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Abstract In this paper, we introduce a cyclic subgradient extragradient algorithm and its modified form for
finding a solution of a system of equilibrium problems for a class of pseudomonotone and Lipschitz-type
continuous bifunctions. The main idea of these algorithms originates from several previously known results
for variational inequalities. The proposed algorithms are extensions of the subgradient extragradient method
for variational inequalities to equilibrium problems and the hybrid (outer approximation) method. The paper
can help in the design and analysis of practical algorithms and gives us a generalization of the most convex
feasibility problems.
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1 Introduction

Let H be areal Hilbert spaceand C;, i = 1, ..., N be closed convex subsets of H such that C = ﬂlN:lC,- = 0.

Let fi: Hx H— N, i=1,..., N be bifunctions with f;(x, x) = 0 for all x € C;. The common solutions
to equilibriums problem (CSEP) [14] for the bifunctions f;, i =1, ..., N is to find x* € C such that
fix*,y) =0, VyeC;, i=1,...,N. (1)

We denote F = ﬂN 1EP(fi, Ci) by the solution set of CSEP (1), where EP(f;, C;) is the solution set of
each equilibrium subproblem for f; on C;. CSEP (1) is very general in the sense that it includes, as special
cases, many mathematical models: common solutions to variational inequalities, convex feasibility problems,
common fixed point problems, see for instance [2,8,10,11,14,21,34,37]. These problems have been widely
studied both theoretically and algorithmically over the past decades due to their applications to other fields
[5,10,15,29]. The following are three very special cases of CSEP. Firstly, if f; (x, y) = 0 then CSEP is reduced
to the following convex feasibility problem (CFP):

findx* e C =Y, C; #9,
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that is to find an element in the intersection of a family of given closed convex sets. CFP has received a lot of
attention because of its broad applicable ability to mathematical fields, most notably, as image reconstruction,
signal processing, approximation theory and control theory, see in [5,10,15,29] and the references therein.

Next, if f;(x, y) = (x — Six, y —x)forallx, y € Cwhere S; : C — Cisamappingforeachi =1,..., N
then CSEP becomes the following common fixed point problem (CFPP) [8] for a family of the mappings S;,
ie.,

find x* € F := NN F(S)),

where F(S;) is the fixed point set of S;. Finally, if fj(x,y) = (A;(x),y —x), where A; : H — H is a
nonlinear operator foreachi = 1, ..., N, then CSEP becomes the following common solutions to variational
inequalities problem (CSVIP): find x* € C = ﬂlNz 1 Ci such that

(Ai(x*),y —=x*)=0, VyeCii=1,...,N 2)

which was introduced and studied in [11,21,36].

In 2005, Combettes and Hirstoaga [14] introduced a general procedure for solving CSEPs. After that,
many methods were also proposed for solving CSVIPs and CSEPs, see for instance [4,21,30,32-35] and the
references therein. However, the general procedure in [14] and the most existing methods are frequently based
on the proximal point method (PPM) [22,28], i.e., at the current step, given x,, the next approximation x;,1
is the solution of the following regularized equilibrium problem (REP).

1
Find x € C such that: f(x,y)+ —(y —x,x —x,) >0, VyeC, 3)
T

n

or x,4+1 = Jy, r(xy) where r, is a suitable parameter, J is the resolvent [14] of the bifunction f and C
is a nonempty closed convex subset of H. Note that, when f is monotone, REP (3) is strongly monotone,
hence its solution exists and is unique. However, if the bifunction f is generally monotone [7], for instance,
pseudomonotone then REP (3), in general, is not strongly monotone. So, the existence and uniqueness of the
solution of (3) is not guaranteed. In addition, its solution set is not necessarily convex. Therefore, PPM can
not be applied to the class of equilibrium problems for pseudomonotone bifunctions.

In 1976, Korpelevich [23] introduced the following extragradient method (or double projection method)
for solving saddle point problem for L-Lipschitz continuous and monotone operators in Euclidean spaces,

[yn = Pc(xy — RAG), @

Xp41 = Pe(x, — )"A(yl’l))v

where A € (0, %). In 2008, Quoc et al. [30] extended Korpelevich’s extragradient method to equilibrium
problems for pseudomonotone and Lipschitz-type continuous bifunctions in which two strongly convex opti-
mization programs are solved at each iteration. The advantage of extragradient method is that two optimization
problems are numerically easier than non-linear inequality (3) in PPM.

