provided by Crossref

Quantum Inf Process (2015) 14:3983-3999 @ CrossMark
DOI 10.1007/s11128-015-1085-y

Examples of conditional SIC-POVMs

Hiromichi Ohno! - Dénes Petz?

Received: 4 January 2015 / Accepted: 24 July 2015 / Published online: 4 August 2015
© The Author(s) 2015. This article is published with open access at Springerlink.com

Abstract The state of a quantum system is a density matrix with several parame-
ters. The concern herein is how to recover the parameters. Several possibilities exist
for the optimal recovery method, and we consider some special cases. We assume
that a few parameters are known and that the others are to be recovered. The opti-
mal positive-operator-valued measure (POVM) for recovering unknown parameters
with an additional condition is called a conditional symmetric informationally com-
plete POVM (SIC-POVM). In this paper, we study the existence or nonexistence of
conditional SIC-POVMs. We provide a necessary condition for existence and some
examples.

Keywords Quantum state tomography - SIC-POVM - Conditional SIC-POVM

1 Introduction

Positive-operator-valued measures (POVMs) are motivated by quantum information
theory. A POVM is a set { F; }f.‘zl C M, (C) of positive operators such that >, F; = I.
A density matrix p € M, (C) can be (partially) informed by the probability distribution
{Tr ,oF,-}f: |- A density matrix p € M, (C) has n® — 1 real parameters. To recover all
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of the parameters, k > n> must hold for the POVM. We can take rank-one projections
P;, 1 <i < n?, such that

comprise a symmetric informationally complete POVM (SIC-POVM), also known as
an equiangular tight frame [8,25-29]. This currently popular idea [1,2,4,10,20,33]
was defined by Zauner [31,32]. Zauner proved the existence when n < 5, and there
has been further mathematical and numerical discussions on the same [5,23]. Whether
a SIC-POVM exists for every dimension is not known. We can also consider fewer
than n? projections with similar properties.

A SIC-POVM {F; };“il of an n-level system is relevant for quantum state tomography
[2,15,17,19,21] and is optimal for several arguments; for example, SIC-POVMs are
optimal for linear quantum state tomography. The minimization of the determinant
of the average covariance matrix was studied in [17], and the minimization of the
square of the Hilbert—Schmidt distance between the estimation and the true density
was investigated in [21].

However, if some of the n? — 1 parameters of a density matrix p are known, a
SIC-POVM is not the optimal POVM for linear quantum state tomography for such p.
It is obvious that the optimal POVM depends on the known parameters. The optimal
POVMi insuchacaseisstudiedin [18,22]. A set of projectors P;, 1 <i < N satisfying

S h=Nr mwEp = YT Gaph Relp

; =l TRPi= oo G #0. Fi=gh

where N is the dimension of the subspace corresponding to the unknown parameter,
comprises a conditional SIC-POVM [18]. A conditional SIC-POVM is the optimal
POVM for linear quantum state tomography in this case.

The existence of a conditional SIC-POVM is a fundamental question. SIC-POVMs
and mutually unbiased bases (MUBs) involve similar problem. Neither the existence
of SIC-POVMs in higher-dimensional Hilbert spaces nor the nonexistence of MUBs
in a six-dimensional Hilbert space has been proved. On the other hand, conditional
SIC-POVMs are considered as equiangular tight frames. The existence of equiangular
tight frames is also studied in many literature (e.g., [8,26-28]).

The main result of this paper, Theorem 2, presents a necessary condition for the
existence of a conditional SIC-POVM. Using the necessary condition, we show some
examples of nonexistence of conditional SIC-POVMs. Some other examples of con-
ditional SIC-POVMs are also considered in Sect. 4.

