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0 Introduction

In this paper we study the Weyl product acting on weighted modulation spaces with
Lebesgue parameters in (0, co]. We work out conditions on the weights and the
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Lebesgue parameters that are sufficient for continuity of the Weyl product, and we
also prove necessary conditions.

The Weyl product or twisted product is the product of symbols in the Weyl calculus
of pseudodifferential operators corresponding to operator composition. This means
that the Weyl product

(a1, ar) — ai#ay

of two distributions a1, a, defined on the phase space T*R¢ ~ R?? is defined by
Op"(ai#az) = Op”(a1) o Op*(a2)
provided the composition is well defined.
Our result on sufficient conditions is as follows. Suppose w;, j = 0, 1,2, are
moderate weights on R* that satisfy

w(Z+X,Z—-X)Son(Y +X,Y —X)an(Z+Y,Z—-Y), X, Y, ZcR¥,

Suppose pj, q; € (0,00], j =0, 1, 2, satisfy

1 1 1
po_p1 p2
and either
q1, g2 < qo < min(l, po)
or
. 1 1 1 1
min(1, po) < q1,q2 <qo and ———— + — < — 4 —.

min(1, po) g0 ~ g1 g2

Denote the Gelfand—Shilov space of order 1/2 by S/2, and the weighted modulation

space with Lebesgue parameters p, g > 0 and with weight o by M‘(U wl)l Then the map

(ar, ay) — ai#ay from 81/2(R2d) X Sl/z(de) to Sl/z(de) extends uniquely to a
continuous map from Mf a‘);?‘ (R*) x Mf 02)512 (R*) to Mf a%?o (R*), and

lar#azllyeroso S larllpgrran lazllygroan. ©.1)
(@) (w1) (@)
As a consequence for unweighted modulation spaces we obtain new conditions on
Lebesgue parameters that are sufficient for M7+ (R*¢) to be an algebra: ¢, p € (0, oo]
and ¢ < min(l, p).
The necessary conditions we deduce are as follows. Suppose (0.1) holds for all
ay, ax € .7 (R*), for a triple of polynomial type weights o j» j =0, 1, 2 interrelated
in a certain way, see (3.7). Then

1 1 1 1 1 1
—=<—+—, —=<—+— and q1,92 < qo,
Po pr p2 po 41 9

which are strictly weaker than the sufficient conditions.
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The Weyl product on quasi-Banach modulation spaces

Our results for the Weyl product are special cases of results formulated and proved
for a family of pseudodifferential calculi parametrized by real matrices A € R?*¢ In
fact we work with a symbol product indexed by A € R?*¢, denoted and defined by

Op 4 (a#b) = Op 4(a) o Op 4 (b)

where Op 4 (a) is the A-indexed pseudodifferential operator with symbol a. This family
of calculi contains the Weyl quantization as the special case A = %I .

The sufficient conditions and the necessary conditions that we find extend results
[7,23] where the same problem was studied for the narrower range of Lebesgue param-
eters [1, oo]. In the latter case modulation spaces are Banach spaces, whereas they are
merely quasi-Banach spaces if a Lebesgue parameter is smaller than one.

The Weyl product on Banach modulation spaces has been studied in e. g. [7,18,20,
23,26,29,30]. In [7] conditions on the Lebesgue parameters were found that are both
necessary and sufficient for continuity of the Weyl product, thus characterizing the
Weyl product acting on Banach modulation spaces.

One possible reason that we do not obtain characterizations in the full range of
Lebesgue parameters (0, oo] is that new difficulties arise as soon as a Lebesgue param-
eter is smaller than one. The available techniques are quite different, and many tools
that are useful in the Banach space case, e.g. duality and complex interpolation, are
not applicable or fraught with subtle difficulties.

Our technique to prove the sufficient conditions consists of a discretization of the
Weyl product by means of a Gabor frame. This reduces the continuity of the Weyl
product to the continuity of certain infinite-dimensional matrix operators. A similar
idea has been developed in [38].

The paper is organized as follows. Section 1 fixes notation and gives the background
on Gelfand-Shilov function and distribution spaces, pseudodifferential calculi, mod-
ulation spaces, Gabor frames, and symbol product results for Banach modulation
spaces.

Section 2 contains the result on sufficient conditions for continuity on quasi-Banach
modulation spaces (Theorem 2.1). Section 3 contains the result on necessary conditions
for continuity on quasi-Banach modulation spaces (Theorem 3.3). Finally in Appendix
we show a Fubini type result for Gelfand—Shilov distributions that is needed in the
definition of the short-time Fourier transform of a Gelfand—Shilov distribution.

1 Preliminaries
1.1 Weight functions

A weight on R? is a positive function w € L. (R?) such that 1/ € Ly, (R?). We
usually assume that w is (v-)moderate, for some positive function v € Lﬁfc(Rd ). This
means

wx+y) <wkv(y), x,yeR (1.1)

Here f(0) < g(0) means that f(0) < cg(0) holds uniformly for all 6 in the intersec-
tion of the domains of f and g for some constant ¢ > 0, and we write f =< g when
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f < g < f.Note that (1.1) implies the estimates
v(—x)"! Swkx) Svx), xe RY. (1.2)

If v in (1.1) can be chosen as a polynomial then w is called polynomially moderate or
a weight of polynomial type. We let Z(R?) and 2 (R?) be the sets of all weights
of polynomial type and moderate weights on R¢, respectively.

If w e Pg (Rd) then there exists » > 0 such that @ is v-moderate for v(x) =
¢"*1[19]. Hence by (1.2) for any w € P (R?) there is r > 0 such that

e < wx) <Ml x eRY (1.3)

A weight v is called submultiplicative if v is even and (1.1) holds with @ = v. In the
paper v and v; for j > 0 will denote submultiplicative weights if not otherwise stated.

1.2 Gelfand-Shilov spaces

Let i, s € R, be fixed. Then Ss 5 (RY) is the set of all £ € C°°(R?) such that

[x# 9 f ()]

17 Ns, = SUP STt an g1y

is finite, where the supremum is taken over all o, 8 € N4 and x € R,

Obviously S; 5, is a Banach space which increases with /2 and s, and it is contained
in the Schwartz space .#. (Inclusions of function and distribution spaces understand
embeddings.) The topological dual SX’) h(Rd) of SS,h(Rd) is a Banach space which

contains .7’ (R¥) (the tempered distributions). If s > 1/2, then Sy ;, and |J n=0S1/2,h
contain all finite linear combinations of Hermite functions.

The (Fourier invariant) Gelfand—Shilov spaces S (R?) and =, (R?) are the inductive
and projective limits respectively of S ;, (R?) with respect to 4. This implies

SR =S n®RY) and ,RY) =[] SoaRY. (14)
h>0 h>0

The topology for Ss (R¥) is the strongest topology such that each inclusion S ;, (RY) €
S, (R?) is continuous. The projective limit X (RY) is a Fréchet space with seminorms
I-ls,,>h > 0.1t holds S;(R?) # {0} if and only if s > 1/2, and Z;(R?) # {0} if
and only if s > 1/2.

For every ¢ > Oand s > 0,

,(R?Y) € S;(RY) € By (RY).

@ Springer



The Weyl product on quasi-Banach modulation spaces

The Gelfand-Shilov distribution spaces S.(R?) and =/ (R?) are the projective and
inductive limits respectively of S/ h(Rd). Hence if s > % and t > % then

SIRN = (S ,RY) and TR = ] 5/, RY. (1.4
h>0 h>0

The space S (R?) is the topological dual of S;(R¢), and if s > 1/2 then =/ (R?) is
the topological dual of ¥ (R%) [12].

The action of a distribution f on a test function ¢ is written ( f, ¢), and the conjugate
linear action is written (u, ¢) = (u, 5), consistent with the L inner product (-, -) =
(-, -)z2 which is conjugate linear in the second argument.

The Gelfand—Shilov (distribution) spaces enjoy many invariance properties, for
instance under translation, dilation, tensorization, coordinate transformations and (par-
tial) Fourier transformation.

