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Abstract We write expressions connected with numerical differentiation formulas
of order 2 in the form of Stieltjes integral, then we use Ohlin lemma and Levin—
Stechkin theorem to study inequalities connected with these expressions. In particular,
we present a new proof of the inequality

x+y 1 yry s+t 1 Y
(5 2 gmme [ (7)== [

satisfied by every convex function f: R — R and we obtain extensions of this inequal-
ity. Then we deal with non-symmetric inequalities of a similar form.
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1 Introduction

Writing the celebrated Hermite—Hadamard inequality

f<x+y>§ 1 fyf(t)dtff(x)+f(y) 0
y—x Ji 2
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in the form

2

f(x+y) < F(y) — F(x) < S+ )
2 y—x 2

we can see that (1) is, in fact, an inequality involving two very simple quadrature oper-
ators and a very simple differentiation formula. In papers [10] and [11] the quadrature
operators occurring in (1) were replaced by more general ones whereas in[8] the middle
term from (1) was replaced by more general formulas used in numerical differentiation.
Thus inequalities involving expressions of the form

Yooy @i Faix + Biy)
y—x ’

where Y ', a; =0, a; + fi = 1 and F' = f were considered. In the current paper
we deal with inequalities for expressions of the form

Yoo ai®(eix + Biy)
(y —x)?

; 3

(where ®” = f), which are used to approximate the second-order derivative of F,
and surprisingly, we discover a connection between our approach and some inequality
which was considered by Dragomir. First we make the following simple observation.

Remark I Let f, F, ®:[x,y] — R be such that & = F,F' = f, let nj,m; €
NU{O},i = 1,2,3; ai,j S ]R,O{l‘,j,ﬂ,’,j S [0, 1],0{1‘,]' +,3i,j = l,i = 1,2,3;j =
L....ni; bij GR,%’J,S,‘J €01y, +6&,;=1i=12,3;j = 1,...,m;. If
the inequality

"2 ariFonix + Baiy)
y—x

n
Zal,if(al,ix + BLiy) +

i=1

Yt a3i®anix + B3iY) o
4=l l S <Y b f (x4 81i)

(y —x)? P
Y by i F(ynix +82:y) i b3 i®(y3,ix + 83,1 y) 4
* y—x * (y —x)? @

is satisfied for x = 0, y = 1 and for all continuous and convex functions f: [0, 1] —
R, then it is satisfied for all x,y € R,x < y and each continuous and convex
function f:[x, y] — R. To see this it is enough to observe that expressions from (4)
remain unchanged if we replace f:[x, y] = R by ¢:[0, 1] — R given by ¢(¢) :=
fx+t(y—x)).

The simplest expression used to approximate the second-order derivative of f is of
the form .
x4y
f// x+y ~f(x)_2f( 2))+f(y)
2 (,\’ﬂc)2
2
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Remark 2 From numerical analysis it is known that

FPe@.

L[ 1@ =2/ (5) + /) ()’
f < ;y>= ( ) - 12

This means that for convex g and for G such that G” = g we have

g(x;ry) - G(x) — = 2G (5 ; )+G(y).

In this paper we shall obtain some inequalities for convex functions, which do not
follow from numerical differentiation results. In order to get such results we shall use
Stieltjes integral. In paper [9] it was observed that the classical Hermite—-Hadamard
inequality (1) easily follows from the following Ohlin lemma

Lemma 1 (Ohlin [7]) Let X, X» be two random variables such that EX| = EX; and
let Fy, F be their distribution functions. If Fy, F» satisfy for some xq the following
inequalities

Fi(x) < F2(x) if x <xo and Fi(x) > F2(x) if x > xo,

then
Ef(X1) <Ef(X2) Q)

for all continuous and convex functions f:R — R.

Ohlin lemma was used also in paper [10]. However, in the present approach (similarly
as in [8] and [11]) we are going to use a more general result from [5], (see also [6]
Theorem 4.2.7). In this theorem we use the notations from [6].

