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Abstract We study the Nemytskii operators # + |u| and u +> u™ in fractional
Sobolev spaces H*(R"), s > 1.
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1 Introduction and main result

In this paper we discuss the relation between the map u# +— |u| and the Dirichlet
Laplacian. Recall that the Dirichlet Laplacian (—Ag»fu of order s > 0 of a function
u € L2(R"), n > 1, is the distribution

Communicated by Ari Laptev.

Roberta Musina: Partially supported by Miur-PRIN 2015233N54.
Alexander I. Nazarov: Supported by RFBR Grant 17-01-00678.

B Alexander I. Nazarov
al.il.nazarov @ gmail.com

Roberta Musina

roberta.musina@uniud.it

Dipartimento di Scienze Matematiche, Informatiche e Fisiche, Universita di Udine, via delle
Scienze, 206, 33100 Udine, Italy

St.Petersburg Department of Steklov Institute, Fontanka, 27, St.Petersburg, Russia 191023

St.Petersburg State University, Universitetskii pr. 28, St.Petersburg, Russia 198504

Published online: 28 June 2017 &\ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s13373-017-0107-8&domain=pdf

R. Musina, A. I. Nazarov

(—Ar)u, @) E/u (—Arn @dx :=/|$|2‘Yf[w]mdé, @ € CPMM),
Rn R’l

where
Flul®) = @) / e () dx
Rn

is the Fourier transform in R”. The Sobolev—Slobodetskii space
H'(R") = {u € L*(R") | (—Ap)iu € L*(R") }

naturally inherits an Hilbertian structure from the scalar product

(u, v) = ((—ArYu, v) + / uvdx.
Rn

The standard reference for the operator (—Agn) and functions in H* (R") is the mono-
graph [8] by Triebel.
For any positive order s ¢ N we introduce the constant

2 T(3-+)

=TT

(1)
Notice that
Cns >0 if [s] iseven; Cns <0 if [s] is odd, )

where || stands for the integer part of s. It is well known that for s € (0, 1) and
u,v € H*(R") one has

Cn,s (ux) —u(y))(vx) —v(y)
(-t = 22 [[ e dxdy. ()
RxR"
Let us recall some known facts about the Nemytskii operator | - | : u — |u].
1. | - | is a Lipschitz transform of HO(R") = L*(R") into itself.

2. Let0 < s < 1. Then | - | is a continuous transform of H*(R") into itself, by gen-
eral results about Nemytskii operators in Sobolev/Besov spaces, see [7, Theorem
5.5.2/3]. Also it is obvious that for u € H'(R")

@ Springer



A note on truncations in fractional Sobolev spaces

(—Alul. lul) = (—Au, u) = / Vuldx |
Rn
(—Aut,u™) :fVu+-Vu_dx =0.
RVI

Here and elsewhere u™ = max{+u, 0} = %(|u| +u),sothat u = u™ —u",
|u| = ut + u~. On the other hand, for s € (0, 1) and u € H*(R") formula (3)

gives
+
(—Aaut,u”) == Cyg / / : (X)Ljnfifs) dxdy. )

RIIXRH
From (4) we infer by the polarization identity

A(=Ar)ut,u”) = (= Ar)lul, [ul) = (= Arn)’u, u)

that if # changes sign then

(Ar)lul, [ul) < (=Apu,u), s €(0,1). (&)

We mention also [4, Theorem 6] for a different proof and explanation of (5), that
includes the case when (—Apn»y is replaced by the Navier (or spectral Dirichler)
Laplacian on a bounded Lipschitz domain 2 C R”.

3.Letl <5 < % The results in [2] and [6] (see also Section 4 of the exhaustive
survey [3]) imply that | - | is a bounded transform of H*(R") into itself. That is,

there exists a constant ¢(n, s) such that
(=Ar) [ul, [u]) < c(n, ){(=Arfu,u), ue H'R").

In particular, | - | is continuous at 0 € H*(R").

It is easy to show that the assumption s < % can not be improved, see Example

1 below and [2, Proposition p. 357], where a more general setting involving Besov
spaces B;’Q(R"), s>14+ %, is considered.

At our knowledge, the continuity of | - | : H*(R") — H*(R"), s € (1, %), is an
open problem. We can only point out the next simple result.