2 The optimality of conditional SIC-POVMs

In this section, we survey the optimal POVMs for linear quantum state tomography
and conditional SIC-POVMs according to [18,21,22].
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Examples of conditional SIC-POVMs 3985

A quantum state (or a density matrix) p € M,,(C) satisfies the conditions Tr p = 1
and p > 0. We decompose M, (C) into three orthogonal self-adjoint subspaces:

M,(C)=A®BdC, (1)

where A := {A[ : A € C}is one dimensional. Denote the orthogonal projections onto
the subspaces A, B, C by A, B, C. A density matrix p € M, (C) has the form

1
p:;I+Bp+C,o.

Assume that Bp and Cp are the known and unknown traceless parts of p, respectively,
and that Cp is to be estimated.

We use the notation p, = p — Bp. The aim of quantum state tomography is to
recover p,. Though there exist several methods of quantum state tomography, we only
consider linear quantum state tomography (see Remark 1 or [21] for details).

If the dimension of B is m, then the dimension of C is n2 — m — 1. To reconstruct
0+, we must use a POVM with at least N = n? —m elements. Additionally, we assume
that a POVM {F; }le isin A @ C according to [18].

An informationally complete POVM is a POVM with the property that each quan-
tum state is uniquely determined by its measurement statistics.

Definition 1 A POVM {F;}¥_ ¢ A @ C is informationally complete with respect to

i=1

A @ C, if for each pair of states p, o € M,(C) with p, # o, there exists i such that
Tr (ps Fi) # Tr (04 F).

We remark Tr (0 F;) = Tr (ps F;) + Tr (Bp) F;) = Tr (p« Fi).
The next proposition follows easily.

Proposition 1 A POVM {F,-}ff: | C A @ C is informationally complete with respect
to A @ C if and only ifspan{E}f‘:l =A®C.

If a POVM {F,-}f.‘:1 C A @ C is informationally complete w.r.t. A @ C, then there
exists a set of self-adjoint operators {Q,~}£‘:l C M, (C) satisfying

k
pe= D Tr(pF) Qi @
i=1

for any state p € M,(C). We call {Q;};_, a dual frame of {F; }le, though this is
slightly different from the original definition. Define the superoperator F on M,,(C)
by

F= — | Fi) (F;l,
71TrFi| i) (Fil

which is invertible on suppF = A & C, where |F;)(F;|X = Tr (F; X)F; for all X
€ M,,(C). Then, the set of
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1

. —F F:
0; Tr F; i

is a dual frame of { F; }i'(:] , and is called the canonical dual frame of { F; }i.‘:] .

If a measurement corresponding to {Fi}i.‘zl is performed on a system in a state
corresponding to p € M, (C), then the probability of obtaining a measurement value
iis

pi = Tr(pF;).
Assume that yq, ..., yy are outcomes of measurements on M identical copies of the
state p, with the result that y; € {1,2, ..., k}. Let x; be the number of outcomes j,

i.e.,x; = |{i : y; = j}|. An approximate value of p; is
j=H s yi=Jll pp r

. 1
pi = % 3)
Then, our estimate of p, is
k
pe= D piQi. &
i=1

The error measured by the square of the Hilbert—Schmidt norm is

2

s — Bsll3 =

k
> (i — i) Qi
i=1

2

Since p; is considered as a random variable, we can take the expectation
E (||p* — /3*||%), of the above error. We assume that the choice of an unknown state
p € M, (C) depends on a probability measure p on the set of all states in M, (C).
Additionally, we assume f pdu(p) = %I . For a POVM {Fi}f:1 and a dual frame

{Q,-}f: | of {F,-}f: 1» we denote the expected value of the error by
e(F, Q) := / E (0. = p413) du(o)
1< 1
- : 2y _ b 2
= ;Tr (F)Tr (Q7) =+ /Tr (02) duio)

(see, e.g., [18]). We would like to minimize e(F, Q).