Theorem 1 (Levin, Stechkin) Let Fy, F> : [a, b] — R be two functions with bounded
variation such that Fi(a) = F>(a). Then, in order that

b b
/ FEOAR() < / )

for all continuous and convex functions f: [a, b] — R it is necessary and sufficient
that F\ and F, verify the following three conditions:

Fi(b) = F»(b), (6)
/ Fi(t)dr 5/ F(t)dt, x € (a, b), (7)
and
b b
/ Fi(t)dr =/ F)(t)dz. ®)
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2056 T. Szostok

Remark 3 As it is easy to see, if measures occurring in Ohlin lemma are concentrated
on the interval [x, y], then this lemma is an easy consequence of Theorem 1. However,
Theorem 1 is more general for two reasons: it allows the functions Fp, F> to have
more crossing points than one and the functions Fi, F> do not have to be cumulative
distribution functions. Therefore, we shall use this theorem even if the functions F;, F»
have exactly one crossing point.

Letnow f: [x, y] = R be any function and let F, ®: [x, y] — Rbe suchthat F' = f
and ®' = F. We need to write the expression

D(x) =20 () + @ (y)

(27)

©))

38

in the form
SdF

X
for some Fj. In the next proposition we show that it is possible — here for the sake of
simplicity we shall work on the interval [0, 1].

Proposition 1 Ler f:[0, 1] — R be any function and let ®: [0, 1] — R be such that
®" = f. Then we have

4 (cb(O) —2d (%) + q>(1)> = fy fdF,

where Fy : [0, 1] — R is given by

2x2

x <3
@)= {—2x2 +4x -1 x> % (10)

Proof Let F: [0, 1] — R be such that ® = F. Now, to prove this proposition it is
enough to do the following calculations

1 1 1
/ fdF| = /2 4x f(x)dx —i—ﬁ (—4x +4) f(x)dx =2F (%) —0-F(0)
0 0 !

1 1
_/2 AF(x)dx — 0. F(1) — 2F (%) +ﬁ AF (x)dx
0 2
— 40(1) — 8 (%) 4 4d(1).

Remark 4 Observe that if ® and f are such as in Proposition 1 then the following
equality is satisfied

R [ (5 e
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After this observation it turns out that inequalities involving the expression (9)
were considered in the paper of Dragomir [3] where (among others) the following
inequalities were obtained

xX+y 1 yry s+t 1 y
f< 5 >§(y—x)2/x/x f( 3 )dsdtSyTx/x f(0de. (11)

As we already know (Remark 1) the first one of the above inequalities may be obtained
using the numerical analysis results.

Now the inequalities from the Dragomir’s paper easily follow from Ohlin lemma,
but there are many possibilities of generalizations and modifications of inequalities
(11). These generalizations will be discussed in the following chapters.

2 The Symmetric Case

We start with the following remark.

Remark 5 Let F,(t) = at*> + bt + ¢ for some a,b,c € R,a # 0. It is
impossible to obtain inequalities involving f xy fdF, and any of the expressions:

y%x [ fode, (552, M which were satisfied for all convex functions f:
[x, y] = R. Indeed, suppose for example that we have

y 1 y
/de*s—/ f()de
X y =X Jx

for all convex f: [x, y] = R. Without loss of generality we may assume that F,(x) =
0, then from Theorem 1 we have F,(y) = 1 Also from Theorem 1 we get

y y
/ Fu(t)dt = f Fodt,
X X
I—Xx

where Fy(t) = = t € [x, y], which is impossible, since Fy is either strictly convex
or concave.

This remark means that in order to get some new inequalities of the Hermite—Hadamard
type we have to integrate with respect to functions constructed with use of (at least)
two quadratic functions, as it was the case in Proposition 1. Now we may present the
main result of this section.

Theorem 2 Let x,y be some real numbers such that x < y and let a € R. Let
fo F, ®:[x, y] = Rbeany functions suchthat F' = f and ® = F andlet T, f (x, y)

c_l) FO) = F) , @) 20 (52 + P

Tty =(1-3) == 5 =7
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2058 T. Szostok

Then the following inequalities hold for all convex functions f: if a > 0, then

1 y
nr = —— [ roa, (12)
Yy =X Jx
ifa <0, then
1 y
nrw = [ rwa. (13)
y—X Jx
ifa <2, then
+
f (%) < Taf (x, ), (14)
ifa > 6, then
Tof(,y) < f (%) , (15)
ifa > —6, then
T, f(x.y) < f()+f(y) (16)
Furthermore,

ifa € (2,6), then the expressions T, f (x,y), f ()%) are not comparable in the
class of convex functions,

if a < —6, then the expressions T, f (x, y), w
class of convex functions.

