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1 Introduction

In [8], the first author proved the following generalized Lambert series identity:

k
[a1, - ardoo @3 _ [a1/bu,..oar/bilos o (“DERgEEER gy g by
(b1, sbsloo [ba/br.. s bs/biloe 1—bigr by - by
+ idem(by; by, . . ., bs),

1.1)

valid for nonnegative integers r < s. Here and throughout, we use the following standard
q-hypergeometric notation

n

(@ = (@ q)y = H (1 _ aqk*1>

k=0
@i, amn= @1 ..., 8mQn = @1)n- - @m)n

[6{1, v :“m]n = [ﬂl, ) :ﬂm;Q]n = (ﬂl, Q/ﬂlr v raWDq/ﬂm)n

valid for n € NU {oo} and F(a1,ay, . . .,a,,) + idem(aq; ao, . . ., a,) to denote the sum
n
ZF(ai) ay ..., Ai—1,41,Ai41y- - - 1“}’}’1)
i=1

where the ith term of the sum is obtained from the first by interchanging a; and a;.
Identity (1.1) is of interest for several reasons. For example, it generalizes a key iden-
tity used by Atkin and Swinnerton-Dyer [4] in their proof of Dyson’s conjectures on the
rank of a partition. Also, (1.1) played a crucial role in the construction of quasimock theta
functions [7] and rank-crank PDE’s [10], in proving congruences for the mock theta func-
tion ¢(q) [9], Appell-Lerch sums [12], spt-type functions [17] and partition pairs [18] and
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in obtaining identities for generating functions of other types of partition pairs [11] and
various rank differences [19-22].

Recently, Imamoglu, Raum and Richter [16] proved some intriguing results concerning
recursive formulas for the coefficients of the 3rd order mock theta functions

00 2 00

q" =Zc(f;n)q"

— 72
n=0( q)" n=0

fl@) =

and

S 2n(n+1) o

q n
w(q) = = c(w; n)q".
q ;) (q’ q2)2 Z q

n+1 n=0
Namely, if o (1) := Y "_y, d, sgn™ (n) := sgn(n) for n # 0 and sgn*(0) := 1 and
d(N,N,t,1) := sgn™ (N) sgn™ (N)(IN + t| — [N +£)),

then we have the following (see Theorems 1 and 9 in [16], slightly rewritten).

Theorem 1.1. For a fixed n € 7" and for any a,b € 7, set N .= %(—Ba +b—1)and
N = %(Sa + b —1). Then

Z (m—{—%)c( ;n—gmz—%m> = %o(n)—?a <g>—2 Z d(N,N,é,é).

meZ a,be’
3m2+m<2n ab=2n
6|3a+b—1

(1.2)

Forafixedn € 7" and forany a,b € 7, set N := 1—12(361—19—2) and N := %(3a+b—4).
Then
1 n 3 , - 11
> <m+3>c<f;2—2m —m>:—2 > d(N,N,6,3). (1.3)
meZ a,be’
3m2+2m<n ab=4n+1
12|3a—b—2
Theorem 1.2. For a fixed n € Z" and for any a,b € 7, set N := ﬁ(Sa —b—4)and
N = 1—12(361 + b —2). Then

. ) 11
Z (m—l—6>c(a);n—3mz—m)=(—1)Jr1 Z d(N,N,3,6>. (1.4)

mez a,bel
3m4+2m<n ab=4n+3
12|3a—b—4

For a fixed n € 7" and for any a,b € 7, set N := %(a—Bb—Z) and N = %(a+3b—2),

and let
o 2@ o), iniseven
g %o(n), ifnisodd.
Then
1 _ .11
3 mt ) (CDLTOCD o =R~ Y. d(NN )
3 2 3°3
meZ a,bel
3m2+2m+1§n ab=n
12|a—3b—8
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and

N\ (¢@D-—oCD o o o ) g1l
Z <m+3>c< 5 sn— 3m 2m 1>_ R, + Z d( N33>

meZ a,be’l
3m24+2m+1<n ab=n
12la—3b—2

(1.6)

The identities (1.2)—(1.6) were proven in [16] by applying holomorphic projection to the
tensor product of a vector-valued harmonic weak Maass form of weight 1/2 and vector-
valued modular form of weight 3/2 [13, 23]. In Remark 1, ii) of [16], it was stated that these
identities “can sometimes also be furnished by Appell sums because these are typically
expressible in terms of divisors. However, it is not clear whether Theorem 1 and 9 could
be obtained using this idea”

Motivated by this remark, the main purpose of this paper is explain how (1.1) can be
used to give a g-series proof of these identities. The idea is to compare the coefficients
of ¢" in identities which express a modular form times either f(g) or w(q) (Appell-Lerch
sums) in terms of Lambert series (divisor sums). Specifically, (1.2) and (1.3) will basi-
cally follow from (2.8) and (3.11), (1.4) from (3.17), (1.5) and (1.6) from (3.24) and (2.9),
respectively.

The paper is organized as follows. In Section 2, we discuss some preliminary g-series
identities. In Section 3, we prove Theorems 1.1 and 1.2. In Section 4, we discuss another
application of (1.1) to other mock theta functions.

