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Abstract This work is devoted to studying the dynamics of a structured population
that is subject to the combined effects of environmental stochasticity, competition
for resources, spatio-temporal heterogeneity and dispersal. The population is spread
throughout n patches whose population abundances are modeled as the solutions of a
system of nonlinear stochastic differential equations living on [0, c0)”. We prove that
r, the stochastic growth rate of the total population in the absence of competition, deter-
mines the long-term behaviour of the population. The parameter r can be expressed
as the Lyapunov exponent of an associated linearized system of stochastic differential
equations. Detailed analysis shows that if » > 0, the population abundances converge
polynomially fast to a unique invariant probability measure on (0, 0c0)", while when
r < 0, the population abundances of the patches converge almost surely to 0 expo-
nentially fast. This generalizes and extends the results of Evans et al. (J Math Biol
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66(3):423-476, 2013) and proves one of their conjectures. Compared to recent devel-
opments, our model incorporates very general density-dependent growth rates and
competition terms. Furthermore, we prove that persistence is robust to small, possibly
density dependent, perturbations of the growth rates, dispersal matrix and covari-
ance matrix of the environmental noise. We also show that the stochastic growth rate
depends continuously on the coefficients. Our work allows the environmental noise
driving our system to be degenerate. This is relevant from a biological point of view
since, for example, the environments of the different patches can be perfectly corre-
lated. We show how one can adapt the nondegenerate results to the degenerate setting.
As an example we fully analyze the two-patch case, n = 2, and show that the stochas-
tic growth rate is a decreasing function of the dispersion rate. In particular, coupling
two sink patches can never yield persistence, in contrast to the results from the non-
degenerate setting treated by Evans et al. which show that sometimes coupling by
dispersal can make the system persistent.

Keywords Stochastic population growth - Density-dependence - Ergodicity - Spatial
and temporal heterogeneity - Lotka—Volterra model - Lyapunov exponent - Habitat

fragmentation - Stochastic environment - Dispersion
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1 Introduction

The survival of an organism is influenced by both biotic (competition for resources,
predator-prey interactions) and abiotic (light, precipitation, availability of resources)
factors. Since these factors are space-time dependent, all types of organisms have to
choose their dispersal strategies: If they disperse they can arrive in locations with dif-
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ferent environmental conditions while if they do not disperse they face the temporal
fluctuations of the local environmental conditions. The dispersion strategy impacts key
attributes of a population including its spatial distribution and temporal fluctuations in
its abundance. Individuals selecting more favorable habitats are more likely to survive
or reproduce. When population densities increase in these habitats, organisms may
prosper by selecting habitats that were previously unused. There have been numer-
ous studies of the interplay between dispersal and environmental heterogeneity and
how this influences population growth; see Hastings (1983), Gonzalez and Holt (2002),
Schmidt (2004), Roy et al. (2005), Schreiber (2010), Cantrell et al. (2012), Durrett and
Remenik (2012), Evans et al. (2013) and references therein. The mathematical analysis
for stochastic models with density-dependent feedbacks is less explored. In the setting
of discrete-space discrete-time models there have been thorough studies by Benaim
and Schreiber (2009); Schreiber (2010); Schreiber et al. (2011). Continuous-space
discrete-time population models that disperse and experience uncorrelated, environ-
mental stochasticity have been studied by Hardin et al. (1988a,b, 1990). They show
that the leading Lyapunov exponent r of the linearization of the system around the
extinction state almost determines the persistence and extinction of the population. For
continuous-space continuous-time population models Mierczyriski and Shen (2004)
study the dynamics of random Kolmogorov type PDE models in bounded domains.
Once again, it is shown that the leading Lyapunov exponent » of the linarization around
the trivial equilibrium O almost determines when the population goes extinct and when
it persists. In the current paper we explore the question of persistence and extinction
when the population dynamics is given by a system of stochastic differential equa-
tions. In our setting, even though our methods and techniques are very different from
those used by Hardin et al. (1988a) and Mierczyniski and Shen (2004), we still make
use of the system linearized around the extinction state. The Lyapunov exponent of
this linearized system plays a key role throughout our arguments.

Evans et al. (2013) studied a linear stochastic model that describes the dynamics of
populations that continuously experience uncertainty in time and space. Their work
has shed some light on key issues from population biology. Their results provide fun-
damental insights into “ideal free” movement in the face of uncertainty, the evolution
of dispersal rates, the single large or several small (SLOSS) debate in conservation
biology, and the persistence of coupled sink populations. In this paper, we propose
a density-dependent model of stochastic population growth that captures the interac-
tions between dispersal and environmental heterogeneity and complements the work
of Evans et al. (2013). We then present a rigorous and comprehensive study of the
proposed model based on stochastic analysis.

The dynamics of a population in nature is stochastic. This is due to environmental
stochasticity—the fluctuations of the environment make the growth rates random. One
of the simplest models for a population living in a single patch is

dU@)=Ut)(a—-bU@)dt +ocU@)dW(t),t > 0, (1.1)
where U(¢) is the population abundance at time ¢, a is the mean per-capita growth

rate, b > 0 is the strength of intraspecific competition, o2 is the infinitesimal variance
of fluctuations in the per-capita growth rate and (W(¢));>0 is a standard Brownian
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motion. The long-term behavior of (1.1) is determined by the stochastic growth rate
a— ”72 in the following way (see Evans et al. 2015; Dennis and Patil 1984):

o Ifa— %2 > 0and U(0) = u > 0, then (U(¢));>0 converges weakly to its unique
invariant probability measure p on (0, 00).
o Ifa — o - 0and U(0) = u > 0, then lim;_, o, U(¢) = 0 almost surely.

2
o Ifa — % = 0and U(0) = u > 0, then liminf;_, o U(t) = 0 almost surely,
lim sup,_, ., U(t) = oo almost surely, and lim;_, « % fot U(s)ds = 0 almost
surely.

Organisms are always affected by temporal heterogeneities, but they are subject to
spatial heterogeneities only when they disperse. Population growth is influenced by
spatial heterogeneity through the way organisms respond to environmental signals (see
Hastings 1983; Cantrell and Cosner 1991; Chesson 2000; Schreiber and Lloyd-Smith
2009). There have been several analytic studies that contributed to a better under-
standing of the separate effects of spatial and temporal heterogeneities on population
dynamics. However, few theoretical studies have considered the combined effects
of spatio-temporal heterogeneities, dispersal, and density-dependence for discretely
structured populations with continuous-time dynamics.

As seen in both the continuous (Evans et al. 2013) and the discrete (Palmqvist
and Lundberg 1998) settings, the extinction risk of a population is greatly affected
by the spatio-temporal correlation between the environment in the different patches.
For example, if spatial correlations are weak, one can show that populations coupled
via dispersal can survive even though every patch, on its own, would go extinct (see
Evans et al. 2013; Jansen and Yoshimura 1998; Harrison and Quinn 1989). Various
species usually exhibit spatial synchrony. Ecologists are interested in this pattern as it
can lead to the extinction of rare species. Possible causes for synchrony are dispersal
and spatial correlations in the environment (see Legendre 1993; Kendall et al. 2000;
Liebhold et al. 2004). Consequently, it makes sense to look at stochastic patch models
coupled by dispersion for which the environmental noise of the different patches can
be strongly correlated. We do this by extending the setting of Evans et al. (2013) by
allowing the environmental noise driving the system to be degenerate.

The rest of the paper is organized as follows. In Sect. 2, we introduce our model for a
population living in a patchy environment. It takes into account the dispersal between
different patches and density-dependent feedback. The temporal fluctuations of the
environmental conditions of the various patches are modeled by Brownian motions that
are correlated. We start by considering the relative abundances of the different patches
in a low density approximation. We show that these relative abundances converge in
distribution to their unique invariant probability measure asymptotically as time goes
to infinity. Using this invariant probability measure we derive an expression for r, the
stochastic growth rate (Lyapunov exponent) in the absence of competition. We show
that this r is key in analyzing the long-term behavior of the populations. In Appendix A
we show that if » > 0 then the abundances converge weakly, polynomially fast, to
their unique invariant probability measure on (0, c0)”. In Appendix B, we show that if
r < 0 then all the population abundances go extinct asymptotically, at an exponential
rate (with exponential constant r). Appendix C is dedicated to the case when the noise
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driving our system is degenerate (that is, the dimension of the noise is lower than
the number of patches). In Appendix D, we show that r depends continuously on the
coefficients of our model and that persistence is robust—that is, small perturbations of
the model do not make a persistent system become extinct. We provide some numerical
examples and possible generalizations in Sect. 4.

2 Model and results

We study a population with overlapping generations, which live in a spatio-temporally
heterogeneous environment consisting of n distinct patches. The growth rate of each
patch is determined by both deterministic and stochastic environmental inputs. We
denote by X;(¢) the population abundance at time ¢ > 0 of the ith patch and write
X() = (X1(1), ..., X,(t)) for the vector of population abundances. Following Evans
et al. (2013), it is appropriate to model X(#) as a Markov process with the following
properties when 0 < Ar < 1:

e the conditional mean is

E[X;(t+ A1) = X; (1) | X; (1) = x;] ~ |:aixi —xibi (xj) + Z (x;Dji _xiDij):| At,
J#i

where a; € R is the per-capita growth rate in the ith patch, b; (x;) is the per-capita
strength of intraspecific competition in patch i when the abundance of the patch
is x;, and D;; > 0 is the dispersal rate from patch i to patch j;

e the conditional covariance is

Cov [Xi(t + A1) — X;(t), Xj(t + At) — Xj(1) | X = X] ~ 0yx;xj At

for some covariance matrix ¥ = (0;;).

The difference between our model and the one from Evans et al. (2013) is that we
added density-dependent feedback through the x;b; (x;) terms.

We work on a complete probability space (2, F, {F;};>0, P) with filtration {F; };>0
satisfying the usual conditions. We consider the system

dXi (1) = | Xi(t) (a; — bi(Xi(0)) + Y DjiX;@) | di
j=1
+X;()dE;(t),i=1,...,n, 2.1

where D;; > 0 for j # i is the per-capita rate at which the population in patch i
disperses to patch j, Dj; = — ) j#i Dij is the total per-capita immigration rate out
of patch i, E(t) = (E((t), ..., E,(t))T = I'"B(t), I is a n x n matrix such that
r'r=x = (0ij)nxn and B(t) = (B1(?), ..., B,(t)) is a vector of independent
standard Brownian motions adapted to the filtration {#;};>0. Throughout the paper,
we work with the following assumption regarding the growth of the instraspecific
competition rates.
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702 A. Hening et al.

Assumption 2.1 Foreachi =1, ..., nthe function b; : Ry +— Rislocally Lipschitz
and vanishing at 0. Furthermore, there are M}, > 0, y;, > 0 such that

i (bi(xi) — a; n
Z‘_l i (nl(xl) @) > yp forany x; > 0,7 =1, ..., n satisfying in > M,
Dimt Xi i=1
2.2)

Remark 2.1 Note that if we set x; = x > Mp and x; = 0,7 # j, we get from (2.2)
that

bj(x) —a; >vyp, x>Mp,j=1,...,n.

Remark 2.2 Note that condition (2.2) is biologically reasonable because it holds if
the b;’s are sufficiently large for large x;’s. We provide some simple scenarios when
Assumption 2.1 is satisfied.

a) Suppose b; : [0,00) — [0, 00),i =1, ..., n are locally Lipschitz and vanishing
at 0. Assume that there exist y, > 0, M}, > 0 such that

inf bi(x)—a,—y>0,i=1,...,n
x€[M),,00)

It is easy to show that Assumption 2.1 holds.

b) Particular cases of (a) are for example, any b; : Ry — R that are locally Lipschitz,
vanishing at 0 such that lim,_, o b; (x) = oc0o.

¢) One natural choice for the competition functions, which is widely used throughout
the literature, is b;(x) = «;jx,x € (0, 00) for some «; > 0. In this case the

competition terms become —x;b(x;) = —Kl-xl.2.

Remark 2.3 Note that if we have the SDE

dXi(t) = | Xi(®) fi(Xi(0)) + Y DjiX;(t) | dt
j=1
+Xi(t)dEi(t),i=1,...,n, 2.3)

where f; are locally Lipschitz this can always be rewritten in the form (2.1) with
a; := fi(0) and b;(x) := f;(0) — fi(x), i =1,...,n.

Therefore, our setting is in fact very general and incorporates both nonlinear growth
rates and nonlinear competition terms. ;

The drift f(x) = (f1(X),..., fu(x)) where fi(x) = xi(ai — bi(x;) +
Z?:l D;; X (t) is sometimes said to be cooperative. This is because f;(x) < f;(y)
if (x,y) € R such that x; = y;,x; < y; for j # i. A distinctive property of
cooperative systems is that comparison arguments are generally satisfied. We refer to
Chueshov (2002) for more details.
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Remark 2.4 1f the dispersal matrix (D;;) has a normalized dominant left eigenvector
o = (ay, ..., a,) then one can show that the system

dXi(t) = | Xi(t) (@i —biXi (1) +8 Y DjiX;(1) | dt
j=1
+X;(OdE;(t),i=1,...,n,

converges as § — 00 to a system (f(l(t), R f(n (1)) for which
Xi(t)=a; X(1), t>0,i=1,...,n,

where )~((t) = )?1([) + -4 f(n (¢) and X is an autonomous Markov process that
satisfies the SDE

dX() = X(1) Zai (a; — bio; X (1)) dt + X (1) Za,- dE;(1).

i=1 i=l1

As such, our system is a general version of the system treated in Evans et al. (2015).
One can recover the system from Evans et al. (2015) as an infinite dispersion limit of
ours.

We denote by X*(¢) the solution of (2.1) started at X(0) = x € R’,. Following
Evans et al. (2013), we call matrices D with zero row sums and non-negative off-
diagonal entries dispersal matrices. If D is a dispersal matrix, then it is a generator
of a continuous-time Markov chain. Define P, := exp(tD),t > 0. Then P;,t >
0 is a matrix with non-negative entries that gives the transition probabilities of a
Markov chain: The (7, j)th entry of P; gives the proportion of the population that
was initially in patch i at time O but has dispersed to patch j at time ¢ and D is the
generator of this Markov chain. If one wants to include mortality induced because
of dispersal, one can add cemetery patches in which dispersing individuals enter and
experience akilling rate before moving to their final destination. Our model is a density-
dependent generalization of the one by Evans et al. (2013). We are able to prove that the
linearization of the density-dependent model fully determines the non-linear density-
dependent behavior, a fact which was conjectured by Evans et al. (2013). Furthermore,
we prove stronger convergence results and thus extend the work of Evans et al. (2013).
Analogous results for discrete-time versions of the model have been studied by Benaim
and Schreiber (2009) for discrete-space and by Hardin et al. (1988a, b) for continuous-
space.