are not comparable in the

Proof In view of Remark 1 we may restrict ourselves to the case x = 0, y = 1. Take
a € R, let f: [0, 1] :— R be any convex function and let F, ®: [0, 1] — R be such
that F’' = f, ® = F. Define F; : [0, 1] — R by the formula

2
Fi(t) := {‘” (1=5)1 i

1
a\, _ a ’ a7
+(1+*) 1—% ;

IV A

First we shall prove that 7, £ (0, 1) = fol fdFy. Indeed, we have

/del fde1+/ fdF; = /zf(t)<2at+l——>dt
0

f%f(t)< 2at+1+3> ()(%+ F(O)( ;)

lFtZdt F(l ) (¢ ! Fey2ads
—/O (02adi + F(1) (1~ (2>(5+ % (1)2a
- ( ) (F(1) — F(0)) +2a (@(0) 20 (%) + q>(1)>
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Now let F>(t) = t,t € [0, 1]. Then the functions Fp, F> have exactly one crossing

point (at %) and
1 1 1
/ Fi(t)dt = - =/ tdt.
0 2 Jo

Moreover, if a > 0 then the function F is convex on the interval (0, %) and concave
on (%, 1). Therefore, it follows from Ohlin lemma that for ¢ > 0 we have

1 1
/deIE/ fdF, (18)
0 0

which,in view of Remark 1, yields (12), and for a < 0 the opposite inequality is
satisfied which gives (13).

Take
0 1t
1t

VoOIA

1
F3(t) := { i’ (19)
3
It is easy to check that for a < 2 we have Fi(1) > F3(t) for t € [0, %] , and
Fi(t) < F3(t) fort € [% 1] and this means that from Ohlin lemma we get (14).

Suppose that a > 2. Then there are three crossing points of functions Fj and F3
1 X0, % x1, where xg € (0, %), X| € (%, 1). The function

p(s) = /S F3(t) — Fi(t)dt, s € [0, 1]
0

is increasing on intervals [0, xg], [%, x1] and decreasing on [xg, %] and on [x1, 1]. This
means that ¢ takes its absolute minimum at % As it is easy to calculate ¢ (%) > 0if
a > 6 which, in view of Theorem 1, gives us (15).

To see that for a € (2, 6) expressions T, f(x, y) and f (%) are not comparable
in the class of convex functions it is enough to observe that in this case ¢(xp) > 0 and

) (%) < 0.
Now let
0 r=0,
Fat):=11 te1), (20)
1 r=1.

Similarly as before, if @ > —2 then we have Fj(¢) > Fu(t) fort € [O, %] , Fi(t) <
Fy(t) fort € [%, l], i.e., there is only one crossing point of these functions and (16)
is obvious. However, for a € (—2, —6] we have

1 1

/7 Fi(r)dr < l = /7 F4(t)drt 21
0 4 0
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2060 T. Szostok

and therefore, in view of Theorem 1, we still have (16). In the case a < —6} inequality
(21) is no longer true which means that expressions 7, f (x, y) and w are not
comparable in the class of convex functions. O

This theorem provides us with a full description of inequalities which may be obtained

using Stieltjes integral with respect to a function of the form (17). Some of the obtained
inequalities are already known. For example from (12) and (13) we obtain the inequal-

ity
s+t 1 Y
g L[ (5) e [row

whereas from (14) for a = 2 we get the inequality

()= gt [ ()

However, inequalities obtained for “critical” values of a, i.e., —6, 6. are here partic-
ularly interesting. In the following corollary we explicitly write these inequalities.

Corollary 1 For every convex function f: [x, y] = R the following inequalities are

satisfied
+t> dsdr < 2 /y Fdt + f <ﬂ) (22)
y—x Jx 2

| Y Y (s

(y—X)zfx /x f(

and
i/yf(t)dtg 2// (s+’>dsdr+M 23)
Yy =X Jx ) 2

Remark 6 Inthe paper [4] S.S. Dragomir and I. Gomm obtained the following inequal-

ity
/ f(t)dt<2 )2/ / <s+t)dd _,_w_ 24)

Inequality (23) from Corollary 1 is stronger than (24). Moreover, as it was observed
in Theorem 2 inequalities (22) and (23) cannot be improved, i.e., the inequality

ot (5

for 1 > % is not satisfied by every convex function f: [x, y] — R and the inequality

f)+fO)
2

)dsdt+(1—)\)
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o[ [0 (5

with y < % is not true for all convex functions f: [x, y] — R.

t)dsdt < yL yf(t)dt+(1 -f <x+y>
y—X Jx 2

In Corollary 1 we obtained inequalities for the triples:

(Y—x)2// < )ddf/ f(r)drw
i [ (o [ s (3.

