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Abstract Let P,f be the space of real algebraic polynomials of d variables and degree
atmostn, K C R%a compact set, || p||x := supycg | p(X)| the usual supremum norm
on K. Let pg (x) := inf{e > 0 : x/a € K} denote the Minkowski functional of K.
In this note we shall prove that if K is a star-like domain with Lipa boundary, that
is @k (x) satisfies the Lipa condition, 0 < « < 1 then the following Bernstein type
inequality holds: for any p € P,fl ,Ipllk =1 and x € IntK

cn

IVplx) < ———»
(I =g (x))e"2

where |V p| stands for the Euclidean length of the gradient of p. Furthermore, if
I < o < 2and K is a C* star like-domain, that is Vgg (x) has the Lip(a — 1)
property, then the same inequality holds for the rangential derivatives of p. These new
Bernstein type inequalities are applied for the study of cardinality of norming sets, or
admissible meshes. The sequence of discrete sets Y = {Y,, C K,n € N} is called
an optimal admissible mesh in K if there exist constants cy, co depending only on K
such that
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d
llpllk < cillplly,, p€P;.neN,

d

and card(Y,) < con®,n € N. It was proved earlier that optimal admissible meshes

2
exist in C? star-like domains. In this paper it will be shown that C 2=4 smoothness
also suffices for their existence.
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1 Introduction

Consider the space Pf of real algebraic polynomials of d variables and degree at most
n.Let K ¢ R, d > 2, be any compact set and || p|lx := Supyc g |p(x)| the usual
supremum norm on K. Denote by Dy, p the directional derivative of p in the direction
ue S :={xeR?:|x| = 1},and |V p| := max, g1 | Dy p| the Euclidean length
of its gradient. The classical Bernstein problem consists in estimating |V p|(x) for a
given p € P,f, lpllk = 1 and x € IntK. Typically, this estimate is given in terms of
the degree n of the polynomials and the distance of point x € IntK to the boundary
dK of the compact K. This problem goes back to Bernstein [3] who showed that when
d = 1and K = [a, b] we have the sharp estimate

/ -
P’ ()] < ) Iplla,p1. X € (a,b). (1)
Let
ox(x) :=inf{la > 0: x/o € K} 2)

denote the usual Minkowski functional of K. In case when K C R is a 0-symmetric
convex body Sarantopoulos [13] established a complete analogue of (1)

ngg (w)

\/TWHPHK,

The above inequality was also independently verified by Baran [2]. Thus for Bernstein
type inequalities on 0-symmetric convex bodies /1 — pg (x)2 ~ /1 — gk (x) is the
proper measure of distance from the given point to the boundary of the set. The problem
of finding the correct measure of distance for Bernstein type inequalities on general
compact sets in R? was studied by Baran [1] and Totik [14] using potential theoretic
methods. In [1,14] this distance is given in terms of the so called equilibrium measure
of the set, however this equilibrium measure can be rarely found explicitly.

In this note we shall provide an explicit asymptotically sharp measure of distance
in Bernstein type inequalities for star-like domains. This will be accomplished for

| Dupl(x) < x € IntK, u e §9°1, 3)

@ Springer



Bernstein type inequalities on star-like domains in R4 351

both general and tangential Bernstein type inequalities. We shall also apply these new
inequalities in order to generalize some estimates for cardinality of the norming sets.
It should be noted that the star like property of the domains is used in this note
for the sake of convenience, the methods applied can be extended to more general
domains. A detailed examination of the proofs of the Bernstein type inequalities given
by Theorems 1 and 2 reveals that they are based on embedding certain /,, balls into
the domain, and technically this can be accomplished easier for a star-like domain. In
particular, all results of the paper also hold for finite unions of star-like domains.

2 New results

Let K C R? be a compact star-like set with respect to the origin, that is 0 € IntK
and for every x € K we have that [0, x) C IntK. Note that the study of Bernstein
type inequalities is shift independent hence assuming that the center of the star is in
the origin does not restrict the generality of our considerations. Then the Minkowski
functional ¢k (x) of K given by (2) is a homogeneous functional satisfying the prop-
erties px (x) < 1,x € IntK, pg(x) = 1,x € 0K and ¢k (x) > | when X is not in
K. Thus the quantity 1 — ¢k (x) measures the distance from the point to the boundary
of the domain. Our goal is to show that in Bernstein type inequalities on star-like
domains the proper measure of distance to the boundary is of the form (1 — ¢g (x))P
with some § > 0 which depends on the geometry of the boundary. In order to identify
this parameter $ let us introduce the Lip property of the boundary.