Proposition 2 [18,21,22] For a fixed informationally complete POVM {F,-}i-‘: 1
C A® Cwrt. A® C, the expected value of the error e(F, Q) is minimized when
{Qi}¥_, is the canonical dual frame of {F;}*_,.
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A POVM {F; }f.‘: | (with the canonical dual frame {Q; }f.‘: 1) is optimal, if the average
of the expected values of the error e(F, Q) is the minimum among all POVMs and all
dual frames. If a POVM is optimal, then it satisfies the following condition.

Theorem 1 [18,22] An informationally complete POVM {F,-}f-‘:1 C A C wrt
A & C is optimal if and only if

n—1

F=A
+N—1

C. (&)

In addition, let k = N and P; = %Fi. Then, the POVM {F,'}f.vzl is optimal, or
equivalently the equality (5) holds if and only if

N

N
N -n .
i;Pi:;I, TrP,»P,-:m (i#j), TrXP,=0 (X € B).

When { F,-}f.\': | satisfies (5), then P; is a rank-one projection and {F,-}lN: | (and also
{P;}N 1) is called a conditional SIC-POVM.

i=1

Remark 1 There exist several methods of quantum state tomography. In this paper,
we only consider an estimate p, given by (3) and (4). Such a method is called linear
quantum state tomography [21]. Remark that there exist better estimation methods of
quantum state tomography (see, e.g., [19,30]).

Remark 2 The square root of the value

N —n

TrPlPJZn(N—_l)

in Theorem 1 is called Welch bound [25,29]. A set of unit vectors {E,'}lN: ; € C"is
called an equiangular tight frame if

N —n
&&=~
forall 1 <i,j < N,andi # j. Therefore, a conditional SIC-POVM is actually
an equiangular tight frame. However, the existence of conditional SIC-POVM also
depends on the subspace B which corresponds to the known space. Hence, the existence
of conditional SIC-POVMs and the existence of equiangular tight frames are slightly
different (see Remark 4 for details).

3 Necessary condition for existence of conditional SIC-POVMs

In this section, we present a necessary condition for the existence of a conditional SIC-
POVM. The existence of conditional SIC-POVMs is a fundamental question. It is often
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not easy to prove nonexistence, as in the case of MUBSs in a six-dimensional Hilbert
space, but we can prove nonexistence in some cases using the necessary condition.

Lemma 1 Let a set of rank-one projections {Pi}f\/: | be a conditional SIC-POVM in

A ® C, and let
. [n(N — 1) ._l n—1
S; = —N(n—l) (P, n(]—}— N—l)])' (6)

Then, {S,-}l{\]:1 is an orthonormal basis of A & C.

Proof The normality of {S,-}f.v= | is proved by simple calculation:
2
(-t /22 )
T A
" n N -1
2
Y R IRyt ALY S it I
N " n N —1 o2 N—1
Y SRy [ D i S
n N-1)"n N—-1 N-1

1, n—1 _N@u-1

n+n(N—1)_n(N—1)

for any 1 <i < N. The orthogonality of {S,'}lN: | is shown as follows:

m(( )+ 5)1)

M_%(H n—1)+l(1+2 n—1+n—1)
n(N—-1) n N -1 n N—-1 N-1
1
n

I
=
iy~
o
|
S| =
—
+
Z| s
||
N
v
+
v
+
5]
T
_l’_
=3
|
N—
(3]
~

n—1
n(N —1)

N —n

=" _Z =0
n(N — 1)

forany 1 <i < j < N. O

Theorem 2 If there exists a conditional SIC-POVM in A @ C, then for any X € B
and any orthonormal basis {R;}"_, of B, the following equation holds:

- N N —n
ZRiXRi = X. (7
= nin—1)
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Examples of conditional SIC-POVMs 3989

Proof Let { P}, be a conditional SIC-POVM in A @ C and define {S;}/_, by (6).
From the previous lemma, {Sy, ..., Sy, Ry, ... Ry} is an orthonormal basis of M,, (C).
It is well known that

