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It is well established that light carrying orbital angular momentum (OAM) can be used to induce a mechanical torque
causing an object to spin. We consider the complementary scenario: will an observer spinning relative to the beam
axis measure a change in OAM as a result of their rotational velocity? Remarkably, although a linear Doppler shift
changes the linear momentum of a photon, the angular Doppler shift induces no change in the angular momentum.
Further, we examine the rotational Doppler shift in frequency imparted to the incident light due to the relative
motion of the beam with respect to the observer and consider what must happen to the measured wavelength
if the speed of light ¢ is to remain constant. We show specifically that the OAM of the incident beam is not affected
by the rotating observer and that the measured wavelength is shifted by a factor equal and opposite to that of the

frequency shift induced by the rotational Doppler effect.
(080.4865) Optical vortices; (070.2580) Paraxial wave optics.
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The angular momentum of light has been studied since
Poynting first considered a circularly polarized beam by
analogy with the mechanical properties of a revolving
shaft in 1909 [1]. The rotation of the electric and magnetic
field vectors around the axis of propagation, which results
in the circular polarization of light, has afforded both
theoreticians and experimentalists a plethora of opportu-
nities for study for many years [2]. Careful consideration
of the spin angular momentum per photon associated with
the polarization reveals a shortfall: there is a second con-
tribution in the form of an orbital angular momentum
(OAM), such that the total angular momentum of light
is the sum of the spin and orbital momenta [3]:

J=S+L. &)

These spin S and orbital L components of the total angular
momentum can be manipulated and utilized independ-
ently of each other and much study has been made of
the effect of frame rotation on both the spin angular mo-
mentum of light [4,5] and the Hamiltonian of matter waves
in Bose-Einstein condensates [6]. Frame rotation has also
been employed when considering reflection and interfer-
ence patterns [7-9]. However, the effect of frame rotation
on the OAM of light itself has yet to be fully explored. Re-
cent experiments suggest that the measured OAM of a
light beam will not be altered by the rotational motion
of an observer [10]. In this Letter, we address the theoreti-
cal basis of this, showing why the OAM does not change. In
addition to this, we also consider what happens to the
wavelength of a beam of light as measured by a rotating
observer. Intuitively, one must expect a shift in order to
counterbalance the rotational Doppler shift in frequency
[11,12], as no change in the wavelength would suggest a
contradiction to the constancy of the speed of light. We
confirm that this isindeed the case and present the mecha-
nism responsible for the wavelength change.

A Bessel beam propagating in the positive z direction is
expressed in standard cylindrical coordinates as
W= JK(K p) ethzpitd e—iwt’ (2)
where £ is the OAM per photon [3] and &% + k* = o?/c2.
Here we consider the familiar paraxial regime in which
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k? < k? so that k ~ 27/A, where 4 is the wavelength. We
consider an observer rotating around the beam axis in
the x—y plane and ask what they will measure due to their
motion relative to the beam. We assume a rotation rate

Q
—<C,
K

so that an observer rotating at a radius where the field is
a maximum is moving non-relativistically. Let us define
primed and unprimed coordinates for the stationary S
and rotating S’ reference frames, respectively. For an
observer rotating at angular velocity €, their azimuthal
coordinates in the two frames, ¢ and ¢', are related by

¢ =¢-QuL. ©)
We can therefore transform Eq. (2) to the observer’s
reference frame to obtain

ik it (¢ +Q1) giort

w =dJ(kpe 4

and hence

W= Jf(Kp)eikzeif(/;’e—i(wt—fﬂt)’ (5)
where the rotational Doppler shift in frequency appears
in the final exponential with the expected dependence on
¢ that is Aw = w? [13].

We can now derive the essential properties of the beam
and consider the effect of this rotational motion; we
begin with the OAM. The angular momentum eigenfunc-
tions y,(p, ¢), written in standard cylindrical coordi-
nates, satisfy

i Ly p. ) = hew o ).

5 ®)

Transforming this to the rotating observer’s frame
changes only the ¢ coordinate:

© 2014 Optical Society of America


http://dx.doi.org/10.1364/OL.39.002944

—M£WNW3=MWWW) 0

It is evident, therefore, that the rotating observer will
measure the same value for 7 as if they were stationary
with respect to the beam. This OAM invariance is an
inevitable consequence of the fact that a rotationally
symmetric field has the same rotational symmetry when
viewed from a rotating frame. Hence ¢ is the same inte-
ger in both frames and the OAM will not change for a
rotating observer. One can also think of ¢ as the number
of discreet phase steps in the cross-section of the beam at
a single snapshot in time. There is no mechanism by
which this can change solely due to the motion of the
observer.

