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Abstract: A treatment of internally constrained mixtures of elastic continua at a common temperature is de-
veloped. Internal constraints involving the deformation gradient tensors and the common mixture temperature
are represented by a constraint manifold, and an internally constrained mixture of elastic continua is associated
with each unique equivalence class of unconstrained mixtures. The example of intrinsic incompressibility of
each constituent first proposed by Mills is discussed.

1. INTRODUCTION

An internal constraint is usually regarded as a restriction on the possible motions that a
material may experience. In this paper, an internal constraint for a mixture of elastic continua
at a common temperature is defined as a restriction on the possible processes that the mixture
constituents may experience. The general form of the internal constraint considered here,
which involves both of the deformation gradient tensors, is motivated by the constraint of
intrinsic incompressibility of each constituent in a saturated mixture introduced by Mills [1].
In particular, this constraint simultaneously restricts the possible values of the constituent
densities. The partial time derivative of this incompressibility condition was simplified by
Mills using the continuity equations and introduced into a mixture entropy inequality with a
Lagrange multiplier to derive restrictions on the constitutive equations. Several authors [2-6]
have studied the special constraint of intrinsic incompressibility using the approach of Mills.
However, there does not exist a systematic procedure in mixture theory for introducing more
general internal constraints, such as inextensibility or temperature-dependent compressibility.

The first general theory of thermomechanical constraints was developed by Green,
Naghdi, and Trapp [7]. Recently, Casey [8] developed a new approach to internally
constrained elastic materials, which has been extended to include thermoelastic materials
by Casey and Krishnaswamy [9]. In [9], an internal constraint is represented as a constraint
manifold in strain-temperature space and is used to define an equivalence relation on the set
of unconstrained materials. In addition, the authors provided a prescription for the entropy,
an approach that was advocated by Rivlin [10-11] and Day [12]. In a more recent paper,
Krishnaswamy and Batra [13] developed prescriptions for the partial entropies of a mixture
of an elastic solid and a viscous fluid at a common temperature.



In the present paper, the method of [9] is extended to internally constrained mixtures
of elastic continua at a common temperature. The basic equations for mixtures are given
in Section 2, and constitutive equations for an unconstrained mixture of elastic continua
at a common temperature are derived in Section 3 where the method of [13] is used
to obtain prescriptions for the partial entropies. An equivalence class associated with an
internal constraint for a mixture of elastic continua is defined in Section 4, which leads to
a definition of a constrained mixture of elastic continua. The internal constraint of intrinsic
incompressibility is discussed in Section 5.

2. PRELIMINARIES

Consider a mixture C of two elastic constituents C*, with the superscript « = 1,2 being
used to designate each constituent (the summation convention is not used on & ). A mixture
of elastic continua naturally includes the case of a mixture of an elastic solid and an inviscid
fluid, as an inviscid fluid may be regarded as an elastic material for which the free energy
function only depends on the deformation gradient tensor through its determinant. A material
particle of C* occupies a position X in a fixed reference configuration «, and a position
x® in a present configuration . It is assumed that there exists one particle of each C* at
each point x in the mixture such that x = x! = x2. The motion of C* and the common
temperature of the mixture are defined by sufficiently smooth mappings

x* =x* (X%1), 6=06(X%1), 2.1
respectively, where 6(> 0) is the absolute temperature of the mixture. The pair {x*, 0} is
referred to as a process for C*.

The density p* of C* is considered to be the average mass density of C* over a small
mixture volume. The density of the mixture is defined as

p=p'+p% 2.2)

The velocity of C* is
ve = Lom(xe.p) 23
- dtx b ) ( . )

where the material time derivative d° (-)/dt following the motion of C* is given for scalar
or vector functions {(x, t) and w(x, ¢) by

a*{ o a dw 0w a
praialeviny (grad() - v*, 7 =t (grad w) v®. (2.4)
The material time derivative d(-)/dt following the mean mixture motion is defined as
a¢ g dw _ ow
primirving (grad() - v, o = T (gradw) v, 2.5)



where the mean, or barycentric, velocity v is defined by
pv =p'vl +pivi (2.6)
A diffusion velocity u® and a relative velocity a are defined as

u* =v*—-v, a=v!l-v2 Q.7

From (2.4-2.5) and (2.7), we obtain the useful relationships

del B dﬂ( . 5\ a¢ i
- = 7+(grad()-(v -—v)—zt——f-(gradé')-u,
d*w d*w dw
= —_— a _ B _— a
= -+ (gradw) (v* —v#) p7ans (grad w) u®. (2.8)