In 2011, in order to improve the second projection in Korpelevich’s extragradient method on the feasible
set C, Censor et al. [13] proposed the following subgradient extragradient method,

Yn = Pc(xp — AA(xp)), (5)
Xn+1 = PT,, (xp — AA(W)),
where the second projection is performed on the specially constructed half-space 7, as 7, = {v e H:

((xp = AA(XR) — Y, v — yp) < 0}. It is clear that the second projection on the half-space 7, in the sub-

gradient extragradient method is inherently explicit. Figures 1 and 2 (see [13]) illustrate the iterative steps of
Korpelevich’s extragradient method and the subgradient extragradient method, respectively.
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Fig. 1 Iterative step of the Korpelevich’s extragradient method

X, - AA(x,)
o Xn - AA (Y,
xn 4’_’— ————————
Xn+1
C Tn

Fig. 2 Iterative step of the subgradient extragradient method

For the special case, when CSEP (1) is CSVIP (2), Censor et al. [11] used Korpelevich’s extragradient
method and the hybrid (outer approximation) method to propose the following hybrid method for CSVIPs,

Yo = Pc;(xn — A, Ai(xp)), i =1,..., N,

2y = Pe,(xn — 2 Ai (), i =1,..., N,
H,’,={zeH_:(xn—zi,,z—xn—y,’,(zﬁl—xn))50}, ©)
Hy = 0%

Wp={z€ H:(x1—x4,2—x,) <0},

| Xn+1 = PH,nw,X1.

Then, they proved that the sequence {x,} generated by (6) converges strongly to the projection of x; on the
solution set of CSVIP.

The purpose of this paper is triple. Firstly, we extend the subgradient extragradient method [13] to equi-
librium problems, i.e., REP (3) is replaced by two optimization programs

. 1
Yn = argmin [?»nf(xn,y)+§||xn—YI|21y€C}, (N

. 1
Xp+1 = argmin [)\nf(Yn,)’)‘}‘E”xn_sz:yETn]v (8)

where {A,} is a suitable parameter sequence and 7}, is the specially constructed half-space as
T, ={veH:{(xy = Awy) — Y, v—yn) <0},

and w, € 3z f (xu, yn) := 9f (xn, .)(y). The advantages of the subgradient extragradient method (7)—(8) are
that two optimization problems are not only numerically solved more easily than non-linear inequality (3),
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but also optimization program (8) is performed onto the half-space T},. There are many class of bifunctions in
which the program (8) can be effectively solved in many cases, for example, if f(x,.) is a convex quadratic
function then problem (8) can be computed by using the available methods of convex quadratic programming
[9, Chapter 8] or if f(x, y) = (A(x), y — x) then problem (8) is an explicit projection on the halfspace T,

Secondly, based on the subgradient extragradient method (7)—(8) and hybrid method (6) we introduce
a cyclic algorithm for CSEPs, so-called the cyclic subgradient extragradient method (see, Algorithm 3.1 in
Sect. 3). Note that, hybrid method (6) is parallel in the sense that the intermediate approximations yfl are
simultaneously computed at each iteration, and zﬁl are too. A disadvantage of hybrid method (6) is that in order
to compute the next iteration x,4; we must solve a distance optimization program onto the intersection of
N + Lsets H!, H?, ..., HN, W,. This might be costly if the number of subproblems N is large. This is the
reason which explains why we design the cyclic algorithm in which x, 4 is expressed by an explicit formula
(see, Remarks 3.2 and 3.7 in Sect. 3). Finally, we present a modification of the cyclic subgradient extragradient
method for finding a common element of the solution set of CSEP and the fixed point set of a nonexpansive
mapping. Strongly convergent theorems are established under standard assumptions imposed on bifunctions.
Some numerical experiments are implemented to illustrate the convergence of the proposed algorithm and
compare it with a parallel hybrid extragradient method.

The paper is organized as follows: in Sect. 2, we collect some definitions and preliminary results for
proving the convergence theorems. Section 3 deals with the proposed cyclic algorithms and analyzing their
convergence. In Sect. 4, we illustrate the efficiency of the proposed cyclic algorithm in comparison with a
parallel hybrid extragradient method by considering some preliminary numerical experiments.

2 Preliminaries

In this section, we recall some definitions and results for further use. Let C be a nonempty closed convex subset
of a real Hilbert space H. A mapping S : C — H is called nonexpansive on C if ||[S(x) — S(V)|| < ||x — y]|
for all x, y € C. The fixed point set of S is denoted by F(S). We begin with the following properties of a
nonexpansive mapping.

Lemma 2.1 [17] Assume that S : C — H is a nonexpansive mapping. If S has a fixed point, then

(i) F(S) is closed convex subset of C.
@ii) I — S is demiclosed, i.e., whenever {x,} is a sequence in C weakly converging to some x € C and the
sequence {(I — S)x,} strongly converges to some y, it follows that (I — S)x = y.

Next, we present some concepts of the monotonicity of a bifunction and an operator (see [8,26]).
Definition 2.2 A bifunction f : C x C — N is said to be

(i) strongly monotone on C if there exists a constant y > 0 such that
fa+ fox) < —yllx =yl VxyeC
(i) monotone on C if
J. )+ fy,x) =0, Vx,yeC;
(iii) pseudomonotone on C if
Jx, ) z20= f(y,x) =0, Vx,yeC.

From definitions above, it is clear that a strongly monotone bifunction is monotone and a monotone
bifunction is pseudomonotone.

