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Seamless multidimensional handling and coordinate-free characteristics of geometric algebra (GA) provide means to construct
multidimensionally-unified GIS computation models. Using the multivector representation for basic geometric objects within GA,
we are able to construct adaptable unified geometric-topological structural models of a multidimensional geographical scene.
Multidimensional operators found within the geometry, topology and GIS analysis are developed with basic GA operators. A
unified computational framework is proposed, it unifies expressions and operation structures, as well as supports the analysis of
multidimensional complex scenes. Finally, we illustrate modelling a three-dimensional residential district, which shows that GA-
based multidimensionally-unified computation models can effectively represent and analyze complex and multidimensional geo-
graphical scenes. The development of the proposed GIS multidimensionally-unified representation, analysis, and modeling en-

hances current GIS algorithms and geographical models.

geometric algebra, GIS, multidimensionally-unified representation, multidimensionally-unified computation

Citation:
10.1007/s11434-011-4891-3

Yuan L W, Lii G N, Luo W, et al. Geometric algebra method for multidimensionally-unified GIS computation. Chin Sci Bull, 2012, 57: 802—-811, doi:

The representation and arrangement of complex geograph-
ical objects and scenes are identified as important in the
application and usability of geographic information systems
(GIS) [1-4]. Object expression and code construction of
operations is an important step in advancing GIS research
from static characteristics to a more comprehensive research
on temporal and spatially distributed structures, and model-
ing and forecasting of dynamic processes and mechanisms.
It is also an indispensable process in achieving model inte-
gration and comprehensive use in GIS and professional are-
as [5-8]. There still exist many limitations within traditional
GIS, based on Euclidean geometry, in maintaining complex
representations of geographical objects, multidimensional
spatial relations, and topographical analysis [9]. Construct-
ing models that support multidimensionally-unified geo-
graphical object representations and operations based on
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new mathematical theories is one possible way to reduce the
multidimensional complexity of current GIS and to improve
architectural efficiencies in its operations and analysis
[10,11]. Geometric algebra (GA), known as a unifying de-
scriptive language, can integrate algebra with geometry,
mathematics with physics. By defining the spatial operation
sets (e.g. geometry, measurement, topology) with GA oper-
ators, Euclidean, homogeneous, and conformal spaces can
be described and converted among each other, this provide a
unification and representation of varied algebraic structures
and geometric systems [12,13]. Calculus, geometry, and
signal processing (e.g. neural network and wavelet) meth-
ods can be reconstructed and expanded under the GA
framework [14,15], which then provides a foundation for
expansion and reconstruction of topological models. Here,
based on GA’s multivectors and operators, we construct a
geometric framework that enables multidimensionally-
unified computation modeling of multiple geometric objects
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and geographical scenes and is validated with the modeling
of a 3D residential community.

1 Calculable multidimensionally-unified
representation

GA is based on an n-dimensional vector space, not neces-
sarily Euclidean, and makes use of inner and outer products
to construct geometric objects contained in different dimen-
sional vector-product space. The unified expressions of
these geometric objects can directly support calculation.
The basic operations and operators in GA can be extended
to concise and intuitive spatial analysis operations [16,17],
and provide foundation for multidimensionally-unified rep-
resentation and operation of geometric objects [13,16].

1.1 Complex representation of multidimensional
objects based on blades

Conformal GA (CGA) is one of common GA systems [18].
By introducing two additional coordinates e, and e.., one

can easily realize the various conformal transformations, the
multidimensional unification of objects, and treatment of
coordinate systems given the specific geometric interpreta-
tion of the inner and outer products. In the GA space V(p,q),
where p,g corresponding to positive and negative signature
pseudo-Euclidean space, the rules of operation between any
number of vectors have closure within V(p,q) (it means any
operation can be expanded in terms of the geometric prod-
uct). The geometric product, ab of two multi-vectors a, b
can be expanded as

ab=anb+a-b=<ab> +<ab>

grade(a)+grade(b) grade(a)—grade(b)*

ey

The definition of the geometric product shows that it is

composed of hybrid vectors of various dimensions, i.e. mul-

tivectors. Multivectors are basic mathematical structures of

GA, which also support as the base of multidimensionally-

unified object representation, spatial relation analysis and
operation in different dimensional space.