We use the normalization

o~ d .
FfE) =fE) =@2n)?2 / , fe " dx, £ eRY,
R

of the Fourier transform of f € L (Rd ), where (-, -) denotes the scalar product on RY.
The Fourier transform .% extends uniquely to homeomorphisms on .’ (R, S (R%)
and X (Rd), and restricts to homeomorphisms on . (Rd), S (Rd) and X (Rd), and
to a unitary operator on L?(R%).

The symplectic Fourier transform of a € Sy(R*?) where s > 1/2 is defined by

Fya(X) = n*"/
2

a(y)eXoXn gy,
R d

where o is the symplectic form
U(Xs Y) = <y1 s) - (-xv ’7>’ X = (xsé) € dev Y = ()’7 1’]) € R2d'

Since Fya(x, &) = 2¢.Fa(—2&, 2x), the definition of .7, extends in the same way
as Z.

Let¢ € S;(RY)\{0}. The short-time Fourier transform (STFT) V, f of f € S,(RY)
is the distribution on R? defined by

Vo f (6, 6) = F(fo( —xNE) = Qu) L (f.p(- —x) 9. (1.5)

Note that f ¢ (- —x) € S} (RY) for fixed x € R?, and therefore its Fourier transform
is an element in S (R?). The fact that the Fourier transform is actually a smooth
function given by the formula (1.5) is proved in Appendix.

IfT(f,¢) = Vuf for f,¢ € S1 /Z(Rd), then T extends uniquely to sequentially
continuous mappings

T:S(RY) x S;(RY) — S|R*) [ CR¥),
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T:S/RY) x S.(R?) — S/(R*),
and similarly when S; and S, are replaced by X, and X/, respectively, or by . and
7, respectively [6,33].
Similar properties hold true if instead T'(f, ¢) = Wy 4, where Wy, is the cross-
Wigner distribution of f € S/(R?) and ¢ € S;(R?), given by
Wip(x,6) = F(f(x+ - /D¢ — - /2)(&).

Ifg € [l,00], € ZERY), f € L{, (RY) and ¢ € Z1(R?) then Vy f and Wy
take the forms

Vot &)= @0t [5G =me 00 dy (L5y
and
Wig(x,§) = Qr)~ % /Rd Fx+y/2)¢(x — y/2) e 108 gy,

Here wa)(Rd) for p € (0,00] and w € Zg(R?) denotes the space of all f €
L? (R such that fo € L?(R?), and £l = IfelLr.

loc
Fora € 8} ,(R*) and ® € Si2(R*)\ 0 the symplectic STFT Voa of a with
respect to @ is defined similarly as the STFT by
Voa(X,Y) = Fs(a®(- — X))(¥), X,Y eR¥,
There are several ways to characterize Gelfand—Shilov function and distribution

spaces, for example in terms of expansions with respect to Hermite functions [13,24],
or in terms of the Fourier transform and the STFT [5,21,33,37].

1.3 An extended family of pseudodifferential calculi

We consider a family of pseudodifferential calculi parameterized by the real d x d
matrices, denoted M(d, R) [3,36]. Lets > 1/2,leta € S; (R2d) andlet A € M(d, R)
be fixed. The pseudodifferential operator Op 4 (@) is the linear and continuous operator

Opa@f ) = @n ! [[atr— At =.0 F) oS ayae o)

when f € S (Rd). Fora € S (R2d) the operator Op 4 (a) is defined as the linear and
continuous operator from S; (R?) to S (R?) with distribution kernel

Kaalx,y) = (271)—%92—1@()6 —A(x —y),x —y). 1.7
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Here .7, F is the partial Fourier transform of F(x, y) € S (R*) with respect to the
y variable. This definition makes sense since

F and F(x,y)—> F(x —A(x —y),x — y) (1.8)

are homeomorphisms on S, (R%4),

An important special case is A = tI, witht € R and I € M(d, R) denoting
the identity matrix. In this case we write Op,;(a) = Op,;(a). The normal or Kohn-
Nirenberg representation a(x, D) corresponds to t = 0, and the Weyl quantization
OpY (a) corresponds to t = % Thus

a(x, D) = Opy(a) = Op(a) and Op"(a) = Op »(a).
The Weyl calculus is connected to the Wigner distribution with the formula

d
(Opw(a)f, g)LZ(Rd) = (27T)_7(a, Wg,f)LZ(RZd)v
aeS R, fgeSipmR.

For every a; € S/(R*) and A, Ay € M(d, R), there is a unique ay € S/ (R?/)
such that Op Al (a1) = Op A2(02)~ The following restatement of [36, Proposition 1.1]
explains the relation between a; and a5.

Proposition 1.1 Letai,a; € S| /2(R2d) and A1, Ay € M(d, R). Then

Opy, (@1) = Opy, (az) & €'N2Pe Py (x &) = &' N1PePg (x 8). (1.9)

1.4 Modulation spaces

Let p € S12RND\0, p,g € (0,00] and w € Pp(R?*?). The modulation space
MY ng) is the set of all f € S| »(RY) such that Vy, f € L{7f (R*), and M| (RY)
is equipped with the quasi-norm

F = W s = Vol (1.10)

On the even-dimensional phase space R?? one may define modulation spaces based
on the symplectic STFT. Thus if w € P (R*), p,q € (0, ool and ® € 81/2(R2d)\0
are fixed, the symplectic modulation space M,/ (R*") is obtained by replacing the
STFT a — Vga by the symplectic STFT a — Vga in (1.10). It holds (cf. [7])

MR = MR, o(x, €, y,m) = wolx, § =21, 2y)

so all properties that are valid for M/ carry over to M.

In the following propositions we list some properties of modulation spaces and
refer to [8-11,17,32] for proofs.
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Proposition 1.2 Let p, g € (0, oo].

(1) Ifw € ZgR*) then £ (R?Y) C M(Pw’;f(Rd) C I (RY).

Q) If o € PR satisfies (1.3) for every r > 0, then S;(R?) C M (R?) C
S/ (RY).

3) If o € PR*) then #RY) € M (RY) € 7" (RY).

Proposition 1.3 Let r € (0,11, p,q, pj,q; € (0,00] and w,wj,v € PgR>*?),

Jj = 1,2, satisfy r < min(p,q), p1 < p2, q1 < q2, w3 < wy, and let w be v-

moderate.

(1) If¢ € M,y RH)\Othen f € M{] (R?) ifand only if (1.10) is finite. In particular
MP 1 (RYY is independent of the choice of ¢ € M’ (Rd)\O The space M( ) 7(RY)

is Ezw;uasz Banach space under the quasi-norm (1 10) and different choices of ¢
give rise to equivalent quasi-norms. If p, q > 1 then M P (Rd ) is a Banach space
with norm (1.10).

(2) MPIJII (Rd) C Mp2v¢12 (Rd)

(w1) (@2)

We will rely heavily on Gabor expansions so we need the following concepts. The
operators in Definition 1.4 are well defined and continuous by the analysis in [17,
Chapters 11-14].

Definition 1.4 Let A € R? be alattice, let A2 = A x A € R¥ letw, v € Zg(R*?)
be such that w is v-moderate, and let ¢, ¥ € M} )(Rd ).

(1) The Gabor analysis operator Cy = Cj A s the operator from M > o (R9) to £° o) (A?)
given by

Ci [ ={Ve SO} juens
(2) The Gabor synthesis operator Dy = DW is the operator from Z )(Az) to
M) (R?) given by

Dhe= Y (e Iy( -

JLleA

(3) The Gabor frame operator Sy y = Sdl)\’ " is the operator on M (Owo) (Rd) given by
Dy oCy,i.e. |
Shuf= Y VafGooet (e — .
JleA
The following result is a consequence of [17, Theorem 13.1.1] (see also [16, Theo-
rem S]).