Definition 2.3 [23] An operator A : C — H is called

(i) monotone on C if
(A(x) —A(y),x —y) =0, Vx,yeC;
(ii) pseudomonotone on C if

(AX),y =x) 2 0= (A(y).x —y) =0, Vx,y € C;
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(iii) L-Lipschitz continuous on C if there exists a positive number L such that
IIA(x) = AWl < Lllx = yll, Vx,yeC.

For solving CSEP (1), we assume that the bifunction f : H x H — ) satisfies the following conditions,
see [30].

(A1) f is pseudomonotone on C and f(x,x) =0forallx,y € C;
(A2) f is Lipschitz-type continuous on H, i.e., there exist two positive constants cy, ¢z such that

F+ 0,2 > fx,2) —callx —ylI* —elly —zll?, Vx,y,z € H;

(A3) f is weakly continuous on H x H;
(A4) f(x,.)is convex and subdifferentiable on H for every fixed x € H.

Hypothesis (A2) was introduced by Mastroeni [25]. It is necessary to imply the convergence of the auxiliary
principle method for equilibrium problems. Now, we give some cases for bifunctions satisfying hypotheses
(A1) and (A2). Firstly, we consider the following optimization problem,

min {¢(x) : x € C},

where ¢ : H — 9 is a convex function. Then, the bifunction f(x, y) = ¢(y) — ¢ (x) satisfies conditions (A1)
and (A2) automatically. Secondly, let A : H — H be a L-Lipschitz continuous and pseudomonotone operator.
Then, the bifunction f(x, y) = (A(x), y — x) also satisfies conditions (A1) — (A2). Indeed, hypothesis (A1)
is automatically fulfilled. From the L-Lipschitz continuity of A, we have

FO )+ () = fx,2) =(AK) — A(y), y —2) = —[|Ax) — AWy — 2l

L 2 L 2
—Lllx = ylllly = 2ll = =5 llx = ylI" = Sy — 2"

v

This implies that f satisfies condition (A2) with ¢; = ¢; = L/2. Finally, a class of other bifunctions, which
is generalized from the Cournot—Nash equilibrium model [30] as

fO,y)=(F@)+Q0y+q,y—x), x,y e,

where F : R" — N, Q € R is a symmetric positive semidefinite matrix and ¢ € N also satisfies
condition (A2) under some suitable assumptions on the mapping F [30].
Note that, from assumption (A2) with x = z we obtain

F )+ f(3.x) = —(c1 +e)llx — yl|>, Vx,y € H.

This does not imply the monotonicity, even pseudomonotonicity, of the bifunction f.

The metric projection Pc : H — C is defined by Pc(x) = argmin{||y — x|| : y € C}. Since C is non-
empty, closed and convex, Pc(x) exists and is unique. It is also known that P¢ has the following characteristic
properties, see [18].

Lemma 2.4 Let Pc : H — C be the metric projection from H onto C. Then

(i) Pc is firmly nonexpansive, i.e.,

(Pc(x) = Pc(y),x —y) = |Pc(x) — Pc(W)I*, Vx,y € H.
(i) Forallx € C,y € H,
lx = Pc)I? + I1Pc(y) — yI* < llx — ylI*. )

(iii)) z = Pc(x) if and only if
(x—z,z—y)=0, VyeC. (10)
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Note that any closed convex subset C of H can be represented as the sublevel set of an appropriate convex
functionc : H — N,

C={ve H:cl) <0}.
The subdifferential of ¢ at x is defined by
de(x) ={w e H:c(y) —c(x) = (w,y —x), VyeH}.

Foreach z € H and w € dc(z), we denote T(z) = {v € H : c(2) + (w,v —z) <0}.If z ¢ intC then T (z)
is a half-space whose bounding hyperplane separates the set C from the point z. Otherwise, T (z) is the entire
space H. We recall that the normal cone of C at x € C is defined as follows:

Necx)={we H:{w,y—x) <0, VyeC}.

Lemma 2.5 [16] Let C be a nonempty convex subset of a real Hilbert space H and g : C — N be a convex,
subdifferentiable, lower semicontinuous function on C. Then, x* is a solution to the following convex problem
min{g(x) : x € C}ifand only if 0 € 9g(x™) + Nc(x™), where dg(.) denotes the subdifferential of g and
N¢ (x*) is the normal cone of C at x*.

3 Main results

In this section, we present a cyclic subgradient extragradient algorithm for solving CSEP for the pseu-
domonotone bifunctions f;, i = 1,..., N and its modified algorithm and analyze the strong convergence
of the obtained iteration sequences. In the sequel, we assume that the bifunctions f; are Lipschitz-type con-
tinuous with the same constants ¢ and c», i.€.,

[+ (3,2 > fitx,2) —erllx — yl1? —eally — 2l

for all x, y, z € H and the solution set F = ﬂlNzlEP(f,-, C;) is nonempty. It is easy to show that if f; satisfies
conditions (A1) — (A4) then E P(f;, C;) is closed and convex (see, for instance [30]). Thus, F is also closed
and convex. We denote [n] = n(mod N) + 1 to stand for the mod function taking the values in {1, 2, ..., N}.
We have the following cyclic algorithm:

Algorithm 3.1 (Cyclic Subgradient Extragradient Method)
Initialization. Choose xo € H and two parameter sequences {A,}, {y,} satisfying the following conditions

. 11 1 1
0<a<it, <pB <min (E’ E) , Yn € €, 5],fors0mee e (0, 51

Step 1 Solve two strongly convex programs

. 1
yn = argmin [/\nf[n](xn, )+ §||xn —ylP:ye C[n]] .