For each C“, the deformation gradient tensor is
F* = ox* (X*,t) /oX?, 2.9)
where
J* =detF* > 0. (2.10)
The velocity gradient tensor and the rate of deformation tensor are
L* =ov®/ox, D" =%(L“ + L), (2.11)
respectively, where the superscript 7 denotes the transpose operator.
Assuming that internal mass exchange among the constituents is zero, the spatial forms

of the balance of mass, linear momentum, angular momentum, and energy equations for C*
take the form [14]

L2 1 pedives =0 2.12)
P d‘t’a = divT® +7° +p b 2.13)
Te T = e (2.14)
d*e® . a
pt— - =prf —divg® +4° + T - D", (2.13)

where T is the partial Cauchy stress tensor, 7w is the diffusive force, b* is the partial
external body force, A* is the internal body couple, €* is the partial internal energy, #* is the
partial external heat supply, q* is the partial heat flux, and # * is the internal energy supply.



The balance of momentum for the mixture requires that
ml+ 72 =0. (2.16)
The balance of angular momentum for the mixture requires that
A+ A2=0, (2.17)
so that the total stress in the mixture is symmetric, that is,
T=T'+T>=T". (2.18)
When writing the balance of energy for the mixture, partial Helmholtz free-energy

functions w* are introduced as y* = &* — n *6, where 1 * is the partial entropy, for which
a prescription will be given in Section 3. The mixture quantities y/, €, 7, and  are defined as

2 2 2 2
py = py*, pe=Y pe, pr=Yy pr*, pp =) p'n®. (219
a=1 a=1 =1 a=1

Without loss of generality, the partial stresses and diffusive forces can be written as
T =¢°I+T*, = =—grad¢® +7°, (2:20)
where

¢t =p*(w—y*), ¢'+¢7=0 (221)

and the parts of the partial stresses and diffusive forces in which ¢ * appears do not contribute
to the balance equations.! With these definitions, the balance of energy for the mixture can
be expressed as [16]

dl// de d’] . * 2 —a a e al) _
p(z+qz+07t—) —pr+divqg +Z(ﬂ' vO—T*-L*) =0, (2.22)

a=1

where

2
Q" =qa+) pn°0u’, a=q'+q. (2.23)
a=1
Using (2.8) and (2.12), we may, for a scalar function defined for both C* and C as in (2.19),,
derive the useful relationship
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dn P D TR
P = Z{p — —div(p*u®y )} (2.24)

A superposed rigid-body motion of the mixture is defined by
X (XL = QX (XD +e(), F=t+o, (2.25)

where Q(¢) is a proper-orthogonal second-order tensor, c(¢) is a vector, and c is a constant.
The quantities (Q(2), c(¢), ¢) for each C* are equal. Under a superposed rigid-body motion
of an unconstrained mixture at fixed temperature, it can be shown that the following kinematic
quantities transform as

+ +

"=QF*, '=J, D =QD°QT, p*" =p°, at=a, (226)
while it is assumed that

Ta+=QTaQTa * =Q7ra, qa =Qqa’ ﬁa :ﬂaa £a+=£a. (227)

r* =re. (2.28)

3. ENTROPY AND RESTRICTIONS ON CONSTITUTIVE EQUATIONS

The approach taken in this paper to develop prescriptions for the partial entropies is based on
the work of Krishnaswamy and Batra [13]. In particular, these authors applied an approach
advocated for materials with memory [10-11] and thermoelastic materials [9] to a mixture of
an elastic solid and a viscous fluid. In this approach, a special process is defined and Part I
of the Second Law of Thermodynamics is invoked to obtain the entropy prescriptions. Then,
restrictions on the constitutive equations are derived from the mixture energy equation, and
further restrictions are derived from invoking the Clausius-Duhem inequality as a statement
of Part II of the Second Law of Thermodynamics.
We adopt the notation

A= {F'F? G',G? 6}, 3.1)

where G* = GradF*%; A can be considered to be a point in a 73-dimensional Euclidean
space R73. Without loss of generality, it is assumed that

’ (A,a) (3.2)

e =& (A, a) =, & (A) +, &
T =T (A a) = T (A)+. T (Aa), (3.3)



where
£ (A) =¢8"(A,0), & (A0=0 3.4)
LTI (a)=1"(4a,0), T (a,0)=0. (3.5)
Furthermore, it is assumed that
a =& (Ag), & (A0)=0, (3.6)
where g = gradf. We require that ,&*(1,1,0,0,6,) = 0, where 6, is the mixture
temperature in the reference configuration K. A path P in the space R is parameterized
by a real-valued function d (¢) as

P(@)={F'(3),F*(3),G'(9),G*(9),0(9)}, 3.7

where 6; < d < 2. A homothermal quasi-static process is defined to be the limit of
homothermal processes:?