Proposition1 Let0 <7 <5 < % Then | -|: H*(R™) — H*(R") is continuous.

Proof Recall that H*(R") — H®(R") for0 < t < s. Actually, the Holder inequality
readily gives the well known interpolation inequality

(= Ao, v) = / & PT I FLulPde
< (((—A]Rnfv, v));(/ |v|2dx)T, v € H'(RY).
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Since | - | is continuous L2(R") — L%*(R") and bounded H*(R") — H*(R"), the
statement follows immediately. O

Now we formulate our main result. It provides the complete proof of [5, Theorem
1] for s below the threshold % and gives a positive answer to a question raised in [1,
Remark 4.2] by Nicola Abatangelo, Sven Jahros and Albero Saldafia.

Theorem 1 Lets € (1, %) and u € H*(R™). Then formula (4) holds. In particular, if
u changes sign then

(=Ar)lul, [ul) > (—Ar'u, u).

Our proof is deeply based on the continuity result in Proposition 1. The knowledge
of continuity of | - | : H*(R") — H*(R") could considerably simplify it.

We denote by ¢ any positive constant whose value is not important for our purposes.
Its value may change line to line. The dependance of ¢ on certain parameters is shown
in parentheses.

2 Preliminary results and proof of Theorem 1

We begin with a simple but crucial identity that has been independently pointed out
in [5, Lemma 1] and [1, Lemma 3.11] (without exact value of the constant). Notice
that it holds for general fractional orders s > 0.

Theorem 2 Lets > 0, s ¢ N. Assume that v, w € H*(R") have compact and disjoint

supports. Then
v(x)w(y)
(( ARII) v, w — Cn K // |x — y|l’l+2s xdy (6)

RixR?
Proof Let pj, be a sequence of mollifiers, and put wy, := w * p;,. Formula (3) gives

(= AR v, wy) =((—Apn)* "o, (=AW wy)
_Cn,sftsJ // (U(x) —v(y) (( A)LSJ wp(x) — (— A)szwh(y))
T2

|)C _ y|n+2(A Ls])

dxdy.

RixR?
Since for large 4 the supports of v and wy, are separated, we have

‘ A)ls]
((_ARn)AU, wy) = ns Ls] // v ( |n_22(sw£§?}) dydx.

R R?

Here we can integrate by parts. Using (1) one computes for a > 0
Cn,u _ Cn,a (n+2a)(2a +2) _ Cn,a+1

lx — y|n+2a - lx — y|n+2a+2 - |x _ y|n+2(a+l)

and obtains (6) with wj, instead of w.
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Since the supports of v and w are separated, it is easy to pass to the limitas 7 — oo
and to conclude the proof. O

Remark 1 Motivated by (6) and (2), A.I. Nazarov conjectured in [5] that
(—Arn) |ul, [u]) = ((—Arnf'u,u) <0 if [s] iseven;
(=AY |ul, lu]) — ((—Arnf¥u,u) > 0 if [s] is odd

for any not integer exponent s > 0 and for any changing sign function u € H*(R")
such that u* € H*(R").

Lemma 1 Lets € (1, %) and ¢ > 0. If a function u € H*(R") has compact support
then (u — &)t € H*(R"), and

(AR) (1 —&)F, (u—e)") < cn, $)((—Ar)’u, u) + c(n, s, supp(u))s”.

Proof Take a nonnegative function n € C3°(IR") such that n = 1 on supp(u). Clearly
u —en € H¥(R"). Hence, by Item 3 in the Introduction we have that (u — en)* =
u—¢e)*t e H*(R") and

(—Ap) (e — &), (u—e)") < c(n, ) ((—Ar) (u — £1), u — &n)
< c(n,5) (((~Ap)u, 1) + (= Ap)'n, 1))
The proof is complete. O

In order to simplify notation, for # : R* — R and s > 0 we put

ut ()u=(y)

s _

dDu(xa )’) - |)C _ y|n+2s .

Lemma 2 Lets € (1, %) andu € H* (R")ﬂ(,’g(R"). Then (4) holds, and in particular
@5 e L'(R" x R").