. 1
Ip = argmin [)\nf[n]()’ny y) + §||xn - y||2 ty e Tn] s

where T, is the half-space whose bounding hyperplane supported on Ciy) at yy, i.e.,
T, ={veH:((xy —Awy) — yn, v —yn) <0},

and w, € aZf[n](xna yn) = af[n](xna )(yn)
Step 2 Compute x,+1 = Pp,nw, (x0), where

Hy={zeH:{xy—2p,2—Xn — ¥n(2n — xp)) < 0};
W,={z¢e€ H:(xg—xn,2— %) <0}.

Setn :=n + 1 and go back Step 1.
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Remark 3.2 Two sets H,, and W,, in Algorithm 3.1 are either the half-spaces or the space H. Therefore, using
the same techniques as in [30], we can define the explicit formula of the projection x,4+1 of xo onto the

intersection H, N W,,. Indeed, let v, = x, + ¥ (zn — Xxp), we rewrite the set H,, as follows:

H,={ze€H:{xy—zn,2—vy) <0}.
Therefore, by the same arguments as in [30], we obtain

(Xn — Zn, X0 — Vn)
3 (Xn — zn)
[1xn — znll

Xn+1 := Pp,x0 = x0 —

if Py,xo € W,. Otherwise,
Xpt1l = X0 + 1 (Xp — zp) + 12(x0 — Xp),

where 11, t; is the solution of the system of linear equations with two unknowns

[ 11 ]]x, _Zn||2 + 0 (Xp — Zn, X0 — Xp) = — (X0 — Un, X — Zn) ,

11 {xp — 2Zn, X0 — Xu) + 12||x0 _xn||2 = —Ilxo _xn||2~

We need the following results for proving the convergence of Algorithm 3.1.

Lemma 3.3 Assume that x* € F. Let {x,}, {yn}, {zn} be the sequences defined as in Algorithm 3.1. Then,

there holds the relation

Hzn — X* 117 < [1xn — x*117 — (1 = 245¢1) |1yn — Xall* = (1 = 220¢2) 120 — yull*.

Proof Since z, € T,,, we have

((xn — Apwy) — Yn, 2n — Yu) < 0.

Thus
(Xn = Yn>Zn — Yn) < An {Wpy Zn — Yn) -

From w;, € 9 f{u)(xn, y») and the definition of subdifferential, we obtain

f[n](xnv y) — f[n](xns Yn) = Wwp,y —yn), Vy€H.
The last inequality with y = z, and (11) imply that

An {f[n](xm Zn) — f[n](xna yn)} > (Xy = Yn»Zn — Yn) -

By Lemma 2.5 and

. 1
Zp = argmin [)‘nf[n]()’nv y) + E”xn - y||2 BRARS Tn] s
one has
1
0e€o [)bnf[n](yna )+ §||xn - )’HZ] (zn) + N1, (28).

Thus, there exist w € 92 f{4)(Yn, 21) and w € Nr, (z,) such that

Aw~+ 2, —x, +w =0.

(1)

(12)

(13)

From the definition of the normal cone and w € Nr, (z,), we get (w, y — z,) < Oforall y € T,. This together

with (13) implies that

A w,y —zn) = {Xn — 20, Y — Zn)

forall y € T,,. Since x* € T,
An (w, x*— Zn) = (xn — Zn, X" — Zn)

(14)
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By w € 32 fin1(Yn, 2n),
St Ons ¥) = finiOns 2n) = (w, y — 20), Vy € H.
This together with (14) implies that
Mn { i1 s ¥ = fin s 20)} = (X0 = 200 X = 20).- 15)

Note that x* € EP(fin], Cn)) and y, € Cln], 0 fin1(x™*, yo) > 0. The pseudomonotonicity of f,] implies
that fiu1(yn, x*) < 0. From (15), we get

(xn —ZnsZn _x*) > A fin) (Vs Zn)- (16)

The Lipschitz-type continuity of fj,) leads to
S Ons z0) 2 i@ z0) = fi Cens yn) = ctlln = yall> = e2llzn = yul . (17)

Combining relations (16) and (17), we obtain

(xn —Zn,Zn — x*) > An {f[n](xn’ Zn) — Sin1(xn,s yn)}
—dnctlxn = yull? = Ancallzn — yall*. (18)
By (12), (18), we obtain

2
(n = zns 20 — x™) = (X0 = Yn2 20 — Yu) — Ancillxn — yull

~hncallzn = yall®. (19)
We have the following facts
2420 = 2y 20 = %) = |la = ¥ = llza = 2al? = l1za — x*[]%. (20)
2 (X0 = Yns 20 = ¥u) = 1% = Yal? + l1za = Yul* = [1%0 — zall. 1)
Relations (19)—(21) lead to the desired conclusion of Lemma 3.3. O

Lemma 3.4 Let {x,}, {yu}, {zn} De the sequences generated by Algorithm 3.1. Then

(i) F Cc W, N H, and x4 is well-defined for all n > 0.
(1) limy—eo [[Xp41 — Xul| = im0 ||y — Xl = limy— o |20 — x| = 0.