We will work under the following assumptions.

Assumption 2.2 The dispersal matrix D is irreducible.
Assumption 2.3 The covariance matrix ¥ is non-singular.
Assumption 2.2 is equivalent to forcing the entries of the matrix P; = exp(zD) to

be strictly positive for all # > 0. This means that it is possible for the population to
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disperse between any two patches. We can always reduce our problem to this setting
by working with the maximal irreducible subsets of patches. Assumption 2.3 says
that our randomness is non-degenerate, and thus truly n-dimensional. We show in
Appendix C how to get the desired results when Assumption 2.3 does not hold.
Throughout the paper we set R, := [0, 00)" and RY° := (0, 00)". We define
the total abundance of our population at time ¢t > 0 via S(¢) := Z?:] X;(t) and let
Yi(t) = {%T(zt)) be the proportion of the total population that is in patch i at time ¢ > 0.
SetY(t) = (Y1(t), ..., Y, (¢)). An application of Itd’s lemma to (2.1) yields

Avi() = Y;(0) [ @i = Y a;¥;() = bi(SOYi(0)) + Y Y;(0bj(SO)Y; (1)) | di

j=1 j=1

+ZDjl~Yj(t)dt + Y (1) Z o V(DY (1) — Zaijyj(t) dt

j=1 jk=1 j=1 2.4)

+Yi(0) | dEi(t) = Y Y;(DdE; (1)
j=1

ds(r) = S() <Z(ai Yi(t) = Yi()bi(SD)Y; (l)))) dt+S1) ) Yi()dEi(t)

i=1 i=1

We can rewrite (2.4) in the following compact equation for (Y(¢), S(z)) where b(x) =
(br(x1)s -y bn(xp)).

dY (1) = (diag(Y(z)) _ Y(t)YT(z)) rTdB()

+DTY()dr + (diag(Y(t)) - Y(t)YT(t))
x (a—XY(@{) —b(S@Y()))dt
dS(t) =St [a—bSOY®)] Y®)dt + S@O)Y) T TdB(@),

(2.5)

where Y () lies in the simplex A := {(y;,...,y,) € R} 1 y; +--- 4+ y, = 1}. Let
A°={(y1,...,yn) € RL° :y1 + -+ 4+ y, = 1} be the interior of A.

Consider Equation (2.5) on the boundary ((y, s) : y € A, s = 0) (that is, we set
S(t) = 0 in the equation for Y (¢)). We have the following system

dY (1) = (diag(i{(r)) _ i{(z)iﬂ(r)) rTdB()

+ D Y(0)dr + (diag(i{(t)) — YY" (t)) a—3SY@)dt (2.6)
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on the simplex A. We also introduce the linearized version of (2.1), where the com-
petition terms b; (x;) are all set to 0,

dX;(t) = | Xi(ai + Y DjiX;(1) | dt
j=l1
+X,(OdE; (1), i=1,...,n. 2.7

and let S(r) = ) /_, Xi(t) be the total population abundance, in the absence of
competition. The processes (X1 (t), ..., X, (1)), f((t) and S(¢) have been studied by
Evans et al. (2013).

Evans et al. (2013, Proposition 3.1) proved that the process (f((t)),zo is an irre-
ducible Markov process, which has the strong Feller property and admits a unique
invariant probability measure v* on A. Let Y(co) be a random variable on A with
distribution v. We define

1
ri= f (aTy— Eysz> v*(dy)
A

= Yk [¥i(o0)] - %E 30171 (00) ¥ (c0) 2.8)

ij

Remark 2.5 We note that r is the stochastic growth rate (or Lyapunov exponent) of
the total population S(7) in the absence of competition. That is,

IP{ lim 2SO _ r} —1.

t—00 t

The expression (2.8) for r coincides with the one derived by Evans et al. (2013).

We use superscripts to denote the starting points of our processes. For example
(YY#(¢t), SY*(t)) denotes the solution of (2.4) with (Y(0), S(0)) = (y,s) € A x
(0, 0). Fixx € R’i and define the normalized occupation measures,

] t
n®e) = ;/0 Lixx(uyejdu. (2.9)

These random measures describe the distribution of the observed population dynamics
up to time ¢. If we define the sets

Spi=1{x=(x1,....,x,) € R}° 1 |x;| <pforsomei=1,...,n},

then l'[,(x) (Sy) is the fraction of the time in the interval [0, ¢] that the total abundance
of some patch is less than 7 given that our population starts at X(0) = x.
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Definition 2.1 One can define a distance on the space of probability measures living
on the Borel measurable subsets of R’} , that is on the space (R, B(R",)). This is done
by defining ||-, -||Tv, the fotal variation norm, via

l, vilry :== sup  [u(A) — v(A)].
AeBRY)

Theorem 2.1 Suppose that Assumptions 2.2 and 2.3 hold and that r > 0. The process
X(t) = (X1(), ..., Xu(t))i=0 has a unique invariant probability measure 7 on Ri’o
that is absolutely continuous with respect to the Lebesgue measure and for any g* > 0,

Tim 147 Px(t,x, ) = 7Ol = 0, x € R, (2.10)

and Px(t, X, -) is the transition probability of (X(t));>0. Moreover, for any initial value
X € R’jr\{O} and any 1 -integrable function f we have

T
IP{ lim l/ f(XX(t))dt:/ f(u)n(du)} =1. @2.11)
T O R}io

T—o00
Remark 2.6 Theorem 2.1 is a direct consequence of Theorem A.2, which will be
proved in Appendix A. As a corollary we get the following result.

Definition 2.2 Following Roth and Schreiber (2014), we say that the model (2.1) is
stochastically persistent if for all ¢ > 0, there exists 7 > 0 such that with probability
one,

n™es,) <e

for ¢ sufficiently large and x € S,\{0}.

Corollary 2.1 If Assumptions 2.2 and 2.3 hold, and r > 0, then the process X(t) is
stochastically persistent.

Proof By Theorem 2.1, we have that for all x € R"°,
]P’{I'I,(X) =S mast — oo} =1

Since 7 is supported on R’;°, we get the desired result. m|

Biological interpretation of Theorem 2.1 The quantity r is the Lyapunov exponent
or stochastic growth rate of the total population process (S(t));>0 in the absence of
competition. This number describes the long-term growth rate of the population in
the presence of a stochastic environment. According to (2.8) r can be written as the
difference o — %52 where

e 1L is the average of per-capita growth rates with respect to the asymptotic distri-
bution Y (00) of the population in the absence of competition.
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e G2 is the infinitesimal variance of the environmental stochasticity averaged accord-
ing to the asymptotic distribution of the population in the absence of competition.

We note by (2.8) that r depends on the dispersal matrix, the growth rates at 0 and the
covariance matrix of the environmental noise. As such, the stochastic growth rate can
change due to the dispersal strategy or environmental fluctuations.

When the stochastic growth rate of the population in absence of competition is
strictly positive (i.e. v > 0) our population is persistent in a strong sense: for any
starting point (X1(0), ..., X,(0)) = (x1,...,x,) € Rﬁ_’o the distribution of the
population densities at time t in the n patches (X1(t), ..., X, (t)) convergesast — 00
to the unique probability measure 7 that is supported on R'J’r’o.

Definition 2.3 We say the population of patch i goes extinct if for all x € R \ {0}
P{ lim XX =0} =1.
t—00

We say the population goes extinct if the populations from all the patches go extinct,
that is if for all x € R’ \ {0}

P 1im X*() =0} —1.
—>0o0

Theorem 2.2 Suppose that Assumptions 2.2 and 2.3 hold and that r < 0. Then for

anyi =1,...,nand any x = (x1,...,x,) € R",
. InX¥@)
P{lim ———— =r; = 1. (2.12)
t—00 t

Biological interpretation of Theorem 2.2 [f the stochastic growth rate of the popu-
lation in the absence of competition is negative (i.e. r < 0) the population densities of
the n patches (X1(t), ..., X, (t)) go extinct exponentially fast with rates r < 0 with
probability 1 for any starting point (X1(0), ..., X,(0)) = (x1,...,x,) € RL.

In Appendix A, we prove Theorem 2.1 while Theorem 2.2 is proven in Appendix B.

2.1 Degenerate noise

We consider the evolution of the process (X(#));>0 given by (2.1) when Assumption
2.3 does not hold. If the covariance matrix ¥ = I'’ T" coming for the Brownian motions
E®) = (E1(0), ..., E,)T =TTB() is singular, the environmental noise driving
our SDEs has a lower dimension than the dimension n of the underlying state space.
It becomes much more complex to prove that our process is Feller and irreducible.
In order to verify the Feller property, we have to verify the so-called Hérmander
condition, and to verify the irreducibility, we have to investigate the controllability of
arelated control system.
We are able to prove the following extinction and persistence results.
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Theorem 2.3 Assume that Y (t) has a unique invariant probability measure v*. Define

r by (2.8). Suppose thatr < 0. Then foranyi = 1,...,nandany X = (x1,...,X,) €
RY
. InX¥*(0)
P4 lim ! =rt=1. (2.13)
t—00 t
In particular, foranyi =1,...,nand any x = (x1,...,x,) € R}

P{tlirgox;‘(t) - 0} —1.

Remark 2.7 The extra assumption in this setting is that the Markov process describing
the proportions of the populations of the patches evolving without competition, Y1),
has a unique invariant probability measure. In fact, we conjecture that Y1) always has
a unique invariant probability measure. We were able to prove this conjecture when
n = 2—see Remark 3.1 for details.

Theorem 2.4 Assume that Y (t) has a unigue invariant probability measure v*. Define
r by (2.8). Suppose that Assumption 2.2 holds and that r > 0. Assume further that
there is a sufficiently large T > 0 such that the Markov chain (Y(KT), S(kT))ken it
is irreducible and aperiodic, and that every compact set in A° x (0, 00) is petite for
this Markov chain.

The process X(t) = (X1(t), ..., Xn(t))i>0 has a unique invariant probability
measure T on Ri’o that is absolutely continuous with respect to the Lebesgue measure
and for any q* > 0,

lim || Px (1, %, ) = 7 ()ll7v = 0, x € RY:®, (2.14)
—00
where ||-, -||Tv is the total variation norm and Px(t, X, -) is the transition probability of

(X(#))1=0. Moreover, for any initial value x € R \{0} and any 7 -integrable function
f, we have

T
IP{ lim lf f(XX(r))d;:/ f(u)n(du)} =1 (2.15)
o0 T 0 R”io

Remark 2.8 We require as before that Y (¢) has a unique invariant probability measure.
Furthermore, we require that there exists some time 7' > 0 such that if we observe the
process (Y(¢), S(¢)) at the fixed times T, 27T, 3T, ..., kT, ... itis irreducible (lIoosely
speaking this means that the process can visit any state) and aperiodic (returns to a
given state occur at irregular times).

2.2 Case study: n = 2

Note that the two Theorems above have some extra assumptions. We exhibit how one
can get these conditions explicitly as functions of the various parameters of the model.
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For the sake of a clean exposition we chose to fully treat the case when n = 2 and
bi(x) = bix,x > 0,i = 1,2 for some by, by > 0 (each specific case would have to
be studied separately as the computations change in each setting). As a result, (2.1)
becomes

dXi(1) = (X1(0) (a1 — b1 X1 (1)) — aX (1) + BX2(1))dt + 01 X1 (1)d B(r)
dXa(t) = (X2(0) (a2 — baXa2 (1)) + aX (1) — BX2(1))dt + 02 X2(1)d B(1),

where o1, 02 are non-zero constants and (B(?));>¢ is a one dimensional Brownian
motion. The Lyapunov exponent can now be expressed as (see Remark 3.1)

2 1
r=a— 2 4 (a) — 2 fnd
=m- (a1 —ax +03) A yoi (y)dy

2l
—% /O V2pi(y)dy (2.16)

where pf is given in (3.5) later.
If o1 = 0p =: 0, one has (see Remark 3.1)

2
o
r=a -2 4@ —at oy @.17)

Theorem 2.5 Define r by (2.16) if o1 # o2 and by 2.17) ifo1 = o2 = 0. Ifr <0
then for any i = 1,2 and any X = (x1, x3) € Ri_

In X7(®) =r} =1 (2.18)

IP’{ lim
t—00

Theorem 2.6 Suppose that o # o3 or B+ (by/b1)(a1—ay—a+p)—a(by/bi )2 # 0.
Define r as in Theorem 2.5. If r > 0 then the conclusion of Theorem 2.4 holds.

Remark 2.9 Once again the parameter r tells us when the population goes extinct
and when it persists. To obtain the conclusion of Theorem 2.4 when r > 0, we need
o1 #oyor B+ (ba/b1)(a; —ar — o+ B) — Ol(bz/bl)2 # 0. The condition o1 # 03

tells us that the noise must at least differ through its variance. If o7 = o then we
require
by +b b1 +b
a+ B2 Fa a2,
by by

The term g bl;bz measures the dispersion rate of individuals from patch 2 to patch
1 averaged by the inverse relative competition strength of patch 2. In particular, if
b1 = by we have that

20 —a) #ax —ar,
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710 A. Hening et al.

that is twice the difference of the dispersal rates cannot equal the difference of the
growth rates. The dynamics of the system is very different if these conditions do not
hold (see Sect. 3.2 and Theorem 2.7).

Theorem 2.7 Suppose that 61 = oo = 0,b; = by and 2(f — o) = a — ay. In this
2

setting one can show that the stochastic growth rate is given by r = ay — o+ f — 5.

Assume that (X1(0), X2(0)) =x = (x1,x2) € Ri’o and let U (t) be the solution to

dU@)=U(t)(ar —a+ B —bU())dt +oU(t)dB(t), U(0) = x3.