N m
D SIXSi+ > RIXRi =Tr (X). ®)

i=1 i=l1

B is orthogonal to A = CI, with the result that Tr (X) = 0. Hence, we will calculate
le: 1 SFXS;. Since P; is a rank-one projection, P;XP; = tP; for some t € C.
However, Tr (P; X P;) = (P;, X) = 0 implies that t = 0; therefore, P; X P; = 0. From
the equation

we have

S )

=> (Pxp o PPy (XP+PX)+ I+ 2=l
i ) N -1 N -1

_ 2N - n—1 +N 1+2 n n—1 ¥
-\ N -1 n? N_1 T NZ1

N n—1 N(n — N)
=— -1+ X=——""X

n n2(N — 1)

This implies the assertion. O

If Eq. (7) in Theorem 2 holds for an orthonormal basis {R; }m | of B, the equa-
tion also holds for any other orthonormal basis of B. Indeed, let {T;}/_ | be another
orthonormal basis of B. Then, we have the equation

N m
D SIXSi+ > TIXT; = Tr (X)

i=1 i=1
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for any X € M,,(C). Therefore, combining (8), we obtain

m m

> RIXR; = > T'XT,

so that

Hence, it is enough to check Eq. (7) for only one orthonormal basis of B.

4 Examples of conditional SIC-POVMs

In this section, we show some examples of the existence or nonexistence of conditional
SIC-POVMs. Some open problems are also discussed.

Example 1 If we have no information regarding the state (m = 0, N = n?), then

1 C
Tr P; P; :_n+l i #j).

Hence, this well-known SIC-POVM is a conditional SIC-POVM (if it exists [20]). O

One of the most important POVMs is a POVM which corresponds to an orthonomal
basis. Example 2 says that such a POVM is a conditional POVM. In Examples 3, 4,
and 5, we consider a conditional SIC-POVM which complements such a POVM.

Example 2 1f we know the off-diagonal elements of the state, and we want to estimate
the diagonal entries (m = n2—n,N = n), then it follows from Theorem 1 that a
conditional SIC-POVM has the properties

n
TePiPj=0 (i#j), » P=1 and P isdiagonal

Hence, the diagonal matrix units form a conditional SIC-POVM. O

Example 3 1f we know the diagonal elements of the state, and we want to estimate the
off-diagonal entries (im =n — 1, N = n?—n+ 1), then it follows from Theorem 1
that a conditional SIC-POVM has the properties

n—1 n-—n+1 1
Tr PP = —— (i #]), P, =
Lt ] I’l2 (l # .]) Z
and that P; has a constant diagonal.
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Existence is not clear generally, but if » — 1 is a prime power, then it can be
constructed on the basis of the prime power conjecture [6,24], and details are provided
in [18]. We provide examples in M,(C), M3(C), and M4(C). The case of a two-
dimensional space is very simple, and it will be presented in the next example.

On the other hand, we cannot prove nonexistence using Theorem 2. Let A =
exp(2ri/n), where i = /—1, and W = Diag (1, 4, A2, ..., A"~ 1) € M, (C). Then,
the subspace B is span{Wk}Z;} and {\/LEW"‘}’,Z;} is an orthonormal basis of B. Here,
we have

n—1 1 1
Z Swrkwiwk = P i
n n
k=1
for any 1 < j < n — 1. Therefore, the condition in Theorem 2 holds. |

Example 4 Assume that for a density matrix p € M>(C) the diagonal entries are
known. To recover the other parameters, we use a POVM {F, F>, F3}. A conditional
SIC-POVM is described by projections P; = 3F; /2 (1 <i < 3) such that the diagonal
terms are the same and

3 |
ZP,-:EI, TePiPy= (i # ).
]

Concretely,

P111 P11/\ P11,\2

where A = exp(2mi/3). O

Example 5 Assume that for a density matrix p € M3(C) the diagonal entries are
known, and the other parameters are to be found from a POVM { F; }?:0. A conditional
SIC-POVM is described by projections P; = 7F; /3 (0 < i < 6) such that the diagonal
terms are the same and

7 2 .
ZP,:gl, TePiPj=5 (i #)).