2 Preliminaries
To prove (1.2), (1.5) and (1.6), we need the following two results.

Lemma 2.1. We have

(q)z i (_1)nqn(3n+1)/2 e (q)z ( 2. Z)io ) 00 qn(3n+1)/2
( Q)oo n=—00 1 _an [_x]oo [xz;q ]oo H——00 (1 +an)2
o0
(61’1 _ l)qn(3n+1)/2
+ Z 1+ xq" ’ @D
n=—o00
q(qz;qz)io i gD g (@0 (e d) | i 7
(—a; qz)io S =g x [x,—xq, —xq; 4] (1+ xq2n—1)2
E i
+ Z Taa T (2.2)

Proof. Beginning with the case r = 0, s = 3 in (1.1), setting (b1,by,b3) =
(x, —xg/a, —ax) and multiplying by a [—a, 1 /“2]00’ we find

., (q)c2>o [_a, 1/612]00 _ [1/612]00 S (_l)nqn(3n+1)/2 ol q"(3”+1)/2a_3”_1
[x, —xq/a,—ax] ~ [-l/ale = 1-xq" = 1+aq"/a
0 n(3n+1)/2 ,3n
— Z u' (2.3)

1+ axq”

n=—0o0
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Differentiating (2.3) with respect to 4 and letting 2 — 1, we find that

L DEC% @ i (=1)rgnGnth2 2 g G (1 4 3n(1 + xq" ]
T —xq, s - ok, 1 — xq" (14 xg")?

o B/ [1 +@Bn-1(1+ qu)]
(1 + xq")?

n=—0o0

. (2.4)

n=—0o0
Rearranging and simplifying, we find that (2.4) is equivalent to (2.1).
Again, for the case r = 0, s = 3 in (1.1), setting (b1, b9, b3) = (x,—x/a, —ax), and
multiplying by [—a, 1/a*]__, we find

(q)go [—(1, l/aZ]oo B [1/a2]oo o (_l)nan(Vl+l)/2 0 an(n+1)/2a—3n—2
[x, —x/a, —ax] s (-1/als = 1 —xq" = 1+xq"/a
3n(n+1)/2 ,3n+1
q a
+ Z I (2.5)
L 14axq"

Replacing g by g? and setting @ = 1/bq in (2.5), we find that

(qz;qz)io [~1/(ba), g% 4%, [bz Z (— 1)nq3n(n+1)_ Pyl
[x, —xbgq, —x/(ba)iq*],, |- bq, loo S5 1—xg™ L+ abg

et qn—lb 3n—1
- 2.6
+ Z 14 xg>"=1/b’ 26)

Differentiating (2.6) with respect to b and letting b — 1, we arrive at

4
O 0)o [PV 0 4] (q q - Z (=1)"g*" D
[x, —xq, —x/q; qz]oo e L 11— g
i 7" 1+ B —2)(1 + g )]
- 2n—1)2
n=—00 (1 +xq™"~")
i P71 430 (14 xg>1)] 27)
= (1 +xq2”_1)2 . .
Rearranging and simplifying, we find that (2.7) is equivalent to (2.2). O
Corollary 2.2. We have
(q)go o qn S q2r1 o qn(3n+1)/2
@=-4y —1 16y —1 1144 K
(—q)%of ; 1 —q? ; 1 —g°? ,,_X_:Oo 1 —q?

n#0
(6}’1 _ l)qn(3n+1)/2

+9 Z , (2.8)

n;ﬁO
2. 2)3 00 n—1 o0 on 00 312
(¢%4°) q q q
qd— 5 o(=q) = Ttz 22 e T T a2
(@)% ,;(Hq?" h? ; (1—¢*)? n;w (1>
n#0
o 2
(Bn — 1)g*"
Y e 29)
n=—0o0
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Proof. For (2.8), multiply both sides of (2.1) by (1 + x)(1 + 1/x), differentiate twice with
respect to x, setx = —1 and use

2 S (_l)nqn(3n+l)/2
fl@) = —_——

2.10
@ = 1+q" (210

Here, we have set x = 1 in the identity (see (12.2.5) in [2])

[e¢]

q2n2+2n 1 o (_1)nq3n2+3n
,;) @G 1 (@/% D1 (@540 2

n=—00

1— xg2ntl

For (2.9), multiply both sides of (2.2) by (1 + g/x)(1 + x/q), differentiate twice with
respect to x, set x = —q and use

1 00 (_l)n 3n2+3n
ol@) = —— Z qz 1
@ P = 1=

(2.11)
The latter follows from taking x = —1 in the identity (see (12.2.3) in [2])

00 n?

S _ (-9 s Chen
n=0 G Dn(q/%; n B (@)oo :

e 1 —xq"

To prove (1.3), (1.5) and (1.6), we also need the following

Theorem 2.3. For integers | and j, we have

[ 9, q% ¢ ] (q q ) golm+ golm+5l golm it
[ q] 6] _q21+/ 6] + 2 Z 61m+1 1— q6lm+51

1+ q61m+l+j

qélerSZf] q6lm+317j

6lm+3l+j
—2 +2-1
1 _|_q6lm+51—j 1+ q61m+31—j 1+ q61m+31+j

o0

Z (61’1 +2 +j)(_1)nq31n(n+l)+ln+l
= 6ln+j+21
n=—o0 L+

9] . _
61+ j)(—1)" 3ln(n+1)—In
vy G
=00 q

2

4(q ;qzl)oo 00 (_l)nq?)ln(n+l)+2ln+2l
2

(ql; qZI)oo P

14+ q6ln+/+31

—00

(2.12)