Then we get the following results

D) Ifxy = x2 then P(XJ(t) = X3(t) = U(1),t > 0) = 1.
2) If x1 # x2 then P(X{(¢) # X3(1),t > 0) = 1.
3) Ifr < 0 then X(t) and X»(t) converges to 0 exponentially fast. If r > 0 then

]P’{ lim uSi) = lim uS1) = 1} =1.
t—o0 UX(t) t—o0 UX(t)

Thus, both X1(t) and X»(t) converge to a unique invariant probability measure
p on (0, 00), which is the invariant probability measure of U(t). The invariant
probability measure of (X1(t), X2(t)):>0 is concentrated on the one-dimensional
manifold {x = (x1,x2) € Ri_’o TX; = x2}).

The proof of Theorem 2.7 is presented in Sect. 3.2.

2.3 Robust persistence and extinction
The model we work with is an approximation of the real biological models. As a result,

itis relevant to see if ‘close models’ behave similarly to ours. This reduces to studying
the robustness of our system. Consider the process

dX; = X; (@ — bi(Xy)) dr + DijX)X;dr + X; T X)dB(1) (2.19)

where E(-), 5(/)\, F(-) are locally Lipschitz functions and ﬁ,- j(x) = 0 forall x €
R%,i # jand D;; (x) = — Z#i D;(x). If there exists 6 > 0 such that

sup {lla —all, [bx) —=bX|, |ID -~ DX, IT ~T®|[} <6, (220

n,o
xeRY

then we call X a 0-perturbation of X.

Theorem 2.8 Suppose that the dynamics of (X(t));>0 satisfy the assumptions of The-
orem 2.1. Then there exists 0 > 0 such that any 0-perturbation (X(t));>0 of (X(t))r>0
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is persistent. Moreover, the process (X(t)):>0 has a unique invariant probability mea-
sure T on R':L’O that is absolutely continuous with respect to the Lebesgue measure
and for any ¢* > 0

lim 14| Pg(t, %, ) — T()llry = 0, x € R,
—o0

where Pg(t, X, -) is the transition probability of (i(t))tzo.

Biological interpretation of Theorem 2.8 As long as the perturbation of our model is
small, persistence does not change to extinction. Our model, even though it is only an
approximation of reality, can provide relevant information regarding biological sys-
tems. Small enough changes in the growth rates, the competition rates, the dispersion
matrix and the covariance matrix leave a persistent system unchanged.

3 Theoretical and numerical examples

This subsection is devoted to some theoretical and numerical examples. We choose the
dimension to be n = 2, so that we can compute the stochastic growth rate explicitly.

Remark 3.1 If an explicit expression for r is desirable, one needs to determine the
first and second moments for the invariant probability measure v*. One can show that
p*, the density of v* with respect to Lebesgue measure, satisfies

2

0 N 1 0 - « _
—Z:gﬂm@mﬁm+§§:gEZWMWpWH—QYGA, 3.1

iJj

where 1; (y) and v; ;(y) are the entries of

nw(y)=D"y+ (diag(y) — ny) (a— 2y,

v(y) = (diag — yy ") 7T (diagy) — yy" ().

and p* is constrained by f A P*(y)dy = 1 with appropriate boundary conditions. The
boundary conditions are usually found by characterizing the domain of the infinites-
imal generator of the Feller diffusion process Y (), which is usually a very difficult
problem.

However, following Evans et al. (2013), in the case of two patches (n = 2) and
non-degenerate noise the problem is significantly easier. Let ¥ = diag(olz, 022). The
system becomes

dX (1) = (X1() (a1 — bX1(1)) —aX((t) + BX2(1))dt + 01X (1)d B (1)

32
dXs(t) = (X2(t) (a2 — bX2(1)) + X1 (1) — Bt X2(1))d1 +02X2(t)d32(t)'( )
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712 A. Hening et al.

It is easy to find the density p} of Y1 (00) explicitly (by solving (3.1)) and noting
that 0, 1 are both entrance boundaries for the diffusion ¥;(7)). Then

2
pf(x)=Cxﬁ_°‘1(1—x)_ﬂ_“2exp - 5 (é+ al ) ,x€e€(,1)
of +o5 \x 1—x
where C > 0 is a normalization constant and

20‘i2 )
o= —5——, 1= 1,2
oq ~|—02

2
Bi=—F——@—-—a+p-—a).
012—{—022

One can then get the following explicit expression for the Lyapunov exponent

_ 022 2 ! *
7’—02—74-(611—02"‘02) A yoi (y)dy
2 2 ol
oy +o
—172/0 ¥ o} (y) dy. 3.3)

Next, consider the degenerate case

dXi(1) = (X1 (a1 — b1 X1(1)) — aX (1) + BX2(1))dt + 01 X1 (1)d B(1) G.4)

dXo(1) = (X2(t) (a2 — br X2(1)) + X1 () — BX2(1))dt + 02 X2(1)d B(1),
where o1, 0p are non-zero constants and (B(t));>0 is a one dimensional Bfownian
motion. Since Y1 (¢) + Y»(¢) = 1, to find the invariant pliobability measure of Y(t), we
only need to find the invariant probability measure of Y/ (¢).

If 0 # o we can find the invariant density p; of Y1 (c0) explicitly (by solving
(3.1). Then

* A*al *A*az 2 :3 (o4
pit = e - P e (o2 (4755,

X 1—x
x € (0,1) (3.5

where C > 0 is a normalization constant and

~ —20 — 20,
a) = ———, Oy i=——,
(o1 — 02) (01 —02)
Bi=————(a1—a+f—a).
(01 — 02)?

The Lyapunov exponent can now be expressed as
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_ 022 2 ! *
”—02_7‘1‘(01 —ay +05) A yoi (y)dy

(o1 — o) [!
_#‘/ ysz(y)dY-
0

We note that the structure of the stochastic growth rate r for non-degenerate noise

(3.3) and for degenerate noise (2.16) with o1 # o7 is the same. The only difference is

that one needs to make the substitution 0’12 + 022 — (0] — 02)? and the changes in@;.
If 01 = 02 =: o the system (2.6) for Y(t) = ()71 (1), f’z(t)) can be written as

ah = (0@ —atio) - abho) - ali) + 70 )di
+2 T O (P (0) + 2% = (P (1) + T2(0))? Jar

a0 = (BO@ - a0 - aho) - 10 +ahi(0))dr
+2 P20 (10 + 1200 = (A1) + Ta(0))? ar.

(3.6)

Using the fact that Y1(2) + Y2(t) = 1 this reduces to
a0 = (@ -l - HO O+ - @+pHhONd. G7)

The unique equilibrium of 3.7 in [0,1] is the root y* in [0,1] of (a; — az)(~l —y)y+
B — (¢ + B)y = 0. Hence, the unique invariant probability measure of Y (¢) in this
case is the Dirac measure concentrated in (y*, 1 — y*). Thus

o2
_ 2N . *
r=a-— + (a1 —ax+o7)y".

3.1 The degenerate case 01 = 02, = 8

Consider the following system, where «, o, a;, b;, i = 1, 2 are positive constants.

dX1(t) = (X1(1)(ar — b1 X1 (1)) — aX (1) + aX2(1))dt + o X1 (1)d B(1)

3.8
dX,(t) = (Xz(t)(az — by X2(t)) +aX(t) — O[Xz(l))dl + o X2 (t)dB(1). 38

Suppose that a; # aj or that b1 # by. This system is degenerate since both equations

are driven by a single Brownian motion. In this case, the unique equilibrium of (3.7)

in [0,1] is the root y* in [0,1] of (a1 — a2)(1 — y)y + (1 — 2y) = 0. Solving this
a; —ay — 2o ++/(a) — az)? + 4o

quadratic equation, we have y* = if ap # a»
2(a1 — a)

and y* = % ifa; = ap.
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714 A. Hening et al.

It can be proved easily that this equilibrium is asymptotically stable and that
lim,_,  Y1(t) = y*. Thus, if a; # a»

0,2
r=ay’ tal-y) - —
ay —ay —2a ++/(a; —ax)? +4a?  o?
:a2+ —_ —
2 2
Caitay =2+ (a1 —a)? +4a?  o?
= 5
As a result
) _ 2 4 492 2
a1 +ay —2a ++/(a1 —a)” +4a” o~ ifay £ ay. by = by
;= 2 2 2 3.9
a) — 7 ifa1 =daj, bl 75 bz.

Note that if a; # a» and by = by
o+ (by/b1) (a1 — az) — a(by/b1)* = a; —ay #0
and that if a; = ap and by # by
o+ (ba/b1)(ar — az) — a(by/b1)* = a (1 = by/by) # 0.

Therefore, the assumptions of Theorem 2.6 hold. If r < 0, by Theorem 2.5 the
population goes extinct, while if » > 0, the population persists by Theorem 2.6.

3.2 The degenerate case when the conditions of Theorem 2.6 are violated
We analyse the system

dX1(1) = (X1(0) (a1 — bX1 (1)) — aX1(1) + BX2(1))d1 4 0 X1(1)d B(1)

(3.10)
dX>(t) = (X2(t) (a2 — bX> (1) + X1 (1) — BXa2(1))dt + o X>(1)d B(1),

when 2(8 — ) = a» — ay. Inthis case 01 = 0» = 0,

B+ (ba/b1)(ai —az — o+ B) —a(ba/b1) =0

and
2

o
r:al—a+ﬁ—7.

If r < 0 then lim;— o X1(#) = lim;—, o X2(f) = 0 almost surely as the result of
Theorem 2.5.
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We focus on the case r > 0 and show that some of the results violate the conclusions
of Theorem 2.6.
If we set Z(t) = X(t)/ X2(¢) then (see (C.6))

dZ(1) = ((1 — ZWNZO)X2(t) + B+ A1 Z(1) — otZz(t)>dt.
Noting thata; = a; —a; — a + B = o — B yields
d(Z@)—1) = (— (Z@1®) — DZ0)X2(t) — (Z() — D(aZ(2t) + ﬂ))dﬁ

Assume Z(0) # 1 and without loss of generality suppose Z(0) > 1. This implies

t
Z(t)—1=(Z0) —1)exp (—/ [Z(s)X2(s) + (xZ(s) + B)] ds) . (3.11)
0

Since Z(t) and X»(¢) do not explode to +oo in finite time we can conclude that
if Z(0) # 0 then Z(¢r) # O for any + > 0 with probability 1. In other words, if
X = (x1,x) € Ri’o with x| # x, then

P(XY(1) = XX(1),1 > 0) = 0.

One can further see from (3.11) that Z () — 1 tends to 0 exponentially fast. If Z(0) = 1
let X1(0) = X2(0) = x > 0. Similar arguments to the above show that

P(XY(1) # X3(1).1 2 0) = 0.

To gain more insight into the asymptotic properties of (X1(¢), X2(¢)), we study

dXo(t) = Xz(t)((’c?z —bX,(1)) + otZ(t))dt + o X2(t)dB(t)

= Xz(t)(al — a4 B —bX2(t) +a(Z(t) — 1))dt + o X2(1)dB(1)

We have from It6’s formula that,

= (b +(—ai+a—B+0>—a(Z@1)—1)) le(t)) dt

1
o
Xo (1)

X2 (1)

dB(1).

By the variation-of constants formula (see Mao 1997, Section 3.4), we have

o 1 !
X200 =¢ (1) [g—l-bfo ¢(s)ds:|
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where

t

¢ (1) :=exp [rt + a/ (Z(s) — Dds + O'B(I)] .
0
Thus,
(1)
Xo(t) = — ¢ 7 .
X, + bfo ¢ (s)ds

It is well-known that

ert+aB(t)

U@t) =

o+ b, ers+oBG)ds’
is the solution to the stochastic logistic equation
dU@)=U@) (a1 —a+ B —bU@)dt +cU(t)dB(t), U(0) = x3.
By the law of the iterated logarithm, almost surely
lim ¢ (1) = lim 1TOBW — oo, (3.12)
We have

Xy(1) ©XP (Ol fé(Z(s) — l)ds) [x;l + bf(; e”+"B(t)ds]
U - x5 b [y ¢ (s)ds '

In view of (3.12), we can use L’hospital’s rule to obtain

X>(1)
im
t—00 U(t)
exp (a iz - 1)ds) ¢r1HoB()
= lim
t—00 ¢ (1)
a(Z(t) — D exp (Ol fot(Z(s) — 1)ds) [x{l + bfot er””B(’)ds]
+ lim
=00 b (1)
«(Z (1) — 1) [x;l —I—bfot ert-i—er(t)ds]
=1+ tl_l)l’ng be''t+oB(t) (.13)
ert+(rB(t)
almost surely. By the law of the iterated logarithm, lim;_, o = ™ and
ert+aB(t) ¢
lim;_ o — o = 0 for any ¢ > 0. Applying this and (3.11) to (3.13), it is easy to
e

show that with probability 1

@ Springer



Stochastic population growth in spatially heterogeneous. .. 717

X (1)
im =
t—oo U(t)
. . . X (1)
Since lim;, o Z() = 1 almost surely, we also have lim;_, W = 1 almost

surely. Thus, the long term behavior of X(¢) and X,(#) is governed by the one-
dimensional diffusion U (¢). In particular, both X (¢) and X»(¢) converge to a unique
invariant probability measure p on (0, co), which is the invariant probability measure
of U(t). In this case, the invariant probability measure of X(f) = (X (), X2(¢))r>0
is not absolutely continuous with respect to the Lebesgue measure on Ri’o. Instead,
the invariant probability measure is concentrated on the one-dimensional manifold
{X = (x1,X2) € R%’_’O X1 = xz}.

Biological interpretation The stochastic growth rate in this degenerate setting is
2
givenby r = a; —a + p — 5. We note that this term is equal to the stochastic growth

rate of patch 1, a; — %, to which we add B, the rate of dispersal from patch 1 to patch
2, and subtract «, the rate of dispersal from patch 2 to patch 1. When
o2
ay — > >a—f
one has persistence, while when
o2
ar == <a—p

one has extinction. In particular, if the patches on their own are sink patches so that

a) — ”72 < 0and ay — ”72 < 0 dispersion cannot lead to persistence since

o? o?

ag——>o—fanday — — > —«

2 2
cannot hold simultaneously. The behavior of the system when r > 0 is different from
the behavior in the non-degenerate setting of Theorem 2.1 or the degenerate setting
of Theorem 2.6. Namely, if the patches start with equal populations then the patch
abundances remain equal for all times and evolve according to the one-dimensional
logistic diffusion U (t). If the patches start with different population abundances then
X1(t) and Xo(t) are never equal but tend to each other asymptotically as t — o0.
Furthermore, the long term behavior of X1(t) and X»(t) is once again determined
by the logistic diffusion U (t) as almost surely )I(JIT(:)) — last — oo. As such, if
r > 0 we have persistence but the invariant measure the system converges to does
not have Rﬁo as its support anymore. Instead the invariant measure has the line

{x =(x1,x) € Ri_’o 1 X1 = X2} as its support.