. do .
=0 0 = — ) . .
g=0, §="=2>0, § =0 (3.8)
By defining
ax da a a
vi= X (X5 (3.9

and using v§ in place of v¢ in (2.6-2.7) and (2.11), we obtain definitions for the quantities
V., us,a,, L%, and D%, so that

a

vi = V%, v=v,4, u=u’d, a=ad,
L* = L%, D®*=D%. (3.10)
Therefore, in a homothermal quasi-static process v —0, v—0, u* —0, a—0, L* — 0,
and D* — 0. Finally, in a homothermal quasi-static process, it is assumed that®
Bt —=0, r*—0 (3.11)
and

pe/éd —0, re /é —ri, (3.12)



where r{ | remains finite. Hence, the energy equation (2.15) for C* can be written in rate-
independent form for a homothermal quasi-static process as

Ld°E" (A,0)

o5 =Prim+ 1" (4,0)- D, (3.13)
or, using (3.4-3.5), as
a1 Ld°E aa o,
p—a—‘—=5<p = =T -D*>. (3.14)

Now, Part I of the Second Law of Thermodynamics is invoked to assert that the Clausius
integral given by

02 _a.a Jd2 a AQ
peri., 1 d* ¢ ~a
I* = —2do = —(p*—2——-, T -D* .
/a 5 /al 9(/) o ° *)da G19

1

is path-independent. This furnishes a partial entropy functiony * = 7 * (A) such that for all
homothermal quasi-static processes,

n® _rim
o~ 6
It is assumed that the partial entropy depends only on the quantities A for all
processes. The arbitrary constant of integration in the partial entropy is fixed by requiring
n ’ (I) I) O; 01 00) =0.
To develop restrictions on the constitutive equations, first consider the mixture energy
equation (2.22) written as follows for a homothermal quasi-static process:

(3.16)

2
+Z(7r“ vE—T*.L%) = 0. (3.17)

Defining, as in (3.2-3.5),

y = ’&/(A1a) ZO/‘;/(A) +e/'2/(A’a) (3.18)
7 = 7 (Aa) =, 7 (A) +. 7 (A a) (3.19)
T = T*(Aa)=, T*(A)+. T (Aa), (3.20)

and using (2.24), (3.12),, and (3.16), the mixture energy equation (3.17) can be written for
a homothermal quasi-static process as



da/|7/+ ﬁ +i(1—ra‘va_ Ta_La)___O (321)
P 4o ”dd Z 0 x 0 * ) .

which will be referred to as the Gibbs equation for a mixture of elastic continua. Because
the partial internal energies and the partial entropies vanish in the reference configuration
Ko, the definitions of the partial Helmholtz free energies and (2.19) lead to the result
ow(L,1,0,0,6p) = 0. Letting

K=yl =, 7 (3.22)
and using (3.1), (3.18), and the chain rule, (3.21) can be written as

Wy do

—_— —_ Fa l1
- - '//
oy (d*°G* "
+ Z P3Ge ( — grad G* [u ]) 0, (3.23)
where the notation :;/: grad F* has the component form GFW F¢,; and gradG® [u}] has
jA

the component form G ; uj;. Using arguments that have become standard [4-6, 13-16],
the following constitutive results are deduced from (3.23):

Yo
- (3.24)

QoW 1T
T = =gt F (3.25)
7= 20V a4 1 2V e 3.26
oF = —p g7 Bra P pzE (3.26)

WY

Frerie (3.27)

These equations also hold for arbitrary processes because none of the variables that appear
in (3.24-3.27) depends on the relative velocity a or on the temperature gradient g.
To obtain further restrictions on the constitutive equations, the Clausius-Duhem

inequality is invoked as a statement of Part II of the Second Law of Thermodynamics, which
in spatial form is [16]

dn pr q*
dt V] div ( 0 ) = (3.28)