Proof. First, we need to prove the following:

q61m+51 q6!m+l+/'

o5l
- + - — -
_ q6lm+l 1— q61m+51 1+ q61m+l+1 1+ q61m+51—]

o 6lm+1 6lm-+51 e —1)" 3in(n+1)+in+l
— (2 Z q 4 « Z (—1D"q
— 1— q6lm+l 1— q61m+51

[_qH—j’ 7 qél]oo (qGI; qél)io oo golm+
(-4, 4"~ ;¢ 1

m=0

6ln-+j+21
n=—00 l+¢q

o0 [o¢]
1+ 1)(—1)tgBntn D+
+ 2 ( )1( +)6Z1+j+21
n=—00 q

n(_l)nq?;ln(rH»l)fln
6ln+j
n=—00 L+q

(2.13)
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and

I+j 21, 6l 61, 00 .
[_q +, 7 q ]oo (q ; q oo Z 6lm+31 —j B q6lm+31+]
[_qj’ ql7 _q21+/'; q6l] 1+ 6lm+3171 1+ q6lm+3l+j

=0
q6lm+l q6[m+51 5 i (_l)nqSZH(n+l)+ln+l
6lm+l 1-— q6lm+51 1+ q6ln+j+21

n=—0o0

S n(_l)nq?)ln(n+1)+ln+l o n(_l)nq?)ln(n+l)—ln

_ n;w 14 golntit2d 1+ 4ot

n=—00

[q—zl, 7 q6l]oo (qél; qel)io 00 (—1) gl D +20n+31
(.4 qh qsz]oo ot 1 + gblnti+3l

(2.14)

As the proofs of (2.13) and (2.14) are similar, we only give details for (2.14). Replacing
q,a1,az, by, by and bz by g%, —g 3, —g/t, —bgi 3, — g/t and —¢/, respectively, in (1.1)
with r = 2,s = 3 and after rearranging, we obtain

P 2
[, —a™, ¢ ba™s ¥ (@™ b[ba b, Z (= 1)+ gBlnlrt )+ 2n+31
[~7*%, 4, ¢*L ¢!, —bgi+3; ¢ 3,4, q71 /b g%, 1+ bgbintital

! bq3l.q61
Wb ], Z 1+ qoin 42

oo

(- l/b)anIn(n+1)+ln+l

[q

e

[a

(_l/b)anIn(VH—l)—ln
1+ q6ln+i

53

n=—00

(2.15)

Applying the operator %‘ ,on both sides of (2.15) and simplifying, we obtain (2.14).
If we multiply four times (2.14), then subtract from twice (2.13), we find

[ ql+1 q21 q ] (q q i 6lm+l q6lm+51 N q6lm+l+j B q6lm+517j
[ q/ q _q21+} qél 6lm+l 1— q61m+51 1 +q6lm+l+/' 1+q61m+51—j

q61m+31—j q6lm+31+/'
—4 1+ gblm+3l=j 1 4 gblm+3l)

i (6n+2)(_1)nq31n(n+1)+ln+l ot 6n(_1)nq3ln(n+1)—l"
= 6ln+j+21 6n+j
n=—oo 1+¢°" n=—oo L+
2
a(@5q%), S (—1yngdintr+aneal
2 6ln+j+31
(@5a?) s wihe LAY
(2.16)

Replacing g, a1, b1, by by ¢, —¢'7, —¢/, —¢/+? in (1.1) with r = 1,5 = 2, we obtain

; 2
[—ql+’,q2[; q6l]oo (q6l.q6l)OO B i (_1)nq31n(n+l)+ln+l 0 (_1)nq31n(n+1)—ln
g g 204, 61 - 6ln-+j+21 6ln+j
[ 7,9, q"‘/)q ]oo o 14 g%"v Pt 14 %"+
(2.17)
Finally, (2.16) plus j times (2.17) yields (2.12). O

To prove (1.4), we need the following result whose proof is analogous to that of
Theorem 2.3 and thus is omitted.
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Theorem 2.4. We have

20+ Al 61m+2[ 6lm+4l 6lm+-21+j
qa 99 q 49
[ 21 ] 41(+ 61 ) j+ Z 6lm+20 2 6lm+4l 1 6lm+21+j
(-7, —a*, —4**7; ¢°] 1+gq 1+4 1—¢ j

q61m+4l—] q61m+4l+j q6lm+21—j
T 1 — golm+4l=j | 4 1 — golm+al+j 1 — gblmt2l—

S 61+ 4 +j)q31n(n+1)+21n+21
- Z 1 + gblmtj+4l

n=—0oo

o0
61+ 3ln(n+1)—2In
n Z ( Nq

6ln+j
=00 L+ g
(q ’q oo Z (— l)n 3ln(n+1)+2In+21
( q ,q21 = 6ln+]+4l

3 Proofs of Theorems 1.1 and 1.2
Proof of Theorem 1.1. We begin with the proof of (1.2). First, note that

00 q" o q2n 00 00 00 00
— 2
AR DT A DO BLLEE S D) DL
n=1 =1 n=1m=1 n=1m=1
X gGrD/2 X anGBntl)/2 X an(3n=1)/2+2n
o A= = d-¢2 = 1-¢)?
n
o0 o0 o0 (o]
— an(3n+l)/2 Z mqnm—n + an(3n+1)/2 Z(m _ l)qnm—n
n=1 m=1 n=1 m=2
o0 o0
— Z(zm —1 an(3n+2m—l)/2,
m=1 n=1
and
i (6n — l)qn(3n+1)/2 _ 0 (61 — 1)qﬂ(3l’1+1)/2 N o0 61+ l)qn(3n+1)/2
_gn - _gn _ g1
e = =R
n