Example 3.1 We discuss the case when a| # a; and o1 = 0». The stochastic growth
rate can be written by the analysis in the sections above as

ay +ay — 2o ++/(a] — ap)? + 4a? o?

r= L2 T

al—a+p—-5% ifay —a; =2(B — a), by = by.

ifa =B,b1 =by (3.14)
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Fig. 1 Consider (3.2) when o = B and the Brownian motions B and Bj are assumed to have correlation
p. The graphs show the stochastic growth rate r as a function of the dispersal rate « for different values of
the correlation. Note that if p = 0 we get the setting when the Brownian motions of the two patches are
independent while when p = 1 we get that one Brownian motion drives the dynamics of both patches. The
parameters are « = 3, a; = 3,ap =4, 012 = 022 =7

Biological interpretation In the case when a; = ap, 01 = 02 and by # by (so that
the two patches only differ in their competition rates) the stochastic growth rate r does
not depend on the dispersal rate a. The system behaves just as a single-patch system
with stochastic growth rate a; — § In contrast to Evans et al. (2013, Example 1)
coupling two sink patches by dispersion cannot yield persistence.

However, if the growth rates of the patches are different ay # ay then the expression
for r given in (3.14) yields for a >> |a; — az| that

ai+ay o (a1 —a)?
r~ ——— — 4+ ——.

2 2 8

In particular

. ay +ap o
alggor(ot) = T - 7

We note that r is a decreasing function of the dispersal rate o for large values of «
(also see Fig. 1). This is different from the result of Evans et al. (2013, Example 1)
where r was shown to be an increasing function of «. In contrast to the non-degenerate
case, coupling patches by dispersal decreases the stochastic growth rate and as such
makes persistence less likely. This highlights the negative effect of spatial correlations
on population persistence and why one may no longer get the rescue effect. This is one
of your main biological conclusions. Furthermore, we also recover that dispersal has
a negative impact on the stochastic growth rate when there is spatial heterogeneity
(i.e. a1 # ap). This fact has a long history, going back to the work by Karlin (1982).
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4 Discussion and generalizations

For numerous models of population dynamics it is natural to assume that time is contin-
uous. One reason for this is that often environmental conditions change continuously
with time and therefore can naturally be described by continuous time models. There
have been a few papers dedicated to the study of stochastic differential equation mod-
els of interacting, unstructured populations in stochastic environments (see Benaim
et al. 2008; Schreiber et al. 2011; Evans et al. 2015). These models however do not
account for population structure or correlated environmental fluctuations.

Examples of structured populations can be found by looking at a population in
which individuals can live in one of n patches (e.g. fish swimming between basins
of a lake or butterflies dispersing between meadows). Dispersion is viewed by many
population biologists as an important mechanism for survival. Not only does dispersion
allow individuals to escape unfavorable landscapes (due to environmental changes or
lack of resources), it also facilitates populations to smooth out local spatio-temporal
environmental changes. Patch models of dispersion have been studied extensively in
the deterministic setting (see for example Hastings 1983; Cantrell et al. 2012). In the
stochastic setting, there have been results for discrete time and space by Benaim and
Schreiber (2009), for continuous time and discrete space by Evans et al. (2013) and
for structured populations that evolve continuously both in time and space.

We analyze the dynamics of a population that is spread throughout n patches,
evolves in a stochastic environment (that can be spatially correlated), disperses among
the patches and whose members compete with each other for resources. We charac-
terize the long-term behavior of our system as a function of r—the growth rate in the
absence of competition. The quantity r is also the Lyapunov exponent of a suitable
linearization of the system around 0. Our analysis shows that 7 < 0 implies extinction
and r > 0 persistence. The limit case r = 0 cannot be analyzed in our framework. We
expect that new methods have to be developed in order to tackle the r = 0 scenario.

Since mathematical models are always approximations of nature it is necessary
to study how the persistence and extinction results change under small perturbations
of the parameters of the models. The concept of robust persistence (or permanence)
has been introduced by Hutson and Schmitt (1992). They showed that for certain
systems persistence holds even when one has small perturbations of the growth func-
tions. There have been results on robust persistence in the deterministic setting for
Kolmogorov systems by Schreiber (2000) and Garay and Hofbauer (2003). Recently,
robust permanence for deterministic Kolmogorov equations with respect to pertur-
bations in both the growth functions and the feedback dynamics has been analyzed
by Patel and Schreiber (2016). In the stochastic differential equations setting results
on robust persistence and extinction have been proven by Schreiber et al. (2011) and
Benaim et al. (2008). We prove analogous results in our framework where the popu-
lations are coupled by dispersal. For robust persistence we show in Appendix D that
even with density-dependent perturbations of the growth rates, dispersion matrix and
environmental covariance matrix, if these perturbations are sufficiently small and if
the unperturbed system is persistent then the perturbed system is also persistent. In the
case of extinction we can prove robustness when there are small constant perturbations
of the growth rates, dispersal matrices and covariance matrices.
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In ecology there has been an increased interest in the spatial synchrony present in
population dynamics. This refers to the changes in the time-dependent characteristics
(i.e. abundances etc) of structured populations. One of the mechanisms which creates
synchrony is the dependence of the population dynamics on a synchronous random
environmental factor such as temperature or rainfall. The synchronizing effect of envi-
ronmental stochasticity, or the so-called Moran effect, has been observed in multiple
population models. Usually this effect is the result of random but correlated weather
effects acting on spatially structured populations. Following Legendre (1993) one
could argue that our world is a spatially correlated one. For many biotic and abiotic
factors, like population density, temperature or growth rate, values at close locations
are usually similar. For an in-depth analysis of spatial synchrony see Kendall et al.
(2000) and Liebhold et al. (2004). Most stochastic differential models appearing in
population dynamics treat only the case when the noise is non-degenerate (although
see Rudnicki 2003; Dieu et al. 2016). This simplifies the technical proofs significantly.
However, from a biological point of view it is not clear that the noise should never
be degenerate. For example if one models a system with multiple populations then all
populations can be influenced by the same factors (a disease, changes in temperature
and sunlight etc). Environmental factors can intrinsically create spatial correlations
and as such it makes sense to study how these degenerate systems compare to the
non-degenerate ones. In our setting the n different patches could be strongly spatially
correlated. Actually, in some cases it could be more realistic to have the same one-
dimensional Brownian motion (B;);>¢ driving the dynamics of all patches. We were
able to find conditions under which the proofs from the non-degenerate case can be
generalized to the degenerate setting. This is a first step towards a model that tries
to explain the complex relationship between dispersal, stochastic environments and
spatial correlations.

We fully analyze what happens if there are only two patches, n = 2, and the noise
is degenerate. Our results show unexpectedly, and in contrast to the non-degenerate
results by Evans et al. (2013), that coupling two sink patches cannot yield persistence.
More generally, we show that the stochastic growth rate is a decreasing function of
the dispersal rate. In specific instances of the degenerate setting, even when there is
persistence, the invariant probability measure the system converges to does not have
Ri‘o as its support. Instead, the abundances of the two patches converge to an invariant
probability measure supported on the line {x = (x1, x2) € Ri’c’ : x1 = x2}. These
examples shows that degenerate noise is not just an added technicality—the results
can be completely different from those in the non-degenerate setting. The negative
effect of spatial correlations (including the fully degenerate case) has been studied
in several papers for discrete-time models (see Schreiber 2010; Harrison and Quinn
1989; Palmgqvist and Lundberg 1998; Bascompte et al. 2002; Roy et al. 2005). The
negative impact of dispersal on the stochastic growth rate » when there is spatial
heterogeneity (i.e. a; # az) has a long history going back to the work of Karlin
(1982) on the Reduction Principle. Following Altenberg (2012) the reduction principle
can be stated as the widely exhibited phenomenon that mixing reduces growth, and
differential growth selects for reduced mixing. The first use of this principle in the
study of the evolution of dispersal can be found in Hastings (1983). The work of
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Kirkland et al. (2006) provides an independent proof of the Reduction Principle and
applications to nonlinear competing species in discrete-time, discrete-space models.
In the case of continuous-time, discrete-space models (given by branching processes)
a version of the Reduction Principle is analysed by Schreiber and Lloyd-Smith (2009).

4.1 k species competing and dispersing in n patches

Real populations do not evolve in isolation and as a result much of ecology is concerned
with understanding the characteristics that allow two species to coexist, or one species
to take over the habitat of another. It is of fundamental importance to understand what
will happen to an invading species. Will it invade successfully or die out in the attempt?
If it does invade, will it coexist with the native population? Mathematical models for
invasibility have contributed significantly to the understanding of the epidemiology
of infectious disease outbreaks (Cross et al. 2005) and ecological processes (Law and
Morton 1996; Caswell 2001). There is widespread empirical evidence that heterogene-
ity, arising from abiotic (precipitation, temperature, sunlight) or biotic (competition,
predation) factors, is important in determining invasibility (Davies et al. 2005; Pysek
and Hulme 2005). However, few theoretical studies have investigated this; see, e.g.,
Schreiber and Lloyd-Smith (2009), Schreiber and Ryan (2011) and Schreiber (2012).

In this paper we have considered the dynamics of one population that disperses
through n patches. One possible generalization would be to look at k& populations
(Xl, e, Xk) that compete with each other for resources, have different dispersion
strategies and possibly experience the environmental noise differently. Looking at
such a model could shed light upon fundamental problems regarding invasions in
spatio-temporally heterogeneous environments.

The extension of our results to competition models could lead to the development of
a stochastic version of the treatment of the evolution of dispersal developed for patch
models in the deterministic setting by Hastings (1983) and Cantrell et al. (2012). In
the current paper we have focused on how spatio-temporal variation influences the
persistence and extinction of structured populations. In a follow-up paper we intend
to look at the dispersal strategies in terms of evolutionarily stable strategies (ESS)
which can be characterized by showing that a population having a dispersal strategy
(D;j) cannot be invaded by any other population having a different dispersal strategy
(D; 7). The first thing to check would be whether this model has ESS and, if they exist,
whether they are unique. One might even get that there are no ESS in our setting. For
example, Schreiber and Li (2011) show that there exist no ESS for periodic non-linear
models and instead one gets a coalition of strategies that act as an ESS. We expect to
be able to generalize the results of Cantrell et al. (2012) to a stochastic setting using
the methods from this paper.
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Appendix A: The case r > 0

The next sequence of lemmas and propositions is used to prove Theorem 2.1. We start
by showing that our processes are well-defined Markov processes.

Proposition A.1 The SDE (stochastic differential equation) defined by (2.1) has
unique strong solutions X(t) = (X1(t), ..., X, (t)),t > Oforanyx = (x1,...,x,) €
R Furthermore, X(t) is a strong Markov process with the Feller property, is irre-
ducible on R, \{0} and P{X;(¢) > 0, t > 0,i =1,...,n} = 1ifX(0) € R \{0}.

Proof Since the coefficients of (2.1) are locally Lipschitz, there exists a unique local
solution to (2.1) with a given initial value. In other words, for any initial value, there
is a stopping time 7, > 0 and a process (X(#));>o satisfying (2.1) up to 7, and
tli)nrlg IX ()| = oo (see e.g. Khasminskii 2012, Section 3.4). Clearly, if X(0) = 0 then

X(t) =0, t € [0, t,) which implies that 7, = co. By a comparison theorem for SDEs
(see Gei} and Manthey (1994, Theorem 1.2) and Remark A.2 below),

P{X;(t) < Xi(t),t €0, 1),i=1,...,n} =1if X;(0) = X;(0) > M), (A.1)

where (& (t));>01s given by (2.7). Since (2.7) has a global solution due to the Lipschitz
property of its coefficients, we have from (A.1) that 7, = oo almost surely. Define the
process

3a,~

dX(t) = —‘ 5

n
Xi(t)+ Y DjiX ;) | dt + X;()dE; (1), i =1,....n.
j=1

Since the b;s are continuous and vanish at 0, there exists » > 0 such that for |x| < r
we have

3(1,'

<a —bi(x),i=1,...,n (A.2)

Let 7 be the stopping time

T .= inf{t : |T(r)| > r} (A3)
Now, consider the case X(0) € R’} \ {0}. By Evans et al. (2013, Proposition 3.1), (A.2),
(A.3) and a comparison argument (see Remark A.2 and the proof of Evans et al. (2015,

Theorem 4.1)), we can show that

P{X; > Xi(1) > 0,t € (0,0)} =1,
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which implies

P{X;(t) > 0,1t € (0, 00)} = 1 for all X(0) € R’ \{0}. (A4)

Moreover, since P{0 < X;(t) < X;(¢t) forallt >0,i =1,...,n} = 1, we can
use standard arguments (e.g., Mao 1997, Theorem 2.9.3) to obtain the Feller property
of the solution to (2.1). O

Remark A.1 There are different possible definitions of “Feller” in the literature. What
we mean by Feller is that the semigroup (7;),>¢ of the process maps the set of bounded
continuous functions Cp,(IR”}) into itself i.e.

T, (Cp(R})) C Cp(RY), t > 0.

Definition A.1 We call a mapping f : R? — R? quasi-monotonously increasing,
ifforj=1,...,d

fi) = fi(y,
whenever x; = y;and x; < y;, [ # j.

Remark A.2 One often wants to apply the well-known comparison theorem for one-
dimensional SDEs (see Ikeda and Watanabe 1989) to a multidimensional setting.
Below we explain why we can make use of comparison theorems for stochastic dif-
ferential equations in our setting. Consider the following two systems

-
dR;(t) = a;(t, R(t))dt + Zajk(t, R()dW; (1) (A5)
k=1
and
-
dS;i(t) =bj(t, S())dt + Zajk(t, S()dWi (1) (A.6)
k=1
for j =1,...,d,t > 0 together with the initial condition
R;(0) <S;0),j=1,...,d P—as, (A7)
where W = (W1(2), ..., W.(t)):>0 is an r-dimensional standard Brownian motion,

and the coefficients a;, b;, 0 are continuous mappings on Ry x R¥. Suppose (A.5)
and (A.6) have explosion times 0, 6.
Let (CO0), (C1), and (C2) be the following conditions.