Table 1 Inner and outer product representation of basic geometric objects” [18]
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The blade of grade k, also termed a k-vector, is a special
type of multivectors formed by k separate vectors generated
with only outer products: A_,. =a, Aa, A+--Aa,. Ablade A

defines a k dimensional subspace; the expression xA 4 =0,
i.e. the “meet” of x by object A, determines the set of all
vectors x lying in that subspace [19]. In this manner, a blade
expresses succinctly such simple geometric objects as
points, lines, planes, etc., in the pseudo-Euclidean space
forming the GA space. Such subspaces can even be used for
expressing intermediate objects of geometric operation,
such as point pairs, GA space, etc. (A partial list of outer
product representations for basic geometry objects is given
in Table 1). In GA, all geometric objects are explicitly con-
structed by outer products (inner products) relative to the
monomorphic representations in the “geometric space” with
a Euclidean metric. Therefore, these objects have both ex-
plicit geometric interpretation and algebraic expressions,
that can be directly applied in geometric operations. For
example, project and reflect the line L to plane P can be
expressed as (L-P)L™' and LPL™" respectively. That close
connection provides for a tight consistency between struc-
tures and operational rules, which provides complete
mathematical foundations for object representation.

In CGA, the Grassmann structure hidden in the GA ex-
pression is in consistency with the dimensional structure of
geometric objects, which ensures that geometric form rep-
resentation based on outer products can reflect the in-
ter-constructing relationships between geometric forms of
different levels. Geometric objects constructed through in-
ner products inherit those geometric features and relation-
ships from the construction of the object, and intrinsic met-
ric properties. Metric parameters such as intrinsic distance
or angle are then automatically incorporated in the paramet-
ric expression for each geometric object. The coordinate-
independent expressions with both inner and outer products
make representations of geometric objects dimensional and
geometric structure very adaptable, in order that that the
calculation process can be simplify and boost in symbolic
way. Dorst et al. constructed adaptable fitting algorithms for
both spherical and planar objects [13]. The unification of
object representations and their geometric meanings leads to

Outer products representation

Inner products representation

Point A A Point A X-A4=0

Point pair (4, B) AAB Dual mid-plane of point A, B X-(4-B)=0
Circle (4, B, C) AANBAC Dual plane through point P, direction A, X-(=P-(4e,))=0
Line (4, B) AABne, Dual plane normal n, support & X-(n-8|nfe,)=0
Sphere (4, B, C, D) AABACAD Dual sphere center A, radius p X-(A4-0.5pe,)=0
Plane (4, B, C) AANBAC Ae, Dual plane through P, normal n X-(P-(nne,))=0
3D Euclidean geometric space AABACADANE Inner product expression of any geometric objects S X-5§=0

a) The bold and italic character means the GA expression of corresponding geometrical object.
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adaptable representation of basic geometric objects in a co-
ordinate-free manner that contains both structural dimensions
and geometrical relationships. Furthermore, it can derive the
construction of the geometric representation and modeling
based on geometric hierarchy, ubiety, and metric relations.
Such characteristics make it possible to unify multidimen-
sional geometric objects and to represent their geometric
modeling relationships [20,21].

Similar to simplex-complex structure in GIS, multidi-
mensional geometric objects with different structures can be
decomposed into sets of single geometric elements (single
geometric feature class, e.g. points, lines, planes, spheres,
etc.), of different dimensions. Since blades can be used to
express every geometric feature classes, geometric-algebra
expressions of complex geometric objects can be achieved
with multivectors linking the representation of the above
geometric feature class [21] (Figure 1). It can be implemented
as: (1) geometric representation: the geometric structure and
representation of geographical objects with different levels
are decomposed through splitting geographical objects ac-
cording to objects and element composition. The unified
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expression and storage of each different dimensional objects
is with a multivector, from which the original geographical
objects can be reconstructed; (2) organization of objects: the
hierarchy of multidimensional geographical objects relating
the geometric representation to topological relations are
constructed so that a hierarchical decomposition of complex
geometric objects can be obtained in terms of single geo-
metric elements of differing dimensions. Aided by GA ex-
pressions for the basic geometric elements, the structure of
blades in GA space can be attached, thereby reconstructing
the geometric objects of different dimensions, and then based
on multivectors, a unified integration, representation, and
storage of blades can be achieved; and (3) property embed-
ding: based on an object representation in terms of multi-
vectors, semantic descriptions, object links, and property
embedding methods are developed to achieve property em-
bedding. From semantic linking of the original data, the
representation data based on multivectors can be examined
for semantic and property integrity and consistency, thus
ensuring the expression for the geographical objects can be
interpreted consistently with its properties.