00 00

— 122 nqn(3n+1)/2 Z qmn
n=1 m=0
[ e

=12 Z Z nqn(3n+2m—1)/2'

n=1m=1

Therefore, (2.8) is equivalent to

( ) oo o0 [ee] [e¢] o0 oo
9) f( y=1 _42 Z ng"™ — 162 Z nq2mn +4Z Z(6n+2m o l)qn(Bn—1+2m)/2‘
n=1m=1 n=1m=1 n=1m=1
(3.1)
By applying (see [5], page 114, Entry 8 (ix))
o0 3
Z (61 + 1)qn(3n+1)/2 — % (3.2)

-k’

n=—0o0
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and extracting the coefficient of g” on both sides of (3.1), we obtain

3 1 n
> (6m—|—1)c<f;n—2m2_2m)=—40(n)—160 (§)+4 > Ga+b).
MmeL a,beZt
3m%+m<2n ab=2n

b>3a
a#b (mod 2)
(3.3)

We now examine the right-hand side of (1.2). Observe that both & and b have the same
sign, and when a = 3b, N is not an integer. Hence, by splitting the sum according to the
values of a and b intherange 1 <b < 34,1 <3a <b,3a <b < —1,and b < 3a < —1,

we find that
- 11 b b
d{N,N,—, - | = = — a— -+ a
Z 6’6 Z 3 Z Z 3 Z
a,beZ a,beZt a,beZt a,bel~ a,bel~
ab=2n ab=2n ab=2n ab=2n ab=2n
6|3a+b—1 1<b<3a b>3a 3a<b<-1 b<3a<-1
6|3a+b—1 6[3a+b—1 6|3a+b—1 6|3a+b—1
b
S S I S
3
abel* abel* (3.4)
ab=2n ab=2n
1<b<3a b>3a
6|3a+b—1 or 6|3a+b+1 6|3a+b—1 or 6|3a+b+1
1
S
abeZ* abeZ*t
ab=2n ab=2n

1<b<3a b>3a
b#a (mod 2) b#a (mod 2)

where in the third equality, we note that

> b= > b= Y 3= > 3a= Y 3a= Y 3a

a,beZt a,belt a,belt abel a,belt a,bel*
ab=2n ab=2n 3ab=2n 3ba=2n ab=2n ab=2n
1<b<3a 1<b<3a 1<3b<3a 1<3a<3b b>3a b>3a
6|b+3a+3 3lb a#b (mod 2) b#a (mod 2) 3[b 6|b+3a+3
a#b (mod 2) a#b (mod 2)

Thus, by (3.3) and (3.4), it suffices to show that

Y. b=3cm-do(3)- Y b (35)

a,beZt a,beZt

ab=2n ab=2n

b>3a 1<b<3a
a#b (mod 2) a#b (mod 2)

By elementary manipulations, we see that

3a(n)—4a(g)= Yos- Y 2

abelZ* a,beZ*
ab=n ab=2n
a=b=0 (mod 2)
S ST S
a,bel™ a,bel™
ab=n ab=n
b=1 (mod 2) a=1 (mod 2)
R >R S VR
a,beZ* a,beZ*
ab=2n ab=2n
a=0 (mod 2), b=1 (mod 2) a=1 (mod 2), b=0 (mod 2)
-
a,beZ*
ab=2n
a#b (mod 2)
and thus (3.5) is true. This proves (1.2).

Page 8 of 18
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Splitting the sum on the right-hand side of (1.3) in a way similar to (3.4), we find that

%6 Y d(Nﬂlé;) ) b )3 34

a,bel a,beZt a,beZ™
ab=4n+1 ab=4n+1 ab=4n+1
12[3a—b—2 1<b<3a—2 b>3a+2
12(3a—b—2 or 12|3a—b+2 12|3a—b—2 or 12|3a—b+2
(3.6)
=: S1(n) — 352(n).
The generating function for S;(») is given by
0 3a—2 0 3a—2
251 0q'=2 2 b2 . b (37)
a=1 b=1 a=1 b=1
12|3a—b-2 12|3a—b+2
4|ab—1 4|ab—1

Note to have 123z — b — 2 and 4|ab — 1, we must have 2 odd and » = 1 (mod 6). Hence
we replace a = 2k + 1 and b = 6/ + 1 in the first sum on the right-hand side of (3.7).
Similarly, we replace a = 2k + 1 and b = 6/ + 5 in the second sum. This leads us to

ook
Zsl(n)q — Z Z (6[ + 1)q3kl+(k+31)/2 + Z Z (6[ + 5)q3kl+(5k+3l)/2+1
k=0 I= k=0 =0
2\/( 2|k—1

e} oo
Z (61 + 1)q3kl+(k+3l)/2 + Z Z (6l + 5)q3kl+(5k+3l)/2+1

r“18

=0 k=l =0 k=l

2|k—1 20k—1
[e'e) ) 00 00 . 0

= 2(61 + gt Z gFeHD/2 2(61 4 5) Pl Z <6912
=0 k=0 =0 k=0
20k Sk

ad e+ PRl
= O+ Dy + 2(6’ O s
=0

Z (6l+1)q3lz+21

6l+1 (38)

