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Abstract A general approach based on the introduc-
tion of a control function for constructing amplitude-
controllable chaotic systems with quadratic nonlinear-
ities is discussed in this paper. We consider three con-
trol regimes where the control functions are applied to
different coefficients of the quadratic terms in a dy-
namical system. The approach is illustrated using the
Lorenz system as a typical example. It is proved that
wherever control functions are introduced, the ampli-
tude of the chaotic signals can be controlled without
altering the Lyapunov exponent spectrum.

Keywords Amplitude control · Lyapunov exponent
spectrum · Lorenz system

C. Li (�)
Engineering Technology Research and Development
Center of Jiangsu Circulation Modernization Sensor
Network, Jiangsu Institute of Economics and Trade
Technology, 104 Shimenkan St., Guanghua Rd.,
Nanjing 210007, China
e-mail: chunbiaolee@gmail.com

C. Li · J.C. Sprott
Department of Physics, University of Wisconsin–Madison,
Madison, WI 53706, USA

C. Li
School of Information Science and Engineering, Southeast
University, Nanjing 210096, China

1 Introduction

Chaos is a well-known phenomenon in physics, en-
gineering, and many other scientific disciplines. Re-
cently, simple chaotic flows and circuits have aroused
much interest because of their potential applications
[1–5]. Meanwhile, the amplitude control of a chaotic
signal is important in applications of chaos. Further-
more, it turns out that the amplitude control technique
described here not only yields the expected amplifica-
tion without any extra circuitry but also provides a new
security encoding key.

Perhaps the simplest example of amplitude control
occurs in piecewise-linear systems with a single con-
stant term, in which case the value of the constant con-
trols the amplitude of all the variables without altering
the Lyapunov exponent spectrum. Li et al. [6–9] have
proposed several such chaotic systems using the abso-
lute value nonlinearity. Another common piecewise-
linear function is the signum, which switches from −1
to +1 as its argument goes from negative to positive.
If it is the only nonlinearity and there are no constant
terms, then its coefficient can provide amplitude con-
trol since it uniquely determines the scale of the vari-
ables. If the signum is multiplied by one of the vari-
ables so that the signum determines only the sign of
the corresponding term and not its magnitude, then a
constant term is also needed to provide amplitude con-
trol.

In this paper we discuss a general approach to
controlling the amplitude in chaotic systems with
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quadratic nonlinearities, which are commonly studied,
but for which amplitude control is more problematic.
Unlike most of the schemes proposed in the literature,
we consider cases where the variables are simultane-
ously controlled in proportion to one another, rather
than the more usual cases in which they are indepen-
dently controlled, which generally requires additional
circuitry [10, 11]. This result is accomplished through
the judicious choice of the coefficients of a quadratic
term to achieve amplitude control. The amplitude con-
trol approach works for any dynamical behavior in-
cluding limit cycles and chaos. In Sect. 2, we dis-
cuss the amplitude control mechanism. In Sect. 3, we
apply the amplitude control technique to the Lorenz
system, showing the details of three control regimes.
The general amplitude control approach is discussed
in Sect. 4.

2 Amplitude control mechanism

A chaotic system with quadratic nonlinearities and no
constant terms can be written as

Ẋ =
∑

‖p‖1=1

gp(X) +
∑

‖p‖1=2

gp(X), (1)

where X is a state variable vector, X = (x1, x2, . . . , xl)
T ,

p is an index vector of the state variable, and p =
(p1,p2, . . . , pl), pi � 0 (i = 1,2, . . . , l), where pi

are integers. ‖p‖1 means vector 1 norm. gp(X) =
ck[p]x

p1
1 x

p2
2 · · ·xpl

l , ck[p] (k = 1,2, . . . , l) is the coef-
ficient of each quadratic term in the dimension k.
Therefore, the introduced function F = bkf (m) in the
quadratic terms in Eq. (2) can control the amplitude of
the signal variable vector X,

Ẋ =
∑

‖p‖1=1

gp(X) +
∑

‖p‖1=2

Fgp(X), (2)

where m is an ultimate physical input and bk = 0 or 1
(k = 1,2, . . . , l). The fundamental law for amplitude
control is that a simultaneous change in the coeffi-
cients of all the nonlinear terms leads to a system of
equations that can be reduced to the original equations
by a suitable linear rescaling of the variables.

(1) Total Amplitude Control (TAC). If the unified con-
trol functions are introduced into the coefficients
of all the quadratic terms, the amplitude of all the
variables will be controlled. This is called TAC.

