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Abstract A class of new exact solutions of the Einstein
field equations have been investigated for stationary cylin-
drically symmetric space-time around a local cosmic string
in the theory based on Lyra’s geometry in normal gauge in
the presence and absence of an electromagnetic field. The
cosmological solutions have been analyzed through various
physical and geometrical parameters. It has also been shown
that the solutions are space-time inhomogeneous and filled
with charged dust.
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1 Introduction

The cosmological models, which are spatially homogeneous
and inhomogeneous, have a significant role in the descrip-
tion of the universe in the early stages of its evolution. It
has been a subject of considerable interest of cosmologists
to study alternative theories of gravitation. The most impor-
tant among them proposed by Lyra (1951). Lyra introduced
a gauge function into the structure-less manifold as a re-
sult of which a displacement field arises naturally. Several
authors have studied cosmology in Lyra’s geometry with a
constant as well as a time-independent displacement field.
Halford (1970) studied Robertson-Walker models in Lyra’s
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geometry for a time-independent gauge function. Beesam
(1988) investigated FRW models in the Lyra manifold with a
time-dependent displacement field. Singh and Singh (1991)
studied FRW models in the Lyra’s manifold with a constant
deceleration parameter, which are relevant to the study of in-
flationary cosmology. Singh and Shri Ram (1997) discussed
the spatially homogeneous Bianchi type-I metric in a dif-
ferent basic form and obtained exact solutions of Einstein
field equations in vacuum and in the presence of stiff-matter
in the normal gauge when the displacement field is time-
dependent.

It has also been a subject of interest of many cosmol-
ogists to investigate the general problems of rotating cos-
mological models as well as completely static distribution
of charged dust in general relativity (De and Raychaudhury
1968). Som and Raychaudhury (1968) obtained a family of
stationary cylindrically symmetric solutions of the Einstein-
Maxwell equations corresponding to a charged dust distribu-
tion in rigid rotation. Singh (2003) presented an exact cylin-
drically symmetric solution to Einstein equations when the
sources are two perfect fluids. It is also shown that all co
moving two-fluid solutions are highly space-time inhomo-
geneous and filled with charged dust in the presence of an
electromagnetic field.

The existence of a large-scale network of strings in the
early universe is not a contradiction with the present day
observations of the universe, and it can be used to intro-
duce density fluctuations that might explain the problem of
galaxy formation (Kibble 1976). The presence of the strings
in the early universe can be explained using grand unified
theories (GUTs) (Kibble 1976). Kibble (1976) first proposed
the idea of a cosmic string. A cosmic string is an infinitely
long line with high mass formed as a consequence of macro-
scopic topological defects. Zeldovich (1980) and Vilenkin
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(1981) indicated that a cosmic string can play an impor-
tant role in explaining the formation of galaxies. Vilenkin
(1981) calculated the metric around a local string in the
linear approximation of general relativity, and obtained a
space-time metric, which is flat but with a deficit angle
�φ = 8πGμ, where μ is the linear mass density. Hiscock
(1985) obtained the exact solution of Einstein field equation
assuming energy momentum tensor for the cosmic string as
T

j
i = diag(1,0,0,1)F (r). Rahaman and Mal (2006) stud-

ied a local cosmic string in the context of Lyra geometry in
normal gauge when the displacement field is constant, and
shown that only exterior solution of the local string is con-
sistent in Lyra geometry.

In this paper, we investigate some new exact solutions for
local cosmic string within the framework of Lyra geometry
in normal gauge when the displacement field is a function of
radial coordinate r with or without a source free electromag-
netic field in the context of cylindrically symmetric space-
times. In presence of an electromagnetic field, the charge
density σ , in terms variable radial coordinate r has been cal-
culated.

2 Einstein field equations

The stationary cylindrically symmetric line element is

ds2 = dt2 − e2ψ(dr2 + dz2) − Ldφ2 + 2Mdφdt, (2.1)

where ψ,L,M are all functions of the radial coordinate r

alone.
The Einstein field equations for the metric (2.1) in normal

gauge for Lyra’s manifold, as obtained by Sen (1957) are

Rij − 1

2
Rgij + 3

2

(
φiφj − 1

2
gijφαφα

)
= −χTij , (2.2)

where χ = 8πG, and φi is a displacement field vector de-
fined as φi = (0,0,0, β), where β = β(r) and other symbols
have their usual meaning as in Riemannian geometry.