(CO) The solution to (A.5) is pathwise unique and the drift coefficient a(¢, x) is quasi-
monotonously (see Definition A.1) increasing with respect to x.
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(Cl) Foreveryr >0, j=1,...,d and x € R? the following inequality holds
aj(t,x) <bj(t, x).

(C2) There exists a strictly increasing function p : Ry — R4 with p(0) = 0 and

1
[ e
o+ p=(u)

such that foreach j =1,...,d

,
Y lojk(t, x) = oj(t, I < p(lxj — y;D) forall = 0,x,y € RY.
k=1

Sometimes it is assumed incorrectly that conditions (C1) and (C2) suffice to con-
clude that P{R(¢) < Y (¢),t € [0, Or AOs)} = 1. Some illuminating counterexamples
regarding this issue can be found in Assing and Manthey (1995, Section 3). However,
if in addition to conditions (C1) and (C2), one also has condition (C0), then Geifs and
Manthey (1994, Theorem 1.2) indicates that P{R(z) < Y (¢),t € [0,0r A 65)} = 1.
Note that, in the setting of our paper, the drift coefficient of (2.7) is quasi-monotonously
increasing and we can pick p(x) = x,x € R,. Therefore, conditions (CO0), (C1),
and C(2) hold, which allows us to use the comparison results. In special cases one
can prove comparison theorems even when quasi-monotonicity fails; see Evans et al.
(2015, Theorem 6.1) and Nlath et al. (2007, Corollary A.2).

To proceed, let us recall some technical concepts and results needed to prove the
main theorem. Let ® = (g, Py, ...) be a discrete-time Markov chain on a general
state space (E, £), where &£ is a countably generated o-algebra. Denote by P the
Markov transition kernel for ®. If there is a non-trivial o -finite positive measure ¢ on
(E, &) such that for any A € & satisfying ¢(A) > 0 we have

o

Z’P”(X,A) >0, xeE

n=1
where P”" is the n-step transition kernel of ®, then the Markov chain @ is called
g-irreducible. It can be shown (see Nummelin 1984) that if & is ¢-irreducible, then
there exists a positive integer d and disjoint subsets Ey, ..., E;z—1 such that for all
i=0,...,d —1andall x € E;, we have

P(x, Ej) =1where j =i+ 1 (mod d)

and
d—1
) (E\ U Ei) = 0.
i=0
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The smallest positive integer d satisfying the above is called the period of ®. An
aperiodic Markov chain is a chain with period d = 1.
A set C € £ is called petite, if there exists a non-negative sequence (a,),cN With

Y o2, ap, = 1 and a nontrivial positive measure v on (E, &) such that

o0
> a,P"(x, A) = v(A), x €C, A €L,

n=1
The following theorem is extracted from Jarner and Roberts (2002, Theorem 3.6).

Theorem A.1 Suppose that ® is irreducible and aperiodic and fix 0 < y < 1.
Assume that there exists a petite set C C E, positive constants k1, k3 and a function
V : E — [1, 00) such that

PV <V —i1VV +x2lc.
Then there exists a probability measure 7w on (E, £) such that

(41D |Px, ) — )7y — 0asn — oo forall x € E.

The next series of lemmas and propositions are used to show that we can construct
a function V satisfying the assumptions of Theorem A.1.

Lemma A.1 Forany T > 0, there exists an open set Ny C R'_to such that the Markov
chain {(Y(kT), S(kT)), k € N} on A x (0, 00) is -irreducible and aperiodic, where
¢(-) = m(- N No) and m(-) is Lebesgue measure. Moreover, every compact set K C
A x (0, 00) is petite. Similarly, A is a petite set of the Markov chain (Y(kT), k € N}.

Proof To prove this lemma, it is more convenient to work with the process X(¢) that
lives on R, \ {0}. Since (X(7)),>0 is anondegenerate diffusion with smooth coefficients
in R'J’F’O, by Rey-Bellet (2006, Corollary 7.2), the transition semigroup Px(t, X, -) of
(X(#))¢>0 has a smooth, positive density (0, 0o) x ]R%r"’o > (t,x, X)) —~ px(t,x,x) €
[0, 00). Fix a point xo € R’:°. Since fRio p(t,Xo, X)dx = 1 there exists x; € R}°

such that px (% X0, Xl) > 0. There exist bounded open sets Ny > X, N| > X
satisfying

T
ﬁ::inf{px(g,x,x’)>0:xeNo,x’eN1}>O. (A.8)

Slightly modifying the proof of Evans et al. (2013, Proposition 3.1) (the part proving
the irreducibility of the solution process), we have that py := Px (%, x, No) > 0
for all x € R} \{0}. Since (X(#)),>0 has the Feller property, there is a neighborhood
Ny > x such that

- 3
Px (E,X’, No) > % x' € Ny. (A.9)
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For any compact set K € R"} \ {0}, there are finite x2, . .., X such that K C U;‘:z Ny; .
As a result,
T Dx:
PX<5,X’,N0) > P ::min{%,i:Z,...,k}. (A.10)

In view of (A.8), (A.9), and (A.10), an application of the Chapman-Kolmogorov
equations yields that for any x € K and any measurable set A C R"°,

T / T !
Px(T.x,A)> | Px|=.x.dx'|Px|=.X,A
No 2 2
> pxpm(AN Ny,
where m (-) is Lebesgue measure on R'j_’o. Since the measure v(-) = m(- N Np) is non-
trivial, we can easily obtain that K is a petite set of the Markov chain {(X(kT')), k € N}.

Moreover, K can be chosen arbitrarily. Hence, for any x € ]R’jr\{O} there is py > 0
such that

Px(T,x,-) = Pym(- N Ny), (A.1D)
which means that {(X(kT)), k € N} is irreducible.
Suppose that {(X(kT)), k € N} is not aperiodic. Then there are disjoint subsets of
R’ \{0}, denoted by Ay, ..., Ag—1 with d > 1 such that for any x € A;,

Px(T,x, Aj) =1where j =i+ 1 (mod d).

Since P(T, x, -) has adensity, m(A;) > Ofori =0,...,d —1.Inview of (A.11), we
must have m(No N A;) =0 foranyi =0, ...,d — 1. This contradicts the fact that

m (Noﬂ (E\QA,-)) =0.

This contradiction implies that {X(kT'), k € N} is aperiodic. In the same manner, we
can prove that Y(¢) is irreducible, aperiodic and its state space, A, is petite. O

Lemma A.2 There exists a positive constant Ky such that
ESYS(t) <e s+ Ky, (y,5) € A x (0,00),t>0. (A.12)
Moreover, forany H > 0, T > 0, and ¢ > 0, there is ak = I;(H, T, &) > 0 such that

P{SY*(t) <k, t €[0,T]} > 1—¢,(y,5) € A x (0, H]. (A.13)
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Proof Inview of (2.2), if s > M}, then —[b(sy)] "y +a'y +y, < 0. Let

Ki= sup {s(—[b(sy)]Ty +a'y+ J/b)} < 0.
YEA ,s<M)

For k € N, define the bounded stopping time
n =inf{r > 0: SY* (1) > k). (A.14)

Dynkin’s formula for the function f(z,s) := e"’s and the bounded stopping time
t Ay yield

Y.s

s . tAn)
Blen @A =s B [ entsa
0

(J/b +[a — b(SY* ()Y ()] Y (u)) du

AN IZ]
§s+Ef Kie""du < s+ —(e”' —1).
0 Vb

(A.15)

The claim (A.13) follows directly from (A.15). Moreover, by letting k — ocoin (A.15),
we obtain from Fatou’s lemma that

, K
Ee”' S5 (1) < s + K1e"' for Kj = —~, (A.16)

Vb
which implies (A.12). O

Proposition A.2 Foranye > Qand T > 0, thereisa § = 6(e, T) > 0 such that
LIV @), 85 @) = (W@, 0) <2, 01 =T} > 1-¢

given that (y, s) € A x (0, 3).

Proof In view of (A.13), forany ¢ > 0, T > 0, there isk = ];(8, T) > 0 such that

Pl <T)=1- g (¥.5) € A x (0, ¢) (A.17)

where n,{’s is defined by (A.14). Since the coefficients of equation (2.4) are locally
Lipschitz, using the arguments from Mao (1997, Lemma 9.4) and noting Sy'o(t) =0,
we obtain for any (y, s) € A x (0, ¢) that

(Yy’s(t),Sy’S(t))—(Yy’o(t),O>H2 <Cs?, (A18)

E sup

OgtsTAng’s/\nz'o
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where C is a constant that depends on H, T, k. Applying Chebyshev’s inequality to
(A.18), there is a § € (0, €) such that for all (y, s) € A x (0, §)

‘ (Y¥5 (1), $* (1)) — (YY’O(t), 0) H <els1-8

P sup

OgthAnZ'sAng’o

Combining (A.18) and (A.19) yields

]P’{ sup H (Y¥5 (), $¥ (1)) — (Yy’o(t), 0) H < g} S l—e  (A20)

0<t<T
for any (y,s) € A x (0, 8). The desired result is obtained by noting that YYO(r) =
YY(@),t > 0. O
Lemma A.3 There are positive constants K> and K3 such that for any (y, s) € A X
(0,00), T = 0, one has
E ([ln Sy’S(T)]2> < ((ns)> + DK exp{K3T}, (A.21)

Proof In view of 1t6’s formula,

dIn* S(1) = (Y(t)TEY(t) +2InS(1) (aTY(t) —ESOY)"
| (A.22)
Y(t) — EY(z)TEY(t))> dt + 2InS®Y() dE().

Now, we estimate g(y, s) =y ' Zy+21Ins (aTy —b(sy) — %yTEy) for (y,s) € Ax
(0, 00). Let My beasin (2.2).1f s > M thenlns > Oand (a'y — b(sy) — %yTZy) <
0. Letting

— T LT
My = sup a'y — b(sy) 2y Yy < 00
}

{(y,5)€Ax(0,Mp]
and

IZ]l == sup{y "By :y € A},
2(¥,s) < =]+ Mi|Ins| < My In?s +2M,
+]|Z]| forall (y,s) € A x (0, 00).

With this estimate, we can apply Dynkin’s formula to (A.22) and use standard argu-
ments (e.g., Mao 1997, Theorem 2.4.1) to obtain

E ([m SN(T)]ZlA) < Ka(Ins)2 exp{K5T) forall (y,s) € A x (0, 00)
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for some positive constants K, and K3. O

Lemma A.4 There is a positive constant K4 such that for any (y, s) € A x (0, 1),
and A € F,

E ([m SYS(T A gW)]E) < (In5)2 + K4y/P(A)(T + Dlns]_ + K4T2,

(A.23)
where [Inx]_ := max{0, —Inx}, and
Y i=inf{r >0:8Y5@1) = 1}. (A.24)
Proof Let
T 1 T
M, = sup (—a'y+ -y Zy+b(sy) yp < oo
{(v.9)€AX(0,1)) 2

Using Dynkin’s formula,
—In ST A ") = —Ins — MY (T A LY)

TAgY*
+ f (=a Y™ 0 + B OV () Y ()
0

1 (A.25)
Y0 B0 ) ar
< [Ins] + MoT + [M¥(T A V),
where
! t
MY (1) = / Y(1)TdE(t) = / Y(1) TdB(r). (A.26)
0 0

It follows from (A.25) that

[n S¥5(T A )2 14 < ([Ins]- + MaT + MY (T A Z%)]) 14
< (IInsP +20MaT + MY (T A *)lIns]-) 14

+ (2001 +20M¥ (T A ")) 14 (A27)
An application of It0’s isometry yields
E[|M, (T A ¢Y)*14] < EIM, (T A Y51 < |Z|IT. (A.28)
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By a straightforward use of Holder’s inequality and (A.28),
1/2
EIIM.., (T A ¢"*)14] <(PAEIM, (T A ¢¥)P)
<VPAWIZIT < VP@AZIT + 1).

(A.29)

Taking expectation on both sides of (A.27) and using the estimates from (A.28) and
(A.29), we have

E [[m SYS(T A g“)]ilA] < [Ins2P(A) + K4(T + 1)y/P(A)[Ins]- + K4T?,

for some positive constant K. O

Let M3 be a positive constant such that

1 1 T
aly— -y Zy—a'y - 3 Y| S Msly —yl v,y €A (A30)

2

Fromnow on, we assume thate € (0, 1) is chosen small enough to satisfy the following

.
(Mz+2)e+ sup  {b(sy) 'y} <~
{0<s<e,yeA} 4 (A.31)

3
_ %(1 —36) 4+ 2K4E < —r

Lemma A.5 For ¢ satisfying (A.31), thereis §(¢) =68 € (0, 1) and T*(e) = T* > 1
such that

*

3T
]P’{lns—}— r glnSy’S(T*)<0}zl—3s (A32)

forall (y,s) € A x (0, 6).

Proof Since A is a petite set of (Y(®) : t > 0}, in view of Meyn and Tweedie (1993,
Theorem 6.1), there are y; and y» > 0 such that

IP(t,y,-) —v¥llrv < yrexp(—yat), y € A, t € [0, 00). (A.33)

where Pz, y, -) is the transition probability of {?(t) it >0} Let My = man{|aTy —
ye

%yTEyH < 00. In view of (2.8) and (A.33), we have

1 T/ e loy To=
—E / (a YY(r) — =YY (?) EYy(t)> dt —rT
T o 2

1 T
7l
T Jo Ja
May,

= %/T”ﬁ(hy, D) —v¥rvdr < .
=T J =77

<aTy’ — %y/TEy/> (ﬁ(z, v, dy) — v*(dy/)>' (A34)
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On one hand, letting M?¥-*(T') be defined as (A.26), we have from It6’s isometry that

r - ISl
/ YV () YV ()dr < —. (A.35)
0

8 2
E[My (T)] 1
T

T =2t

With standard estimation techniques, it follows from (A.34) and (A.35) that for any
& > 0, thereis a T* = T*(¢) such that

1 (7 1 loy To=
P —/ (a YY(1) — zYy(t) ZYy(t)> dt —r
0

T*
and

<8}>1—8,yeA,

(A.36)

Y. S (T *
PHM (T7)
T*

< g} >1—¢, (y,5) € A x(0,00). (A.37)

By virtue of Proposition A.2, (A.30), and (A.36), there is § = (e, T*) € (0, ¢)
such that

P(") > 1 —2¢, (y,5) € A x(0,8)

T*

Q= { f <aTYY~S(t) - %YW(:)TEYW(:)) dt > T*(r — (M3 + 1)¢)

0
N{sY* (1) <& t €[0, T*]}.

Using y ' b(sy) < 7 forall (y,s) € A x (0, &) from (A.31) we have that on the set
y.s . y,s My’S(T)
2 =o' N[5

< 8} the following holds

T*
0>1Ine>InSYS(T*) = Ins + MY (T*) — / Y5 (1) Th(SYS (1) YV (1))dt
0

T* 1
+/ <aTYy*S(t) - EYY*S (t)TEYy"Y(t)> dt
0

(A.38)
>Ins+ | r — (M3 +2)s — sup  {b(sy)y} | T*
{0<s<e,yeA}
~ Ins 4 3r T
ns +—T%.
- 4
Noting
P(Q}") = 1 — 3¢ forall (y,s) € A x (0,9),
the proof is complete. O
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Proposition A.3 Assume r > 0. Let § and T* be as in Lemma A.5. There exists a
positive constant K* = K*(8, T*) such that

E[ln SY*(T*)]> < [Ins]> — rT*[Ins]_ + K* (A.39)

forany (y,s) € A x (0, 00).

