f;, we get
Frrre(x, y) < cbf/® (152 — (be — bg(x))”) (/ fe(y.2)dz + by — bg(y))
+ (be — be(x))" 1262/ b (x)
= e (B! = (b = b)),
O

In the following lemma, we will need some additional notations. For a function g,
we denote bf (x) := ﬁy_x|>€ g(ly —x|) fe(x, y)dy and b = sup, pa b (x). We note
that it follows from (A.1) that

1
b! < ci3e™.

LEMMA 5. If (A.l), (A.3), and (A.4) are satisfied, then there exists c14 =
ca(p, M, o, d) and c15 = c15(¢p, a, d) such that

Jne(x,y) <cia (158 + 615)n+d/a n_d/“, X,y € Rd, ee€(0,e0n 1), neN.
(12)
Proof. We may choose ng € N such that
1
(1 —ce/cs)"(n+ D) < — (13)
n+1



644 K. KALETA AND P. SZTONYK J. Evol. Equ.
for every n > ng. For n < ng by Lemma 4, we have

Fae (6, y) < ciab@OB! < cpph e/,

which yields the inequality (12) with c14 = clzng/a in this case. For n > nyo,

we use induction. We assume that (12) holds for some n > ng with ¢y =
1
Ll
max(clzng/a, Mn=dcg1=d/*) and ¢5 = b{ , where

1

dzmax(d/a,l)—l (CZ/(CB(CS +c15)) )a
p=————, and 5= :

o 2+2p

We have

/fn,s(xaz)fs(zy)’)de/ +/ =I1+11.
B(y.ne(n+1)l/e)e B(y.ne(n+1)1/e)

By (A.1), (A.4), and (6), we get

I =/ Jne(x,2) fe(z,y)dz
B(y,ne(n+1)l/e)e
=M fn,a(X,Z)ly_Zra_ddZ
B(y.ne(n+1)1/)e

< Myedgmad(y 4 1)-1-d/ / Fre(x, 2) dz

<M nfadeGflfd/al;;er/a(n + 1)71751/0: [5? _ (58 _ bg(x))"] .
By induction, the symmetry of f; and (A.4), we obtain

11

/ fn,s(xv 2) fe(z, y)dz
B(y.ne(n+1)1/e)

- n+d/a 7d/oz/ Je(y, 2)
c14 (bg + c15 n ——dz
(b ) B(y,ne(+)lay (12 — y1)

IA

1 1
— d _ - -
= c1a (be + e15)" " 1 (bg" O = by e (y))

IA

1 —o
- +d _ % 41
c1a (be 4 c1s) " = bE () (“W)

By (13), we also have

be()\" 1
(1 - %) (n+ D < (1 = cg/cs)" (n + D < =T (14)
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1 11
Using the fact that ¢ (a) = 1 fora € [0, 1] and b (y) — be(y) = b] (y) < ci5, we

get
Forr,eCe,¥) = T+ 1T+ (be = b)) fue(x, ¥) + (be — be(x))" folx, y)
< c1ab 0 D7 B — (B = ()]

1 —a
- d _ 3 C4
tera (be + e1s)" T ndlpg (y) (1 - ﬁ)
—_ d _ —_
et (be +c15)"" 4l (be — be(y))

+e1aby T (be — be(x))"
- 1 b n
< c1a (b + 615)n+1+d/04 (n + 1)~/ [m (1 B (1 B gl;(x)) )
&€

-

1
ba 1 d/a d/a
—A(l%——) L—I—(l—}——)

be +c15 n ci3(n+1) n

+ (1 — bgl;(”) n+ 1)d/“] .

&

By (A.1), (A4), (14), and the following inequality

1
b? cqe™? c
be ) . 4 . 4
be +c15 — 567 +c15 T 5 +cis

the last expression is bounded above by

cia (be + ClS)nJer/a (n+ 1)~/

y [ 2 N (1 N l)d/"‘ (1 B n=%c2/(c13(cs + 015)))]
n n n—+1

+1

and, finally, by the inequality
1 d/Ol
n n

this is smaller or equal to
)n+1+d/a (n+ 1)—a’/a

2 P n~%ci/(c13(cs + c1s))
+1+(1+;)(1— — )}

)n+1+d/ot (n + 1)7d/ot

C14 (l;e +cis

X
n

< Cl4 (158 +cis

(Tl_aci/(cw(cs +c15) —2— 217)} ,

X —_—

n—+1
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which gives

)n+l+d/oz (n + 1),(1/0[.

fn+1,a(xv y) < cus (Ba +cis
O

Using the above lemmas, we may estimate I} and in consequence also the exponent

operator e = g tbee!Te

LEMMA 6. Assume (A.1)~(A.4). Then, for all x € R? and all nonnegative ¢ €
By(RY) such that x ¢ supp(e), we have

g (x) < ciot eXp(C11t)/¢(y)My—|a+|3, dy, &€ (0,1).

Proof. By (7) and Lemma 3 for every ¢ such that x ¢ supp(¢), we get
=1 Sy —xD

|y_x|oz+d

M) < / o(eron (Bs + 1)

and

[e.e]

e eg(x) < 61067'582 n (b +C“ / (y )¢(|y— |)

|Ot+d
n=1

bg+ -
— cie tbgtz cn) / . )¢(Iy |o¢+|c)1

—Clotexp(cut)/w(y)(my—lﬂg){ dy

O

LEMMA 7. Assume (A.1), (A.3), and (A.4). Then, there is a constant cig =
c16(p, M, o, d) such that for every nonnegative ¢ € Bb(Rd) N Ly (Rd), we have

e g(x) < crgexplerst)r 4/ / () dy +e b ®ep(x),

forx e RY, e e (0,690 A1), 1> 0.