Proposition 1.5 Suppose v € P (R*) is submultiplicative, and let ¢ € M, (]v) R\
0. There is a constant 6y > 0 such that the Gabor frame operator S (;\ o is a homeo-
morphism on M(U)(Rd) when A = 0Z¢ and 0 € (0, 60]. The Gabor systems

(e = Pijuen and (&Y= P} jien (L1
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are dual frames for L?(RY) when Y= (SA¢) ld) € M(U)(Rd) and 6 € (0, 6y].

Let v, ¢ and A be as in Proposition 1.5. Then (S . ¢)_1¢ is called the canonical
dual window of ¢, with respect to A. We have

Spp@ =) =S N —

when f € (1U(R )and j,t € A.

The next result concerns Gabor expansion of modulation spaces. It is a special
case of [34, Theorem 3.7] (see also [17, Corollaries 12.2.5 and 12.2.6] and [11, The-
orem 3.7]).

Proposition 1.6 Letr6 > 0, A = 0Z7,
A? = A x A ={(j,0)jen SRY,

let p,q.r € (0, 00] satisfy r < min(1, p, q), and let w, v € Pg(R>?) be such that
w is v-moderate. Suppose ¢,y € M/ )(Rd ) are such that (1.11) are dual frames for

L2(R?). Then the following is true:
(1) The operators

P4 mpd p.q d

C¢ M, R — Z(w) (A% and D ) (A%) > M(w) (RY)
are continuous.

(2) The operators Sy y = Dy o C¢ and Sy, = Dy o Cy are both the identity map
on Mp q(Rd) andif f € M (Rd), then

=3 VerGioey( —
Jeh _ (1.12)
= S VG0t - j)
JiteA

with unconditional quasi-norm convergence in M (’;);1 when p,q < oo, and with
convergence in M ch) with respect to the weak™ topology otherwise.

d
3) If f € ME, (RY), then
IIfIIM(I;»;I = ”V¢f”lf’o;‘)’(A2) = ||V1ﬁf||g€;;1(A2)-

The series (1.12) are called Gabor expansions of f with respect to ¢, ¥ and A.

Remark 1.7 There are many ways to achieve dual frames (1.11) satisfying the required
properties in Proposition 1.6. In fact, let v, vy € Z¢(R??) be submultiplicative such
that w is v-moderate and

L{,,R*) ¢ ﬂ L™ (R*).

O<r<l1
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This inclusion is satisfied e.g. for vo(x) = e?* with & > 0. Proposition 1.5 guarantees
that for some choice of ¢, ¥ € M(IUOU) (R% c ﬂ0<r§1 M(rv) (Rd) and lattice A C RY,
the sets in (1.11) where Y = (Sé)\’(b)_lq&, are dual frames.

We usually assume that A = 6Z%, with 6 > 0 small enough to guarantee the
hypotheses in Propositions 1.5 and 1.6 be fulfilled, and that the window function and
its dual belong to M (’v) for every r > 0. This is always possible, in view of Remark
1.7.

We need the following version of Proposition 1.5, which is a consequence of [3,
Corollary 3.2] and the Fourier invariance of X (R2),

Lemma 1.8 Suppose v € Zr(R*) is submultiplicative, let ¢1,¢r € T1(RY)\ 0,
and let

D(x, &) = ¢1(x) pa(§) e E), (1.13)

Then there is a lattice A2 C R24 such that

O(x — j £ — 1 i((x,/()+(k,§))} 114
{ (x —j,&§ —ve (J,0), (k) EA2 -

is a Gabor frame for L>(R*?) with canonical dual frame

W(x —j &E—1 ei<<x,x>+<k,s>>} ’
{ ( J§ ) (o), (k,k)eN?

and )
U= (She) e ﬂ MY, (R*).

r>0

The right-hand side of (1.13) is called the cross-Rihaczek distribution of ¢; and ¢»
[17].

Remark 1.9 The last conclusion in Lemma 1.8 is a consequence of the sharper result
[25, Lemma 2].

1.5 Pseudodifferential operators and Gabor analysis

In order to discuss a reformulation of pseudodifferential operators by means of Gabor
analysis, we need the following matrix concepts (cf. [35]).

Definition 1.10 Let p,q € (0,00], 8 > 0, let J be an index set, let A = 079 be a
lattice, and let w € Pk (R%).

(1) UE)(J) is the set of all matrices A = (a(j, k)) j xes With entries in C;
(2) Up(J) is the setof all A = (a(j, k))jkes € Ué)(J) such that a(j, k) # 0 for at
most finitely many (j, k) € J x J;
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(3) if A = (@(j, k))jken € Uj(A) then

Hpow(j k) =a(j,j—k)w(j,j—k) and ha pok) =I[1Ha (- k).
(1.15)
The set U7+ (w, A) consists of all matrices A = (a(j, k))j kea such that

l(a(j, k) jkealluraw,n) = l1ha,pwle (1.16)

is finite.

UP9(w, A) is a quasi-Banach space, and if p, ¢ > 1 it is a Banach space.
If J is an index set then A = (a(j, k))jkes € UE)(J ) is called properly supported
if the sets

{jeJ:a(j.ko) #0} and {k e J;a(jo,k) #0}

are finite for every jo, ko € J. The setof properly supported matrices is denoted U, (J),
and evidently Ug(J) € U,(J). The sets Up(J) and Up(J) are rings under matrix
multiplication, and TUZ)( J) is a Uy (J)-module with respect to matrix multiplication.
Let g1, ¢r € Z1(RY) \ 0, let ® be defined by (1.13), let . = 0Z4 be a lattice,
0 > 0, such that A2 = A x A € R? makes (1.14) a Gabor frame in accordance with

Lemma 1.8, and let ¥ = (Sc[gip)’1 ® be the canonical dual window of ®. Suppose
wo € Zr(R*) and set

C()(X,E,y, T])ZCL)()()C, rlvé—fl,y_x)- (117)

Letae M (ﬁ;g) (R*), define

a(j, k)= Vya(j,k, 0 —k, k — j)eh=ie),
where j = (j,1) € A> and k = (k,k) € A, (1.18)
and define the matrix
A= (a(j, k))j,kEAz'
Then it follows from Propositions 1.5 and 1.6 that
IlallM&g) < [ Allyra o, a2) (1.19)

provided 6 is sufficiently small.
By identifying matrices with corresponding linear operators, [35, Lemma 3.3] gives

Op(a) = Dy, 0 Ao Cy,. (1.20)
Hence, if b € S12(R%),

b(j. k)= Vub(j, k.t — i, k— j) e 7 j ke A,
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B = (b(.lv k))j’kesz

and the matrix C is defined as

C = Cy, 0 Dy, (1.21)

then
Op(a#yb) = Op(a) o Op(b) = Dy, o (Ao C o B) o Cy, (1.22)

and
”"#Ob”MC;g> <||AoCo B||Up,q(w’Az>. (1.23)

1.6 Composition of pseudodifferential operators with symbols in Banach
modulation spaces

We recall algebraic results for pseudodifferential operators with symbols in modulation
spaces with Lebesgue exponents not smaller than one [7,23,36].
If A € M(d, R) then the product #4 with N factors

(a1,...,aN) |—>a1#A-~-#AaN (1.24)
from S)2(R?) x - -+ x 81 2(R*) to S 2(R??) is defined by the formula
Opy(a1#a---#aay) =Opy(a;) o---0Opylan).

The map (1.24) can be extended in different ways, e. g. as in [7, Theorem 2.11] which
is stated in a generalized form in Theorem 1.11 below. We use the conditions on the
weights

N
wo(Ta(Xn. X0) < [ [ @i (Ta(X;. Xj-0), Xo.....Xy €R¥,  (1.25)
Jj=1

where

TAX,Y)=(+Ax—y),E+ A (n—&).n =&, x—y),
X =8 eR¥ Y=(,neR™ (1.26)

Here A* denotes A transposed. We use the conditions on the Lebesgue parameters

11 1 1
max (Ry(¢"),0) < min [ —, —, —, —.Rnx(p) (1.27)
J=L..N\Py g0 Pj 4
or
1 11 1 11
Rv(p) >0, —<—<- and —<—=<-, j=1...,N, (128
q0 Po 2 q; Dj 2
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where

Yoo
Rv(p)=(N-D7"| > —-—1,
o Pi PO

p = (po, p1, ..., pn) € [1, 001V,

Theorem 1.11 Suppose pj,q; € [1,00], j = 0,1,..., N satisfy (1.27) or (1.28),
and suppose w; € Pp(RM), j=0,1,..., N,satisfy (1.25) and (1.26). Then the map
(1.24) from Sy 2 (R2d) x---xS12 (R 10 Si2 (R2d) extends uniquely to a continuous

and associative map from M(I;!l’;“ (R2d) X - X M(IZV’;]N (Rz‘i) to M(I;())(;;lo (Rz‘i), and

=

ay#ty - -#aan || ,r000 < l_[ aill, rja;
I ”M((uo) S H l j”M(u_)/j).ls

foraj e M"P (R¥), j=1,...,N.