Proof We look at three cases of the initial data (y, s).

Case I s € (0, ). We have from Lemma A.5 that P(2}") > 1 — 3¢ where Q3" is
defined as in the proof of Lemma A.5. On Q¥° we have

*

—1Ins — > —1InSY5(T*) > 0.

Hence,
0 < [In 8" (TM)]_ < [Ins]_ — 3r4T*.
Squaring both sides yields
[0 $¥5 ()2 < [In s> — 2o lns]_ + 9r21£*2’

which implies that

E [1§Zg [In SY’S(T*)]Z_] < P [Ins]? — yTTP(Qg’S)[Ins]_

91’2T*2
16

+ P(Q3™). (A.40)

On Qg’s = {¢Y% < T*} with ¢¥* defined in (A.24), since In $Y-5(¢¥*) = 0, we have
from Lemma A.3 and the strong Markov property of (Y(z), S(¢)) that

E [1Q§,s [In S-”(T*)]z_] < P(QY") Ky exp(K3T™). (A41)

On t}yli set Q)" = Q\(Q)”° U ©%"), applying Lemma A.4 and noting that ¢¥5 > T*
in ;" and T* > 1, we obtain

E [1gyslin ¥ (T2 ] = (ins 2 P(2}")

+2K4T* P(QZ*‘*’)[lns],JrKJ*z. (A.42)
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Adding (A.40), (A.41), and (A.42) side by side, we get
Y.S (12 2 _ 3_}’ _ * % sk
E[ln S¥*(T*)]- < [Ins]- + > (1 —3e) +2K4/¢)T*[Ins]- + K5(T™)
<[Ins]> — rT*[Ins]_ + K3(T"), (A.43)

where K3 (T™) is a positive constant independent of (y, s) € A x (0, §).
CaseIl s € [§, 1]. We have from Lemma A.3 that

E[ln $Y*(T*)1% <E[ln $¥*(T*))* < [Ins]> + K> exp(K3T*)

) (A.44)
<([In 81> + 1K, exp(K3T%).

Case III 5 € (1, 00). Note that if ¢¥* > T*, then [In S¥*(T*)]%2 = 0. Thus, using
Lemma A.3 and the strong Markov property of (Y(z), S(¢)) once more, we obtain

Elln S (T2 = E (1gss <r [In (7)1 ) = Kz exp(K3T*).  (A45)

Combing (A.43), (A.44), and (A.45), and setting K* = max{K3(T™), ([In 81> +
1) K7 exp(K3T™*)}, the proof is concluded. O

Theorem A.2 Suppose that Assumptions 2.2 and 2.3 hold and that r > 0. Let
P(t,(y,s), ) be the semigroup of the process ((X(t), S(t))i>0. Then, there exists
an invariant probability measure 7* of the process (Y (t), S(t))i>0 on A x (0, 00).

Moreover, m*(A° x (0,00)) = 1, 7™ is absolutely continuous with respect to the
Lebesgue measure on A x (0, 00) and

Jim 17 PG, (v.9). ) =7 Ollry =0, (1.5) € A7 x (0.00),  (A46)

where || - ||y is the total variation norm and g* is any positive number. In addition,
for any initial value (y, s) € A x (0, c0) and any 7*-integrable function f, we have

T
IP’{ lim / £ (Y5 @0), $Y5(1)) dt
T Jo

=/ f(y’,s’)rr*(dy’,s’)} =1. (A.47)
A°x(0,00)

Proof By virtue of Lemma A.2, there is an h) := 1 — exp (—y»T*) > 0 satisfying

ESY* +1<s+1—his+Ki<s+1—-hs+1+K
+hy, (y,5) € A x (0, 00). (A.48)
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Let V(s) = s + 1 + [Ins]%. In view of Proposition A.3 and (A.48),

EV (S (1) = s+1—hao(Vs +1+[Ins]-) + Hy
N (A.49)
< V(s) — f,/V(s) + H, forall (y, s) € A x (0, 00),

where hyp = min{h, rT*}, Hy = H; + h; + K. Let & > 1 such that

3

Vs

5 = Hy foralls ¢ k™! Kl (A.50)

Combining (A.49) and (A.50), we arrive at
! ho
IEV(SM(T*)) < V() = ZVV6) + Haly yeasge )
for all (y,s) € A x (0, 00). (A.51)

Using the estimate (A.51), Lemma A.l, and Theorem A.l, the Markov chain
(Y(kT*), S(kT*))k>0 has a unique invariant probability measure 7* and

KIPKT*, (y,s),) — 7*|l7v — 0ask — oo. (A.52)

As a direct consequence, for fixed yo, s, the family {P (kT*, (yo, 50), -), k € N} is
tight, that is, for any 6 > 0, there is a compact set Ky C A x (0, 00) such that

P(kT*, (yo, s0), Kg) > 1 — 0 forall k € N. (A.53)

Since 52 + In?s — ocoass — 0 ors — 00, in view of Lemmas A.2 and A.3 and a
standard estimate, there is a kg > 1 such that

IP{S”(t) c [Ke_l,lcg]} > 10, forall (y, s) € K¢, € [0, T*],
or equivalently,
p (z, (¥, 5), A x [ICQ_I,K(;]) > 10 forall (y,s) € Ko, t € [0, T*]. (A.54)
Using the Chapman-Kolmogorov relation together with (A.53) and (A.54) yields

p (u (Y0, 50), A X [KQ_I,KQ]> ~1-26 forallu >0,

which implies that the family of empirical measures { % fOT P(u, (yo, s0), )du, T > O}

is tight in A x (0, 00). Thus (Y(¢), S(¢)) has an invariant probability measure ., on
A x (0, 00) (see e.g., Evans et al. 2015, Proposition 6.4). As a result, the Markov chain
(Y(kT™), S(kT*))ken has an invariant probability measure 7. In view of (A.52), m,
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must coincide with 7*. Thus, 7* is an invariant probability measure of the process
(Y (1), $())i=0 on A x (0, 00).
In the proofs, we used the function [In s]% for the sake of simplicity. In fact, we can

treat [In s]1_+q for any small ¢ € (0, 1) in the same manner. We can show that there
are hy, Hy > 0, and a compact set K, C A x (0, oo) satisfying

u
BV (895(T%)) = Vo (s) = hql Vg1 + Hylyy.s)ek,)
(y,s) € A x (0, 00), (A.55)

where V,(s) :=s + 1+ [In s]lfq. Then applying Theorem A.1, we obtain
kY9 P(kT*, (y, s), ) — ¥ — Oask — oo. (A.56)

Let f : A x (0,00) — [—1, 1] be a measurable function. Since 7* is an invariant
measure, then for any u > 0,

[ fy,shn* @y, ds
Ax(0,00)

= / m*(dy1.dsy) P(u, (y1.5D). . ds)) f(y. ).
Ax(0,00) Ax(0,00)

Using this equality and the Chapman—Kolmogorov equation, we have

|f(y/v S/)(P(t + u, (Y» S), dy/v ds/) - ”*(dy/» ds/)|

f (P(t. (3. 5). dy1. dsp) — 7*(dyy. dsp))
Ax(0,00)

x / (f(y. )P, (y1.51), (dy, ds’))‘
Ax(0,00)
S ||P(t’ (y3 S), ) - 7T*”TV

(since | / (FO 5P (Y150, (', ds')
Ax(0,00)

<1 forallyl,s1),

which means that || P(z, (y, s), -) — 7*||7v is decreasing in 7. As a result, we deduce
from (A.55) that

1P, (y, ), ) — 7| 7v — Oast — oo,

where ¢* = 1/q € (1, 00).
In view of Proposition A.1, for any 7 > 0, P{Y¥-*(t) € A°} = 1. Thus,

T*(A° x (0, 00)) = f P{YY*(t) € A°}*(dy, ds) = n*(A x (0, 0)) = 1.
A x(0,00)
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By Kallenberg (2002, Theorem 20.17), our process (Y(¢), S(¢)):>0 is either Harris
recurrent or uniformly transient on A° x (0, co). Using Kallenberg (2002, Theorem
20.21), our process cannot be uniformly transient and also have an invariant probabil-
ity measure. Therefore, our process is Harris recurrent. Kallenberg (2002, Theorem
20.17) further indicates that any Harris recurrent Feller process on A° x (0, co) with
strictly positive transition densities has a locally finite invariant measure that is equiv-
alent to Lebesgue measure and is unique up to normalization. Since we already know
that (Y(#), S(¢));>0 has a unique invariant probability measure, this probability mea-
sure has an almost everywhere strictly positive density with respect to the Lebesgue
measure. O

Appendix B: The case r < 0

Theorem B.1 Suppose that r < 0. Then for any i = 1,...,n and any X =

(x1, ..., xn) € RY,
. InX¥@)
P{ lim =rp =1 (B.1)
t—00 t
In particular, foranyi =1,...,nand any x = (x1, ..., x,) € R}

P{tlirgox;‘(t) - 0} —1.

Proof Let6 > 0and d; = a; + 6, and define the process XX(t) = ()V(’l‘(t), ceey )2;5(;))
as the solution to

dXi(t) = | Xi()@) + Y DjiX;() | dt + Xi(1)dE;(1), i =1,....n (B2)
j=1

X(1)

—, we
S()

started at X = (x1,...,x,) € R. Letting S@) = Z)V(,-(t) and Y(1) =

have

aY (1) = (diag(i{(z)) - i{(z)iﬂ(z)) rTdB(r)
+D Y ()dr + (diag(s?(z)) - ?(;)\?T(z)) @ - =Y(t)dr (B3

dInS(t) = (éTﬁ?(t) - %?(r)TE?(t)) dt +Y@) ' TTdB()

@ Springer



Stochastic population growth in spatially heterogeneous. .. 737

Let (Y¥(t), $¥* (1)) be the solution to (B.3) with initial condition (y. s). Note that
YY () does not depend on s. First, fix yg € A. We have that

. 1 ! VT~ 1 ~ T v t v T T
lim — (/ (a Y (u) — zYyo(u) EYyo(u)) du +/ YY) T dB(u))
0 0

t—o0o t

1
=F:= f <5Ty - EyT2y> V*(dy), P — as., (B.4)
A

where V* is the unique invariant probability measure of (\?(t)) +>0. By the continuous
dependence of r on the coefficients (established in the Proposition D.1), thereis 8 > 0
suchthat# < 5 < 0.Letd > Osuch thatsup{—b;(x) : x < §,i =1,...,n} < 0 (this
is possible since the b;’s are continuous and vanish at 0). Because 7 < 0, it follows
from (B.4) that

t
sup (/ (ﬁTWO(s)—%\?YO(s)TEWO(s))ds
0

t€[0,00)

t
+/ YYO(s)TFTdB(s)) <00 P—as..
0

As aresult, for any ¢ > 0, there is an H, > 0 satisfying

t
IP’{ sup (/ (éT?YO(u)—%WO(M)TEWO(M)>du
0

t€[0,00)

t
+f Yyo(u)TFTdB(u)) < Hg} S 1—g
0
which combined with (B.3) implies that

]P’{ sup  SYo0(r) < 5} >1—¢if 59 < §exp(—H,). (B.5)

te[0,00)

Then, a comparison argument shows (see Remark A.2) that for xo = soyo € R’ and
i=1,...,n

P{XP0) = X0, 1e10.69) =1 (B.6)

where £% = inf{r > 0: Y/, )V(f"(t) > §}. By virtue of (B.5), P{§* =00} > 1—¢
if 5o < § exp(—H;). Using (B.4) and (B.6) yields that

In §¥0-50
P {limsup ; <r< 0} >1—¢ifs < dexp(—H,). (B.7)

—>00
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Thus, the process (Y(¢), S(¢)):>0 is not a recurrent diffusion process in A x (0, 00).
Hence, it must be transient with probability 1, that is, for any compact K € (0, co)
and any initial value (y, s) € A x (0, oo) we have

P {tlinolo 1isvs(yeky = 0} =1. (B.8)
In view of Lemma A.2,
P {lim/— oo $¥° (1) = 00} = 0. (B.9)

It follows from (B.8) and (B.9) that P {lim;_, » $¥(¢) =0} = 1 for any (y, s) €
A x (0, 00). Moreover, since (f((t)){tzo} has a unique invariant probability measure
v*, on the boundary A x {0}, (Y(¢), S(¢)) has a unique invariant probability measure
v* x &5, where & is the Dirac measure concentrated on {0}. Fix (y, s) € A x (0, 00),
and define the normalized occupation measures,

1 t
I, (1) = ;/ 1{(Yy,s(u)’sy.S(u))e.}du.
0

Since PP {tlim SYS(1) = o} — 1, the family {IT¢(-), k € N} is tight in the space A x
— 00