I=—00
where in the last equality, we replaced / by —/ — 1 in the second sum. Similarly, the
generating function for Sy(n) is

S o 3n24+2n—2
2n—-1)
D Samg" = ) = Zﬁnfg : (39)

n=—0o0

From (2.10), applying (see [5], page 115, Entry 8 (x))

o 2, 2)\3
> Bn+1g D = M, (3.10)
oo (4%,
(3.6), (3.8) and (3.9), we see that (1.3) follows upon extracting the coefficient of g” from
both sides of
2, 2\2 3n+1) 3n2+2n 3n24+2n—2
(@*4°) (—1)"g™ (6n + g @2n—1)q
2 > Z Z 6n+1 =3 Z 1— 6n 3

2 2
(_q; qZ)oo n=—00 1+q™ n=—00 n=—00
(3.11)
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Now, to prove (3.11), we first set / = 1 and j = —3 in Theorem 2.3 to obtain

-2 2.6 6. ,6)\2 _ _
[—q 45 q ]OO (q iq )Oo o Z 6m+1 - q6(m+1) 1 N q6m 2
6m+1 1— q6(m+1)71 1+ q6m—2

[—a% a4 -1/a:4°)
~ q6(m+1)+2
1+ gbUn+D+2

0 (61 — 1)(_1)nq3n2+4n+1

= Z 14+ q6n—1

n=—00
S (61 — 3)(_1)nq3n2+2n
+ Z 1+ q6n73
n=—00
[q 2,q2 q6] (q q o Z ( l)nq3n(n+1)+2n+3
— 1+ g%

(4% a4, 1/q:9°
(3.12)

Replacing ¢,a, b and ¢ by ¢°, ¢°,¢° and —1/4?, respectively, in ([8], Corollary 3.2), we

6m+1 q6(m+1)71 q6m72 q6(m+1)+2

obtain
—142 Z ( qom+1 1= gom+D-1 + 1 + gbm—2 1 +q6(m+1)+2>

[q ——a% %), (% 4°)2,
@9 —1/4% —4%4°]
which together with (3.12) gives

St (61’1 _ 1)(_1)nq3n2+4n+1 o (6}’1 _ 3)(_1)nq3n2+2n

- Z 6n—1 - 6n—3
n=—0o0 1+qn n=—od 1+qn
~ [q, qZ,qZ, _q27 qs;qa]oo (q6; q6)4 (q q oo Z (—1)"q n(3n+5)+2 . 3.13)
[~%4°] (q,q e SR '
By ([6], Eq. (2.1)), we have
4
et 0070 (@50 ) _ (45 = Z (=1)"g Gt
. 6
[_q’q ]oo (q’q co N=—00 1+q
(3.14)
Substituting (3.14) into (3.13), we obtain
i (61’1 _ 1)(_1)nq3n2+4n+1 o (61’1 _ 3)(_1)nq3n2+2n
o 6n—1 o 61n—3
= 14 ¢ Bt 1+q”
B (qz;qz)io 00 (_l)nqu(3n+5)+2 q q oo Z (_l)nqn(3n+3)+2
- 2 6 6
(q;qz)oo n=—00 1+ (q’q 00 H=—00 1+4>
q*; q (_l)n n(3n+1)+2
=) 5n GO @19
(q,q o o T4

where the last step follows from the fact that

X (L1)tgnBrtD X (Z1)ngr3nts)

Z 1+q6" = “— 1+q6"

n=—0oo
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and
i (_1)nqn(3n+1) i (_1)nqn(3n+1)(1 _ q2n + q4n)
2 = 6 .
e 1TT nho 1+ ¢
As (3.15) is equivalent to (3.11), this proves (1.3). O

Proof of Theorem 1.2. For (1.4), we first split the sum on the right-hand side in a way
similar to (3.4) to obtain

6(-" d(NN; é) = > 3a — > b.

a,be’ a,beZ™ a,belZt

ab=4n+3 ab=4n+3 ab=4n+3

12|3a—b—4 b>3a-+2 1<b<3a-1
12|3a—b—4 or 12|3a—b-+4 12|3a—b—4 or 12|3a—b-+4

(3.16)

By (2.11), (3.2) and a calculation similar to (3.8) for the generating function of the right-
hand side of (3.16), we see that (1.4) follows extracting the coefficient of g” from both
sides of

(q2.q2)2 i (_l)nq3n2+3n i @2n— l)qn(3n+1)72 i (6n — l)qn(3n+1)71

—_— - =-3 -_— — -_—

( q q )oo e 1— q2n+1 et 1+ q6n73 = 1+ q6n71
(3.17)