N-dimensional 3-dimensional 2-dimensional 1-dimensional
object object object object
Decomposing
of objects = g — Splitting —» i 2 — Splitting —A
Topological relation analysis and construction
v v L
) ) i Compcl.;rll:n?::tmetnc ' ! [ (N-1)D compound | _Object construction ND compound E
Hierarchical ' i geometric element |00 decomposition L 98ometric element '
structure : Decomposing ! P P i
lysi ! v ! - - . . |
analysis : Slngle geometric H (N-1 )D 5|ng|e Construction ND Ismg|e |
] feature class | ’ geometric element Decomposition geometric element | |
_______________________________ i ]
Hierarchical structure construction and expression
r L 4 L 4
: Basic geometric ! [ (N—1)D geometric | _ Grade increasing ND geometric | |
Element i feature class feature class Grade decreasin feature class i
expression and | | Expression g |
reconstruction | | Y Quter product i
' blade > (N-1)D blade ND blade i
i Inner product i
I ———— S
Semantic relation analysis and generation
A ¥ A
4 Object 1 Object class Object 1
Semantic E5 Ob]e‘:ﬂp % & Condition
N == = . I
Embeddin character- < Object 2 § g Spatialcoordinate L § 2,0 Opject 2 :
9 o @ 2| Internal structure 270 constraint
and istics = [
mapping of - Attribut expression -
semantic \_ Object 3 Object 3
restriction 4
Condition constraint: causality, implication relation; similarity; instance; sequence;
reference; gathering; alliance; sub-type...

Figure 1 Multidimensionally-unified representation of geometric objects.
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1.2 Unified organization of complex multidimensional
scene based on multivectors

Based on the blade mathematical structure, we present an
integrated representation, storage, and operation of geomet-
ric objects. The dimensional operation is intrinsic and di-
rectly included in the basic algebraic operations; therefore,
we can directly use inner and outer products to realize in-
ter-conversions and constructions of geometric objects, and
ensure the consistency of the organizational relations and
topological structures of objects composed from elements of
different dimensions. Parametric expressions for the differ-
ent dimensional objects enforce adaptive changes in the
structure of geographic objects at the various sub-level ge-
ometries. The amount of data storage is simultaneously re-
duced, as are difficulties in maintaining topological struc-
ture. The unified blade expressions and operations provide
operational rules and protogenetic mathematical structure
for a unified organization of and storage for multidimen-
sional objects, in addition to a multidimensionally-unified
geometric operation of geographical scenes. The key to or-
ganizing scenes with multivectors is: (1) to form multivec-
tor objects with effective data management and operation
mechanisms with different blades and blade sets; and (2) to
extract the required geometric objects from multivectors
according to computational needs. Figure 2 shows the pro-
cess in constructing a multivector representation of a com-
plex geographical scene from simple geometric blade rep-
resentations.