Definition 1 Let us say that the star-like set K C R¢ has Lipa, 0 < o < 1 boundary
if for some M > 0 depending on K we have

lpx (%) — gk x+ )| < Mh*, b <1,xes5" “)

With the above definition we have the next

Theorem 1 If K C R? is a star-like domain with Lipa, 0 < o < 1 boundary then for
any p € P, |plx = 1andx € IntK

CcKn

IVpl(x) £ —————,
(I —gpr(x)a—z

)

where cg > 0 depends only on K.

It is interesting to note in the above estimate that the measure of distance to the
boundary of the set given by the quantity (1 — gk (X)) a1 depends on the geometry of
the set. It will be pointed out below that in general this is the sharp quantity measuring
the distance to the boundary of Lipe, 0 < o < 1 domain. In the Lip 1 case this quantity
reduces to /T — @g (x) which is essentially what is implied by (3) in case when K is
convex.

Clearly, (5) yields an asymptotically optimal estimate in case when o = 1 (or in
particular K is convex). Nevertheless, a further improvement in the Bernstein inequal-
ity can be achieved when only tangential derivatives of polynomials are considered.

@ Springer



352 A. Kro6

This approach was investigated in [9] were tangential Markov type inequalities were
studied for smooth star-like domains.

Let us assume that the Minkowski functional is continuously differentiable on
R4\ {0} and denote by Vg its gradient. For any x € 3K we have that Vg (X) gives
the normal direction to the boundary at x € 9K . In addition, let

Tk (x) ;= {u e S9! : ulVeg (x)}

be the set of tangent unit vectors at x € dK. When the Minkowski functional is
continuously differentiable on R?\ {0} we shall always assume in addition that the
star-like domain K does not contain critical points on its boundary in the sense that
tangent directions at any x € 9K are not collinear with X.

Definition 2 Given 1 < o < 2, we say that the star-like domain K C R4 is C¥ if for
some M > 0 depending on K we have

|Vok (x) — Vog (x +h)| < Mh[*~!, xe s/ |h <. (6)

Theorem 2 Let K C RY be a C* star-like domain with some 1 < o < 2. Then for
any p € P4, |plk =1,x € IntK\{0} and u € Tx ()

Ckh

— 11 0
(I —px(x))e"2

|Dupl(x) <

where cg > 0 depends only on K.

Clearly, since 1 < o < 21in (7) it provides a sharper Bernstein type inequality than
(5), but only for tangential derivatives of the polynomial. It should be also noted that
when o = 2 (7) becomes a uniform Markov type estimate of order n.

Bernstein type inequalities are very useful, they are widely applied in various areas
of analysis. One particular application that we intend to exhibit in this note is the
study of the so called norming sets or optimal meshes, see e.g. [8] and [5], were these
corresponding notions are introduced.

Definition 3 ([5]) A family of sets Y = {¥;, C K,n € N} is called an admissible
mesh in K if there exist constants ¢y, ¢ depending only on K such that

lIpllx <cillplly,, pe P neN,

where the cardinality of ¥, grows at most polynomially, i.e. card(Y,) < con,n € N,
with some fixed m € N depending only on K.

This definition of admissible meshes is similar to the notion of norming sets [8].
Admissible meshes are applied in various areas, for instance they are used for dis-
crete least squares approximation, extracting discrete extremal sets of Fekete and Leja
type, scattered data interpolation, etc. The study of admissible meshes has received
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lately a considerable attention, see for instance [4,6, 12] were various applications and
algorithms for the construction of admissible meshes is discussed.

Since dim Pf ~ nd we clearly must have m > d in the above definition (assuming,
of course that no polynomial vanishes on K). Naturally, in optimal case we aim for
a mesh with asymptotically minimal number of points in it, that is we would like to
have m = d in Definition 3. This leads to the following

Definition 4 We shall say that an admissible mesh (norming set) Y = {Y,, C K,n €
N}in K C RY is optimal if card(Y,) < cen?, n € N, with some ¢ > 0 depending
only on K.