To prove (3.17), we setj = —1,/ = 1 in Theorem 2.4 to get

[q,q‘*;q ] (q q ) { - i 2( 6m+2 q6m+4 q6m+1 q6m+5 )}

- - +
[—1/61, q —q q 1+ q6m+2 1+ q6m+4 1— q6lm+1 1— q6m+5

0 3n(n+1)+2n+2 o _ 3n(n+1)—2n
6n+3 6n—1
--y ( )q + 3 ( )9

= 1+ q6n+3 Bt 1+ q6n71
2(q2. q2)2 0 (_l)nqSM(n+l)+2n+2
+ (—6]2 q2)2 Z 1— q6n+3

© p=—00

(3.18)

Replacing g, 4, b and ¢ by 4°, ¢, g and —g?, respectively, in ([8], Corollary 3.2), we obtain

6m+2 6m+-4 6m+1

6m—+5
14 Z ( q 4 L4 )
1+ q6m+2 1+ q6m+4 1— q61m+1 1— q6m+5

2
_ [q =0 = 4°) (4%4°)
@9 —4* —a* 4],
which together with (3.18) gives

i (6n + 3)q3n(71+1)+2n+2 0 (61 — 1)q3n(n+1)72n
6n+3 - 6n—1
Bt 1 + q n+ W 1 + q n
2 4
2 (qz; qZ)OO 00 (_l)nq3n(n+1)+2n+2 q [qz, _qB’qAL; q6]oo (q6;q6)oo (319
- 2. 2\2 Z 1 — gon+3 + _ _2_2_q4.6 '
(—0% ) g n=50 q 9. —a.—4* 4 —a% 4]
We note that (see [6, Eq. (2.1)])
4 2
q[q2 — g qe] (qé;q6) B (q2.q2) i (_l)nqn(3n+3)+1 (320

-0 -a* 2% -], (~g5@)>, e 14T
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Substituting (3.20) into (3.19), we find that

(611 4 3)gnortD+2n+2 (61 — 1)g3nth=2n

n;(x) 1+ q6n+3 = 1+ q6n—1
B Z(qz;qz)io i (—1)ngPnn+D)+2n+2 (qz;qz)io i (—1)ngPnor+D+
- 2 — 6nt3 2 — 6n+3
(%) nmee 17" (%) nmee 177"
2
~ (qz; qz)oo i (—1)g3ninth+1 (321)
()l e 1t '
’ o0 h=—
where the last step follows from the fact that
i (_l)anH(n+l)+2n+l B o (_l)nqS;fz(n+1)+4n+2
_ 6n+3 - _ 46n+3
n=—0o0 1 q " n=—0o0 1 q "
and
S (_l)nq3n(n+1) o (_l)nq3n(n+1)(1+q2n+l +q4n+2)
Z 1— gl Z 1 — gont3 :
n=—00

n=—00

By (3.21), we find that, to prove (3.17), it suffices to show that

(61’1 _ 3)q3n2+n—1
1+ q6n—3

S (61 + 3)q3n(n+l)+2n+2 o
Z 1+ q6n+3 == Z
n=-—00 n=—00

which is easily checked to be true by replacing # by —# in the sum on the left-hand side.

This completes the proof of (3.17) and thus (1.4).
Now, by taking the sum and difference of (1.5) and (1.6), respectively, we obtain the two

equivalent formulas

Z <m+1>c(w(q);n—3m2—2m—1): Z d(N,N,;,;)

meZ 3 a,beZ
3m2+2m+1<n ab=n
12|a—3b—2
.11
- Z d N, N} PR i)
3°3
a,be’
ab=n
12|a—3b—8
(3.22)
and
1 2
Z m—l—g c(a)(—q);n—Bm —2m—1)=2Rn
meZ
3m2+2m+1§n

a,beZ,
ab=n
12|a—3b—8 or 12|a—3b—2

From (3.10) and noting that

3 % d(N,N,;,;): ) a- ) 3

a,beZ abeZ* a,bel*
ab=n ab=n ab=n
12|a—3b—8 1<a<3b—1 a>3b+1
12|a—3b—8 or 12|a—3b+8 12|a—3b—8 or 12|a—3b+8
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and