The energy-momentum tensor Tij for the local cosmic
string which is infinitely long but infinitesimal thin is given
by

T
j
i = diag(0,0,1,1)f (r), (2.3)

where f (r) is the energy density of the string, we can now
introduce Weyl-like canonical coordinate system in this sta-
tionary case such that (Van Stockum 1937):

L + M2 = r2. (2.4)

The field equations (2.2) for the metric (2.1) lead to the
following system of equations:

L′

2r3
− L′2

8r4
− M ′2

2r2
− 3L′

8r4
+ MM ′

r3
+ ψ ′L′

2r2
+ ψ ′MM ′

r2

− 3L′MM ′

4r4
− L′M ′

4r2
− M2M ′2

4r4
+ 3LM ′2

4r4

= −3Le2ψ

4r2
β2, (2.5)

L′′

2r2
+ MM ′′

r2
− L′

2r3
− L′2

8r4
+ M ′2

2r2
+ L′

8r4
− MM ′

r3
− ψ ′L′

2r2

− ψ ′MM ′

r2
+ L′MM ′

4r4
− L′M ′

4r2
+ M2M ′2

4r4
+ LM ′2

4r4

= −3Le2ψ

4r2
β

2
, (2.6)

−L′′

2
+ L′MM ′

2r2
+ L′2

4r2
+ ψ ′′L + L′′L

2r2
+ LMM ′′

r2
− LL′

2r3

− LL′2

8r4
+ LL′MM ′

4r4
+ LL′

8r4
− LMM ′

r3
− LL′M ′

4r2

+ LM2M ′2

4r4
+ L2M ′2

4r4
= χF(r)e2ψL − 3L2

4r2
β2, (2.7)

ψ ′′ + L′′

2r2
+ MM ′′

r2
− L′

2r3
− L′2

8r4
+ L′MM ′

4r4
+ L′

8r4

− MM ′

r3
− L′M ′

4r2
+ M2M ′2

4r4
+ LM ′2

4r4

= χF(r)e2ψ − 3e2ψ

2
β2 + 3e2ψL

4r2
β2, (2.8)

M ′′ − L′M ′

2r2
− 2Mψ ′′ − ML′′

r2
− 2M2M ′′

r2
+ ML′

r3

+ ML′2

4r4
− MM ′2

r2
− L′M2M ′

2r4
− ML′

4r4

+ 2M2M ′

r3
+ L′MM ′

2r2
− M3M ′2

2r4
− LMM ′2

2r4

= 3MLe2ψ

2r2
β2. (2.9)

Here a prime represents differentiation with respect to the
radial co ordinate r .

3 String solutions in the absence of an electromagnetic
field

The field equations (2.5)–(2.9) constitute a system of five
equations with unknown parameters ψ,L,M,F(r), and β .
Therefore some additional constraint equations relating
these parameters are required to obtain explicit solutions of
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the system of the field equations. Without loss of generality
we may assume that

M = ar2, (3.1)

where a is any arbitrary constant. Using (2.5) and (2.6), we
get

ψ ′ = 1

2r2
− 1

2r
− a2 + 3a2r − 4a4r3. (3.2)

On integration, (3.2) yields

ψ = − 1

2r
− ln

√
r − a2r + 3

2
a2r2 − a4r4 + b,

where b is an arbitrary integration constant, and is taken to
be zero. Thus

ψ = − 1

2r
− ln

√
r − a2r + 3

2
a2r2 − a4r4, (3.3)

and

L = r2 − a2r4. (3.4)

The cylindrically symmetric cosmological model for the lo-
cal string in the absence of an electromagnetic field is given
by the metric

ds2 = dt2 − exp

(
−1

r
− ln r − 2a2r + 3a2r2 − 2a4r4

)

× (dr2 + dz2)

− r2(1 − a2r2)dφ2 + 2ar2dφdt. (3.5)

The physical and kinematical parameters (Ellis 1971) for
model (3.5) have the following expressions:

χF(r) = p(r) exp

(
1

r
+ ln r + 2a2r − 3a2r2 + 2a4r4

)
+ q(r) exp 2

(
1

r
+ ln r + 2a2r − 3a2r2 + 2a4r4

)
, (3.6)

where

p(r) = (64a6r7 − 8a5r7 − 76a4r5 + 12a3r5 + 2a4r4 + 28a2r3 − 4ar3 + a2r2 − 3)

4r3(1 − a2r2)
, r2 = 1/a2,

and

q(r) = (60a4r5 + 4a2r3 + 2a2r2 − 4a2r − 4r + 3)

4r3
, β2 = 4q(r)

3(1 − a2r2)
exp

(
1

r
+ ln r + 2a2r − 3a2r2 + 2a4r4

)
.