In the next remark we present an analogous result for the expressions

sz <s+t)dd f(x)+f(y),f(x+y>_
(y—x) 2 2

Remark 7 Using the functions: F defined by (10) and F5 given by

and

0 r=0,
= O,l
Fst) =1 ° (0.3) (25)
5 1
: 1€z )
1 =1,

we can see that

1 2 x+y 1 1 yry s
Ef(x)+§f<T)+8f(y)Z()J——x)2/X/x f(

+t
) dsdr
2
for all convex functions f: [x, y] — R.
Moreover, it is easy to see that the above inequality cannot be strengthened which
means that the inequality

Y s+t
af(x)+bf< >+af(y)_(y x)2// ( )dsdt
1

where a, b > 0, 2a + b = 1, is not satisfied by all convex functions f if a < 5

3 The Non-symmetric Case

In this part of the paper we shall obtain inequalities for f(ax 4+ (1 — «)y) and for
af(x) 4+ (1 —a)f(y), when « is not necessarily equal to %

@ Springer



2062 T. Szostok

Now, in contrast to the symmetric case (Remark 5), it is possible to prove inequal-
ities using just one quadratic function but before we do this we shall present a
non-symmetric version of Hermite—-Hadamard inequality involving only the primi-
tive function of f.

Proposition 2 Let x, y be some real numbers such that x < y and let @ € [0, 1].
Let f: [x,y] — R, be a convex function, let F: [x, y] — R be such that F' = f. If
S;f(x, y) is defined by

TLF(x) + 2L Fax + (1 - a)y) + 152 F(y)

Suf(x, y) = <
y—x
then the following inequality is satisfied:
flax+ 1 —a)y) < S f(x,y) <af@) + 1 —a)f). (26)

Proof As usually, the proof will be done on the interval [0, 1]. Define the functions
Fg, F7, Fg : [0, 1] — R by the following formulas:

_]JO0 t=1l-aq,
Fé(t)'_{l r>1-a,’ @7
0 r=0,
Fit):=3a te(1), (28)
1 =1,
and
Rt tel0,1—a),
Fs(@ _{‘jT“tJrz“a—] rell —a, 1]’ 29
We have:
1 1 1
/ Fﬁ(f)dl:f F7(t)dt=/ Fg(t)dt = «a,
0 0 0
1
/o fdFs = f(1 —a),
1
/o fdF =af(0)+ 0 —oa)f(1)
and

1
/ fdFg = SLf(,1).
0

Moreover, both of the pairs (Fg, Fg) and (Fg, F7) have only one crossing point. Thus
it suffices to use Theorem 1 to obtain inequalities (26). O

@ Springer
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Theorem 3 Let x, y be some real numbers such that x < y and let o € [0, 1]. Let
f:[x,y] = R, be a convex functions, let F be such that F' = f and let ® satisfy
& = F.IfS2 f(x, y) is defined by

_ (4—-6a)F(y) +(2—-6a)F(x) (6 —120)(P(y) — P(x))
y—x (y — x)?

S2f(x,y):

’

then the following conditions hold true:

Saf(x,y) Saf(x)+ (1 —a)f(y), (30)

ifa e [%, %] then
S2f(x,y) = flax + (1 —a)y), 31)

ifa € [0, 17\ [%, %] then expressions Séf(x, y) and f(ax + (1 — a)y) are incom-
parable in the class of convex functions,
ifa e (O, %] U [%, 1) then
Sef(x,¥) < Suf(x,y) (32)

and if o € (% %) U (% %) then Sal{f(x, y) and S(%f(x, y) are incomparable in the
class of convex functions.