_ 11
3 Z d(N,N,3,3

a,bel.
ab=n
12|a—3b—2

)- X e X
a,bel* a,beZt

ab=n ab=n
1<a<3b—1 a>3b+1

12|a—3b—2 or 12|a—3b+2

we see that (3.22) follows from

3b,

12|a—3b—2 or 12|a—b+2

q(q q )oo i) — i (3n+2)q3n2+14n+8 s 0 nq3n2+2n
_ 12148 — 12
(_Q§ q2) n=—00 1—gtnt H——00 1—q*
n#0
2 2
i (3n + 2)q3n +8n+4 i3 0 nq?)n +8n (3 24)
12n+8 12 ‘
n=—od 1_q " n=—0oo 1_q "
n#0
or equivalently
3
q(qz;qz)oow(q) _ o0 nq3n2+2n ~ 0 (3n+2)q3n2+8n+4
(_q; q2)2 = 1+ q6n = 1+ q6n+4
o0 n;ﬁO
3n +2n 0 3n2+4n+1
-y My Gk 625)
- 14+ q6n 14+ q6n+2 :
n=—0oQ n=—0o0
We now set / = 1,j = 0 and replace g by —g in Theorem 2.3 to obtain
) [q, 7% q° ] q q . Z g+ gom+s - g1 4o +s
[ 1,—q,— 1+ q6m+1 1+ q6m+5 1— q6m+1 _ q6m+5
’ OO m=0
2
_ 0 (61 + 2)q3n +4n+1 o0 6nq3n2+2n A (qZ;qZ)OO 00 (—1)"q3"2+5"+2
__Z 1 4 gbn+2 1+ g5 + 2\2 Z 1 — gbn+3
n=—00 9 n=—00 (_ q )oo n=—00
(3.26)
By ([8], Corollary 3.1), we have
i 6m+1 N q6m+5 B q6m+1 N q6m+5 4 Z 61+1
= 1+ q6m+1 14+ q6m+5 1— q6m+1 1— q6m+5 ,__OO 12/+2
12] (4%
__4a[d%4?], 7?)2,
[qz, 45 qlz]oo
which together with (3.26) gives
3 3 3
i (6}’[ + 2)q3n2+4n - 6nq3n2+2n 1 (qZ;qZ)OO 5 [q6; qlg]oo (qlg;qls)oo
61+2 6 2
nemoo 11T ne—eo 11T (~za®)., [4%a%a%), (4545,
2..2\2
; —1)" n(3n+5)+1
4 (4%4q )020 3 (—1)"q
o 2 1 — q6}’l+3
( q )oo n=—00
This together with ([15], Eq. (5.8)) implies
NUGTES (q q )OO o) = i (61 + 2)q3n2+4n ~ 0 6nq3n2+2n 1
61+2 6
(—q;q )oo n=—00 14g%"+ n=—00 1+

which is equivalent to (3.25). Thus, (3.22) is proven.
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For (3.23), it suffices to prove

> Gm+c(o(-qsn—3m* —2m—1)

meZ
3m2+2m+1§n

—6R, — > a+ > 3b

a,bel™ a,bel™
ab=n ab=n
1<a<3b-1 a>3b+1

a—3b=2,4,8,10 (mod 12) a—3b=2,4,8,10 (mod 12)

=6R,— Y.  a+ Y  3b

a,beZ* a,beZt
ab=n ab=n
1<a<3b-1 a>3b+1
a=b (mod 2) a=b (mod 2)
=6R,— Y —a+ Y  3b
a,beZ* a,beZ*
ab=n ab=n
1<a<3b a>3b
a=b (mod 2) a=b (mod 2)

where in the second equality, we used the fact that

> a= Y 3a= Y 3b= Y 3b= >

a,beZ*

a,beZt a,bel* a,beZ* a,beZ*
ab=n ab=n ba=n ab=n ab=n
1<a<3b-1 1<3a<3b-1 1<3b<3a-1 a>3b+1
a—3b=0 (mod 6) a=b (mod 2) 3la
a=b (mod 2) a=b (mod 2)

Next, we examine the right-hand side of (2.9). Note that

a>3b+1
a—3b=0 (mod 6)

Page 14 of 18

(3.27)

3b.

i q2n—1 ) i q2n i <(2l’l _ 1)q2n—1 4nq2n
— - - - M
— (1 + q2n—1) ot (1 _ q2n) ot 1 q‘l'Vl 1— g2
00
=D 6Ru",
n=1
where
5 %(U(%) — 20 (%)), if nis even;
! to(n), if 1 is odd,
and
> 3n’ i 3n? 0 3n2+4n
Z (1z 2”)2 :Z (1? 2}’!)2 +Z ({I_ 2}1)2
n=—00 1 n=1 q n=1 q
n#0
X X ) 00 00 ,
= Z Z PR 1) 4 Z Z I (g — 1)
n=1 m=0 n=1m=1
00 ) o0 0
— q3n + Z Z 2mqn(3n+2m).
n=1 n=1m=1
Similarly,
i 2 e 0o 00
(3”1 — l)qgn 3n? n(3n+2m)
> W:Z(E‘”—l)q +Y > eng .
=5 n=1 n=1m=1

om An
gy
1— q4n
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Hence, identity (2.9) is equivalent to

2, 2\3
(@*4°) 32 1n(3n+2m)
a4 Fo(-q = Z 6R,q" + Z 3ng®" + Z Z(6n + 2m)q
( 49 )oo n=1 m=1
_ Z 6an + Z Z (31’1 + zm)qn(Sn—i-Zm) + Z Z Bnqn(3n+2m)
n=1m=1 n=1m=0
=Z6i€nq”+2q” > (3b+2m)+2q” > 3
n=1 n=1 bmeZ* n=1 bmeZ*
b(3b+2m)=n b(3b+2m—2)=n
00 00 00
=D 6Rug"+> q" D> a+>.q" > 3b (3298
n=1 n=1 a,bel* n=1 a,beZ*
ab=n ab=n
a>3b a>3b—2
a=b (mod 2) a=b (mod 2)

Applying (3.10) while extracting the coefficient of g” from both sides of (3.28), we obtain

Y Bm+Dc(o(-qin—3m*—2m—1)=6R,+ > a+ Y  3b
meZ a,beZt a,beZt
3m?+2m+1<n ab=n ab=n
a>3b a>3b—2
a=b (mod 2) a=b (mod 2)

Note that

Y 6(Ry =R =) 20(n/2)q" + ) o@n—1)g"!