Proof (1). From the definitions of H,,, W,,, we see that these sets are closed and convex. We now show that
Fc HNW,foralln >0.Foreachi =1,..., N, let

1
B, = [ZeH:<xn_znsz_xn_E(Zn_xn)>§0]-

By y, € [e, %], B,, C H,.From Lemma 3.3 and the assumption of A,, we obtain ||z, — x*|| < ||x, — x*]|| for
all x* € F. This inequality is equivalent to the following inequality

1
<xn_zn7x>k_xn_E(Zn_xn)>50, VX*EF

Therefore, FF C B, for all n > 0. Next, we show that FF C B, N W, for all n > 0 by the induction. Indeed,
we have FF C By N Wy. Assume that F C B, N W, for some n > 0. From x,+1 = Pn,nw, (xo) and (10), we
obtain

(X0 — Xpt1, Xn+1 —2) =0, Vz e H,NW,.
Since F C (B, N'W,) C (H, N'W,),

(x0 — Xp+1, Xn+1 —2) =0, Vze F.
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This together with the definition of W, | implies that ¥ C Wi, andso F C (B, N'W,) C (H, N W,) for
all n > 0. Since F is nonempty, x,+1 is well-defined.
(i1). From the definition W, we have x,, = Py, (xo). For each u € F C W, from (9), one obtains

|[xn — xoll < [lu — xoll- (22)

Thus, the sequence {||x, — xol|} is bounded, and so {x,} is. Moreover, the projection x,4+1 = Pg,nw, (x0)
implies x,,+1 € W,. From (9) and x,, = Pw, (x¢), we see that

l1xn — xoll < [|Xn41 — xoll.

So, the sequence {||x, — xo||} is non-decreasing. Hence, there exists the limit of the sequence {||x, — xol|}.
By x,4+1 € Wy, x, = Pw, (x0) and relation (9), we also have

[n1 = x> < |Pngt = x0l> = [1xa — xol %, (23)
Passing to the limit in inequality (23) as n — o0, one gets
Jm flxgr —xall = 0. (24)
From the definition of H, and x,+| € H,, we have
Vallzw = xall* < G = 2 X0 = Xnr1) < 1% = zulllln = X111
Thus, yullzn — xpll < |1Xn — Xp411]. From y,, = € > 0 and (24), one has
Jim fzp — xu|| = 0. (25)
From Lemma 3.3 and the triangle inequality, we have

2 2 2
(1 =2xne) llyn = xall™ < llxn — x*[17 = llzp — x™]|
< (llxn = x|+ llzn = "Dl — x| = llzn — x*1)

< (lxn = x| + llzn — x*[DIlxn — znll-

The last inequality together with (25), the hypothesis of A, and the boundedness of {x,}, {z,} implies that

fim |y, — x| = 0.
n—oo

The proof of Lemma 3.4 is complete. O

Theorem 3.5 Let C;, i = 1,2, ..., N be nonempty closed convex subsets of a real Hilbert space H such

that C = ﬂlNlei # (). Assume that the bifunctions f;,i = 1, ..., N satisfy all conditions (A1) — (A4). In
addition, the solution set F is nonempty. Then, the sequences {x,},{vn}, {z,} generated by Algorithm 3.1
converge strongly to Pr(xo).

Proof By Lemma 3.4, we see that the sets H,,, W,, are closed and convex for all n > 0. Besides, the sequence
{x,} is bounded. Assume that p is some weak cluster point of the sequence {x,}. From Lemma 3.4(ii) and [6,
Theorem 5.3], for each fixedi € {1, 2, ..., N}, there exists a subsequence {x,, j} of {x,} weakly converging to
p,ie., Xn; — pasj— 00 such that [ ;] =i for all j. We now show that p € F'. Indeed, from the definition
of Vn; and Lemma 2.5, one gets

1
0eo [)\njf[nj](xnjs y)+ §||xnj - )’IIQ} (ynj) + NC[an(ynj)'
Thus, there exist w € NC[n,-J(ynj) and w € Bzf[nj](x,,j, Yn;) such that

From the definition of the normal cone NC[nj] (¥n;), we have (LD, Y —n j) < Oforall y € C,;). Taking into
account (26), we obtain
My (w, y = ;) = (Ynj = Xnjo ¥ = V) (27)
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forall y € Cinj1- Since w € 02 fin1(Xn ;s Yn;)s

f[nj](xn,7)’)_f[nj](xnj,ynj)Z(w»y_ynj), VYEH (28)