Ep * D, |Point

A=[AJ<A> | B=[B,]<B,> | ...... ‘

Li=[AnByne. ]<A.B>

Decomposing

Lg=[A;nFyne <A, F>

___ Plane____ * o
Si=[A;/ B/ Cyne.]<A;.B4,C1.Dy EyFy>

Sg=[AnBrCnre. ]<AB,C.D.EF>

E Object ¥
v | VilAB,1Cire <A, B,C >0 | ]
(—/

ﬂ Geographical object v
> | Mv=ve-ese-eLe-eP, | . |
L. ~ 7

Construction

é's-. Geographical scene L
-
g‘%’a. ,," MV=V,®V,,©S® BL& OP,6P,., |
ol
r

Figure 2 Organization of a geographical scene based on multivectors.
The bold and italic characters is the GA representation of points.
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Each basic geometric element expression is made of the
GA representations bounded by square brackets, while the
point sequences are used for boundary restrict of objects.
Since the dimension of geometric object sis expressed as
blades must be consistent with their Grassmann structure,
the basic geometric objects only need point sets of corre-
sponding numbers with Grassmann levels to create an actual
representation. For example, ordered segments and poly-
gons only need two and three points to express their respec-
tive algebraic representation as lines (4, A B, ne,) and as

planes (4, A B, AC, Ae_). Boundaries can be set by choos-

ing the right sequence of points according to some criterion.
For example, the restrictive point sets corresponding to the
ordered segment A;B; and polygon AB,C| D\E \F, are re-
spectively <A B> and <AB,C; D\E F>. The representa-
tion of basic geometric elements such as spheres of arbitrary
dimension can be implemented in a similar way. Composite
objects and geographical scenes require connecting basic
geometric elements which is represented operationally by
the direct sum, symbol “@® ”, yielding then a multi-dimen-
sional unified description in terms of multivectors. Al-
though both are designated in the form “[..]”, blades repre-
sent simple geometric solids whereas multivectors signify
complex geometric objects and geographical scenes; GA
operators act on both to perform multidimensionally-unified
geometric and topological operations. For convenience in
managing scene objects and performing spatial analysis, the
multivector representation of a scene objects is organized
according to type; a formalized expression being written as

GeoObjMy = Obj.Points @ Obj.Lines ® Obj.Planes
@---@ Obj.Sphere, 2)

where “@® ” denotes the connector between different blades.
Obj Points, Obj Lines, etc., are the blade lists corresponding
to dimensions 0, 1, .... According to the representation of
the basic geometric objects, as shown in Figure 2, eq. (2)
can be further revised:

GeoObjMv = Obj.Points @ Obj.Lines < Lines.Pointsindex > ®
Obj.Planes < Planes.Pointsindex > @®--- @
Obj.Sphere < Sphere.Pointsindex > . 3)

In eq. (3), the blade lists store only the object’s represen-
tation, i.e., outer products are not real geometric objects but
only identifying concordance lists. Boundary information as
determined by restriction points is contained in Lines.
Pointsindex, Planes.Pointsindex, etc., but again only the
identifying concordance list of points is digitally stored. In
general, concordance lists contain incidence and structural
relations of objects in the scene. For combinations of vari-
ous multidimensional scenes, distribution and constructive
relations of the different dimensional objects can be effec-
tively presented. Its formal representation enables symbol-
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ic-like computations so that rule-based reasoning and judg-
ment can be made. Last, when numeric calculations are re-
quired (here the numeric calculation could be of general
form, possibly a geometric equation or a representation of
geometric objects), these operations can be easily performed
on demand that sharply simplify the inherent complexity of
the computation [22,23].

Within GA, “@® ” is only used to link objects of different
dimensions with little consequence in these numeric calcu-
lations. Analysis and subtraction of a blade structure, type
and geometric meanings of its multivector can lead to ob-
jective-focused geometric representation and operations
[22]. The multivector construct provides the fundamental
basis for the data storage structures and implementation of
design strategies, and structure and work flow optimization.
Grade tracking and blade operations can be analyzed, gen-
erating objects of different dimensions in the process. Per-
pendicularity of the blade basis can be fulfilled for objects
of different dimensions and can be calculated by appropriate
choice of vectors. The multivector representation of geo-
graphical objects can yield their geometric components.
Moreover, as a complex shape set, the operators can be ap-
plied together. Then we can calculate the geometric and
measurement relations of its own geometric components
and of different geographical objects. In addition, most op-
erators and algorithms associated with spatial analysis can
be employed, for example, in Cartesian and spherical coor-
dinates.