We have
1 1 1
P—1 1 1 1
0—3 ,
1 1 1
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and the other projection matrices are parameterized by o = exp (27wi/7):

P =

Py =

1
3

1
3

)

)

P

Ps

1
3

1
3

)

)

P; =

Ps =

1
3

1
3

We can see that in all of the matrices, the numbers {ai : 1 <1i < 6} appear exactly
once; therefore, Tr Py P; is constant for 1 < i < 6. Since Z?zo Tr PyP; = 7/3, we
have Tr Py P; = 2/9. If we use the notation P; = |x;)(x;|, then

L
NE

with a unitary U = Diag (1, «f, o*). This implies that Tr P; P, ; = Tr Py P;; hence,
Tr P; Py = 2/9 holds for i # k. Consequently, the operators F; = 3P;/7 (0 <i < 6)
form a conditional SIC-POVM.

It is easy to provide a similar example for M4(C). Let

lxo) = —=(, L,1) and  |xj41) =Ulx;)

1
|x0) =§(1,1,1,1) and [xi+1) = Ulx;)
with a unitary U = Diag (1, «, at, oz6) and o = exp (27i/13). Then, the operators
F; = 4|x;)(x;]/13 (0 <i < 12) form a conditional SIC-POVM. m]

Remark 3 We consider a similar example for M7(C). Assume that for a density matrix
p € M7(C), the diagonal entries are known, and the other parameters are to be found
from a POVM {F; }fil. The question is the existence of the projections {Py : | <k <
43} such that the diagonal terms are the same and

6 R 43
T PePe= 5 (k#0), Zpk =1
k=1

This appears to be a complicated situation. Assume that {§; : 1 < i < 7} is an
orthonormal basis in the Hilbert space. The unit vectors {py : 1 < k < 43} provide
the projections

{Pe = |pi){pil = 1 <k <43},
The formulation pg = Zzzl pri&i gives

Pe=>" priDyl&i) (&),

iJj

7
DlpulP =1,
i=1
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so the (i, j)-entry of the matrix Px is pipy;. Then, Tr Px Py = 6/49 implies that

2
7
_ 6
Tr PPy = |(pk. pe)l <Zpkls,,2pz,s,> = pu| =5 (k#EO.
iz
&)
The condition
43 43
D & P = — (6 €))
k=1
which is equivalent to >, Px = 431/7 can be reformulated as
43 .
Zpklpk, s,,s,> =8 (1<ij<7). (10)
The condition that the diagonal entries are the same implies
1
puil” = . (1

7

The essential problem is to construct an example that satisfies (9), (10), and (11).

Since 7 — 1 = 6 is not a prime power, the existence of the projections {Py : 1 <
k < 43} does not follow from Example 3. Moreover, we cannot prove nonexistence
using Theorem 2. It would be interesting to know the relation to existence.

A POVM which corresponds to MUBs is important in quantum information; for
example, better estimation methods of quantum state tomography stated in Remark 1
use MUBs. It is known that n 4+ 1 MUBs exist in C"” when r is a prime power (see,
e.g., [3,9,30]). In the case of n = 6, the existence of 7 MUBs is open problem and it
was conjectured that 4 MUBs do not exist [31,32]. We consider a conditional POVM
which complements 3 MUBs in C°.