Combining (27) and (28), one has

)‘n_,- (f[n_,-](xn_,-» y) — f[ﬂj]('xl’lj7 Yn_,-)) = (Yn_,- —Xnj, Y — )’nj) (29)

forall Vy € Cpp ;. From Lemma 3.4(ii) and x,; — p, we also have y,; — p. Passing to the limit in inequality
(29) and employing assumption (A3), we conclude that fi, 1(p, y) = O forall y € C,). Since [n] =i for
all j, p € EP(f;,C;). This is true forall i = 1, ..., N. Thus, p € F. Finally, we show that xn; — p. Let

xT = Pr(xo). Using inequality (22) with u = x7, we get
[xn, — xoll < |Ix" = xol|.

By the weak lower semicontinuity of the norm ||.|| and x,; — p, we have

llp — xoll <Tim inf |lx,, — %oll <1im sup [lx,; — xoll < |l = xoll.
J—0o0 j—o0o

By the definition of xT, p = xT and limj 00 [[xn; — x0ll = [IxT — xo||. Since Xn; — X0 — xT = x¢ and
the Kadec—Klee property of the Hilbert space H, we have Xn; — X0 —> Xt = x0. Thus Xn; = xT=pPp (x0)
as j — oo. Now, assume that p is any weak cluster point of the sequence {x,}. By above same arguments,
we also get p = x". Therefore, x, — Pr(xg) as n — o0o. From Lemma 3.4(ii), we also see that {y,}, {z,}
converge strongly to Pg(xg). This completes the proof of Theorem 3.5. O

Remark 3.6 The proof of Theorem 3.5 is different from one of Theorem 3.3(ii) in [14]. We emphasize that the
proof of Theorem 3.3(ii) in [14] is based on the resolvent J,7 : H — 2€ of the bifunction r f as

Jrpx)={zeC:rf(z,y)+{z—x,y—2) >0, VyeC}, x€H,

where r > 0. If f is monotone then J is single valued, strongly monotone and firmly nonexpansive, i.e.,

rp () = Jrp DI < (Frp (x) = Trp (), x — ),

which implies that J, ¢ is nonexpansive. However, if f is pseudomonotone then J ¢, in general, is set-valued.
Moreover, J; s is not necessarily convex and nonexpansive. Thus, the arguments in the proof of Theorem 3.3(ii)
in [14] which use the characteristic properties of J;# can not be applied to the proof of Theorem 3.5.

Remark 3.7 In the special case, CSEP (1) is CSVIP (2) then Algorithm 3.1 becomes the following cyclic
algorithm,

Yn = PC[n] (xn — AnAn)(xXn)),

in = PT” (xp — AnA[n](yn)),
an{ZEH:(-xn_ZnsZ_xn_Vn(Zn_-xn)>50}7 (30)
Wyp={z€H:{x1 —xn,z—x,) <0},

Xn+1 = Pr,nw, (X0),

where 7, = {v € H : ((xy — Ay A) (X)) — Yn, v — yn) < 0}. The character of the projection z, is explicit
and it is defined by

Uy ifu, € T,,
Z = —V .
" un+vn—}n||2<vn_yn»yn_un) ifu, ¢ Ty,

[lvn—Yn
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where u, = x, — A, A (yn) and v, = x, — A, A[n(x,,)). Using the same techniques as in [19] then x,4 in
(30) is also expressed by an explicit formula and we rewrite the algorithm (30) as follows:

Yn = PC[,,J (xp — )\nA[n](xn))a
set uy, = x, — )\nA[n](yn)s Up = Xpn — )\'HA[}'ZJ(xil))s
.= Un if (Vvy — Y, upy — yn) <0,
" un‘f‘ﬁ(vn_yn’yn_un) if (v — yn, uy — yu) >0,
set 1, = (X0 — Xp, Vn(-xn —2Zn)) s Mn =llx0 — xn||21 (31
Vn = |vn(xn — Zn)||2’ and o, = fpVy — 77,%
Yn(Xn + Zn), if p, =0and 7, > 0,
Xn4+1 = 3X0 + Vn (1 + Z_:) (zn — xn), lfpn > 0 and m,v, > Pns
Yo+ ;_Z (7wn(x0 — Xp) + Valn(zn — X)), if p, > 0 and v, < pp.

Thus, algorithm (30) (or (31)) can be considered as an improvement of Algorithm 3.1 in [11] for CSVIPs.

Next, we propose a modification of Algorithm 3.1 which combines the subgradient extragradient method
and Mann’s iteration for finding a common solution of CSEP which is also a fixed point of a nonexpansive
mapping S. Some algorithms for finding a common element of the solution set of EPs (or VIPs) and the fixed
point set of nonexpansive mappings can be found, for example, in [1, Algorithm 1], [4, Methods A and B],
[13, Algorithm 6.1], [35, Algorithms 1, 2 and 3], [31, Theorem 3.2], [32, Theorems 3.1, 3.6 and 3.7], [38,
Theorems 3.1 and 3.6].