(wj)

Theorem 1.11 follows by similar arguments as in the proof of [7, Theorem 2.11].
The details are left for the reader.

Remark 1.12 We note that the definition of T4 in [7, Eq. (2.30)] is incorrect and should

be replaced by (1.26) with A = ¢1, in order for [7, Theorem 2.11] to hold. A corrected
version of [7] has been posted on arxiv.

2 Composition of pseudodifferential operators with symbols in
quasi-Banach modulation spaces

In this section we deduce a composition result for pseudodifferential operators with

symbols in modulation spaces with Lebesgue parameters in (0, oo].
If A € M(d, R) then the map

(a1, az) — ar#aaz (2.1)
from S 2(R??) x Sy 2(R??) to Sy /2(R?) is defined by
Op,(ai#aaz) = Opy(ai) o Opy(az).
The following result is the principal result of this paper. It concerns sufficient
conditions for the unique extension of (2.1) to symbols in quasi-Banach modulation
spaces.

The weight functions are assumed to obey the estimates

wo(Ta(Z, X)) S o1(Ta(Y, X)) 02(TA(Z,Y)), X,Y,Z e R¥, (2.2)
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where

TA(X,Y)=(Q+Ax —y),E+A"(n—&),n—& x — ),
X =(x&eR¥ Y =(,n eR™ (2.3)

(Cf. (1.25) and (1.26).)

Theorem 2.1 Let A € M(d, R) and suppose w; € PR, j = 0,1,2, satisfy
(2.2) and (2.3). Suppose p;,q; € (0,00], j =0, 1, 2, satisfy

1 1 1
—<—+—, 24)
VZV I 2 S %)
and either
g1, 92 < qo < min(1, po) 2.5
or
. 1 1 1 1
min(1, po) < q1,92 <qo and — + — < —+ —. (2.6)

min(l, po) g0 ~ g1 ¢

Then the map (ay, a) — a#aas from Sl/z(RZd) X 81/2(R2d) to Sl/z(de) extends

uniquely to a continuous map from M (’21’;7 "Ry x M (pafz’;n R*)to M (’ZS(;;’O (R*), and

lai#aazllyroao S llallyera llaz |l ypae
(wp) (@1) (@2)

forallay € M) ! R*) and a, € M{jjz’)qz(RZd).

We need some preparations for the proof. The following result contains the needed
continuity properties for matrix operators.

Proposition 2.2 Let A C RY be a lattice, let pj.q;j € (0,00], j =0,1,2, be such
that (2.4)—(2.6) hold, and suppose wg, w1, w3 € PE (R2d) satisfy

wo(x,2) So1(x, ) m(y,2), x,,z€R

Then the map (A1, Az) — A1 o Aa from Ug(A) x Ug(A) to Ug(A) extends uniquely
to a continuous map from UPL9 (w1, A) x UP292(wy, A) to UP*90(wy, A), and

A1 0 A2 [luroao (wy.a) S IATIUPL (0, ) 1A2[[UP292 (00, A) - 2.7
Proof Let U, | (A) be the set of all A € Uj(A) with non-negative entries, let A,, =

(@n(j, k) jkea € Up(A) ﬂU{lJr(A), m = 1, 2, denote the matrix elements of B =
Ao Ay by b(j, k), j,k € A, and set p = po, g = qo, ® = wo,

am(j, k) = lam(j, j — k)l on(j, j —k) and b(j, k) =1b(j, ] -kl j—k),
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m =1, 2. Then

A [upmam (@, 8) = llOmllepmam, m =1,2,
A1 o Azllura(w,n) = Ibllera,

and we first prove
bllera < llatllerr-a lazller2az.
We have

b(j, k) = Zal(j, Dax(j =1, k—1). (2.8)
leA

In order to estimate [|b(-, k)|l¢» we consider the cases p < I and p > 1 separately.
First assume that p < 1, and set r; = LI Then % + % > 1 by assumption (2.4),
and therefore Holder’s inequality yields for k € A

p
6. RIL <Y (Z @D aa(j — 1k — l))

jeA \leA

< D @G Dar(—Lk—=D)”

leA jeA

<Y NG DP e (e k= DP e

leA

=Y Nt Dl laa - k =Dy,

leA

that is
16(-, k) ller < (c1 % c2(k))'/P,

with ¢ (k) = [lap (-, k)| [ m = 1, 2.
In order to estimate (¢ * ¢2)!/? we first assume (2.5). Then

1/p

1
1bllera < llCcr % e)Plles = ller x cal 0,

1
< (leilleanliezllean) ' = llatlleralazllerza < llatlleranllaz]lrzaz,

and the result follows in this case.
If instead (2.6) holds then ¢ > q1,g2 > p,andr; =¢q;/p,j=1,2,andr =¢q/p
satisfy

1 1
ri,ra,r>1 and —+ —>1+ —.
rn r

Hence Young’s inequality may be applied and gives
b < I/p ' I/p _
[6llera < llerc2llr™ < (letllenlleallen) 7 = Nlarllerran az llgraaz,

and the result follows in this case as well.
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Next we consider the case p > 1. By Minkowski’s and Holder’s inequalities and
the assumption (2.4) we get from (2.8)

¢, K)ller < Y llarC, D aa(- =1k =Dllen

leA
<Y L Dller oz k= Dllers = c1 3 ca(k), (2.9)
leA

where ¢;, (k) = [|an (-, K)|l¢gpm, m =1, 2.
If (2.6) holds then g > g1, g2 > 1 and Young’s inequality gives

[6llera < llc1 * c2llea < llcillear lcalleaz = llarllerr-arllazller2-a2
and the result follows. If instead (2.5) holds then ¢ < 1 and (2.9) gives

6llera < llct * c2llea < llctllealicallea = llarlleriallaz|lerza

< llatllerr-ar laz|lgr2-a2.

Thus we have proved (2.7) when A;, Az € Up(A) ) IUE)’JF(A).

By Beppo-Levi’s theorem or Fatou’s lemma applied to the previous situation we
obtain that A| o A5 is uniquely defined as an element in U”9(w, A) and (2.7) holds,
provided A,, € UPm9m (w,,, A) () U6’+(A) form =1,2.

For A,, € UPmim(w,,, A), m = 1,2, there are unique

A € UPP 7 (@, A) (\Up 1 (A), m=1,2, k=1,....4,

such that
4
&
Ap = Zl Am,k»
k=1
and
”Am,k”UI’mlem (wm‘/\) 5 ||Am ”]UI’mJZm (a)m’A), m = 1, 2, k = 1, ey 4

We understand the unique minimal decomposition of real-valued functions in positive
and negative parts. Since the assertion holds true for A x and A ; in place of A| and
Ay, it follows from the latter estimate that

4
Al oAy = Z ik—HA],k oAy € UP9(w, A)
k=1

is uniquely defined and that (2.7) holds for A,, € U’ 9 (w,,, A),m =1, 2. O

We also need the following result on the composition of the analysis operator and the
synthesis operator defined by two Gabor systems.
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Lemma 2.3 Suppose A C RY is a lattice, A> = A x A and b1, P2 € > (R \ 0.
Let Cy, = C 415\2 be the Gabor analysis operator and let Dy, = Dé\l be the Gabor
synthesis operator defined by ¢, and ¢y respectively, and A. Then Cy, o Dy, is the
matrix (¢(j, k))j,keM where

c(j ) =" TV (k). j= (0, k= (ko). (2.10)
Ifoo(X,Y) =w(X —Y), X,Y € R for v € Zr(R>?), then
(c(j, K))j ken2 € ﬂ U4 (wp, A?). (2.11)
>0
(I_JGEQ?E(RZ“J)

Proof Let f be a sequence on A2 such that f (k) 0 for at most a finite number of
k € A%. Then

Dy f =Y flprk drux=¢i(- —ke" ., k=(kx),

keA?

and
Cpy (D, ))(G) = Vi, (D () = Y V1.6 (i) f ().

keA?