Example 6 Consider MUBs in M (C). It is known that there are three mutually unbi-
ased orthonormal bases in C°. Let A = exp(27i/6), and let

01 0 0 10 0 -+ 0
00 1 0 0 A 0 - 0

2
s=|: |, o w=]o 0o R 0
00 0 1 S
1 0 0 0 00 0 .- A5

Then, maximal abelian subalgebras corresponding to the three bases are

span{S¥ : 0 <k <5}, span{W*:0 <k <5}, span{SKW¥:0<k <35}
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Assume that the known space is B = span{S*, WX, kWK : 1 < k < 5} (m =
15, N = 21), and consider a conditional SIC-POVM. An orthonormal basis of B is

[isk iwk —Ska 1<k<5]
V6 V6 V6

The equation SW = AW S implies that

5 5
> (S*kaSk + W siwk 4 W*ks*ksfskwk) =557 +2> wksi =35
k=1 k=1

forany 1 < j <5. Similarly,

5
> (S*ka Sk WHRWI WK 4 Wk gk gk Wk) — 3w/
k=1

5
> (S*k STWI sk 1wk siwiwk 1wk s+ siwi sk Wk) — 35/ W/,
k=1

Therefore, the condition in Theorem 2 holds, and we cannot prove the nonexistence of
a conditional SIC-POVM using Theorem 2. The existence of a conditional SIC-POVM
in this case remains an open problem. O

States on the coupled quantum system have recently been studied from many
points of view. Here, we focus on density matrices in coupled quantum system
M, (C)® M,,(C) whose restrictions are the same or I /n. A set of such density matrices
is considered in many literature [7,11-14,16]. A density matrix whose restrictions are
I/n corresponds to a unital completely positive trace-preserving map. Moreover, if
such a density matrix has rank one, the density matrix (or the state) is called a max-
imally entangled state. In Examples 7 and 8, we consider states whose restrictions
are the same and show examples of nonexistence of conditional SIC-POVMs using
Theorem 2.

Example 7 We consider a density matrix p € M4(C) = M>(C) ® M,(C). The density
matrix

ail 4z 4z di4
azy 4z 4z ax4

p =
az| az a3 az
as) a4 a43  ag4
has reduced densities:
o1 = ai +ax a3z +axu _|annt+ax an+azu
az| + as azz + asu az) +as3  ax +as
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Note thata;; = aj; for1 < i, j < 4. We assume that p satisfies the condition p1 = p».
This condition implies that

ax =as3, aij3+axy =ap+ass, and az; +ag = ax +ag3

(m=3,N = 13). Let

1 1
Ry = —(exn —e33), Ry = —(e12 —e13 — ex4 + €34),
V2 2

1
R3 = 5(621 —e31 — e4q + e43),

where {e;;} =1 is a set of matrix units. Then, an orthonormal basis of the known
space B is {R{, Ry, R3}. Furthermore, p has the form

ail a2 a3 aiq
_ aikz b an3 Cc —daij
r= ajy az, b c—ap |
apg ¢ —apz F—ap aa4

which is orthogonal to B. In this case, a conditional SIC-POVM does not exist. Indeed,
the equations

R¥R(R —lR RiRIRy =0, RiRR3=0
111—217212—,313—

imply Z?z { R¥R1R; = Ry /2, and this contradicts the condition in Theorem 2. O

Remark 4 1t is known that an equiangular tight frame exists if n = 4 and N = 13
(see, e.g., [27]), where n is the dimension of the Hilbert space and N is the number
of vectors. The conditional SIC-POVM shown in Example 5 is an example of such an
equiangular tight frame. On the other hand, Example 7 is also in the case n = 4 and
N = 13. However, a conditional SIC-POVM does not exist in Example 7. This says
that the existence of conditional SIC-POVMs depends on the known space B.

Example 8 We extend Example 7 to the case M, 2 (C) = M, (C)® M,,(C). The density
matrix

n
o= z ai jke€ij  ere

i,j.k =1
has reduced densities:
n n n n
pr= 2. D dijkkeijs Pr= D D Gkkijei
ij=1k=1 =S
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We assume that p satisfies the condition p; = p. This condition implies that

n n
D aijkk =D ki,
k=1 k=1
forall 1 <i,j <n.Let

n
Q= Z(ekk Qeij—eijQerk) = Qeij—eij®I),
k=1

and let

57 it M Qi (= )

R )
T i J

forl <i, j < n,where A = exp(2mi/n). Then, the known space B is span{Qi,j};"jzl,
and {R; j : 1 <i,j < n}\{Ry,} is an orthonomal basis of B (m = n?—1,N =
n* —n?+ 1). Note that R, , = 0.