Algorithm 3.8 (Modified Cyclic Subgradient Extragradient Method)
Initialization Choose xo € H and three control parameter sequences {A,}, {yn}, {an} satisfying the following
conditions.

(1) 0<a<x, <B <min (ch.’ %) , Yn € €, %],forsomee € (0, %].

@i1) {an} C (0, 1) such that lim,_, s sup o, < 1.

Step 1 Solve two strongly convex programs

) 1
Yp = argmin [)Lnf[n](xn, y) + 5||xn - y||2 BRS C["]] :

. 1
Zp = argmin [knf[nl(yn, )+ §||xn —ylP:ye Tn] )
where T, is defined as in Algorithm 3.1.
Step 2 Calculate u, = ayx, + (1 — o) Sz
Step 3 Compute x,+1 = Py,nw, (x0), where

an{zeH:(xn_unsz_xn_yn(un_xn)) So}s
Wy ={z€ H :{xo—xu,z—xn) <0}.

Setn :=n + 1 and go back Step 1.

Three algorithms in [35] used the extragradient method [30] for equilibrium problems while the idea
of Algorithm 3.8 comes from the subgradient extragradient method. The hybrid step for finding projec-
tion x,4+1 = Pu,nw,(x0) in Algorithm 3.8 is explicit, but that one for the algorithms in [35] still deals
with the feasible set C. The approximation z, in Step 1 belongs to the halfspace 7, and it, in general,
is not in C. Thus, we assume here that S is defined on the whole space H. For N = 1, the author in
[1] proposed a strongly convergent hybrid extragradient algorithm for an equilibrium problem and a fixed
point problem which does not use cutting-halfspaces. However, its convergence requires a strong assump-
tion that ||x,+1 — xu|/| — 0 as n — o0o. We have the following result for the convergence of
Algorithm 3.8.

Theorem 3.9 Let C;, i = 1,..., N be nonempty closed convex subsets of a real Hilbert space H such that
C = m,N:]Ci # (). Assume that the bifunctions f;, i = 1,..., N satisfy all conditions (A1) — (A4) and
S : H — H is a nonexpansive mapping. In addition, the solution set F N F(S) is nonempty. Then, the
sequences {xp}, {yn}, {zn}, {un} generated by Algorithm 3.8 converge strongly to Prnr(s)(X0).
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Proof From Lemma 2.1, F(S) is closed and convex. Therefore, the sets F' N F(S), H,, W, are closed and
convex for all n > 0. By arguing similarly to the proof of Lemma 3.4, we also have F N F(S) C H, N W, for
all n > 0. We next show that

lim ||x;41 — xpl| = lim [y, — x,|| = lim ||z, — xu|| =0,
n—00 n—00 n— 00

lim [|uy — x|l = lim [|S(xy) — xu[] = 0.

n—oo n—o0

Indeed, by arguing similarly to (24), (25) we obtain

lim ||xp41 — x| = lim [Juy — x,[] = 0. (32)
n—o0 n—0oo

By the triangle inequality, we have |||xn —x*|12 = ||up — x*||2| < lxp — unl|(|xn — x*|| + ||ty — x*||). The
last inequality together with (32), the boundedness of {x,}, {u,} one has

lim (J1xn = x*[1> = [lun — x*]1?) = 0. (33)
n—-oo

For each x* € F N F(S), from the convexity of ||.||> and Lemma 3.3 we get

it — X*|1? = lotn (6 — x*) + (1 — e) (Sz0 — x|
< apllxn — x*[1* + (1 — )|z — x|
< anllxy — x*I1F + (1 — ap)l|zn — x*I|?
= |lxn — x* 12+ (1 — o) {zn — x* |17 = l1xp — x*[1}

< lxn — X1 = (1 — ) {(1 = 2hnc)1xn — Yall* + (1 = 2202) 120 — Yall*} -

Therefore,
(1= Zgen) = 3l P+ (1 = 2252l — yall? < 227 x*le _o|z|un ~1F,
- Qn

Combining this inequality with relation (33) and the hypotheses (i), (ii), we obtain

Tim |, = yoll = lim iz, — yull = 0. (34)
Thus, from ||x,;, — z,|| < |1xn — Yull + |lyn — znl| and (34), we obtain

Jm {lx, —zu|l = 0.
Moreover, from u, = a,x, + (1 — o) Sz, we obtain
Nun — xnll = (1 — ap)llxp — Szall- (35

From (32), (35) and the hypothesis lim,_, o Sup«, < 1, we conclude that
lim |x, — Sz,|| = 0.
n—oo

This together with the inequality [|x, — Sxu|| < [lxn — Szall + [|Szn — Sxaull < |1Xn — Szall + llzn — Xull
implies that
lim ||x, — Sx,|| =0. (36)
n—00