Fig. 1 Amplitude control structure

(2) Partial Amplitude Control (PAC). When the uni-
fied control functions are introduced into only
some of the quadratic terms, then only some of the
variables can be controlled, while the amplitude of
the other variables remains unchanged. Not every
chaotic system allows PAC since it depends on the
location of the linear terms in the system equa-
tions. In the PAC mode, it may be possible to con-
trol more than one variable simultaneously with a
single control function.

(3) Composite Amplitude Control (CAC). If the am-
plitude control is a mixture of TAC and PAC, we
call this mode CAC. In this condition, the in-
troduced control functions are different for the
different quadratic terms. The result is that the
amplitudes of the variables are individually con-
trolled.

In practice, the introduction of a control function
only requires a potentiometer to replace the fixed re-
sistor in an electrical circuit implementation. Ganged
potentiometers can be used to obtain the simultane-
ous control of multiple parameters. Figure 1 shows the
amplitude control structure based on a control func-
tion in the quadratic coefficients. As illustrated in the
diagram, the substitution of a variable resistor can
make the signals generated in a chaotic circuit ad-
justable.

To illustrate this control mechanism, we apply dif-
ferent control modes to the well-known Lorenz sys-
tem [12–14] by introducing control functions in the
quadratic nonlinearities. From the analysis of the
Lorenz system in different control regimes, it is proved
that such an amplitude control function does not affect
the Lyapunov exponent spectrum.
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3 Amplitude control regime

3.1 Partial Amplitude Control (PAC)

The Lorenz system [12] is the most famous chaotic
system with quadratic nonlinearities and provides a
good and non-trivial example for control since it in-
cludes two quadratic terms given by
⎧
⎪⎨

⎪⎩

ẋ = a(y − x),

ẏ = −xz + rx − y,

ż = xy − bz,

(3)

where typically a = 10, b = 8/3, and r = 28 for chaos.
We can introduce the control function in the coef-
ficient of the quadratic term in either the second or
third dimension. In fact, only when the control func-
tion is introduced into the third dimension can one
achieve PAC. Assuming that the variable z is un-
changed, through a simple linear transformation of the
other variables, the system with a new coefficient of
the xy term can be transformed back to the original
equations. However, if the control function is intro-
duced in the xz term of the second dimension, no lin-
ear transformation of the variables can restore the orig-
inal equations. The reason the former works is that in
the first two equations, each term depends on the first
power of the variables x and y. Furthermore, this lin-
ear dependence of the first two equations means that
PAC cannot be obtained by controlling any of the lin-
ear terms without introducing additional parameters.

Theorem 1 An introduced control function f (m) in
the quadratic term in the third dimension of the Lorenz
system can realize PAC. The controlled equation is
⎧
⎪⎨

⎪⎩

ẋ = a(y − x),

ẏ = −xz + rx − y,

ż = f (m)xy − bz.

(4)

The function f (m) controls the amplitude of the vari-
ables x and y according to 1/

√
f (m) (f (m) > 0)

while the amplitude of variable z is unchanged, and
the Lyapunov exponent spectrum remains unchanged
when the control function varies.

Proof Let u = x/
√

f (m), v = y/
√

f (m), w = z. The
resulting system,
⎧
⎪⎨

⎪⎩

u̇ = a(v − u),

v̇ = −uw + ru − v,

ẇ = uv − bw,

(5)

is identical to (3). Therefore, the function f (m) can
control the amplitude of the variables x and y ac-
cording to 1/

√
f (m), while the amplitude of z is un-

changed.
For system (4), the rate of state space volume con-

traction is given by ∇V = ∂ẋ
∂x

+ ∂ẏ
∂y

+ ∂ż
∂z

= −a −
b − 1 and is unchanged by the function f (m). Sys-
tem (4) possesses three equilibrium points. Let α =√

b(r − 1), β = √
f (m), ω = r − 1. Then there

are three equilibria at P1 = (0,0,0) = (0/β,0/β,0),
P2 = (α/β,α/β,ω), and P3 = (−α/β,−α/β,ω). The
control function moves the equilibrium points along
the x-axis and y-axis in a similar way without chang-
ing the z-axis coordinate.