Recalling the energy equation (2.22), relations (3.2-3.6), (3.18-3.20), and the constitutive
results (3.24-3.27), we obtain from the Clausius-Duhem inequality the additional restriction

W (Aa)=0 (3.29)

and the residual inequality

2 *
Z(eT“-L“) +eﬁ-a—30'—gzo. (3.30)
a=1

Using (3.18) and (3.29), the Helmholtz free-energy function becomes

v =7(8)=,7(A). (331)

4. CONSTRAINED MIXTURES OF ELASTIC CONTINUA

In mixture theory, Mills [1] and other authors [2-6] have studied the special constraint
of intrinsic incompressibility, which simultaneously restricts the possible values of the
constituent densities. For a mixture of two elastic continua, this constraint can be expressed in
terms of the deformation gradient tensors of both constituents. Hence, we consider a general
thermomechanical internal constraint of the form

¢ (F',F%6) =0, 4.1

where ¢ is a sufficiently smooth scalar-valued function defined for the subset of the 19-
dimensional space £ for which detF* > 0 and € > 0. It is assumed that the 19-dimensional
aa?qﬁl, 621'%’ %) # 0, so that (4.1) defines a fixed 18-dimensional hypersurface
S C & referred to as the constraint manifold. It is assumed that ¢ remains invariant under
superposed rigid-body motions of the mixture at fixed temperature so that (4.1) can be written
in the objective forms

vector

p (cl,Fl’F2,9) =3 (CI,CQ,RIT R2,49) —0, (4.2)

where C* = F*TF* and the rotation tensor R? is obtained from the polar decomposition
F* = R*U*. Although (4.2) may be more convenient for representing some types of
internal constraints, in the present paper the development will proceed with the more primitive
form given by (4.1).

Before proceeding, it is helpful to consider how a mixture process that satisfies (4.1)
may generate different paths on S (see Figure 1). First, consider a material point X! of
C!. At time 5, X' occupies some spatial point xo. Also, there exists a material point Xg
of C? that occupies X at fp. The vector (F'(t), F2(t), 8(t)) is defined for X" at t,
where F2(f,) is evaluated for X2. Clearly, the vector (F(to), F(t),6(f)) identifies a
point on S. At a later time #, X! occupies some spatial point X;; in general, x; # Xg.



Fig. 1. The 18-dimensional constraint manifold S C £ defined by the internal constraint (4.1). The
three curves Cx:1, Cxz, and Cy on S correspond to the three points X*, X2, and x which occupy the
same spatial point at time ¢. Tangents to the curves Cx1, Cx2, and Cx are tx1, tx2, and ty, respectively,
and the normal to S is n.

Also, there exists a material point X? of C? that occupies x; at #;; in general, X2 # X2,
The vector (F'(t;), F(t,),0(t,)) is defined for X' at #;, where F(¢,) is evaluated for
X2, Once again, the vector (F'(t;), F2(#;), (t,)) identifies a point on S. Thus, the vector
(F'(2),F?(t),6(t)) defined for X' generates a path Cx: on S. A tangent vector to Cx: on
S is defined using the material time derivative d!(-)/dt following C*. In a similar fashion,
the vectors (F(z), F(¢), 6(t)) defined for X* and x generate paths Cxz and Cy on S.

Therefore, the constraint (4.1) can be considered while one of three points are held
fixed: (i) a material point X'; (ii) a material point X?; or (iii) the spatial point x, which
is simultaneously occupied by X! and X? at time . A normal to S is given by

_ (30 30 ¢
n= (aFl’an’ 60) 4.3)

for all three cases (i)-(iii). A process of the mixture that satisfies (4.1) generates three curves
Cx1, Cxz, and Cy on S corresponding to the three points X', X2, and x. Tangents to the
curves Cx1, Cxz, and C corresponding to the three cases (i)-(iii) are given by

to, — (4E d'F’ d'9
= \Tdr a0 ar
e = d’F' d’F* d%9
X = dt ' dt ' drt

oF! aF? 00
tx = Tas Y s ) Al .
(at ot a:) (4.4)