Proof Take
Fo(t) = 3 — 6a)t> + (6a — 2)t, t € [0, 1]

and let Fg, F7, Fg be defined so as in Proposition 2. Then we have

1 1
/ fdF = / ((6 — 120)1 + 6 — 2) f(1)drt
0 0

1
= F(1)(6 — 12a) — / (6 — 12a) F(1)dt + (6a — 2)(F(1) — F(0))
0

= (4 —6a)F(1) + (2 — 6a)F(0) — (6 — 12a)(®(1) — ®(0))  (33)

and

1 1 1 1
/ Fy(r)dt =/ Fs(¢)dr =/ F7(t)dt =/ Fe(t)dt.
0 0 0 0

It is easy to see that the functions Fg, F7 have exactly one crossing point; thus, we
have

@ Springer



2064 T. Szostok

1 1
| rar < [ sam
0 0
which gives us (30).

Now, assume thata € [%, %] , then the function Fy is increasing and, consequently,

Fo(t) > Fg(t),t € [0,1 —a], and Fo(t) < Fe(t),t € (1 —a, 1].

Thus for every convex function f we have

1 1
/ fdFs < / fdF,
0 0
which yields (31).

Let now o < %.Then the function Fyg is decreasing on some interval [0, d] and
increasing on [d, 1]. Observe that from the equality,

1 1
/ Fo(t)dt = / Fo(t)dt
0 0

we know that the functions Fy, Fg must have a crossing point in the interval (0, 1 — ),
further these functions cross also at the point 1 — «.. Thus there are two crossing points
of Fy, Fg, in view of Lemma 2 from [8], this means that the expressions

/0 ' fdre, /0 ' fdp

are incomparable in the class of convex functions (as claimed). The reasoning in the
case o > % is similar.

Now we shall prove the inequality (32). If « € (O, %] U [%, 1), then Fy(0) < %
and Fg’(l) < 1;—“, this means that the functions F9 and Fg have only one crossing
point, and therefore, we have (32).

If on the other hand & € (1, 1), then F}(0) < 1% and Fj(1) > =% and, con-
sequently, the functions Fo, Fg have two crossing points. Similarly as before from
Lemma 2, [8] we know that for o € (% %) , S(}lf(x, y) and ng(x, y) are incom-
parablel: il; the class of convex functions, as claimed. It is easy to see that in the case

o€ (5, 3) , the functions Fy, Fg have again two crossing points which finishes the

proof.

4 Concluding Remarks and Examples

In the previous sections we made an exhaustive study of two types of inequalities.
Now we briefly describe the possible extensions of our results.

@ Springer
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Remark 8 In order to obtain inequalities involving expressions of the form

“'CI)(X)JF“Z@(MJF“Z_“”H%(D(y) the functions of the form
(y—x) ’

ax?+ (1 —a)x t €0, a)
cx?4+ (0 —ca—c)x+ca tefa, 1]’

Fi(t) := {

3
where ¢ = (—ﬁ) , must be used. Since the description of all possible cases in

Theorem 2 was already quite complicated, we shall not present these inequalities in
details here.

Remark 9 1t is possible to use methods developed in this paper to get inequalities
involving longer expressions of the form (3). In order to do that it is necessary to use
more than two quadratic functions. For example considering the function

412 f

IA

i
42 +4r— L1 e
(

]
]

)

Fi(t) :== (34)

Al =

4 —41+3  te

’

el N— A=

42+ 8t -3 >3

and using Levin—Stechkin theorem, we get the following inequality

8D (x) — 160 (‘{%) +16® (22) — 160 (%) + 8D (y)
(y — x)?

1 y
<—— | fd,
Yy =X Jx

where f: [x, y] — R is any convex function and ®” = f.
Remark 10 We have X
5
/ PPdF(t) = = —a
0 6

and

1
/ P2dFs(t) = (1 — a).
0

This means that for two values of o : %5 and % we have fol 2dFy(r) =
fol t2d Fs(r). Moreover, as it was mentioned in the proof of Theorem 3, the func-
tions Fg, Fg have in this case two crossing points. This implies (see [2,9]) that the
inequalities:

$3 sy = f
6

3-V3 3443
( 5 X+ 6 y)
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2066 T. Szostok

and

y

343 3-43
¢ T

RO c
6

are satisfied by all 2-convex functions f: [x, y] = R

Remark 11 1t is easy to see that all inequalities obtained in this paper in fact char-
acterize convex functions (or 2-convex functions). This is a consequence of results
contained in paper [1].

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Interna-
tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license, and indicate if changes were made.
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