The basic question in this respect consists in describing those sets K € R¢ which
possess optimal admissible meshes. Finding exact geometric properties characteriz-
ing sets with optimal admissible meshes appears to be a rather difficult problem. It
was shown recently in [10] that any C? star-like domain possesses an optimal mesh.
Applying the tangential Bernstein inequality (7) of Theorem 2 we can extend this
result to C* star-like domains with2 > o > 2 — [%. This is a substantial decrease in
required smoothness of the star-like domain, especially for low dimensions.

Theorem 3 Let 1 < « < 2. Assume that K C R? is a star-like domain which is
C*if1 < o <2 and has Lipl boundary if « = 1. Then K possesses an admissible
mesh Y = {Y, C K,n € N} with card(Y,) = O(n?) ifa > 2 — 2; card(Y,) =

d . 2 2d-2 2
On®logn) ifa =2 — S andcard(Y,) = O(n o« ) ifa <2— 5 (n €N).

Hence by the above theorem when o > 2 — % the C“ star-like domains possess
optimal meshes. This extends an earlier result given in [10], where the existence of
optimal meshes was verified for C? star-like domains. Furthermore, when o = 2 — %
the meshes are near optimal with only an extra log factor present. Finally, when
l<a<2- % the cardinality O (n MT?Z) of admissible meshes provided by Theorem 3
is essentially better than the bound of order O (n24/*) which can be deduced by a
routine application of Markov type inequality | Dp|lx = O(n*%), |pllx = 1 (see [5]
for details). In addition, when o« = 1 only estimates card(Y,) = 0(n2d—2), d>?2
and card(Y,) = O (n> logn), d = 2 are applicable in the above theorem. In [10] these
estimates for admissible meshes were given for the case of convex bodies in K C RY,
Theorem 3 presents an extension of these bounds to the Lip1 star-like domains.

It should be also noted that since the method of proof of Theorem 3 is totally
constructive it automatically provides an algorithm for explicit construction of optimal
meshes in star-like domains.

3 Bernstein type inequalities for star-like domains

In this section we shall verify Theorems 1 and 2 which give Bernstein type bounds for
star-like domains.

Proof of Theorem 1 Let K C R be a star-like domain with Lipe, 0 < @ < 1 bound-
ary, and consider any p € Pf ,Ipllk = landx € IntK. Since 0 € IntK aball centered
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354 A. Kro6

at the origin of some radius ¢ > 0 is contained in K. We may assume without loss of
generality that |x| > ¢/2 since otherwise the point x is separated away from the bound-
ary and the statement of the theorem easily follows from (3). Consider the univariate
polynomial g(7) := p(¢x),t € R. Clearly, tx € K for any —c/|x| <t < 1/pg (X).
Thus |g(¢)| < 1 whenever —c/|x| <t < 1/¢g (x). Hence using the univariate Bern-
stein inequality (1) for g € Pn1 with a = —c/|x|, b = 1/¢g (x) easily yields setting
wi= 2

1|

n

Dy — XV =D < .
lIDwpIC0 = It VPeON =18 (D1 = e i er @ = D

Since K contains a ball centered at the origin of radius ¢ > 0 it follows that cpg (x) <
|x| i.e., we obtain from the previous estimate that

n ok (X) _ n

Dy = -
Y (7 ) PV ey

This provides a bound for the derivative in radial direction which is clearly stronger
than (5).

Now we proceed to the more difficult part of estimating the derivatives in any
direction u € S?~! orthogonal to x. Clearly we can restrict our considerations to the
2-dimensional plane containing u and x, so without loss of generality we may assume
thatd = 2,u = (1,0),pg(x) = A < l and x = (0, A) i.e., (0,1) = x/pg(X) €
0K, A > c/2.Let B > Obethelargestreal number for which [x, z] C K,z := (B, A).
Hencez € 0K ,i.e., ¢k (z) = 1. Setting now h := (—B, 0) and using the Lipa property
of K we obtain by (4)

®)

1 —A=lpg(x) — ¢k (@] = gk (2 +h) — ¢k (2)] < MB*.
This last relation immediately implies that
D:={(x,y) eR>:0<y=<1—M|x|% CK. 9)
Now we shall inscribe into domain D a proper line passing through the point

x = (0, A). Consider the line L := {y = A — Mé(l — A)aa;lx}. Since A > ¢/2 it
follows by a routine calculation that