Forl <i<n—1,1<j,k<nandj # k, we have

R;kRi,iRj,k

n

1 .
= MI®ej—ey ® DU e — e ® NI ®ejr—ejy ® 1)
> Z J J J J
24/2n =1
n
BENGIS ()»ij(l e — ek ® 1)+ D N(ew ® e — e ® ekk))
2+/2n —
so that
D RikRiiR}
JF#k
1 n n
= MW(—I®ejj+e;@ND+n—1)D A U®ew —en®1)
3 Z JjJ Ji
2V2n j=1 (=1
n—2
~ T n Ri-

Furthermore, for 1 <i,j <n—1,

R Rl,le,j

1
ENZE

.
JsJ

DA @ epp—epp @ DU @ egg—eqg @ DU @ err—err @ )
P-q.r
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1
NG

n
Z)\ip(l Qepp —epp 1) + Z)»ip+j(r_p)(€’pp ® err — err Qepp)
r=1 p.r

+ Z)‘il‘+j(r7p) (err ® €pp — €pp Qepr) + zkiq (epp ® €qq — €qq ® epp))
p.r pP.q

1 1 o
=it 27213 2 M ()‘lp(epp ®err —err ® €pp)
n

p.r

+ )\ir(err Qepp —€pp @ err))

1 1 . .
- - Jr=p) (yir —
= kit S p%&r)\' (M7 €np @ err = err @ 1)

+ )\ir(err Qepp —€pp @ err))

so that

n—1

*
D R jRiiRj;
j=1

n—1 1 ;
= n—zRi,i - W Z ()\lp(epp Qe —erQ €pp)
PF#Ir
+ )Lir(err Qepp —epp @ err))
n—1 1 .
=——R;,— — (A’p(e Qerr —err Qepy)
2 ii 2\/5)13 ; pp rr rr pp

+ )\ir(err Qepp —epp err))

n—1 1 :
= —R;;, — — AP 1 —1
n2 i,i 2\/§n3 (; (el’l’ ® ® ePP)
+Z)»ir(€rr QI—-1I® err))
1
= —Ri;.
n

Therefore, for 1 <i <n — 1, we obtain
n—1 |
z R;jRi,iRj,j + Z R;‘ikRi,iRj,k = ERi’i’
j=l1 Jj#k

and this contradicts the condition in Theorem 2. Consequently, a conditional SIC-
POVM does not exist. O
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Example 9 We consider another example similar to Example 7. We assume that p €
M4(C) = M»(C) ® M,(C) satisfies the condition p; = pp = %I . This condition
implies that

ajl = a44, a2 = asz, az4 = —ai2, a4 = —di3, 443 = —az], a42 = —as|
(m =6, N = 10). Let

1 1 1
Ry = ——=(e11 —esws), Ry =—=(exn —e33), R3=——=(ern+e3s),
V2 V2 V2

1 1 1
Ry = —(e21 +es3), Rs=—=(e13+ex), Re=—=(e31+e4).

V2 V2 V2

The known space B is B = span{Ri}?: |- Moreover, p has the form

b an aiz a4

* 1
p = alz 7 - b a23 _a13 (]2)
a¥ ak L_p —a '
13 23 2 12

* * *
ay  —ap —dap b

which is orthogonal to B. In this case, it is easy to see that for all X € B,

6
. 1
> RIXR; = -X.
2

i=1

This is the condition in Theorem 2. Hence, we cannot prove the nonexistence of a
conditional SIC-POVM in this case using Theorem 2. The existence of a conditional
SIC-POVM in this case remains an open problem. O
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