2 Multidimensionally-unified computation based
on geometric algebra

Distinct from those geometric operations based on “shape”
on which Euclidean geometry traditionally was founded, in
the GA framework both geometry and geometric relations
are based on the algebraic representation of the geometric
products. Its representation-intrinsic property, namely the
metric property and calculable property, make easier multi-
dimensionally-unified operations that extend to arbitrary
object representation as well as relational calculus. By hav-
ing a universal storage structure, representational and oper-
ational structures can be submitted to a more sophisticated
but efficient analysis [18,22].

2.1 Unification of representation structure and opera-
tion structure

Under the GA framework, the representation and operation
of any geometric object can be expressed in terms of geo-
metric products. Clear geometric meaning is retained in the
representation of objects. The expression for objects and
their computation parameters is directly contained in the
representation of operations so that adaptable reconstruction
can be performed during a computational procedure. The
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integrity of the representation and computational structure
provides potentials for direct geometric operation based on
GA operators. In addition, the integrity will endow geomet-
ric characteristics and meanings that are expressed by the
original operators; specifically the results are mostly under-
standable geometric structures. As an example, we consider
the occurrences of intersection here (Figure 3). For an arbi-
trary polyhedron, the “direct sum” of points, lines, and planes
as expressed by the outer products can be arranged accord-
ing to grade. For this kind of hierarchical expression, the
operator “meet” that applies in multidimensional unification
decomposes and progressively simplifies the operational
procedure according to its topological structure.

Based on the multidimentional-unified characteristic of
GA, integrated and formalized expressions of complex geo-
graphical objects and spatial relations will be achieved.
Thus, a new storage structure that includes both geograph-
ical objects and relational sets can be designed. Compared
to the storage method of relations between static objects,
this implementation is more adaptable and dynamic. The
relations can be parameterized and analyzed by using rele-
vant operators addition to the geometric objects expressions.
Because this multidimensionally-unified descriptive frame-
work is built based on GA, lots of existing GIS algorithms
and models can be effectively inherited, referenced, and
carried over to augment the multidimensional representation,
analysis, and modeling of geographical objects and phe-
nomena.

2.2 Adaptability of multidimensionally-unified
operations

Multidimensionally-unified operations are key advancing
geographical model analysis in GIS [24,25]. The univer-
sality of GA provides a foundation for multidimensional-
ly-unified expression and operation of geometric objects.
GA'’s coordinate and dimension independency ensures that
the geometric characteristics expressed are intrinsic to the
space, and the geometric relations formed by various opera-
tions are also coordinate-independent relative to all geomet-
ric objects. Hence, these operations can be used to establish
an adaptable representation, and execute dynamic recon-
struction of, and apply relational operations to geometric
objects. We illustrate this with the intersection procedure of
two geometric objects in Figure 4: the result of the meet
operator is automatically adapted to the intersecting objects,
and is only related to geometric characteristics and locations
of the original two objects but not their dimensions, coordi-
nates, and representation forms. Moreover, it will support
the construction of unified operation process in the GA
framework.

The representational structure based on multivectors makes
the multidimensionally-unified representation of geometric
objects and their relations, meanwhile the representation is
independent; formalization, parameterization of the expression
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Multivector expression of V, Vi ! D;, Compute and filter out the intersection planes:
Al BIE, 4" D} Filter out the intersectant planes based on the multi-
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multivector expression.
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Meet (Binary): ANB=8"|A
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Rotor (Unary): A=R, AR,
Reflect (Unary): A=zAz""

Analysis of MVout
Type=Plane
PTSeq=<A;, B,,...> Result

LNSeq=<l,, I5,...> output i

PGSeq=<85,, S;,...>

Figure 4 Self-adaptive computations of multidimensional geometric
objects.

and dimensional adaptability ensures simplicity and com-
monality of algorithms [12,26]. A GIS multidimensional
operation implemented by means of GA operators results in
a multidimensional unification, object adaptability and op-
erational independency, and results from operations yields
multivectors with specific geometric meanings. Therefore,
algorithms can be constructed to achieve sophisticated GIS
analysis with concordant output.