[0, oo) for almost every w. In view of the proofs of Evans et al. (2015, Theorem 4.2) or
Schreiber et al. (2011, Theorems 4, 5) the set of weak™ limit points of {ITx, k € N}isa
nonempty set of invariant probability measures of the process (Y(¢), S(¢)). As pointed
out above, the process (Y (¢), S(¢)) has only one invariant probability measure, namely,
v* x 8. Thus, for almost every @ € 2, {ITx(-), k € N} converges weakly to v* x §; as
k — o0o. As a result, for any bounded continuous function g(-, -) : A x [0, 00) — R

we have kll?;o % f(f g(YYS (), SYS(t))dt = fA gy, 0)v*(dy’) P-a.s. Since g(-, -) is

bounded, we easily obtain

T—o00

T
lim % f g(YY5 (1), SY5(1))dt = / ¢y, 0v*(dy) P-as.  (B.10)
0 A

Consequently,

1 [T 1
lim - / (aTYy’S(t) - EYy’S(t)TEYy'S(t)> dt =r P-as (B.11)
0

T—o00

Since P {lim; oo S¥*(#) =0} = 1 and b;(0) = 0,i = 1, ..., n, we have by Domi-
nated Convergence that

1 T
lim 7/ Yy’s(t)Tb(Sy’S ®OYY*(1))dt =0 P-as. (B.12)
0
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Applying the strong law of large numbers for martingales to the process (MY>*(#));>0
defined by (A.26), we deduce

MYS(T
lim A =0 P-as. (B.13)
T—00 T
Note that
InSYS(T) 1 MYS(T 1 [T
In§(T) _Ins i M (T) _/ YYS (1) Th(SYS (1)YYS (1))dt
T T T T J
LT 1 (B.14)
+ = / (aTYN(z) - —Y”(t)TZYy’X(t)) dt
T Jo 2
Applying (B.11), (B.12), and (B.13) to (B.14), we obtain
In SY5(T
fim 25D e (B.15)
T—00 T

= 1, it suffices to show

In light of (B.15), to derive P {limT_>oo w = r}

In Y (T)
T

P {limrﬁoo = O} = 1foreachi =1, ..., n. In view of Itd’s lemma,

lnYiy’S(T) In y; 1 (T " ¥, Oijj
T = T +?/(; a[—;anj (t)—D[l'—?

n
Okj K K
+ > TJY,{Y”(r)ijY(r)) dt

jk=1
l T Y.§ y.s . y.s A\ y.s
7 [ (O )+ v Obi s oy o) | ar
j=1
I Y ()
+= > Diigys
Tl \;i7. 4O
1 (7 i S
7/, dEi(1) =Y YV ()dE; (1) |, (B.16)
i =]
and
Y’ (T) Iny 1/T A
—_— =t ai—Zan-y(t)—Dii
J
T T T P

Oij

n o~ .
-5 > SR O7 o) | ar

Jk=1
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/ 5 5o

Jj= 1/#1 Yiy(t)

L dE;(t ; YY(t)dE;(t B.17
+7f0 '()_; T(dE;1) | (B.17)

By the strong laws of large numbers for martingales,

1T 7
lim /0 dE;(t) = Y YI()dE;(t) | =0, P-as. (B.18)

T—o00 ;
Jj=1

Let G; = sup { a;

=2 ajyi = Dis =G+ 37 %yky]“ < 00. As aresult

yeA
. InYY(T)
of (B.17) and (B.18) and the fact that lim supy_, o, —r < 0 almost surely, we
obtain
1T Y ()
lim sup — > Dji=— | dt <G, P-as. (B.19)
T tyy
T—o00 0 =1, i f (1)

For any k > 0, it follows from (B.18) and the strong law of large numbers that

n T n VY
. 1 Y ()
fk/\ > D;i | vidy) = lim 7/ kal X2 Diigy
A \ySga fooo fJo PR )
Letting k — oo we have
Yj
Pi —f Z D]z = v*(dy) < G,
jeLji
which implies
& 0!
lim — Z Dji=—|dt = p;. (B.20)
. y
T=oe T j=tj# Y@

Using (B.18), (B.20), and applying the strong law of large numbers for the process
(Y(#))>0, we arrive at

InYY(T)

— B ) _ B.21)
Jim T Bi +pi <0, P-a.s., (
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where
O‘.> n O’k.
R . E S ) L § J . *
i —A ai ajyj D;; 5 +jk_1 ) YEYj | v (dy).

If B; + pi < O, then Y l.y(T ) — 0 almost surely as T — oo, which contradicts the fact

that YY(7) converges weakly to v* that is concentrated on A°. Asaresult, 8; +p; = 0.
For any 6 > 0, there is k9 > 0 such that

n

Vi

/kg/\ E Dj,'—]. v¥(dy) > p; — 0.
A =t

Using (B.10), we have with probability 1 that

I Y ()
lim inf — Y Djizy— | dt
T—oo T Jo ol Yi’ (1)
1T u Y7
> lim —/ ko N Z Djl']yT
T—oo T Jo ol Yi (1)
> p; — 0. (B.22)

and

li l ! 4_211: -Yy’s(t)—D“—ﬁ
Ti>moo T Jo i ° la] J ! 2
]:

n
O ; ;
+ ) TIY,F(:)YJ.”(:)) dt = p;. (B.23)
Jk=1

Applying (B.22), (B.23), and the fact P {Tlim SY-S(T) = O} = 1to (B.16), we obtain
— 00
that

WYY
lim inf ’T >Bi+pi —0=—0, P-as.

T—o0

Since it holds for any 6 > 0, we have
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The above equality combined with (B.15) and X;(T) = Y;(T)S(T) yield the desired
result. O

Appendix C: Degenerate diffusion in R”

If the correlation matrix X is degenerate, the diffusion S?(t) from (2.6) still has an
invariant probability measure v* since it is a Feller-Markov process in a compact
set. Moreover, v*(A°) = 1 because the property that P {?(t) e N°, t > 0] =1

is satisfied as long as Assumption 2.2 holds, that is, the dispersion matrix (D;;) is
irreducible. It is readily seen that the following is true.

Theorem C.1 Assume that Y(t) has a unique invariant probability measure v*.
Define r by (2.8). Suppose that r < 0. Then for any i = 1,...,n and any
x=(x1,...,x) € R}

(C.1)

t—00 t

In X*(¢
P{lim 1 ’()zr}zl.

In particular, foranyi =1, ...,nand anyx = (x1, ..., x,) € R}
]P’{ lim X¥(r) =0} —1.
11— 00

Remark C.1 The Markov process {Y(¢), > 0} has a unique invariant probability
measure if it is irreducible. Moreover, since P{YY(s) > O forall 7 > 0} = 1 for
any y € A, we need only check its irreducibility in A°. To prove that the diffusion
(Y (), r > 0} is irreducible in A°, we pursue the following approach:

e First, we show that the process {?(t), t > 0} verifies Hormander’s condition. As
a result, the process {\?(t), ¢t > 0} has a smooth density function for any ¢t > 0;
see e.g., Rey-Bellet (2006).

e Next, we show that there is an open set N C A° such that for any open set No C N,
andy € A°, thereis aty > 0 such that P{Y¥(ty) € No} > 0. This claim is usually
proved by analyzing the control systems corresponding to the diffusion and using
the support theorem. We refer to Kliemann (1987) and Rey-Bellet (2006) for more
details. This then shows that the process {S?(t), t > 0} is irreducible in A°.

Now we consider the case » > 0. We still assume that {f((t) 1t > 0} has a unique
invariant probability measure. In order to obtain Theorem 2.1 for our degenerate
process, we have to show that there is a sufficiently large 7 > 0 such that the Markov
chain (Y(kT), S(kT))en is irreducible and aperiodic and every compact subset of
A° x (0, 00) is petite for this Markov chain. Note that if every compact subset of
A° x (0, 00) is petite with respect to (Y(kT), S(kT))ren, then any compact subset
of A x (0, 0o) is petite with respect to (Y(kT), S(kT))ren by the arguments in the
proof of Lemma A.1.
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Sufficient conditions for the above properties can be obtained by verifying the well-
known Hormander condition as well as investigating the control systems associated
with the diffusion (2.4). Once we have the Markov chain (Y (kT), S(kT))ren being
irreducible and aperiodic, and every compact subset of A° x (0, co) being petite for
sufficiently large 7', we can follow the steps from Appendix A to obtain the following
result.

Theorem C.2 Assume that Y (t) has a unique invariant probability measure v*.
Define r by (2.8). Suppose that Assumption 2.2 holds and that r > 0. Assume further
that there is a sufficiently large T > 0 such that the Markov chain (Y (kT), S(kT))jeN
is irreducible and aperiodic, and that every compact set in A° x (0, 00) is petite for
this Markov chain.

The process X(t) = (X1(t), ..., X, (t))i=0 has a unique invariant probability
measure T on ]R’io that is absolutely continuous with respect to the Lebesgue measure
and for any q* > 0,

lim 7| Px(t, %, ) = 7 ()ll7v = 0, x € RY:®, (C2)
11— 00
where ||-, -||Tv is the total variation norm and Px(t, X, -) is the transition probability of

(X(1))1=0. Moreover, for any initial value x € R, \{0} and any 7 -integrable function
f, we have

T—o00

T
IP’{ lim l/ F(X*0) dt:/ f(u)n(du)} =1. (C.3)
T Jo R

C.1: Case study: n = 2

In what follows, we show that if » > 0, there is a sufficiently large 7 > 0 such
that the Markov chain (Y (kT), S(kT))ren is irreducible and aperiodic, and that every
compact set in A° x (0, oo) is petite for the Markov chain.

For simplicity of presentation, we restrict ourselves to the n = 2 case, and
assume that b; (x) = bjx,x > 0,i = 1,2 for some by, by > 0. As a result, (2.1)
becomes

dX1(t) = (X1() (a1 — b1 X1(1)) — aX1(t) + BX2(1))dt + 01 X1(1)d B(1)

dX(t) = (Xa(t) (a2 — baXa(1)) + X (1) — BX2(1))dt + 02 X2(1)d B(1),

where o1, 02 are non-zero constants and (B(¢));>0 is a one dimensional Brownian
motion.
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Setting S(t) = X1(t) + Xo(t) and Y; () = X;(¢)/S(¢),i = 1,2, we have from It0’s
Lemma,

le-(t)=Yi(t)( Za] bS(t)Y(t)+S(t)Zb () | ar

j=1
+ (=1 (OlYl(l) — BYa(1)) dt

2 2
+Yi0) | D] oo ()Y (1) = Y 010, Y,(1) | dt

Jok=1 j=1
+ (=) (o2 — o) Y1 (1) Y2(t)d B(t)

(C.5)

2
ds(r) = S() (Z(diYi(t) - Yi(t)biS(t)Yt(t)> di

i=1
+ S@)(01Y1(1) + 02Y2(1))d B(1).

We use the process (Y1(¢), Ya(t), S(t));>0 to construct a Lyapunov function for a
suitable skeleton (Y1 (kT™*), Yo(kT*), S(kT*))ren as we have done in Appendix A.
However, to simplify the computations when verifying the hypotheses of Theorems C.1
and C.2, instead of working with (Y1 (), Y2(), S(t)), we treat the system (Z (¢), X»(¢))
where Z(t) := X1(t)/ X2(¢). An application of It6’s Lemma yields

dZ(t) = ((bz —BIZUNZ O X2 (1) + B+ @ Z (1) — aZz(t))dt
+ Z(t)[o1 — 02]dB(t) (C.6)
dX2(t) = Xo(0) (@ — b2 Xa(0) +aZ(0) )di + 02 X2 B(0),

wherea) =a; —ay —a + B+ 022 — ooy anday = a; — B.
To proceed, we first convert (C.6) to Stratonovich form to facilitate the verification
of Hormander’s condition. System (C.6) can be rewritten as

_ 2
Az =((b2 — b ZW)ZD) X2 (1) + B + (zz‘l - %) Z(t) — aZz(t)>dt

+ Z(1)[o1 — 02l 0 dB(1) (C.7)

2
dXo(t) =X5 (1) ((az — %2 - ngz(t)> + aZ(t)) dt + 02X5(t) o dB(0).
Let

by —b12)zy + B+ ( (©1 _02) )z—a22

Ao(z, y) = o2 ,
y 52—22 bay | + azy
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and

Az y) = <(010—2;2)Z) '

Recall that the diffusion (C.7) is said to satisfy Hormander’s condition if the set
of vector fields Ay, [A1, Aol, [A1, [A1, Aoll, [Ao, [A1, Aoll, ... spans R2 at every
(z,y) € Ri’o, where [-, -] is the Lie bracket, which is defined as follows (see Rey-
Bellet 2006 for more details). If ®(z,y) = (®1(z,y), P2(z, )" and W(z,y) =
(W1(z, y), Wa(z, y)) | are vector fields on R? (where z | denotes the transpose of z),
then the Lie bracket [®, W] is a vector field given by

IV, 9D,
[®,V](z,y) = | Pi(z, y)—(z, y) — Wiz, y)a—z(z, »)
00, )
<CDZ(Z y)—— (Z y) — Wa(z, y)W(Z, y)) , J=1,2.

Proposition C.1 Suppose that o1 # o3 or B + (by/b1) (a1 — az) — a(ba/b1)* # 0.
Then Hormander’s condition holds for the diffusion (Z(t), X2(t)):>o0 given by (C.7).
As a result, the transition probability P(t, (z,y), -) of (Z(t), X2(t))>0 has a smooth
densityRy xRY > (t,z,y,2/,y) = p(t, 2, .2, y') € Ry with respect to Lebesgue
measure.

o1 —
02

[0 . .
Proof Seto = 2. By a direct calculation,

1 2 2.
Az y) = ;2[140’ Al y) = <0(,3 +az?) + (0 + Db12%y zybz)’

—oazy + byy?

and for k > 2, we have

1
Ap(z,y) == —[A1, Ar-11(z, y)

_(oFN B+ (= DFaz?) + (= DR o + D2b1 22y + (— 1)k+1zyb2
- (=¥ o2azy + (= 1)kbyy2.

If 0 # 0 or equivalently o7 # 02, a straightforward but tedious computation shows
that the rank of the matrix with columns A1, Az, Az, A4 is always 2 for any (z, y) €
R2 °. As a result, if o1 # o2, Hérmander’s condition is satisfied for the diffusion
(C 7). Therefore, the transition probability P (¢, (z, y), ) of (Z(t), X»(t)) has a smooth
density function, denoted by p(t, z, v, 7/, y'); see Rey-Bellet (2006, Corollary 7.2).
Now, we show that Hormander’s condition holds if o1 = 07 and 8 + (ba/b1) (a1 —
a) —a + B) — a(br/b1)? # 0. In this case,
Mae, ) = Lo, AilGe, ) = (V502 5019,
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and

_(Ciz, )Y S

where

040,1(z,y)
Ci(z,y) = y(2bi1z/by — D) Ap,1(z, y) + yz(1 — Zbl/bz)a—Z

+ 2(zb1 /by — 1) Ag2 (2, ¥) + y22(zb1 /by — 1).