If j = (j, ) then Cy, o Dy, is hence given by the matrix C = (¢(J, k))j,keAZ where

. . _d -~ i
c(j. k) = V14 (j) = 2m) 2 fRd $1E() da(y — e dy

_ —d i(k,k—t) e (I ,—iy,i—k)
= (2m)" 2e i P () 2y —(J —k))e dy
= Vg1 (f — b

which proves (2.10).

It remains to prove (2.11). Let w € P (R*) and g > 0. Since ¢, ¢ € T1(RY)
we have by [33, Theorem 2.4]
|Vippi (x, §)| S 77 (HIHIED

for every r > 0. From (2.10) and (1.15) we obtain

he 00,00 (k) = sup [He,wo(J, k)| = [ Vg, 91 (k) o (k)|
JEA

A combination of these relations and (1.16) now give
||C||Uoovq(w0,A2) = [lhc 00,00 lles = 1| Va1 '(UHM(AZ) < 00.

Hence C € U9 (wq, A?) for any w € 25 (R?*?) and any ¢ > 0. O

@ Springer



Y. Chen et al.

Proof of Theorem 2.1 By [36, Proposition 2.8] and Proposition 1.1 we may assume

that A = 0. Pick ¢, ¢, € El(Rd) \ 0 and a lattice A < R4 such that ®, ¥ and

AZ=AxA C R?4 are as in Lemma 1.8. Let finally a,, € M(’Z";”” (R2d), m=1,2.
By (1.17)~(1.20) we have form = 1,2

llam ||M1’m"1m = [|An ”UvaLIm (D, A2)
(om) m»
(2.12)

and
Op(am) = Dy, 0 A 0 Cy, (2.13)
where

Am = (am(jak))j,keAz’
an(j k) = T Vyan ik c— i k=), j =0, k= (k k) e A%

and
Om(x, &, y,m) = on(x,n,§ —n,y —x).
Condition (2.2) means for the weights ©,,, m =0, 1, 2,

Bo(X,Y) < 91(X, Z)92(Z,Y), X,Y,ZeR¥. (2.14)
Pick v; € Z5(R?) even so that w, is vo-moderate with
v =V QU Qv ®vy € Pp(RM),
setv = v% R v € Z5(R*) and
WX, Y)=v(X —Y) e ZgR¥), X,Y eR¥,
Then vy is designed to guarantee
(X, Y) Svo(X, Z)%(Z,Y), X,Y,ZeR¥. (2.15)
We have by (1.21) and (1.22)
Op(ay) o Op(az) = Dy, 0 A o Cy,,

where
A=A10CoA)

and C = Cy, o Dy,. By Lemma 2.3

C e MU (v, A?).

r>0
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Set » = min(1, p3, g2). Then we obtain from (1.23), (2.14), (2.15) and Proposition
2.2 applied twice

IIal#oazllM(PwO(;fo < [[A1 0 C o Azllyroao 9y, A2)

S 1Ay llyp1.a: (191,A2)||C ° A2||[[j1’2142(192,1\2)
5 ||A1||1U!'1~fu(191,A2)||C||Uoo,r(vo,1\2)||A2||U/’2«12(792,A2)
= ||A1||UP11<11(191,/\2)||A2||Upz-qz(192,1\2)

=< |lat||y,r1-91 ll@2|| 5 p2-92 -
M) M)

It remains to prove the claimed uniqueness of the extension. If (2.5) holds then
M(pajj’;h - M(w ) j=1,2,and M&? ;10 - M(w ) Then the claim follows from the
uniqueness of the extension

00,1 00,1 00,1
Mo #aMan) S My (2.16)

which is proved in [7, Theorem 2.11].
Suppose (2.6) holds. Then the same argument applies if ¢ < 1, and if p > 1 then
the claim is a consequence of the uniqueness of the extension

OO »q1 &°] qZ 00,q
M,y #aM,,)" S M, 2.17)

which is again proved in [7, Theorem 2.11]. Suppose p < 1 < ¢q.If g1, g2 > 1 then
the uniqueness follows again from the uniqueness of (2.17). If g1 > 1 > ¢ then
it follows from the uniqueness of (2.17) with g» replaced by 1, and analogously for
g2 > 1 > q;. Finally if g1, g2 < 1 then the uniqueness follows from the uniqueness
of (2.16). O

Let p,q € (0, co] and set r = min(l, p, g). A particular case of Theorem 2.1 is
the inclusion

p.q
(wz) = M(wo)

MP9 4, M

(o)
where the weights wg, w) € Pg (R4d ) satisfy
wo(Ta(Z, X)) S wo(Ta(Y, X)) an(Ta(Z,Y)), X.Y,Z € R*,
and T4 is defined by (2.3).
We also note that M (l;;)q is an algebra under the product #4 provided p, g € (0, oc],

g < min(1, p) and w € P (R*) satisfies

(TA(Z, X)) S w(Ta(Y, X)) 0(Ta(Z,Y)), X,Y,Z e R*,

@ Springer



Y. Chen et al.

3 Necessary conditions

In this final section we show that some of the sufficient conditions in Theorem 2.1 are
necessary. We need the following lemma that concerns Wigner distributions.

Lemma 3.1 Let qo, g € (0, oo] satisfy qo < q, let

2
¢(x) = n_%e_% forx € Rd,

let A € R? be a lattice, let ¢ = {c(k)}een € L1(A) \ £99(A), where c¢(k) > O for all
k € A, and finally let

f) =) c)e™ g x) e 7 (RY.

KEA
Then
fe N MP9RY\ M0 RY) 3.1
p>0
and
Wip € M MP4R™), (3.2)

p>0

Proof By replacing A by a sufficiently dense lattice Ao, containing A and letting
c(k) = 0when k € Ag \ A, we reduce ourselves to a situation where the hypothesis
in Proposition 1.6 is fulfilled. Hence we may assume that (1.11) are dual frames for
L>(RY).

First we show (3.1). (Cf. [28, Proposition 2.6].) On one hand we have || f || prr0 <
llc]lea for any p > 0O due to Proposition 1.6 (1). Thus f € ﬂp>0 MP-4(R?). On the
other hand f ¢ M°*% (R?).