Proof. We directly deduce from Lemma 5 that for every ¢ € By, (Rd) N Ly (Rd)
M) < cialbe + ci5)" T/ en =4 / 0(y)dy + (be — be(0))" p(x),

and, consequently, by [29, Lemma 9], we obtain

o -
—ip 1" (be + c15)" G
e p(x) < e [cm / P dy Y — e et g
n=1

< cigexp(erst)t 4 / () dy +e W (x).
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Proof of Theorem I. Let t > 0,¢ € By(RY), and x € R?. Denote D =
{y eRY:p(ly — x|y —x|7* % < t_l_d/“}.Using Lemma 6 for 1p¢ and Lemma
7 for 1pecp, we obtain

eg(x) = e [1ppl(x) + e [1peg](x)
< Cpec [/ o PR vk [ e dy]

+e P (x)

t
< el [ qo(y)min( ~d/e fmy—li'd)) dy +e "W).

Proof of Theorem 2. By Lemma 12 in [29], we have

lim [ A — Ae@lloc =0
e—0

for every ¢ € C go (R9). A closure of A is a generator of a semigroup and from the
Hille-Yosida theorem, it follows that the range of A — A is dense in Coo (R%) and
therefore by Theorem 5.2 in [31] (see also [11]), we get

t A

lim |le — P, =0,
Swll ©— Polloo

for every ¢ € Coo(R%). By Theorem 1, this yields

Pig(x) < C1e®' / ¢ (2) min( e %) dz,

for every nonnegative ¢ € Coo (RY). O

3. Discussion of examples

We now prove the condition (A.1) (c) for functions ¢ of the form (2) for restricted
set of parameters B and y . First, we recall some well-known geometric fact, see, e.g.,
[23, Lemma 5.3].

LEMMA 8. The volume of intersection of two balls B(x, p + k) and B(y,n —
p) such that |y — x| = n € NJ1 < p <n—-1,0 < k < n— pis less than
kS (min{p +k,n — p})%.

PROPOSITION 1. Let the function ¢ be of the form (2). Then, the assumption (A.1)
(c) is satisfied if B € (0, 1]andy <d/2 +oa —1/2.

Proof. Let B € (0,1] and y < d/2 + o — 1/2. First, note that there is an absolute
constant C = C(m, B, y, a, d) such that ¢ (s)s~4~% < Cop(u)u=4"* for |s —u| < 1
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whenever s, u > 1. By this fact, with no loss of generality, we may and do consider
only the case when |x — y| = n for some even natural number n > 4. Let

/ ¢y —zl) ¢z —xI)
B

_ Z|a+d |Z _ x|a+d

(e, D)ENB(y, e 1Y

52/ +/
B(x,1)¢NB(y,n—1)¢ (B(x,)¢NB(x,n—1)U(B(y,)¢NB(y,n—1))

=2I+11.
We have
n—1 Z —X
< o sz ¢(|+|c)1 dz < C¢(|y +|;
(n— 1)« B, 1)c 12]* ly — x|

with some constant C = C(m, B, v, «, d).

To estimate the term II, we will need the additional notations. For 1 < p < n/2
and 0 < k < n — p, we denote

e D, ::{zeRd:n—p—lg|z—y|<n—p,|x—z|<|y—z|},

e Dyy=Dpn{zeR!:p+k<|z—x|<p+k+1},

o n, = max{k eN: Dy # (ZJ}.
Clearly, D,  |J;"y Dp.x and D C B(x, p +k 4+ 1) N B(y,n — p). We have

e—mlx—zlﬁe—mly—z\ﬁ

11 S 2a+d—y+1|y _x|—o¢—d+y/ pw dZ
I<ly—zl<n—1|x—z|<|y—z| |1*—2l 14
e " n/2-1 e—mlx—zlf g—mly—z|f
— o« Y a—d+y z d
|y | _ Z|oc-§—d—y 2
d—y+1 d n/2 ' e—mlx—2lf g=mly—zl
atd—y+ a—d+
= 20Ty yzz/ oy
p=1 k=0 Dp.k

n27L M —m(p k)P g —m(n—p—1)P

< 20l+d*)/+1 |y _ x|70t7d+}/ Z Z |D k|
— a+d—y Pl
p=1 k=0 (p + k)

Notice that (n — p)ﬂ —(n—p- DA < B when B € (0, 1]. Furthermore, since
p+k<p+n, < n — p, we also have k¥ +nf < (p +k)# + (n — p)P. These
inequalities and Lemma 8 thus yield

oo /271 ,
—mk a—d+y
1= Cr— oy > > ek (p k) (p+07T
p=1 k=0

7m|y xlﬂ 00

o
d+1 d+1
< - —aty okl St
=y &7 ’

for some C = C(m, B, y,a,d). We conclude by observing that for 8 > 0 and
y <d/2+ o — 1/2, the last two sums are bounded by constant. 0
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REMARK 1. (1) When B > 1, then the condition (c) in assumption (A.l) fails.

This can be shown by estimating from below the integral

/ oy —zD) ¢(z —x|)
B

(w21 |y — z|9Fd |z — x|ot+d

for |y — x| big enough.

(2) Also, if B =1andy =d/2+ o — 1/2, then at least for d = 1 the condition (c)

in assumption (A.1) does not hold. In this case we have

x—1
/ e U (x — )7 leTir dz = 2log(x — De T x 7!, x> 2.
1
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