With A ;(z, y) denoting the i-th component of Ag(z, y). Observe that Aj(x, y),
As(z, y) span R? for any (z, y) € R%ﬁ’o satisfying z # b>/by. If z = by /by we have
Ci(b2/b1,y) = yAo,1(b2/b1,y) = y[B+(ba/b1)(a1 —az—a+B)—a(ba/b1)?] # 0
hence C (b2 /by, y) and Ay(by /by, y) span R? for all y > 0. As a result, we obtain the
desired result.

O

To proceed, we consider the following control system, which is associated with
(C.7).

dzyp(t) = (b2 — b1zy(1))zp () ye(t) + B

RN
+ (ﬁl — M) zp(1) — azé(t) + (01 — 02) 299 (1)

2 (C.3)

2
dyy(t) = yp(t) (52 - %2 - b2y¢(l)> +azp(t)ye(t) + 02ys ()P (1)

Let (z4(t,z,¥), y¢(t,z,¥)) be the solution to equation (C.8) with control ¢ and
initial value (z, y). Denote by OT(Z, y) the reachable set from (z, y), that is the set of
Z,y) e Ri’o such that there exists a# > 0 and a control ¢ (-) satisfying z4 (¢, z, y) =
z, Yo, z,y) = 7’. We first recall some concepts introduced in Kliemann (1987). Let
U be a subset of Rio satisfying uy € (’)fr(ul) for any u1,uy € U. Then there is a
unique maximal set V' O U such that this property still holds for V. Such V is called
a control set. A control set C is said to be invariant if Of(w) c Cforallw e C.

Finding invariant control sets for (C.8) is facilitated by using a change of variables
argument. Put wy (1) = z¢ (z‘)y;;r1 (1) withr = ;—‘;1 We have

dwg (1) = h(wg (1), yy(1))dt
2

o . (C.9)
dyp(t) = o) | @2 — — = bayg (1) | + awg (1)yy" (1) + 023y () (1),
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where

of o3
h(w,y)=wla——=—+r|laa——=—|+rf—«
2 2
—bywy" — byry + ﬁylfrwfl + ozru)yr*l) .

Denote by (’)g’(u}, y) the set of (w’, y') € Rio such that there is a ¢ > 0 and a control
¢ (-) such that wg (1, w, y) = w', z4(t, w, y) = w'.

Lemma C.1 The control system (C.9) has only one invariant control set C and
05 (w,y) D C for any (w, y) € Ri’o, The set C is defined by C = {(w, y) € Ri’o :
w < c*}, where

c* =sup {w ssupf{h(w’, y)} > 0 forallw' < w} )

y>0

Consequently, the control system (C.8) has only one invariant control set C and
O (z,y) D C for any (w,y) € R>°, where C := {(z,y) € Ri’o syt < e
Moreover, by Kliemann (1987, Lemma 4.1), (Z(t), X»(t)) has at most one invariant
probability measure whose support is C.

Proof First, we need to show that ¢* is well-defined (although it can be +00). Since

lim A(w, y) = oo, which implies that {w ssup{h(w’, y)} > 0 forall w’ < w] is
w—0 y>0

a nonempty set. Hence ¢* is well-defined. The claim that (’)2+ (w,y) D C for any
(w,y) € Ri’o can be proved by standard arguments. Let us explain the main ideas here.
On the phase space (w, y) € R%°, since the control ¢ () only appears in the equation
of y4, we can easily control vertically, that is, for any initial points yo and wy, there is a
control so that ys can reach any given point y; while wy stays in a given neighborhood
of wo. If A(wo, yo) < 0, we can choose a feedback control such that (wg (t), ug (1))
reaches a point to the ‘left’ (wq, yo) with w; < wq as long as h(w, yp) < O for
w € [wy, wo]. Likewise, for A(wq, yo) > 0, we can choose a feedback control such
that (wg(?), up (1)) can reach a point to the ‘right’ (wy, yo) with w; > wyp as long
as h(w, yp) > 0 for w € [wg, wi]. We also have that yir;%{h(w, y)} = —oo for any

w > 0. Using these facts, we can follow the steps from Du et al. (2016, Section 3) to
obtain the desired results. O

Lemma C.2 There is a point (z*, y*) € C such that for any open set N* 3 (z*, y*)
and T > 0, there is an open neighborhood W* > (z*, y*) and a control ¢* such that

(z¢(t,2, ), Yp(t, 2, y)) € N* forall (z,y) € W*, 1 € [0, T].
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Proof To obtgin the result, we work on (C.9), which is equivalent to (C.8). By the
definition of C and the fact that lim h(w, y) = —ooifr > 0 and lirrbh(w, y) = —00
y—>0o0 y—

if r < 0, there is a point (w*, y*) € C such that h(w*, y*) = 0. We can design a
feedback control ¢* such that

dwg«(t) = h(wg=(t), y*)dt
Wy (1) = h(wge (1), ") 10
dy¢*(t): 0.

If we+(t) = w* then wg+(1) = w* forall 1 > 0. By the continuous depen-

dence on initial data of solutions to differential equations, for any given neigh-
borhood N* of (w*, y*), we can find a neighborhood W* of (w*, y*) such that
(wgr(t, w, y), yp+(t, w, y)) € N*forany ¢t € [0, T] and (w, y) € W*, which proves
the lemma. O
Proposition C.2 Suppose o1 # 02 or B + (by/b1) (a1 — az) — a(by/b1)? # 0. For
any T > 0, every compact set K C R3° is petite set with respect to the Markov chain
(Z(kT), X2(kT))ken.

Proof Let (z*,y*) be as in Lemma C.2. Pick (z°,y°) € Ri’o such that

p(T, z*, y*,z°,y®) > 0. By the smoothness of p(T, -, -, -, -), there exists a neigh-
borhood N* and an open set N® 3 (z°, y°) such that

p(l,z,y,7,y)>p® >0 forall (z,y) e N*, (z,y') e N°. (C.11)
Let W* be a neighborhood of (z*, y*) satisfying

(zg*(t,2,¥), Yo+ (t, 2, y)) € N* forall (z,y) € W*, 1 €[0,T]. (C.12)

For each (z, y) € Ri’o, noting that (z*, y*) € C C Of(z, y), there is a control ¢ and
tz,y > 0 such that

(2g(tzy, 2, ¥), Yp(tzy, 2, ¥)) € W™ (C.13)

Letn; y € Nsuchthat (n,, — )T <t,, <n,,T and & be defined as ¢ (1) = ¢ (¢)
ift <1, and b)) = ¢*t) if t > t7,y. Using the control $, we obtain from (C.12)
and (C.13) that

(24100 T. 2. ). 3010 T2, ) ) € N (€.14)
In view of the support theorem (see Ikeda and Watanabe 1989, Theorem 8.1, p. 518),
P(n,yT,z,y,N*) :=2p;, > 0.
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Since (Z;,y(t), Y, y(¢)) is a Markov—Feller process, there exists an open set V; , >
(z, y) such that P(n; ,T,z',y', N*) = p,, forall (z',y") € V. Since K is a com-

pact set, there is a finite number of V;; ,,, i =1, ..., ko satisfying K C Ufozl Ve
Let px = min{p; y,, i = 1,...,ko}. For each (z, y) € K, there exists n, ,, such
that

P(nzivyiT’Z7y7N*) > PK- (C.15)

From (C.11) and (C.15), for all (z, y) € K, there exists n;, y, such that
Py, + DT, 2. y.2y) = px p° forall Z'y) € N®.  (C.16)

It follows from (C.16) that

ko

1 1

— P HT,z,y,A) > — *m(N°N A
%;(wm+>zy>_%wpm )

forall A € B (ng") : (C.17)

where m(-) is the Lebesgue measure on ]Ri_’o. Equation (C.17) implies that every
compact set K C Ri’o is petite for the Markov chain (Z(kT), X2(kT))jen. O

We have shown in the beginning of Sect. 2.2. that Y () has a unique invariant proba-
bility measure v*. Having Proposition C.2, we note that the assumptions, and therefore
the conclusions, of Theorems C.1 and C.2 hold for model (C.4). This argument proves
Theorems 2.5 and 2.6.

Appendix D: Robustness of the model
The robustness is studied from several angles, including continuous dependence of r

on the coefficients of the stochastic differential equation, robustness of persistence,
and robust attenuation against extinction. They are presented in a couple subsections.

D.1: Continuous dependence of » on the coefficients

We show that r depends continuously on the coefficients of the stochastic differential
equation (2.6). Consider the equation

dY (1) = (diag(?(r)) —YOYT (r)) FTdB()
. . SN P (D.1)
+ DY (0)dr + (diag(Y(t)) e d (t)) @—SY@))dt
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on the simplex A. Suppose that T is positive definite. In this case, (?(r))tzo has a
unique invariant probability measure V*. Define

7= / (ﬁTy - lyT§y>ﬁ’*(Czy) (D.2)
A 2
Fix the coefficients of 2.6.
Proposition D.1 For any ¢ > 0, there is a 0, > 0 such that if
max {[la —al|, |D — DI [T = T|l} <6,
then
lr —7] < e.

Proof First, let 6; > 0 such that if max {[|la —a]|, | D — D|,|IT — F||} < 6y, then

SU TN 1
<aTy — EyTEy> - (aTy - EyTEy)

Let y1, 2, M3, M4 be defined as in the proof of Lemma A.5. Pick T = T(¢) > 0
such that

< g forally € A. (D.3)

IB(T,y,) — v 1y < y1exp(—aT) < 3% forally e A. (D)
4

By standard arguments, there is a 6> € (0, 61) such that if max {||a —al, ||D - 5||,
Il =T} < 82, then

]P{HS?Y(T) —YV(T)| < GSM} > 6LM4 forally € A (D.5)

Let y* be a A-valued and Fy-measurable random variable whose distribution is *.
Clearly,

/ (aTy — %yTEy>’v\*(dy) =F (aT?Y*(T) - %(?Y*(T))TE?Y*(T)> )
A
(D.6)

In view of (D.4),

IA

My sup{||P(t,y, ) — ¥}

‘E (aT?Y*(T) — l(S?Y"(T))TZS?Y"(T)> —r
2 yeA

IA

&
3 (D.7)
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It follows from (D.5) that

E

a' YV'(T) — %(?Y*(T))TE?Y*(T) —a' YY(T) + %(?y*(T))TEYY*(T)‘

& ~ & &
<Mi—PYY =Y < — 4+ MPYYY - > —1<Z
=M@ {II Il < 7R }+ 4 {II l }

~ 6M; 3
(D.8)
In view of (D.2), (D.3), (D.6), (D.7), and (D.8), if
max {|la — 4|, |D — D|| [T =T} <6,
then |r — 7| < &, which completes the proof. O

Remark D.1 The continuous dependence of r on the coefficients can also be proved
by generalizing the arguments from the proof of Evans et al. (2013, Proposition 3).
Since Evans et al. (2013, Proposition 3) focuses only on the continuity for a specific
parameter rather than all parameters, we provided an alternative proof for the sake of
completeness.

D.2: Robust persistence and extinction

Sketch of proof of Theorem 2.8 As usual, we work with

AY (1) = (diag(?(r)) _ ?(z)?T(z)) FTEOY0)dB@) + DESHOY ) Y (1)dr

+ (diag&(r)) -YOY' (r)) @-SSOY)Y ) - bSO (1)dr
dS()
=30 [ -bSOY)] Y)di + SO0 ' TTS®Y)dB(),
(D.9)

where :ST(t) = )?i (1), ?(t) = Zs(% In order to have a complete proof for this
proposition one can follow the steps from Appendix A. First, since X is positive
definite then so is = (x) := ['(x) ' [ (x) if SUPxcR?-° Il (x) — I'|| is sufficiently small.

As a result (X(t)),>o is a nondegenerate diffusion in R’jf and Lemma A.1 holds for
(Y (nT), S (nT))nen. We also have the following results: there exist positive constants

K;:i=1,...,4, which do not depend on 6 as long as 6 is sufficiently small, such
that
ESYS (1) < e "'/%5 + Ky, (y,s) € A x (0,00),¢ > 0. (D.10)
E (1S (1P) < (n)* + DRz explRaT), (v.5) € A x (0,00), T 2 0,
(D.11)
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and

E ([m Vs (T AZW)]Z_) < (In5)2 + Kan/P(ANT + D[lns]- + KaT?
(D.12)

for all (y,s) € A x (0, 1), A € F where
5 =inf{r > 0: 8¥°(1) = 1}.

On the other hand, standard arguments show that for any ¢ > 0, T > 0, there is a
6 = 60(e, T) > 0 such that

PLYY$ (), 875 (1) — Y5 (0), ()| <6, 0<t<T}>1—¢

given that (y, s) € A x [0, 1]. Combining this fact with Proposition A.2, one can find
8=46(,T)>0and 6 =6 (e, T) > 0 such that

P{H(?y*s(t),O) - (?Y»S(r),’sw(t))” <6 0<i< T} S 1—¢

given that (y,s) € A x (0,8) and (2.20) holds. With this fact, we can use Lemma
A.5 with slight modification to show that, for any ¢ > 0, there is a T* = T*(¢) and
8 =26(e,T*),0 =0(e, T*) such that

*

3T
P{lns—i— L <mS 5(T)<0}zl—3£forall(y,s)€Ax(0,8)

(D.13)

given that (2.20) holds. Having (D.10), (D.11), (D.12), and (D.13), we can use the
arguments from Proposition A.3 and Theorem A.2 to finish the proof. O

Remark D.2 1f r < 0, X(z) converges to 0 with probability 1. By virtue of Propo-
sition D.1, if D T are constant matrices and max { la—al,||D— D|| I — Fll}
sufficiently small then X(t) converges to 0 with an exponential rate almost surely.
We conjecture that this result holds for any 6-perturbation of X(¢) defined by (2.20).
However, when D := D(x), T := ['(x), comparison arguments may be not applica-
ble. Moreover, it is also difficult to analyze the asymptotic behavior of the equation
without competition terms, namely

dX (1) = (diag(f(z))ﬁ—l— 13()?@))3’?@)) dt

+diag(X (1) T(X (1)) dB(). (D.14)
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