1 a—1
A—Mo(l—A) « x <1—Mx*
whenever 0 < x < x| := %M_al(l — A)ITTa, i.e., the line L passes inside D C K
for 0 < x < xj. Moreover, it is easy to see that this line intersects the curve y =
1
1 — M(—x)* at the point x := —n(1 — A)« where n > 0 is the unique solution of
the equation

1
L= Mn“+ Meun.
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Hence the line L is contained in the domain D C K for x € [xp, x1]. Now for the
univariate polynomial g(x) = p(x, A — Mé(l — A)aT_lx) we have |g(x)| < 1,
x € [x2, x1]. Hence applying again the univariate Bernstein inequality (1) with a =
xp = —n(l— A)é, b=x = %Mfé(l — A)ITTQ and recalling that A = ¢k (x) yields

CKn

n
lg"(0)] < < , (10)
VIR T (1 - gy (x)a
where cg is a positive constant depending only on K. Furthermore,
ap 1 a=1 0p
lg'(0)| = =(x) = Mu«(l = A) @ —(x), (11)
ax ay
where by (8)
ap n
—(X)' S (12)
‘ dy /1 — gk (x)
Finally, combining relations (10)—(12) we arrive at
P )| < 14/ O0)] + — M (1 — g (27
— (X B — o —_ X o
ox | =M T —9x® K
1 *
= — 1.1 bl i1 . [
(I—pxx)e"2  cl—pxx)e"2 (I —g@g(x)a2
This completes the proof of Theorem 1. O

Remark 1 Bernstein type inequality (5) implies a corresponding uniform Markov type
estimate for star-like domains with Lipa boundary. Indeed, it is well known that
univariate polynomials of degree at most n bounded by 1 on [—1, 1] are also bounded
by an absolute constant on the larger interval [—1—1/n%, 141/n?], this easily follows,
for instance, from the classical Remez inequality. Thus in case when K C R? is a
Lipo star-like domain a bound that holds for a p € Pf when ¢g(x) < 1 — 1/n?
will also hold with another constant for every x € K. Since (5) implies a bound of
magnitude cens ifwe putgg (x) = 1—1/n?itfollows that || Dp||x = O(n %) whenever
p € P,f, lpllxk = 1. This Markov type estimate can be found in various papers (see
e.g. [11] for corresponding references). The fact that a Markov type inequality of

order O(né) is sharp in general for Lipa domains goes back to an earlier paper by
Goetgheluck [7]. Therefore Bernstein type inequality (5) must be sharp, as well, in the

sense that the quantity (1 — ¢k (x))é_ 2 in (5) can not be replaced by another function
tending slower to 0 when x approaches the boundary of the domain, since this would
clearly yield a better Markov type inequality.

Proof of Theorem 2 Let K C R? be a C¥ star-like domain with some 1 < o < 2.
Consider any x € IntK \ {0}. Since the star-like domain K does not contain saddle
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356 A. Kro6

points on its boundary, that is x/|x| can not be a tangent direction to the boundary of K
at any ﬁ € 0K, astandard compactness argument yields that the angles between x
and the tangents to d K at ﬁ are uniformly bounded away from zero. Hence without
loss of generality we may assume that for the given x € IntK'\{0} any tangentu to 0 K
at ﬁ is orthogonal to x (this can be always achieved by a uniformly bounded linear
transformation of the space). In addition, in order to estimate | Dy p|(x) it suffices to
work in the 2-dimensional plane containing u and x.

Thus summarizing, we can assume thatd = 2,x := (1 — h,0),h = 1 — px (X),
(1,0) € 0K and u = (0, 1) is the tangent to dK at (1, 0). Now choose an arbitrary
z=(A,0) € IntK,1 > A > 0. Then g (z) = A. Let B > 0 be the largest real for
which with y := (A, B) we have [z,y] C K. Thus y € dK. Furthermore

a
1 —A=9gk(y) —¢x(@ = 5‘PK(A»§)B =caB, §e€]0,B]

Here and in what follows we denote by c; positive constants depending only on K.
Since u = (0, 1) is the tangent to d K at (1, 0) we also have that %pr (1,0) = 0. This
and the previous relation together with the Lip(a — 1) property of Vg [ see (6)] yield

d ad
L= A= —ok(A,6)B = ——gx(L,0)B < B — A+ 6" < 3B
y y

This means that
D:={(x,y) eR>:0<x<1—c3|y|% CK. (13)
We shall choose a proper C > 1 such that
Q:={x,y)eR>:0<x<1—-h—-Cy’}CDCK. (14)