In fact, set ¢1(x) = (2n)_%e_%|x‘2 for x € R. Since

Vaf (0.0 =2 Y e—0) e = cx i)

KeA

we obtain

el = Y e@® < @) 3 (e x dr ()

LeA LEA
q0
dag % dag .
= (2n) 2 Z\V¢f(o, D" < @n) Z(sup|v¢f(1,t)]>
eA en \JEA
dqq
= Q) T Ve f 500 (a2 = 1f 3g.a0

again by Proposition 1.6. Thus it must hold f ¢ M9 (R?), since otherwise we get
the contradiction ¢ € £9°(A). We have now showed (3.1).
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In order to prove (3.2), seta = Wy € &/ (R%%). Since M4 is increasing with
respect to p and g, it suffices to intersect in (3.2) over 0 < p < min(1, g). We have

lalivra < IVoWrgllraaty,
d 2 2
where @ (x, £) = 2m) "2 (XI7HED "and
A*=AxAxAxACRY
By straightforward computations we get

a(x, §) = Wre(x,§)
= (27'[)_% ZC(K)T[_% \/Rd (|X—*| +\x+ | ) l(x K) §_7 )dy

KEA

—2%g% Z c(K) o PP—lE=51 i)

KEN
This gives
d _d
cha(x, é:v 7)7 )’) = 2277: 2 Z C(K)FK(xv ‘5;:3 ’79 )’)
KEA
where
Fe(x, &, m, y)
— on)-¥ // o= zPHE =5 Pz Pt —6%) =i (=1 +008D) g1
R2d
O L L R S PN e
Hence
Voa(x,§,n,y)
=yt 3 clye—(F e 5 P e P45~ f -+ 05 +5) (3.3
KEA

If g < oo we get, in the third inequality using p < 1,

IWrgllvra = llalivera < [{Voalky, k1, k2, k2)}ij ic;enlleraaty

p
cq |12
> (ZC(K)e—UIZ' +hlii =P —x P+ 535 ))

ka,k2 \ki,Kk1 K

A

1
aN -

= Z (Z (Z c(k) e—(§|/q—’§2+§|/<2—x|2)>p> "\

K2 K1 K
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1
q 1

- q
P
E (E c(k)? e(5|K15|2+§K2K|2)>

K2 \K,K]

IA

1
g\ =

)> (chﬂ’e‘“”'Z)p — (1ery e e 6Py )7

K2 K

X

1
_pp.p2 »
= (e g 1e$F )" < fleler < oo,

using Young’s inequality. The result follows if ¢ < oco. If ¢ = oo a similar argument
proves the result. O

The preceding lemma is needed in the proof of Theorem 3.3 below on necessary
conditions for continuity. We aim at conditions on the exponents p;, g;, j =0, 1, 2,
that are necessary for

lla#abll yyroa0 S llall yyrvar 101l yyr202 (34
M((D()) ~ M(w| ) M(a)z)

toholdforalla, b € . (de ), for certain weight functions w;, j = 0, 1, 2. We restrict
to weights of polynomial type.

By [36, Proposition 2.8] it suffices to prove the result in the Weyl case A = 1/2,
and then (3.4) in terms of symplectic modulation spaces is

la#bllpgroan S llallyeria Wbllygreer, a,b e S (R*). 3.5)
() @] @)

The conditions on the weights (2.2) and (2.3) are then transformed into

w0 (Z+X, Z-X) Son(Y+X, Y —=X)an(Z+Y,Z-Y), X,Y,ZcR¥. (3.6)

(Cf. [7,23].)
We will consider weights with the particular structure
(X -Y (X —-Y
X, 1) = 22X oy = 2E D)
(X —Y) '
(X, Y) = ————,
Vo(X +7Y)

for¥; e & (R%), j =0, 1,2. Then (3.6) is automatically satisfied. Without loss we
may assume ¢; € C* [23, Remark 2.18].

For ¥ € Z(R*?) let S (R??) denote the space of smooth symbols on R?? such
that (9%a)/9 € L™ for any o € N*¢.

Lemma 3.2 Let p,q € (0, 00], let ¥ € PR, j = 1,2 and suppose (X, Y) =
92(X — Y)/91 (X + Y). Then there exist a; € SPPR*) and b; e SU/7D(R),
j = 1,2 such that
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aj#bj =bj#aj=1, j=12, (3.8)

and the map a > ay#a#b, is continuous on .7 (R*?) and extends uniquely to a

homeomorphism from MZ;? (R*) 10 MP-4(R*?).

Proof According to [2, Corollary 6.6] there exist a; € SWH(R24) and bj €
SU/P)(R2Y, j = 1,2, such that (3.8) is satisfied.
By [23, Remark 2.18] we have

SPO®R) = () M5, R*D, on(X, ) = (X)),
N>0

for any € Z(R??) and any r > 0. More precisely the remark gives the equality for
r = 1, and for general r > 0, the equality follows from the embeddings

1 1
o0, o0, F] Q0,1
M(l/vN+N0) c M(I/UN) - M(l/UN), when r| < ro, Ny > 2d (; - E) .
If we setr = min(l, p, g) then p1 = 00,q1 =r, p2 = p,q2 = q,aswell as p» = oo,
q» =r, p1 = p, q1 = q, satisfy the conditions (2.4), and (2.5) or (2.6) of Theorem
2.1.

From these observations the result follows from Theorem 2.1 and a repetition of
the arguments in the proof of [7, Lemma 3.3]. O

Theorem 3.3 Let pj,q; € (0, 0], and suppose w; € @(RM), j =0,1,2, are
given by (3.7) where 9; € 2 (R*?), j =0, 1,2. If (3.5) holds then

1 1 1 1 1 1
—<—4+—, —<—+4— and q1,92 < qo. (3.9
po - p1 P2 pPo g1 Q2

Proof By Lemma 3.2 the estimate (3.5) with weights (3.7) implies
la#bllaeroao S lallverrar [bllvema, a € MPRI®R™), b e s R™).  (3.10)

It thus suffices to prove the result forw; =1, j =0, 1, 2.

Leta ,(x, &) = e M P=pIER and q; = a;._ ., for u, A > 0. Then by the proof of
[23, Proposition 3.1] (cf. [7, Section 3])

i1 4 1 1 _ 1 I
laall by =7r e p rg an v 42yt
and ;
_ + u
#a,(X) = (1 4+ ) 4exp | —|XP—= ).
aHa,(X) =1+ i) XP(||1+AM>
Hence

1/d _ _ _
lasttarlly, = mt/PH1/a=t p=1ipg=1/a

x (14 22)7Va@u) VP 4 p)>V/ptl/a=D,
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Thus

( l|las#a;. |l vero-a0 l/d
|

lax llverrar lan |l verzoa2
11 s —L 2 _1_ 1,2 1_1
=CAP1 P2 P0(1+)\,) qo(1+x)po PLoP2 40 91 92,

for some constant C > 0 which does not depend on A. The right hand side behaves
1 1 1 1 1

L R I
like Ao 91 492 when A is large, and like A 71 *52 77 when A is small. The continuity
(3.10) hence implies the necessary conditions

1 1 1 1 1 1

Po q1 q2 Po P1 P2
It remains to show ¢q1, g2 < qo. Since a1#a> = ar#a, (cf. [23]), it suffices to show

q1 < go. We give a proof by contradiction. Suppose (3.10) holds and g9 < ¢;. Let
A C R? be a lattice,

) =7 Te 2 = (ck)heen € £91(A) \ L9(A),
and let

f) =Yg x).

KeA

Then

fe ) MPra R\ MR,
p1>0

a=Wpse (| MPPI®RM) and b= Wy 4 € SR,
p1>0

by Lemma 3.1. Since
d d
Op“(a)g = 27)"2(g,¢)f and Op“(b)g = (27)" 2 (g, )9,
it follows that

Op” (a#b)p = 2m) o)}, f € (] MPH R\ M0 RY).
p1>0

Therefore Op¥ (a#b) is not continuous from .7 (R%) to M9 (R?).
On the other hand we have by assumption

a#b € MPO90 C MO0,
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If go € (0, 1], then Op¥(a#b) is continuous from MP*90 to MP0-90 when py €
[q0, 0], by [35, Theorem 3.1]. This contradicts the fact that Op" (a#b) is not contin-
uous from . to M°-9°. Hence the assumption ggp < ¢g; must be false.

If instead g € [1, oo], then by [31, Theorem 4.3] Op¥ (a#b) is continuous from
M1 to M09 which again contradicts the fact that Op™ (a#b) is not continuous from
< to M-, Hence the assumption gy < ¢ is again false.

Thus we must have g1 < qo. O

Remark 3.4 Let Qg (R?) denote the setof all € P (R?) such that @ is v-moderate
for a submultiplicative weight v satisfying

v(x) < &M x e RY,

forall » > 0. Then Z(RY) C 2% (R?). By using the new [1, Theorem 4.1] instead
of Lemma 3.2 it follows that Theorem 3.3 holds for ¥; € @% (R%Y and w ; defined
by (3.7). The space . in (3.5) is then replaced by S .