(3.7)

It should be noted that the universe exhibits initial sin-
gularity of the BARREL-type at r = 0. At the initial singu-
larity r = 0, the physical parameters F(r), and β tend to a
finite limit. So the energy density of the string, and gauge
function are finite at the epoch r = 0. Moreover F(r), and β

tend to infinity as r → ∞. Thus the gauge function is infi-
nitely large at the epoch r = ∞. Therefore the model is well
behaved in the range 0 < r < ∞ for suitably chosen value
of a.

Spatial volume:

V 3 = r(1−a2r2)1/2 exp

(
3a2r2 − 1

r
− ln r−2a2r−2a4r4

)
,

(3.8)

the spatial volume V tends to zero as r → 0, and if the radial
coordinate r increases then V increases monotonically and
tends to infinity as r → ∞.The proper radial distance R is

given by (Som and Raychaudhury 1968)

R =
∫

eψdr

=
∫

exp

(
− 1

2r
− ln

√
r − a2r + 3

2
a2r2 − a4r4

)
dr,

(3.9)

the proper radial distance R tends to zero as r → 0, and
R → ∞ as r → ∞.

4 String solutions in the presence of an electromagnetic
field

The Einstein field equations in normal gauge for Lyra’s man-
ifold in the presence of an electromagnetic field are given by
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Rij − 1

2
Rgij + 3

2

(
φiφj − 1

2
gijφαφα

)
= −χ(Tij + Eij ),

(4.1)

where Tij is given by (2.3), and

Eij = −FikF
k
j + 1

4
gijFabF

ab, (4.2)

F
ij

;j = 4πJ i = 4πσvi (4.3)

and

F[ij ;k] = 0, (4.4)

where σ is the proper charge density.
Now let us introduce the following assumptions:

• The matter is at rest in the coordinate system of the metric
(2.1) so that

vi = (0,0,0,1).

• The electromagnetic field is such that except F 13(=
−F 31) and F 14(= −F 41), all other contravariant com-
ponents of F ij vanish in the coordinate system of (2.1).

• The Lorentz force F ij vj vanishes every where.

In view of first assumption, (4.3) yields

F 31 = K

r
e−2ψ, where K is a constant. (4.5)

Now from third assumption

F 14 = −F 13v3 = K

r
e−2ψM = M

r
Ke−2ψ. (4.6)

The non-vanishing field equations (4.1) for this case are the
following:

L′

2r3
− L′2

8r4
− M ′2

2r2
− 3L′

8r4
+ MM ′

r3
+ ψ ′L′

2r2
+ ψ ′MM ′

r2

− 3L′MM ′

4r4
− L′M ′

4r2
− M2M ′2

4r4
+ 3LM ′2

4r4

= −3Le2ψ

4r2
β2 − 1

2
χK2, (4.7)

L′′

2r2
+ MM ′′

r2
− L′

2r3
− L′2

8r4
+ M ′2

2r2
+ L′

8r4
− MM ′

r3
− ψ ′L′

2r2

− ψ ′MM ′

r2
+ L′MM ′

4r4
− L′M ′

4r2
+ M2M ′2

4r4
+ LM ′2

4r4

= −3Le2ψ

4r2
β2 + 1

2
χK2, (4.8)

− L′′

2
+ L′MM ′

2r2
+ L′2

4r2
+ ψ ′′L + L′′L

2r2
+ LMM ′′

r2
− LL′

2r3

− LL′2

8r4
+ LL′MM ′

4r4
+ LL′

8r4
− LMM ′

r3

− LL′M ′

4r2
+ LM2M ′2

4r4
+ L2M ′2

4r4

= χF(r)e2ψL − 1

2
χK2(M2 + r2) − 3L2

4r2
β2, (4.9)

ψ ′′ + L′′

2r2
+ MM ′′

r2
− L′

2r3
− L′2

8r4
+ L′MM ′

4r4
+ L′

8r4

− MM ′

r3
− L′M ′

4r2
+ M2M ′2

4r4
+ LM ′2

4r4

= χF(r)e2ψ − 3e2ψ

2
β2 + 3e2ψL

4r2
β2 + 1

2
χK2e−2ψ,

(4.10)

M ′′ − L′M ′

2r2
− 2Mψ ′′ − ML′′

r2
− 2M2M ′′

r2
+ ML′

r3

+ ML′2

4r4
− MM ′2

r2
− L′M2M ′

2r4
− ML′

4r4

+ 2M2M ′

r3
+ L′MM ′

2r2
− M3M ′2

2r4
− LMM ′2

2r4

= 3MLe2ψ

2r2
β2 − χK2M. (4.11)