In view of (13) this will be accomplished provided that c3]y|* — Cy?> < h whenever
Iyl = (%)l/z < 1. Clearly, if « = 2 we simply can set C = c3. So consider the case
when 1 < o < 2. A routine calculation shows that

max (y* — Cy?) = BCa2
Jmax (7 y) =45

with some 0 < < 1 depending only on «. Hence we can set

a=2

2 h o a=2
C:=cy (E) =c4h o« (15)

and with this choice of C inclusions (14) will hold.
Consider now the univariate trigonometric polynomial of degree < n defined by

1—nh 1 [1—h |
t(¢)::p(T(l+cos¢),§ C 51n¢),
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where p € Pnz, Ipllxk = 1. Setting x = %(1 +cos¢),y = %‘/% sin ¢ it follows
that

l—-h—Cy?’—x=1—h-—

%(1 +cos’p —2cosp) >0, ¢ e[—m, 7]

sin“ ¢ — T(l 4+ cos ¢)

Thus in view of inclusions (14) and || p||x = 1 we obtain that |t (¢)| < 1 ¢ € [—m, 7].
Hence using the Bernstein inequality for trigonometric polynomials of degree < n

we arrive at
1) = 2/ 22 1 n o
n = —/—|—({—=nh,
- 2 Cc |9y

’

i.e., also using (15)

Recall that K contains a ball centered at the origin and radius c, thus the statement of
the theorem holds trivially if |x| < ¢/2 i.e., | — h < ¢/2. On the other hand when
1 — h > ¢/2 we obtain from the last estimate that

ap cen
X = .
dy a2
Since h = 1 — @k (x) this completes the proof of the theorem. O

Remark 2 Again similar to the Remark 1 given after the proof of Theorem 1 the
Bernstein type inequality of Theorem 2 yields a uniform Markov type upper bound
for tangential derivatives of polynomials on C* star-like domains when 1 < o < 2.
Namely it implies that for p € P,f’ pllg =1

IDupX)| = O(na), ue Tx(x),

uniformly for x € dK. Since the above tangential Markov type inequality is known
to be sharp, in general (see [9] for details), it follows that the tangential Bernstein
type inequality given by Theorem 2 also provides the sharp measure of distance to the
boundary of the domain.

Proof of Theorem 3 First let us point out how the Bernstein type inequalities of
Theorems 1 and 2 will be used in the proof. Given two points x,y € K, :=
{z € K : pg(z) = p},0 < p < 1 and any p € P,f, Ilpllk = 1 we shall
need a proper estimate for |p(x) — p(y)| in terms of |x — y|. Clearly we can pass
to the 2-dimensional plane containing the origin and x,y, i.e., we may assume
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d = 2 and consider the polar coordinate representation for K, given by the polar
curves K, = (r(t)cost,r(t)sint),t € [0,2m] where the radial functions r(z)
depend on p and are Lipl (@ = 1) or C*(1 < a < 2), respectively. Then setting
Q(t) = p(r(t)cost,r(t)sint) easily yields that with some positive constant cx
depending only on K

n
() — P = 10() — Q)] = /Q’(t)dt < cxlx - y|Drp
4l

where Drp denotes the largest magnitude of tangential derivative (when 1 < o < 2)
or the largest gradient (when o = 1) of p on the level curve K, respectively. But in

both of these cases Theorems 1 and 2 give an upper bound of magnitude I
(I-p)

_1
2

=

for these derivatives. Hence we obtain from the above estimate that
nlx —yl

P®X) — p)| < cx——— 1. xyEK,. (16)
(1—pya—2

As before, let ¢ be the radius of the ball centered at the origin which is contained in
K. Set a = ¢>/2/50 and choose an integer ¢ such that 1 — ¢/2 < a?q*> < 1 —c/4
(such an integer obviously exists). Set m := gn and

a2j2 4
pj=1- ) ;o Kj=Kp ={xeR":px(x) =pj},
l1<j<m=gqgn,nelN. (17

We may assume without loss of generality that K is also contained in the unit ball
centered at the origin, i.e.,

cox(x) < |x| < pg(x), x€R,

Consider first x € K suchthat p; > ¢x (X) > p = l—azq2 thatis pj11 < @k (x) <

0
Hence using that ¢/2 > p,, = 1 — a?q? > ¢/4 we have

pjforsomel < j <m—1.Setr := ‘p’j—f:),y :=x/t. Theny € Kj1,x=1y,t > 1.

j P+ _ 124%)
pj+1 T~ en?