Remark 3.5 For Banach modulation spaces with exponents p;, g; restricted to [1, 00]
we have found that the following conditions are necessary and sufficient for continuity
of the Weyl product [7, Theorems 0.1 and 3.1].

1 1 1
— =< —+—, (3.11)
Po P P2
1 1
91,92 <q0, 1<—+—, (3.12)
q1 92
1 1 1 1 1 1 1 1 .
—t+—=<—4— I+—=<—+—+—, j=12 (3.13)
Po q0 q1 q2 q0 q1 q2 pj
1 1 1 1 1 1
I+ —+—=<—+—+—+—. (3.14)

In this paper we have worked with exponents p;, g; in the full range (0, co]. The
sufficient conditions in Theorem 2.1 and the necessary conditions in Theorem 3.3 are
not equal, as conditions (3.11)—(3.14) are for exponents in [1, co].

In fact, consider the inclusion

M1,2#M1,2 C MOO,Q
which holds since the exponents satisfy (3.11)—(3.14). They do however not satisty
(2.4), and (2.5) or (2.6). Hence the sufficient conditions in Theorem 2.1 are not all
necessary.

Appendix

In this appendix we prove the formula

T(rT _ -4 i(-.€) / pd d d
F(fP)E)=Qr) 2(f.pe ), feSRY, ¢S8R, &eRY,
(A.1)
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for s > 1/2, which we claimed to be true in the definition of the STFT (1.5). There is
a parallel formula for f € X; (Rd), ¢ e X (Rd) and s > 1/2, that we also prove.
Let f € S/(RY), let ¢ € S;(R?) and denote

w@E) = Qm) I(f.¢e ) = Q)L (f.ge ), £ e R (A.2)

Then u € C®(R%). We need the following estimate (cf. [5]).

Lemma A.1 The function (A.2) satisfies the estimate
(@) S e, g erY,

for any ¢ > 0.

Proof By (1.4), ¢ € Sg,h(Rd) for all i > hg where hy > 0. Let ¢ > 0 and set

(o (2)).

Leta, f € NY. Using [y ! < dI7ly! (cf. [27. Eq. (03.3)) and 3o, _j () = 2 we
estimate for x, £ € R?
aaBilx, -
X%k (it E>¢(x))) < ylatB] Z <ﬂ) |§|\y\ it |xaaﬂﬂ/¢(x)| (ﬂ) s
(a'ﬁ‘)_;(zh)|a+ﬁ| - oy V4 )/'»3 (a'(ﬁ - V)')bhloﬂrﬂ*}’l 14
c s\ ¢ s\ 171
Jatpl B\ [ (5IE1'*) <(d5) )
< llpls,, 27" Y <y> ( M hes
Y<B
<ol 3 <ﬂ> ((§|5|1/S)|V|>‘
~ !
y<B Y vl
< 81 g latBl 3 (’3>
y=p v
< 81
This implies

gD, S ek £ er,

which via (1.4) finally gives the estimate

@IS g8 s, S e, & R

2h ~
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The formula (A.1) amounts to the claim .7 (f ¢) = u.
A priori Z(f ¢) € S, (Rd) is the distribution

(F(fH),¥) = (V). ¥ eSR.

To prove our claim .% (f @) = u we must therefore show

89 = [ urwerdr=emf [ Fw e M v e s,

(A.3)
Note that the integral is well defined due to Lemma A.1 and the estimate for v €
Sy(R?) [33, Lemma 1.6]

1/s
@) <e M x eRY

which is valid for some & > 0.

In view of the definition of the Fourier transform @ , formula (A.3) is true provided
we can switch order in the action of the distribution 1 @ f € S (R*%) with respect
to the first and second RY variable, when it acts on the test function ®(x, y) =
Q)= 2p(y) Y (x)e ¥ Note that & € S;(R*) if ¢, € Sg(RY) and s > 1/2,
and ® € Z,(R¥) if ¢, ¥ € T,(RY) and s > 1/2, cf. [3, Theorem 3.1] and [4,
Proposition 3.4].

Thus the claim (A.1) is a consequence of the following Fubini-type result for
Gelfand-Shilov distributions. It corresponds to [22, Theorem 5.1.1] in the Schwartz
distribution theory.

Theorem A.2 Suppose s > 1/2, and f; € S;(Rdf'), j = 1,2. Then there exists a
unique tensor product distribution f = fi ® f» € S; (RU+92) sych that

(f1® fr, 01 @ ¢2) = (f1,¢1)(f2, 2), ¢ € SSRY), j=1,2.
It holds
(f, ) = (fi, (fr, d (1, x))) = (o, (1, 9 (x1, x2))), ¢ € SRUTE),
where fj acts onx;j only, j = 1,2.

The same conclusion holds for s > 1/2 and f; € X (R%), j = 1,2, with test
functions in Xj.

Proof We use the Hermite functions

X2
o (x) = 7~ F (=D @2lgy =36 (9% 1), x e RY, e N,

and formal series expansions with respect to Hermite functions:

f= anha

aeNd
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where {cy} is a sequence of complex coefficients defined by ¢, = co (f) = (f, ho).-

It is known that Gelfand—Shilov spaces and their distribution duals can be identified
by means of such series expansions, with characterizations in terms of the correspond-
ing sequence spaces (see [14,15,37] and the references therein).

In fact, let
f = Z Cala
aeNd
and
=) doha
aeNd

with sequences {cy} and {d} of finite support. Then the sesquilinear form

(i)=Y Coda (A4)

aeNd

agrees with the inner product on L%(R?) due to the fact that {/¢ Juend C L*(R%)is an
orthonormal basis. The form (A.4) extends uniquely to the duality on S, (R?) x S; (R?)
for s > 1/2, and to the duality on Zé(Rd) x s (RY) for s > 1/2. All spaces are then
expressed in terms of the Hilbert sequence spaces

1
G=0ND =1 e Y leal?e™™ <00

aeNd

where r € R. Fors > 1/2 the space S, (R¢) is identified topologically as the inductive
limit

SR = {1 D cohai feat €67

r>0 | qeNd

and S; (R9) is identified topologically as the projective limit

SR =[] D caha: {ea} € £2,

r>0 | ¢eNd

For s > 1/2 the space ¥;(R?) is identified topologically as the projective limit

SR = (1D coha: fca) €6

r>0 | xcN9
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and X (R?) is identified topologically as the inductive limit

SIRY =] D cahas {ca) € 22,

r>0 | ¢eNd

We have for @ = (a1, 02) € N2 withaj € N, j = 1,2, hy = hg, ® hq,.
This gives for f; € S;(Rdf), j=12,

ca = ca(f1 ® f2) = (fi, ha))(f2. hay), @ = (a1, @) € NUHE,

SO Cq = 1,4, C2,a, 1f We denote Cja; = (fj» haj) where o; € N4 for j =1, 2.
Let ¢ € Sg(RU192) and denote dy (¢p) = (¢, he) for o € N4+ This gives for
anyr >0

1 1
(/i ® fr,d) = Z Cloa Cr e~ lana2) 25 o an PAICIR A (A5)

(o1, 02) N1 +2

From

1 1
_ 25 —L 2s L 2s
e rl(ar,o)l <e zlall e 2|0(2| ,

{cla} € 2, (NI, {c.0p) € €2, (N®) for any r > 0, {dy,.«,} € L2(NU1F) for
some r > 0, and the Cauchy—Schwarz inequality, we may now conclude that the sum
(A.5) converges absolutely.

The conclusion of the theorem is thus a consequence of the well known Fubini
theorem with respect to the counting measure. O

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Interna-
tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license, and indicate if changes were made.