Hence, for any process satisfying the constraint (4.1), it is necessary that

a¢ d'F'  9¢p d'F? 3¢ d'6
’t 1 = . . — —
netx aFT dr TR a0 O

dp d*F' 3¢ dF? 9 d26
vtz = . . —_ =
noix F @ T @ T @

a¢ OF'  9¢p IF% 9 90
. tx — . . —— .
n oF1 ot + oF? ot + 00 ot 0 .3)

for the three cases (i)-(iii). Recalling

d*F*
dt
(2.4),, and (2.8),, the constraint equations (4.5) can be written as

= L°F°, (4.6)

s o6 a6 d'0
b = 22 LF 4+ 22 (L2F? 4 grad F? 9040 _
n-tx JF1 +op ( + grad F* [a]) + 0 =
¢ ¢ 3¢ d*0
notxs = o (L'F' — gradF' [a]) + o5 -L?F? + +=5 3 =0
n-t, = % - (L'F! — gradF! [v!]) + alfz (L’F? — grad F? [v?])
a6 30
t 29 = 0 4.7)

where the notation gradF* [a] has the component form Ff; , a;. The middle terms of the
constraint equations (4.7) can also be shown to be equal since (4.1) implies

¢ 99 1, 99 2, 99
grad¢ = = Fl rad F F2 grad F* + >0 gradd = 0. (4.8)
Although the three tangents (4.4) are, in general, not equal at a time ¢ during a given process,
the relation (4.8) ensures that they all lie in the tangent space to a point onS. The development
of constrained mixtures will proceed with case (ii) (i.e., holding X? fixed) represented by
(4.7)2. Also, it is assumed that the constraint is satisfied in the reference configuration:

¢ (I,L,6o) = 0. (4.9)
To define an equivalence class associated with the constraint, consider two mixtures of

elastic continua, m; and m,, which have common values of partial densities in the reference
configuration ko. These mixtures can be considered as elements of the set M of all



unconstrained mixtures, which are infinite in number An equivalence relation associated
with the constraint (4.1) is defined as
Definition 1: The mixture m; is equivalent to the mixture my(m; ~ m,) if and only if

(1) U, * (A) =Ym, * (A) (= Vm (A) =Vm, (A));and
(i) q,, (Aa,8) =q,, (Aa,g), 7m (A a) = T., (A a),
eri‘ml ’ (A> a) = eTM ’ (A, a)

forall (F',F?,6) € Sandforall (G',G?,a,g).

This equivalence relation partitions the set M into disjoint subsets whose union is M. The
disjoint subsets are equivalence classes denoted by M(m) = {n € M : n ~ m}. Part (ii) of
Definition 1 is motivated by the previous observation [7, 9] that an internal constraint makes
no contribution to the entropy production for an internally constrained thermoelastic material.

To derive relationships among the constitutive restrictions for two equivalent mixtures
m; and my, Definition 1 will be applied in two steps. Part (i) of Definition 1 will be used
with the Gibbs equation (3.21) to derive relationships for the partial stresses and the diffusive
forces of m; and ms. Then, part (ii) of Definition 1 will be used with the Clausius-Duhem
inequality (3.28) to derive a relationship for the entropy production of m; and m,. First,
recalling the Gibbs equation (3.21), which in light of (3.24-3.27) is satisfied for all processes,
and multiplying by ¢ , it can be seen that

d@ml §2 : ma a p— _do
T - a=1 (OTml ’ L ) + 07“”“ ' (VI - v2) B p” ™ dt
d/‘;/mz 2 ma a = do
g = 26T L) o (V) g @10

If my ~ mg, theny,,, and¥y,,, match on S and (4.10) yields

T T do _
o’]:‘,l,,1 -Ll—f—‘,':[‘,zn1 'L2+o‘7rm1 .a,.pnm_zd_; - oT,1,,2 LY

_ df
+oTh, L+ 7, ca—pnm (4.11)

for all (Ll, L2 a, j—f ) satisfying (4.7),. Introducing a Lagrange multiplier A and recalling

(2.8); and gradf= 0, we obtain



(2 = T i) (I, - a2 )

- 99 ¢
+<,,1rm1 — —-1—= o1 gradF').a— Py = PN —/1@ 7 = 04.12)

for all (Ll, L2, satisfying (4.7),. Because the terms in parentheses of (4.12) are

d_H
2 dt

. o\ . . .
independent of (Ll, L% a —) , it is necessary and sufficient that

' dt

_ _ ¢ r

oT,];u = OTI:LI Fl

Othng = 0’1‘2 +'1 ¢ Fzr

_ - 8¢

Ty = 0T, —AF graLdFl

a9

Plmy = Plm —Aop (4.13)

for any two mixtures m;, my € M(m) that are undergoing processes that satisfy the constraint
(4.1). It should be emphasized that the relations (4.13) were obtained without invoking part
(ii) of Definition 1.