X—yl=(—Dly|<r—1<?2

> c(l - pj).

X _X‘ _ [x|(1 = p;)
@k (X) @k (X)

By these estimates we have for any p € P,fl , Ipllk = 1 using the univariate Bernstein
inequality (1) for p(rx),0 <r < 1//pg(X)

nix —y| - 1242 _ Xa _

—_ <
PO = PO S R er 0 =1 = = poyer e -

. (18)

| =
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If p1 < @k (x) we can use the univariate Markov inequality

2

I a7 < Igllia.1, g € P}

“b—a

yielding for p(rx),0 <r < 1//pg(x) with some y = tx € K

2 2
P L LN s%,

lp(x) — p(y) | < ——
x| ¢ pin
which is the same as (18).

Thus for every x € K such that 1 — a?¢®> < ¢k (x) there exists some y € K;,
1 < j < n for which (18) holds.

Let us denote again by c; positive constants depending only on K.

In what follows for the sets A, B in R? we shall denote by

d(A,B) :=supinf | x—y |
xcAYEB

the density of the set B in the set A. Evidently, given 2 > 0 we can choose a discrete
set @ C S971 5o that (2, S9~1) < h and cardQ < c(d)h!~? with some constant
c(d) depending only on d. Also note that since the boundary of K is Lipl for any
X,y € 0K with | % — %| |< h we have |[x —y| < ch.

Based on these remarks and utilizing the constant cx from (16) we can set
1
2

1
1 a2j2 o
h;:= , 1< < 19
/ 4cKn(n2) =J=mn (19)

and choose N; < clh}fd points {y; ; € Kj,1 <i < N;}:=Y, j on K; so that
d(Kj,Ynj) <hj, 1=<j=m. (20
Set K* := {x € R? : px (x) < | —a?¢?}. Since for x € K* we have that
X <x(x) < 1—a’q’ <¢/2

it follows that K * is contained in the ball of radius c/2 centered at the origin. Recalling
that ball of radius ¢ centered at the origin is contained in K we obtain using (3) for
this ball

2n N
IpX) —pWl = —Ix—yl. xyeK" 2
Furthermore, we can choose a discrete set ¥;* C K* with card(Y;¥) < con¢ so that

C
d(K*, Y < —. 22
( ,,)_4n (22)
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Set now Y, := Uj<j<u Yy, ; U Y. Using (19) the cardinality of this set can be
estimated as follows

m
2d—1)
cardY, <cs [n?+n"a Zj(d—l)(l—z/a)
Jj=1

fo>2- % the the sum above is of magnitude nd_Z(dJ : yielding that card(Y,) =
0(n%).Wheno = 2— % the above sum is of magnitude log n and we obtain card(Y,) =
2(d—1)

o Sowe end

O(n?logn). Finally, if ¢ < 2 — % the sum is convergent and d <
up with card(Y,) = O(n e ). Thus the cardinality of Y}, is of magnitude stated in
Theorem 3.

It remains now to show that Y,, is an admissible mesh. Choose any p € Pnd, lpllk =

1 and x € K, p(x) = 1. Assume first that x € K*. Then by (22) we can find

ye Y, C K* |x—y|=< 4. Thus using (21) we obtain

2n 1
I—p@y) =px —ply = TIX—yl <5

ie, [Iplly, = 1/2 in this case.

Now let g (x) > 1 — a?g?. Then as it was shown above there exists some y €
K;,1 < j < nforwhich (18) holds. Moreover, since p(x) = 1 wehave |p(y)| > 1/2.
Furthermore, by (19) and (20) we can find y; ; € ¥,,,; C K such that

1

1 a2j2 é_f
ly yl,j|_ j 4cKn( 2 )

Thus using again (16) with p = p; defined by (17) we obtain

Ip(y) — p(yi, )| < ckly —yi,jl <

Bl—

Bl—

1
a2j2 a
n2

Since |p(y)| = 1/2 the last estimate implies that | p(y; ;)| > 1/4 which means that
[lplly, = 1/4 in this case, as well.
The proof of Theorem 3 is completed. O

Open Access This article is distributed under the terms of the Creative Commons Attribution License
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the source are credited.
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