2.3 GIS analysis-oriented multidimensionally-unified
computation process and operators sets

Clear geometric interpretations of CGA representations for
GIS operators sustains the multidimensionally-unified GIS
computation. The analysis of structural characteristics of
transformation operator components, state parameters, such
as velocity, angle, rotational axis, etc., can be performed di-
rectly [22]. Basic operators and transformation operators are
computational stackable, order-independent and structure-
preserving. Complex analysis functions can be performed
by means of combined sets of operators, and the algorithms
can be optimized by an appropriate re-ordered sequence of
operators [23,27]. A universal treatment of moving objects
would be possible based on CGA. For example, unified
representation and interpolating algorithms associated with
composite motion, such as translation, rotation, and dilata-
tion, of 3D geometric object, is accommodated by using
Versor (a special way to represent orthogonal transfor-
mations) constructions [20,28]. Table 2 shows the GA defi-
nition of the partial regular operators and their geometric
meanings. Geometric measurements, transformations and spa-
tial relation calculation with GA operators mostly directly
include formalized representations of geometric objects and
have clear geometric meanings. An effective unification of
representational and operational structures can be realized
to develop various spatial analysis algorithms [18,22].
Object expressions and scene organization based on mul-
tivectors can directly facilitate computation, and with the
multidimensional GA operators can be combined to form
algorithms needed in GIS computations. In accord with a
similar treatment of geometric objects, we can then construct
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Table 2 Multidimensionally-unified operator sets®
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Type Name GA expression Functional expression
Project P=(A-B)B Project A on B
R=MxM"'!
i Reflect Reflect object x about M
Basic operators { R= MM ]
Dual Ao AP Resolve th§ generallz.ed per[?endlcular subspace and simplify
computation of spatial relations
P x,~c) . .
Scale I(x,)= (“7); +c, Scale objects with cycles or spheres
x? - Ce
Transformation 1 A,
Translator T =l+—ae =e?" Translate objects by a
operators a o e
o) . (@ %1 . S
Rotor R, =cos E —sin 5 L=¢2 Generalized rotation with axis L and angle 6

Metric operators

Point-point distance

Point-line distance

Point-cycle relations

Cycle-cycle relations

Line-cycle relations

d*(A,B)=-2A4-B
d(A,L)y=(e, A\ANLAB)

AANBACAD
e, NANBAC

(AABAC)N(DAE AF))

((e, NAAB)N(C ADAE))

Squared distance between points A and B

Distance of signed line L to point A

Relationship between point D and circle ABC: a positive result
means the point is in the cycle, whereas a negative result
means the point outside the cycle.

Relationship between cycles ABC and DEF: a positive result
means the two are intersecting, zero means these touch at a
point, whereas a negative value these are separated.

Relationship of line AB and cycle CDE: a positive result means
the two are intersecting, zero means these touch at a point,
whereas for negative values these are separated.

Topological operators

Left contraction
Right contraction
Meet

Join

AlB=A4-B
AB=B 4
ANB=B -4

AUB=A~(M™"]B)

Extract the orthogonal component of B to A
Extract the orthogonal component of A to B
Resolve the intersection of A and B

Resolve the union of A and B

a) The bold and italic character means the GA expression of corresponding geometrical object.

a unified framework for a multidimensional GIS spatial
analysis once data objects and data structure are established.
The whole analysis process, comprising data I/O, object
analysis, GA operations, parsing of results, and graphical
visualization, are all defined within this framework by de-
fining specific functions and operational calculus. The key
point of the framework is to construct a series of functions
that can extract specific objects from the geographical ob-
ject class, and then transform these objects into data types
and data structures that can be computed in conformal space.
Relevant analytic operators and GIS analytic algorithms are
applied to solve the problem. The consistency of the geo-
metric representation structure and multidimensional unity
of GA operation, coordinates-free property and the intrinsic
nature of their properties make most GA operators adapta-
ble to any dimension and type of objects. Moreover, all re-
sults are still in a multivector representation form that re-
tains their geometric interpretation.