References

1. Abdeljawad, A., Coriasco, S., Toft, J.: Liftings for ultra-modulation spaces, and one-parameter groups
of Gevrey type pseudo-differential operators. arXiv:1712.04338

2. Bony, J.M., Chemin, J.Y.: Espaces fonctionnels associés au calcul de Weyl-Hormander. Bull. Soc.
Math. Fr. 122, 77-118 (1994)

3. Cappiello, M., Toft, J.: Pseudo-differential operators in a Gelfand—Shilov setting. Math. Nachr. 290,
738-755 (2017)

4. Carypis, E., Wahlberg, P.: Propagation of exponential phase space singularities for Schrodinger equa-
tions with quadratic Hamiltonians. J. Fourier Anal. Appl. 23, 530-571 (2017)

5. Chung, J., Chung, S.-Y., Kim, D.: Characterizations of the Gelfand—Shilov spaces via Fourier trans-
forms. Proc. Am. Math. Soc. 124, 2101-2108 (1996)

6. Cordero, E., Pilipovi¢, S., Rodino, L., Teofanov, N.: Quasianalytic Gelfand—Shilov spaces with appli-
cations to localization operators. Rocky Mt. J. Math. 40, 1123-1147 (2010)

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/1712.04338

Y. Chen et al.

10.

11.

12.

13.

14.

15.

16.

17.
18.

19.

20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.

31.

32.

33.

. Cordero, E., Toft, J., Wahlberg, P.: Sharp results for the Weyl product on modulation spaces. J. Funct.

Anal. 267, 3016-3057 (2014)

. Feichtinger, H.G.: Modulation spaces on locally compact abelian groups. Technical report, University

of Vienna, Vienna, (1983); also. In: Krishna, M., Radha, R., Thangavelu, S. (eds.) Wavelets and Their
Applications, pp. 99-140. Allied Publishers Private Limited, New Delhi (2003)

. Feichtinger, H.G., Grochenig, K.: Banach spaces related to integrable group representations and their

atomic decompositions, I. J. Funct. Anal. 86, 307-340 (1989)

Feichtinger, H.G., Grochenig, K.: Banach spaces related to integrable group representations and their
atomic decompositions, II. Monatshefte Math. 108, 129-148 (1989)

Galperin, Y.V., Samarah, S.: Time-frequency analysis on modulation spaces M}'9,0 < p,q < oo.
Appl. Comput. Harmon. Anal. 16, 1-18 (2004)

Gel’fand, I.M., Shilov, G.E.: Generalized Functions, I-III. Academic Press, New York (1968)
Gramchev, T., Pilipovi¢, S., Rodino, L.: Classes of degenerate elliptic operators in Gelfand-Shilov
spaces. In: Rodino, L., Wong, M.W. (eds.) New Developments in Pseudo-differential Operators, Oper-
ator Theory: Advances and Applications, vol. 189, pp. 15-31. Birkhduser Verlag, Basel (2009)
Gramchev, T., Pilipovié, S., Rodino, L.: Eigenfunction expansions in R". Proc. Am. Math. Soc. 139,
4361-4368 (2011)

Gramchev, T., Lecke, A., Pilipovi¢, S., Rodino, L.: Gelfand—Shilov type spaces through Hermite
expansions. In: Pilipovi¢, S., Toft, J. (eds.) Pseudo-Differential Operators and Generalized Functions,
Operator Theory: Advances and Applications, vol. 245, pp. 95-105. Birkhduser, Basel (2015)
Grochenig, K.: Describing functions: atomic decompositions versus frames. Monatsh. Math. 112, 1-42
(1991)

Grochenig, K.: Foundations of Time-Frequency Analysis. Birkhduser, Boston (2001)

Grochenig, K.: Composition and spectral invariance of pseudodifferential operators on modulation
spaces. J. Anal. Math. 98, 65-82 (2006)

Grochenig, K.: Weight functions in time-frequency analysis. In: Rodino, L., Wong, M.W. (eds.) Pseu-
dodifferential Operators: Partial Differential Equations and Time-Frequency Analysis, Fields Institute
Communications, vol. 52, pp. 343-366. American Mathematical Society, Providence (2007)
Grochenig, K., Rzeszotnik, Z.: Banach algebras of pseudodifferential operators and their almost diag-
onalization. Ann. Inst. Fourier 58(7), 2279-2314 (2008)

Grochenig, K., Zimmermann, G.: Spaces of test functions via the STFT. J. Funct. Spaces Appl. 2,
25-53 (2004)

Hormander, L.: The Analysis of Linear Partial Differential Operators, vol. I-III. Springer, Berlin (1983,
1985)

Holst, A., Toft, J., Wahlberg, P.: Weyl product algebras and modulation spaces. J. Funct. Anal. 251,
463-491 (2007)

Janssen, A.J.E.M., Eijndhoven, S.J.L.: Spaces of type W, growth of Hermite coefficients, Wigner
distribution, and Bargmann transform. J. Math. Anal. Appl. 152, 368-390 (1990)

Kostadinova, S., Saneva, K., Vindas, J.: Gabor frames and asymptotic behavior of Schwartz distribu-
tions. Appl. Anal. Discrete Math. 10, 292-307 (2016)

Labate, D.: Time-frequency analysis of pseudodifferential operators. Monatshefte Math. 133, 143-156
(2001)

Nicola, F., Rodino, L.: Global Pseudo-Differential Calculus on Euclidean Spaces. Birkhéuser, Basel
(2010)

Reich, M.: A non-analytic superposition result on Gevrey-modulation spaces. arXiv:1411.3206
Sjostrand, J.: An algebra of pseudodifferential operators. Math. Res. Lett. 1, 185-192 (1994)

Toft, J.: Subalgebras to a Wiener type algebra of pseudo-differential operators. Ann. Inst. Fourier 51,
1347-1383 (2001)

Toft, J.: Continuity properties for modulation spaces with applications to pseudo-differential calculus,
I. J. Funct. Anal. 207, 399-429 (2004)

Toft, J.: Continuity and Schatten properties for pseudo-differential operators on modulation spaces.
In: Toft, J., Wong, M.W., Zhu, H. (eds.) Modern Trends in Pseudo-Differential Operators, Operator
Theory: Advances and Applications, vol. 172, pp. 173-206. Birkhéuser Verlag, Basel (2007)

Toft, J.: The Bargmann transform on modulation and Gelfand—Shilov spaces, with applications to
Toeplitz and pseudo-differential operators. J. Pseudo Differ. Oper. Appl. 3, 145-227 (2012)

@ Springer


http://arxiv.org/abs/1411.3206

The Weyl product on quasi-Banach modulation spaces

34.

35.

36.

37.

38.

Toft, J.: Gabor analysis for a broad class of quasi-Banach modulation spaces. In: Pilipovi¢, S., Toft,
J. (eds.) Pseudo-Differential Operators and Generalized Functions, Operator Theory: Advances and
Applications, vol. 245, pp. 249-278. Birkhauser, Basel (2015)

Toft, J.: Continuity and compactness for pseudo-differential operators with symbols in quasi-Banach
spaces or Hormander classes. Anal. Appl. 15, 353-389 (2017)

Toft, J.: Matrix parameterized pseudo-differential calculi on modulation spaces. In: Oberguggenberger,
M., Toft, J., Vindas, J., Wahlberg, P. (eds.) Generalized Functions and Fourier Analysis, Operator
Theory: Advances and Applications, vol. 260, pp. 215-235. Birkhéuser, Basel (2017)

Toft, J.: Images of function and distribution spaces under the Bargmann transform. J. Pseudo Differ.
Oper. Appl. 8, 83-139 (2017)

Wahlberg, P., Schreier, P.J.: Gabor discretization of the Weyl product for modulation spaces and filtering
of nonstationary stochastic processes. Appl. Comput. Harmon. Anal. 26, 97-120 (2009)

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional
affiliations.

@ Springer



	The Weyl product on quasi-Banach modulation spaces
	Abstract
	0 Introduction
	1 Preliminaries
	1.1 Weight functions
	1.2 Gelfand–Shilov spaces
	1.3 An extended family of pseudodifferential calculi
	1.4 Modulation spaces
	1.5 Pseudodifferential operators and Gabor analysis
	1.6 Composition of pseudodifferential operators with symbols in Banach modulation spaces

	2 Composition of pseudodifferential operators with symbols in quasi-Banach modulation spaces
	3 Necessary conditions
	Appendix
	References