The Jacobian matrix of system (4) is given by

J =
⎛

⎝
−a a 0

r − z −1 −x

f (m)y f (m)x −b

⎞

⎠ , (6)

whose characteristic equation is

λ3 + (a + b + 1)λ2 + (
a + b + ab − ar + az

+ f (m)x2)λ + ab − abr + abz + af (m)x2

+ af (m)xy = 0. (7)

This equation shows the effect of the control function
on the eigenvalues. When the coordinate shift in the
x-axis and y-axis is u = x/

√
f (m), v = y/

√
f (m),

w = z, the characteristic roots remain the same as be-
fore, proving that the Lyapunov exponent spectrum is
unchanged. �

In practical engineering, the control function is re-
alized by a potentiometer. The relationship between
resistance and the rotation angle m will lead to differ-
ent control functions. If f (m) = m, the amplitude of
variables x and y will vary according to 1/

√
m while

variable z is unchanged as shown in Fig. 2. If f (m) =
em, the amplitude of variables x and y will vary ac-
cording to 1/

√
em as shown in Fig. 3. Figures 2(a),

3(a) give the maxima and minima of x, y, and z, which
shows that the amplitude x and y change according to
1/

√
m and 1/

√
em, respectively, while the amplitude

of z remains unchanged. Figures 2(b), 3(b) show the
constant Lyapunov exponents as m changes to within
numerical error. Because the exponent function is pos-
itive, the range of the control parameter is selected as
[−2,2].
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Fig. 2 The amplitude
control diagram in system
(4) in the region
m ∈ [0.1,20.1] with initial
conditions
(x0;y0; z0) = (0;1;0)

when f (m) = m: (a) signal
amplitude, (b) Lyapunov
exponents

Fig. 3 The amplitude
control diagram in system
(4) in the region
m ∈ [−2,2] with initial
conditions
(x0;y0; z0) = (0;1;0)

when f (m) = em: (a) signal
amplitude, (b) Lyapunov
exponents

3.2 Total Amplitude Control (TAC)

Theorem 2 The same two functions applied to both
quadratic terms,
⎧
⎪⎨

⎪⎩

ẋ = a(y − x),

ẏ = −f (m)xz + rx − y,

ż = f (m)xy − bz,

(8)

can control the amplitude of all three variables x, y,
and z according to 1/f (m) while the Lyapunov expo-
nent spectrum remains unchanged.

Proof Let u = x/f (m), v = y/f (m), w = z/f (m).
Then the resulting equations in the variables u, v, w

are identical to Eq. (3). Therefore, the function f (m)

controls the amplitude of all variables according to
1/f (m). The function need not be positive in this case.
It can be negative, but it cannot be zero, else the vari-
ables will be unbounded.

For system (8), we still have ∇V = ∂ẋ
∂x

+ ∂ẏ
∂y

+ ∂ż
∂z

=
−a −b−1 independent of f (m). System (8) has three
equilibrium points. For α = √

b(r − 1), δ = f (m),
ω = r − 1, the equilibria are at P1 = (0,0,0) =

(0/δ,0/δ,0/δ), P2 = (α/δ,α/δ,ω/δ), P3 =
(−α/δ,−α/δ,ω/δ). The control function moves the
equilibrium points along the x-axis, y-axis and z-axis
proportionally.

The Jacobian matrix of system (8) is given by

J =
⎛

⎝
−a a 0

r − f (m)z −1 −f (m)x

f (m)y f (m)x −b

⎞

⎠ , (9)

whose characteristic equation is

λ3 + (a + b + 1)λ2 + (
a + b + ab − ar + af (m)z

+ f 2(m)x2)λ + ab − abr + abf (m)z

+ af 2(m)x2 + af 2(m)xy = 0. (10)

The control function in the characteristic equation
is canceled by the coordinate shift in the x-axis,
y-axis and z-axis. With the coordinate transforma-
tion u = x/f (m), v = y/f (m), w = z/f (m), the char-
acteristic roots remain unchanged as before. There-
fore, the Lyapunov exponent spectrum remains un-
changed. �

Suppose the control function is f (m) = m. Then
from Theorem 2, the amplitude of variables x, y, and
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Fig. 4 The amplitude
control diagram in system
(8) in the region
m ∈ [−4,6] with initial
conditions
(x0;y0; z0) = (0;1;0)

when f (m) = m: (a) signal
amplitude, (b) Lyapunov
exponents

Fig. 5 The amplitude
control diagram in system
(8) in the region
m ∈ [−2,2] with initial
conditions
(x0;y0; z0) = (0;1;0)

when f (m) = em: (a) signal
amplitude, (b) Lyapunov
exponents

z will vary according to 1/m. To show that the control
function can be negative, let it vary from −4 to 6. If
f (m) = em, the amplitude of variables x, y, and z will
vary according to 1/em. The region of parameter m is
selected as [−2,2]. Figures 4(a), 5(a) give the maxima
and minima of the variables x, y, and z which shows
that the amplitudes of all variables are controlled to
change according to 1/m or 1/em, respectively. Fig-
ures 4(b), 5(b) indicate that f (m) does not change the
Lyapunov exponents.