3 Application models of multidimensionally-
unified representation and computation

3.1 Construction of multidimensionally-unified repre-
sentation and computation model

Robust blade and multivector computational techniques create
an environment to handle multidimensionally-unified rep-
resentation, storage and computation of geometric objects
(Figure 5). We propose techniques that transfer that capabil-
ity over to complex multidimensional geographical scenes
with multivectors. In particular, we develop ways to divide
and reconstruction scenes of multidimensional objects and
to unify expressions, storage, and computation. At the ob-
ject representation level, multi-source scene data were ana-
lyzed and the multidimensionally-unified representation, in
terms of inner products and outer products, and multivector
expression are used to unify modeling. Computationally, we
present spatial transformations and identify corresponding
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Figure 5 Design of unified dimensional GIS computation models.
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relationships between GIS spatial data and mathematical
space, and construct corresponding operational rules and
calculus to cover the requirements for both the geographical
and topological relations as well as more complex spatial

analysis.

Multidimensionally-unified operation structure,

object self-adaptive operation methods and multidimen-

sionally-

unified computation process are contained in rep-

resentation-based multivector framework related to each
scene, the framework of which is sufficient support for any
computation within the scene.

3.2 A case study

The above multidimensionally-unified representation and
computation model is executed within the Clifford algebra-
based unified spatial-temporal analytic (CAUSTA [18])
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environment. As an example of the spatial analysis and ap-
plication, we analyze the modeling of a 3D residential dis-
trict of Waldbruecke Village in Germany. We focus on ob-
ject modeling and scene organization in the complex multi-
dimensional scene and the unified computation of the geo-
metric and topological relations. Space interpolation and
network analysis algorithms, which could apply in possible
emergency evacuations if contamination occurs, are devel-
oped in accord with topological analysis. We express those
modeling and computation processes within the GA frame-
work in order to provide directly support to a variety of
subsequent spatial analysis.

First, we need to analyze scene data, related to district
buildings and road networks in the form of a CityGML file,
and then employ the multidimensionally-unified data model
and its indexing mechanism based on GA [23,28]. We con-
struct the multivector scene (Figure 6(a)) with space trans-
formations and representation and coding of geometric ob-
jects. Inquiry and retrieval methods of scene objects based
on GA are constructed with full use of such operators as
“Grade” and object index entry. Inquiries and retrievals
involve the interactive manipulation of GA expressions for
objects and the objects themselves (Figure 6(b)). For all
geometric computations, we set parameters associated with
each geometric object that gets expression as a multivector,
and perform basic geometric and topological operation with
the help of GA (Figure 6(c)). We propose simultaneous
computation of measurements and relations by exploiting
the operational independence of GA operators to compute
en mass the geographical and topological relationship be-
tween objects (Figure 6(d)). The 3D scene, contaminant
sampling positions, and road networks are integrated. The
discrete spatial distribution of each contaminant is con-
structed from a combination of the multidimensionally-
unified Voronoi algorithm and the shortest-route algorithm
[27,29] (Figure 6(e)) Emergency evacuation routes that
avoid high contaminant concentrations can then be finally
computed (Figure 6(f)).

4 Conclusion

Representation, modeling, and 3D-analysis, extendible to
higher dimensions, are prospective issues in GIS [30-35]. In
this article, we introduced GA theory and presented the
multidimensionally-unified representation of geometric ob-
jects. This representation takes advantage of GA’s adapta-
bility in handling geometric structures in any dimension.
Furthermore, we have integrated its hierarchical relation-
ships of an object’s dimension and measurements, and
based on GA’s multivector elements unified the organiza-
tion and expression of dynamic multidimensional scenes.
We proposed a multidimensionally-unified computation
framework based on GA to unify representational, opera-
tional, and analysis structures. The framework provides an
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efficient, unified representation and computation of com-
plex multidimensional scenes. In the analysis of a 3D resi-
dential district, we obtained an effective modeling through
the construction of a multidimensionally-unified computer
representation based on GA, which enabled computation
and analysis of complex geographical scenes. GA-based
data modeling along with GIS analytic algorithms can pro-
vide useful geographical analysis. For the future, we will
focus on developing a basic platform that combines this
theoretical framework, data models, data representation and
data analysis. This platform will provide new techniques for
object representation, modeling, and dynamic simulation of
geographical scenes.
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