Having established the invariance of the OAM due to
rotation, it is of interest to consider the effect of this ro-
tation on the wavelength and frequency of the beam. As
may been seen from Eq. (5), the frequency in the rotating
reference frame o' is not equal to w, a consequence of the
rotational Doppler shift. Yet as the term associated with
the axial propagation of the wavevector, ¢’*?, appears un-
changed, it seems that the wavelength is also unaffected
by the observer’s motion and hence w'k’ # c. The resolu-
tion of this anomaly lies in the fact that the wavelength 1
is determined by how far along the beam one must travel
Az from an initial point (p, ¢, 2) to reach the next point
with the same phase at (p, ¢, 2 + Az), as shown in Fig. 1.
However, for a rotating observer these two loci do not
have the same ¢ coordinate, as can be seen in Fig. 2. This
retarded position must be accounted for, akin to synchro-
nizing the respective frames’ clocks due to the finite
value of c. As there are two reference frames and hence

a)

b)

A

Fig. 1. Wavelength 4 is defined as the distance along the beam
between two points with the same phase, shown for (a) a Gaus-
sian beam with flat phase fronts and (b) an # = 1 beam with
helical phase fronts.
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a)

Fig. 2. Change in ¢ coordinate from ¢ (black arrow) to ¢’
(white arrow) due to the rotation of the observer can be seen
in (a), while the corresponding relative change in wavelength 54
is shown in (b).

two descriptions of this problem, it is illustrative to con-
sider it from both perspectives.

In the laboratory rest frame (a stationary beam and a
rotating observer) the relative change in distance, and
hence wavelength, is related to the change in angular po-
sition due to the observer’s rotation, illustrated in Fig. 2:

k.52 = £5¢. ©)

As 6¢p = Qt and 1 = 27 /k, the fractional change in wave-
length can therefore be expressed as

6 £Q  £Q
=l ©
A ck, o
This can be written as a fractional change in k,
£Q
ok = -—k, 10)
[

and therefore the wavenumber in the rotating frame is

K =k(1-f—9). (11)

w

From Eq. (3), the frequency shift is
w’:w—fQ:a}(l—@). (12)
w

Hence, both @ and k., are changed by the same factor,
thus
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Fig. 3. Effect of an observer’s rotation around the beam axis
can be seen to either increase, k7, or decrease, k., the measured
wavelength, compared with the wavelength in the non-rotating
case k..

!

w
T c.

Rotating into the helical phase fronts will reduce the
measured wavelength, while rotating in the opposite di-
rection will increase the observed wavelength, as seen in
Fig. 3. Conceptually, this is akin to walking down a hel-
ical staircase: by leaning forward (equivalent to rotating
into the beam), the distance to the stairs above is short-
ened and one runs the risk of hitting one’s head. Leaning
backward, however, increases the gap to the stairs above
and allows a taller person to avoid a collision. Inverting
the sign of the beam OAM number reverses the sense of
rotation such that the observer is now walking up the
staircase. Leaning forward offers more headroom while
leaning backward may result in a nasty bump.

The rotational frequency shift can also be viewed in the
complementary frame S’ of a stationary observer viewing
a rotating beam. In this case we require the interval be-
tween points of the same phase (one wavelength) to be
Az = cAt'. From Eq. (5) this provides the constraint that

kA it A _ 1. (13)
It is evident that either (A2’ = 0,A¢’ = 0) or
kAZ + CAY = 2nm, (14)
for a single wavelength.
In the unprimed lab frame we know that Az = cAt and

kAz + ZA¢ = 2z. Therefore, combining these with
Eq. (3) we obtain

£Q
AZ =Az[1+—). 1
2 Z(+ck) (15)

This again corresponds to the wavenumber in the rotat-
ing frame being shifted by the same factor as the
frequency

_ Q
K = k(l - Ck), (16)

thus again maintaining the invariance of c.

The phenomenon described in this Letter is distinct
from the more familiar transformation to a uniformly
moving frame for which the Lorentz transformation com-
bines the coordinate in the direction of motion with time.
The Doppler frequency shift and the associated change of
wavevector then arise naturally from the fact that the
phase of the field is a Lorentz scalar. For rotational
motion however, the constituent plane waves forming
our beam do not have an azimuthal component [14]
and the requisite change in wavevector instead appears
in the z-component as we have demonstrated.

We have shown that an observer rotating in the plane
perpendicular to the axis of a beam carrying OAM will
measure no change in the OAM number ¢, which is con-
sistent with experimental observation. This invariance of
the angular momentum under rotation is in direct con-
trast to the change in linear momentum that occurs in
the linear Doppler effect. In addition to this we have dem-
onstrated that the expected shift in frequency due to the
rotational Doppler effect is exactly balanced by a change
in the wavelength as measured by the rotating observer,
resulting in no contradiction to the invariance of the
speed of light.
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