3.3 Composite Amplitude Control (CAC)

Theorem 3 The two different control functions f (m)

and g(n) are introduced into the coefficients of the
quadratic terms in system (3) as follows:
⎧
⎪⎨

⎪⎩

ẋ = a(y − x),

ẏ = −f (m)xz + rx − y,

ż = (
f (m) + g(n)

)
xy − bz,

(11)

These functions can control the amplitude of variables
x and y according to 1√

f (m)(f (m)+g(n))
and z accord-

ing to 1
f (m)

, while the Lyapunov exponent spectrum
remains unchanged.

Proof By the variable transformations,
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

u = x√
f (m)(f (m) + g(n))

,

v = y√
f (m)(f (m) + g(n))

,

w = z

f (m)
.

(12)

Equation (11) will be the same as Eq. (3). Thus
the control functions f (m) and g(n) can control
the amplitude of variables x and y according to

1√
f (m)(f (m)+g(n))

, and z according to 1
f (m)

.
For system (11), the state space contraction is

∇V = ∂ẋ
∂x

+ ∂ẏ
∂y

+ ∂ż
∂z

= −a − b − 1, independent
of f (m) and g(n). System (11) has three equi-
librium points. For α = √

b(r − 1), β = √
f (m),

δ = f (m), ϕ = √
f (m) + g(n), ω = r − 1, the equi-

libria are at P1 = (0,0,0) = (0/βϕ,0/βϕ,0/δ), P2 =
(α/βϕ,α/βϕ,ω/δ), P3 = (−α/βϕ,−α/βϕ,ω/δ).
The control function moves the equilibrium points
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Fig. 6 The amplitude
control diagram in system
(11) in the region m ∈ [0.1,
10.1] with initial conditions
(x0;y0; z0) = (0;1;0)

when f (m) = 1/m,
g(m) = em: (a) signal
amplitude, (b) Lyapunov
exponents

along the x-axis, y-axis, and z-axis according to 1/βϕ,
1/βϕ, 1/δ, respectively.

The Jacobian matrix of system (11), is given by

J =
⎛

⎝
−a a 0

r − f (m)z −1 −f (m)x

(f (m) + g(n))y (f (m) + g(n))x −b

⎞

⎠.

(13)

Therefore, the characteristic equation is

λ3 + (a + b + 1)λ2 + (
a + b + ab − ar + af (m)z

+ f (m)
(
f (m) + g(n)

)
x2)λ + ab − abr

+ abf (m)z + af (m)
(
f (m) + g(n)

)
x2

+ af (m)
(
f (m) + g(n)

)
xy = 0. (14)

The effect of the control function in the character-
istic equation is canceled by the coordinate shift in
the x-axis, y-axis, and z-axis. When a coordinate
transformation of the chaotic flow is executed as in
Eq. (12), the characteristic roots remain constant as
before. These factors lead to a constant Lyapunov ex-
ponent spectrum. �

Suppose the control function f (m) and the control
function g(n) share the same ganged potentiometers
with a common physical input (m = n). Let f (m) =
1/m, g(m) = em. Then according to Theorem 3, the
amplitude of variables x and y will vary according to

m√
1+mem

, while z will vary according to m.
Figure 6(a) shows the maxima and minima of the

variables x, y, and z, confirming that the amplitude of
variables x and y are controlled according to m√

1+mem
,

while z is controlled according to m. Figure 6(b) con-
firms that the control functions f (m) and g(m) do not
influence the Lyapunov exponents.

4 Conclusions and discussion

In conclusion, we have presented a general approach
by introducing control functions into the quadratic
terms of a dynamical system to realize amplitude con-
trol of chaotic signals and discussed its three realiza-
tion regimes in which the amplitude can be partially
or totally controlled. In the composite mode and par-
tial mode, there are different amplitude variations for
the variables. These control approaches can be real-
ized in an electrical circuit by a single potentiometer or
by ganged potentiometers, which are convenient and
benefit secure communications and other fields of in-
formation engineering.
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