Next, the Clausius-Duhem inequality (3.28) is invoked as a statement of Part II of the
Second Law of Thermodynamics for m,. Introducing a Lagrange multiplier A and using part
(ii) of Definition 1 and (4.13), we obtain the residual entropy inequality

2 .
S(T, L)+ - Bl (g — gl )a g 20 (414)

a=1

for any two mixtures m;, my € M(m) that are undergoing processes that satisfy the constraint
(4.1). Furthermore, if (4.13) is true for any two mixtures, then (4.11) is true for these two
mixtures and ¥,,, and Y Yo match on S. However, in general, these mixtures may not be
equivalent as .7 and T° may not match on S.

Upon repeating the analysis with (4.7); corresponding to holding X' fixed, relations
(4.13) are obtained except that (4.13); is replaced by

oTom2 = oTml +A%—2-gradF2 (4.15)

while the residual inequality (4.14) is replaced by



2 *x
S (Th, L)t o, ca- T2 (n2 2 )a g 20, (416)

a=1
In a homothermal state for which g = 0, (4.8) reveals that

99 ¢

dF! oF?
so that (4.13)3 and (4.15) are equal. Furthermore, since g = 0, (4.14) and (4.16) are equal.
However, in a nonhomothermal state for which g # 0, (4.13); and (4.15) are not equal
and neither are (4.14) and (4.16). Thus, for arbitrary processes, (4.13-4.14) must be invoked
together or, alternatively, (4.15-4.16) must be invoked together.

The above development for unconstrained mixtures of elastic continua leads to the
following definition of a constrained mixture of elastic continua, which is analogous to the
case of constrained thermoelastic materials [9]:

Definition 2: a constrained mixture of elastic continuam’ associated with an equivalence
class M(n) is a mixture for which:

grad F! = — grad F2, 4.17

(i) the possible processes are those and only those that satisfy the constraint (4.1);
(ii) m’ can possess the values of the quantities (://" ,Q, o7, o7, o T%, [T 1 ) ofanym €
M(n) when m undergoes a process satisfying the constraint; and
(iii) m’ can only possess values of the quantities (y*,q, o7, 7, ,T¢, ;T%,# ) that are
possible for any m € M(n) when m undergoes a process satisfying the constraint.

From this definition, it is clear that the union of all equivalence classes associated with the
constraint will generate the set of all constrained mixtures M’ associated with the constraint.

Consider any constrained mixture m’ € M’ that is associated with an equivalence
class M(n). For any process that satisfies the constraint, m’ possesses values of
(l// C oyt s e eT ) which are the common values of all elements in M(n). Because
m’ can possess values of (,,‘Tr,,,/ , ,,’_I‘;‘n, Mo ) of any element in M(n), from (4.13) it is
evident that

_ _ 99
I = T A2 FV
T2, = T2 6¢ F2T
0" m o+ m aF2
o,y = oM, —A i gradF1
oF!

_ ¢

Plw = PUm 20 (4.18)

on S for any element m € M(n) undergoing the same process as m’. Also, from (4.14) it is
evident that



*

2
Z(e’._[‘fn,-L")+e7_rm/-a—q”'0g+p (nl —ni)a-g>0 (4.19)

a=1

on S for any element m € M(n) undergoing the same process as m’. Upon repeating
the analysis using conditions (4.7); and (4.7); corresponding to holding X' and x fixed,
respectively, we can derive the alternative and different residual inequalities

*

2
Z(e'_I‘f’n,-L"‘)+e'7r,,,f~a—9—""—0:—g+p2(71,2,,—n,2,,,)a-g_>,0 (4.20)
a=1

and

*

2
ST L)+ e BB LN () v g2 0. @21)

a=1 a=1

However, for internal constraints that are independent of the common mixture temperature
6, 3¢ /30 vanishes, and using (2.19), and (4.18), it can be shown that these residual
inequalities are equal and assume the form (4.21). Furthermore, for constraints that involve
only the mixture temperature 6, it can also be shown that these inequalities are equal and
assume the form (4.21). As a consequence of considering processes with a common mixture
temperature, in the general case we cannot determine the indeterminate contributions to the
partial entropies but only that of the mixture entropy as in (4.18),.