n=1 n=1 n=1
2\ 2ng™ 2n — 1)g*!
Z 1— q4n Z 1— q4”‘2

%) 00
Z 4mn + Z Z(zn _ l)q(2n—1)(2m—1)

n=1m=1
00
=>4 ) 2a+y 4 )y (Qa-D
n=1  gbez* n=1 a,beZ™
4ab=n (2a—1)(2b—1)=n
00
D

ab=n
a=b (mod 2)

Thus, (3.27) follows upon observing that

Z a— Z a-+ Z 3b = Z a+ Z 3b.

a,beZt a,belt a,belt a,bel* a,beZ*
ab=n ab=n ab=n ab=n ab=n
a=b (mod 2) 1<a<3b a>3b a>3b a>3b—2
a=b (mod 2) a=b (mod 2) a=b (mod 2) a=b (mod 2)

This proves (3.23). Adding (3.22) and (3.23), then dividing by two yields (1.5) while
subtracting (3.23) from (3.22), then dividing by two implies (1.6). O
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4 Other applications of (1.1)

It is worth noting that (1.1) can also be used to obtain other identities involving
mock theta functions. For example, in [3], Andrews, Rhoades and Zwegers consider the
automorphic properties of the g-series

e’} n(n+1l) 00

1 ( 1)n+ln ) 1 n
m(g) = —5| Y —Z —---2) 76]”2
D |, 174 4 = (1d4q"
n#0

which is related to the generating function for the number of concave compositions of n
[1]. In particular, to show that vo(g) is a mock theta function, they require the following
key identity (see Theorem 1.3 in [3])

00 qn(rHrl)
F(g) = = —2uy(q). (4.1)
Do (—02% — 1+q"
We now prove a generalization of (4.1).
Theorem 4.1. We have
2 S b k k(kﬂ) o np n+1 b 1)" n(n+1)/2
D5 Z( ) q :_Z( q n2+ n+/1 2)+Z( )qu
[1/Bloc = = 1—bg* =\ —bg" /b) =
n#O

(4.2)

Proof of Theorem 4.1. Setting r = 1, s = 2 and replacing a; by bb; in (1.1), after
rearranging, we obtain

k(k+1)

[bb1,b1/blos @3~ (=BFq 7 [Ble < (—bD)fMq
[b,b1,b1)0 o Z l—bqk b[b1]oo k; l—blq

k(k+1)

(4.3)
k—=—

Multiplying by (1 — b1)? and applying the operator d2 B ’ _pwe obtain

(qb,4/b)oc | [1/b)o Z ( b q"/b )
- b)(q)2 @3 —\1- 7  (1—bgm> (1—q"/b)>

_ i 0lg" T (bl Z V"R 4 g | (1D
- 1—-bg* b (1-q"? 1-g" '
n#0

(4.4)

Letting a,¢,d,e — 1 and b — ¢ in a limiting case of Watson’s g¢; transformation,
(5, Eq. (7.2), p. 16]

i (aq/bc,d,e;q)n (%)n _ (aq/d,aq/&q) Z (a,b,c,d, e;9)n (1 — aq? )( )” g" /2

= (q.aq/baq/c;q)n  (aq,aq/de;q)c “= (q,aq9/b,aq/c,aq/d, aq/e;)n(1 — a)(bede)”

’

we find that

o n X q\n nn+1)/2 n
3 q __Z( Dq (I+4"

= 4.5
= A-g? 1-q"? *5

n=1
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Substituting (4.5) into (4.4) and rearranging, we obtain

-1 _i b db \_ @ i (—byq T
b -0 =\ —bg)? " (A-q'/b*) /bl >~ 1-bgt
i (_1)nnqn(n+1)/2
n=—o l_qn
n#0
which implies (4.2). O

Multiplying by

on both sides of (4.2) and setting » = —1, we obtain (4.1). Using
Theorem 4.1, one can also show

o An+1 4n+3 o __1\"4,,2n(n+1)
4, 4\3 _ q q (—=1)"nq
959 )cBlg) = ; <(1 — gAntT)2 + (1— q4n+3)2) - n;w 1— g
n#0
(4.6)

where

0]

nii{_,. .2
B = 3 L L),

= (G4

is a 2nd order mock theta function (see [14]). To see this, replace g and b by g* and ¢,
respectively in (4.2) to obtain

(— 1)" n(2n+3) 4n+1 4n+3 0 (=1)"n 2n(n+1)

( Z g1 _Z g1 3T 1 g4 +3)2 + Z z 4n

[1/q, o = 1 — g2 T (1 — g F3) —  1-q
n;éO

By ([15], (3.2a), (3.2b), Eq. (5.2)), we have

(_ l)nqn(2n+3)

1
B =
@ @ 4% a%q%) o 2

n=—0o0

1— q4n+1

and thus (4.6) follows.
Extracting the coefficient of g on both sides of (4.6), we obtain the following corollary.

Corollary 4.2. For a fixed positive integer n, we have

> =D"emADeBn—2m* —2m—1)= Y d— Y  (-Da

meZ+t 0<d|n a,bel*
2m?+m+1<n g odd 1<a<b
2ab=n

a#b (mod 2)

Similar results exist, for example, for the mock theta functions ¥ (g), p(q) and A(g) of
order 6 and Vj(q) of order 8 as they can be written in terms of Appell-Lerch series (see
Section 5 of [15]).
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