Assuming L + M2 = r2 and M = ar2, Combining (4.7)–
(4.8), we have

2ψ ′

r
= 1

r3
− 1

r2
− 2a2

r
+ 6a2 − 8a4r2 − χK2. (4.12)

Integrating (4.12) which yields

ψ = − 1

2r
− ln

√
r −a2r + 3

2
a2r2 −a4r4 − 1

4
χK2r2, (4.13)

where arbitrary integration constant is taken to be zero.
The cylindrically symmetric cosmological model for the

local string in the presence of an electromagnetic field is
given by the metric

ds2 = dt2 − exp

(
−1

r
− ln r − 2a2r + 3a2r2 − 2a4r4

− 1

2
χK2r2

)
(dr2 + dz2)

− r2(1 − a2r2)dφ2 + 2ar2dφdt. (4.14)

The physical and kinematical parameters for model (4.14)
have the following expressions:
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χF(r) = P(r) exp

(
1

r
+ ln r + 2a2r − 3a2r2 + 2a4r4 − 1

2
χK2r2

)

+ Q(r) exp 2

(
1

r
+ ln r + 2a2r − 3a2r2 + 2a4r4 + 1

2
χK2r2

)
, (4.15)

where

P(r) = (64a6r7 − 8a5r7 − 76a4r5 + 12a3r5 + 2a4r4 + 28a2r3 − 4ar3 + a2r2 − 3 + 2χK2r3(1 + a2r2))

4r3(1 − a2r2)
,

r2 = 1/a2

and

Q(r) = (60a4r5 + 4a2r3 + 2a2r2 − 4a2r − 4r + 3 + 2χK2r3)

4r3
,

β2 = 4Q(r)

3(1 − a2r2)
exp

(
1

r
+ ln r + 2a2r − 3a2r2 + 2a4r4 + 1

2
χK2r2

)
. (4.16)

In this case, the universe exhibits initial singularity of the
BARREL-type at r = 0. The physical parameters F(r), and
β tend to a finite limit at the initial moment r = 0. So the
energy density of the string, and gauge function are finite at
the initial singularity. Moreover F(r), and β tend to infinity
as r → ∞. Therefore the gauge function is infinitely large at
the epoch r = ∞. For suitably chosen value of a, the model
(4.14) is well behaved in the interval 0 < r < ∞.

V 3 = r(1 − a2r2)1/2

× exp

(
3a2r2 − 1

r
− ln r − 2a2r − 2a4r4

+ 1

2
χK2r2

)
, (4.17)

the spatial volume V tends to zero as r → 0, and if the radial
coordinate r increases then V increases monotonically and
tends to infinity as r → ∞.

R =
∫

eψdr =
∫

exp

(
− 1

2r
− ln

√
r − a2r + 3

2
a2r2

− a4r4 + 1

4
χK2r2

)
dr, (4.18)

the proper radial distance R tends to zero as r → 0, and
R → ∞ as r → ∞. Also the equation

F 41
;1 = 4πσ (4.19)

remains alone. From (4.6), the charge density σ is given by

4πσ = −2aKe−2ψ

= −2aK exp

(
1

r
+ ln r + 2a2r − 3a2r2 + 2a4r4

+ 1

2
χK2r2

)
. (4.20)

This model is filled with a stationary charged dust (q =

 = 0) (De and Raychaudhury 1968), where q and 
 denote
shear scalar and expansion scalar respectively. For a < 0, the
charge density σ , which is a function of r , increases expo-
nentially as r increases. The charge density is finite at the
initial epoch r = 0, and infinite at the epoch r = ∞.

5 Conclusions

In this paper, we have studied that the solutions of Einstein
field equations for cylindrically symmetric metric for local
string within the framework of Lyra’s geometry are consis-
tent in the presence as well as absence of an electromagnetic
field. Both models have initial singularity of the BARREL-
type at r = 0. In case of both models, the energy density of
the string, and gauge function are finite at the initial epoch
r = 0, and infinite at the epoch r = ∞. Thus gauge functions
are infinitely large at the epoch r = ∞ for both models. The
spatial volumes and proper radial distances of both models
tend to zero at the singularity and tend to infinity as r → ∞.

The model (4.14) is filled with a stationary charged dust.
For a < 0, the charge density σ , which is a function of r ,
increases exponentially as r increases. The charge density
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is finite at the initial epoch r = 0, and infinite at the epoch
r = ∞. For suitably chosen value of a, both the models are
well behaved in the interval 0 < r < ∞. Also these mod-
els have rigid rotation (i.e., vanishing shear and expansion)
which gives rise to stationary solutions and cylindrically
symmetric and vanishing of Lorentz force.
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