Some additional results can be stated for constrained mixtures of elastic continua that are
analogous to those proved for constrained thermoelastic materials since the development in
the present paper parallels that of [9].

@) By deﬁnmg two constrained mixtures to be identical if the quantities (w2 ,q,, , ¢7m ,

) are equal, then it can be seen that there exists a one-to-one relationship between
equlvalence classes of unconstrained mixtures and constrained mixtures.

(ii) A constrained mixture m’ can be constructed from a corresponding unconstrained mix-

ture m by evaluating the quantities (y/m sy eTm s ,,T ) for m on the constraint

manifold S, and noting that the quantities ( T s ,,T:: Mo ) are specified by (4.18)

where (O‘Trm , a'_I‘; Mm ) are evaluated on S.

(iii) The invariance conditions for a constrained mixture m’ associated with an equivalence
class M(n) must be modified. For any m € M(n), recalling (2.19)4, (2.27)y, (2.27),,
(2.28), (3.16), and the fact that the entropy is defined to vanish in the reference config-
uration, it can be seen that under a superposed rigid-body motion at fixed temperature

0 =Q,ThQT, T =QuTtm, N5 =1n. (4.22)

It is also assumed that ¢ remains invariant under a superposed rigid-body motion at
fixed temperature so that



+ +
(31?) =Q§}%’ (srad F')" = Qgrad F'Q’, (%) =%. (4.23)

However, the inherent arbitrariness of the Lagrange multiplier A prohibits the assump-
tion that A remains properly invariant under a superposed rigid-body motion at fixed
temperature. Hence, for a constrained mixture m’, (4.18) and (4.22-4.23) give

B Q(,,"r“, Lot -1y 2 F“T> Q?

m m aF®
_ _ d¢
JL = Q (oﬂ'm: - (At —1) ﬁ‘—l-gradFl>
a9
Py = prw — (AT =1) =5 (4.24)

5. INTRINSIC INCOMPRESSIBILITY

A commonly used constraint in the theory of mixtures is that of intrinsic incompressibility
first proposed by Mills [1] and studied by other authors [2-6]. Each constituent C* is assumed
to be separable from the others with constant (true) density p®7 defined as the mass of C*
per unit volume of C*. Upon addition in forming the mixture, it is assumed that the volumes
of C* add to form the volume of the mixture. With these assumptions, Mills [1] derived an

equation that is a special form of the general internal constraint represented by (4.1):
1 2
P P _
;‘17 + ;07 =1 5D
Using the local form of the continuity equation, p*J* = p§, (5.1) can be written in the form

4.1)as

1 2
Po o _ 10 (5.2)
piT det ! p2T det F?
Recalling
ddet F¢
o = (det F)F* 7, (5.3)
equations (4.18) become
— _ pl
oTll = aTl -/1——1



2
2 A2 P
oXe = T4 —APTTI

gradp?

oﬁ' ’ = oﬁ' “)»
1T
pP

m

(5.4)

In deriving (5.4)s, it was assumed that gradp} = 0 is consistent with (4.8); however,
this assumption is not necessary when using the approach by Mills [1]. This apparent
contradiction may be resolved in one of two ways. By defining the constraint (4.1) to be
of the form

¢ (F,F?,p},p2,0) =0, (5.5)

the procedure of Section 4 can be used with the constraint (5.2) to obtain the results
(5.4) without requiring that gradp vanish. Alternatively, we may choose a reference
configuration for a mixture subject to (5.4) for which the initial constituent densities are
homogeneous. For this constraint, we note that the indeterminate terms in (4.13)3 and (4.15)
are equal as are the three residual inequalities (4.19-4.21) because the constraint (5.2) is
independent of the common mixture temperature. Hence, the general treatment of internally
constrained mixtures of elastic continua reduces to the theory of intrinsic incompressibility
of each constituent as proposed by Mills [1] and used by other authors [2-6].

Acknowledgments. The author gratefully acknowledges discussions regarding the content of this paper with Professor
James Casey, Department of Mechanical Engineering, U.C. Berkeley.

NOTES

1. For a discussion concerning the decompositions (2.20), see [15].

2. As noted in [13], a homothermal quasi-static process is not an actual process of the mixture, but rather a
limit of actual processes.

3. The assumption 3% — 0 is motivated by the results of [16], which, for the mixture under consideration in
the present paper, state that 3% vanishes when both the temperature gradient and the relative velocity are
zero.
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