Proof Thanks to Lemma 1 we have that (u™ —¢)™ € H*(R") 068 (R™) forany ¢ > 0.
Next, the supports of the functions u™ and (u™ — &) are compact and disjoint. Thus
we can apply Theorem 2 to get

+ - _ o)t
(—Apfut, 1™ — &)ty = — Cps // wIOW;) —OT @

|x _ y|n+2s

Rex R

Take a decreasing sequence & \ 0. From Lemma 1 we infer that (u™ — &)™ — u~
weakly in H*(R"), as (u™ — &)™ — u~ in L2(R™). Hence the duality product in (7)
converges to the the duality product in (4). Next, the integrand in the right-hand side
of (7) increases to @7 a.e. on R"” x R". By the monotone convergence theorem we get
the convergence of the integrals, and the conclusion follows immediately. O
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Lemma3 Lets € (1, 3) andu € H*(R"). Then ®} € L'(R" x R").

Proof Take a sequence of functions u;, € C°(R") such that u;, — u in H*(R") and
almost everywhere. Since CDi , CDi a.e.on R" x R”, Fatou’s Lemma, Lemma 2 for

uy, and the boundeness of v — v* in H*(R") give

// @Y (x, y)dxdy < liminf /f @, (x, y)dxdy
h— 00

RexR? RxR”
= c(n, s) liminf ((—Apn'u;, u;)
h—o00

< c(n, S)hli)ﬁéo((—ARn)Yuh, up) = c(n, s)((—Arnfu, u),

that concludes the proof. O

Proof of Theorem 1 Take a sequence u;, € C;°(R") such that u, — u in H*(R") and
almost everywhere. Consider the nonnegative functions

+ _ (M+ +)+

—u, T,

vh::uh+/\u+:u s wpi=uy Auso=u — W —u,
Then vy, wy € H®(R"). Next, take any exponent T € (1, s). By Proposition 1 we
have that u* — uff — 0in H™(R"); hence (u* — uf)+ — 0in H*(R") by Item 3 in
the Introduction. Thus,
vy, — ut, wp, — u” in H*(R") and almost everywhere, as h — co.  (8)
Now we take a small ¢ > 0. Recall that (v, — &)™ € H'(R") by Lemma 1.
Moreover, from 0 < v, < ”Z’ 0 < wp < u, itfollows that

supp((vy — &)™) S {up > €}y supp(wp) S supp(uy,).

In particular, the functions (v, — €)™, wy, have compact and disjoint supports. Thus
we can apply Theorem 2 to infer

((_AR")T(vh - ‘9)+’ wh> = - Cn,r

/ (W () = &) wa(y) dxdy.

lx — y|r+2r

We first take the limit as &€ N\ 0. The argument in the proof of Lemma 2 gives
vp () wp (y)
(=B or wn) == Coe [ / e dxdy. ©)
R*xR"
Next we push 7 — c0. By (8) we get

Jim (=AY o, wi) = (= Apn)u®, u”).
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Further, since the integrand in the right-hand side of (9) does not exceed @] (x, y),
Lemma 3, (8) and Lebesgue’s theorem give

vp () wh (y)
h—>oo // Ty |n+2rd xdy //CD (x, y)dxdy.

R2xR" RexR®

Thus, we proved (4) with s replaced by . It remains to pass to the limitas 7 5. By
Lebesgue’s theorem, we have

lim (—8gefatu”) = lim / &7 F ) Fla ] de

_ / & P FLut 1P e = (— Agu™ uo).

Now we fix 7o € (1, s) and notice that 0 < &] < max{®., @3} for any 7 € (10, 5).
Therefore, Lemma 3 and Lebesgue’s theorem give

lim // D/ (x, y)dxdy = // DY (x, y)dxdy.
t/'s

R2xR" Rex R

The proof of (4) is complete. The last statement follows immediately from (4), polar-
ization identity and (2). O

Example 1 It is easy to construct a function u € C{°(R") such that u™ € H*(R") if

and only if s < %

Take ¢ € Cé’o (R) satisfying ¢ (0) = 0, ¢’(0) > 0 and xp(x) > 0 on R. By direct

computation one checks that 9™ = x(0.00)¢ € H*(R) if and only if s < % Ifn=1

we are done. If n > 2 we take u(xy, x2, ..., x,) = @(x1)@(x2) ... 0(x,).
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