Note that {x,} is bounded. Assume that p is any weak cluster point of the sequence {x, }. From Lemma 3.4(ii)
and [6, Theorem 5.3] (or [3, Lemma 6]), for each fixed i € {1, 2, ..., N}, there exists a subsequence {x,, j} of
{xn} converging weakly to p, i.e., x,; — pas j — oo such that [n;] =i for all j. Lemma 2.1 and relation
(36) ensure that p € F(S). Repeating the proof of Theorem 3.5, we conclude that p € F, hence p € FN F(S)
and x, — p as n — oo. The proof of Theorem 3.9 is complete. O

Theorem 3.9 with N = 1 gives us the following result.
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Fig. 3 Behavior of D,, in Experiment 1 for Algorithm 3.1 and PHEGM with A, = 1/4c

Corollary 3.10 Let C be anonempty closed convex subset of a real Hilbert space H. Assume that the bifunction
f satisfies all conditions (A1) — (A4) and S : H — H is a nonexpansive mapping. In addition, the solution
set EP(f, C) N F(S) is nonempty. Let {x,}, {vn}, {zun}, {un} be the sequences generated by the following
manner

[ x0 € H,

Y = argmin{i, f (xa, ¥) + 5llx = y|I* 1y € C),

zp = argmin{i, f (Yn, y) + 511xn — )’”2 1y € T},

up = Xy + (1 — 0y)Szp,

Hy,={zeH:(xy —up,z—xp— Yy —x,)) <0},
Wp={z€e H:{xo—x4,z2—x,) <0},

Xn+1 = PH,nw, (x0),

where T, is defined as in Algorithm 3.1 with w, € 0 f(xy, yp) and 0 < o < A, < B < min( L1 )

21’ 2e3
O0<e<y, <1/2,0 <@, < 1,lim,,supa, < 1. Then, the sequences {x,}, {vn}, {zn}, {un} converge
strongly to Pgp(f,c)nF(s)Xo0-

4 Numerical experiments

We consider the feasible sets C; = C foralli = 1, ..., N and a family of bifunctions f; : C x C — i in K"
(m = 10) by

fit,y)=(Pix+Qiy+gqi,y—x),i=12,...,N, (N=10),

where P;, Q; are matrices of order m such that Q; is symmetric positive semidefinite and Q; — P; is neg-
ative semidefinite, ¢; is a vector in )" for each i. The starting point xo is xo = (I, 1,..., DT € R". We
compare Algorithm 3.1 with the parallel hybrid extragradient method (PHEGM) [35, Algorithm 1]. The ad-
vantage of the proposed algorithms is a computational modification of an optimization program over each
iteration. Thus, we use the function D,, = ||x, — x*||, n = 0, 1, ... to check the convergence of {x,} gen-
erated by the algorithms when execution time elapses, where x* = Pr(x() is a solution of the considered
problem. The convergence of {D,} to 0 implies that the sequence {x, } converges to the solution of the prob-
lem. We do not compare the numbers of iterations of the algorithms because this seems to be not fair. In
fact, per each step Algorithm 3.1 only computes a bifunction while PHEGM computes simultaneously N
bifunctions.
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Fig. 4 Behavior of D, in Experiment 1 for Algorithm 3.1 and PHEGM with 1, = 1/10c¢
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Fig. 5 Behavior of D, in Experiment 1 for Algorithm 3.1 and PHEGM with A, = 1/2.01¢;

All the convex optimization problems over C and quadratic convex ones over polyhedral convex sets
are solved, respectively, by the functions finincon and quadprog in Matlab 7.0 Optimization Toolbox. All the
projections onto the intersection of C and halfspaces in [35, Algorithm 1] are rewritten equivalently to distance
optimization problems while ones onto the intersection of two halfspaces in Algorithm 3.1 are explicit. The
program is written in Matlab 7.0 and performed on a PC Desktop Intel(R) Core(TM) i5-3210M CPU @ 2.50
GHz 2.50 GHz, RAM 2.00 GB.

Experiment 1 Suppose that C = By N By, where B; = {x € W" : ||x||*> < 4} and B, = {x e N |x — (2,

0,....,0)><1 } andg; = Oforalli. Witheachi, wechose P; = Q; is adiagonal matrix with the first diagonal

entry being 1 and other diagonal ones being generated randomly and uniformly in [2, m]. The bifunctions f;
satisfy all conditions (A1)—(A4) for all Lipschitz-type constants c{, ¢, > 0 and we chose here ¢; = ¢, = 5. By
a straightforward computation, the exact solution of the problem is x* = (1,0, ..., 0). Three fixed stepsizes

1

of A, are chosen as A,, = A, where A € {H’

foralln > 0.

ﬁ, ﬁ} and the parameter y;, in Algorithm 3.1 is y,, = %
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Fig. 6 Behavior of D, in Experiment 2 for Algorithm 3.1 and PHEGM with X, = 1/4c¢;
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Fig. 7 Behavior of D,, in Experiment 2 for Algorithm 3.1 and PHEGM with A, = 1/10c¢}

Figures 3, 4 and 5 show the results for { D, } generated by Algorithm 3.1 and PHEGM [35] for the chosen
stepsizes of A,. In these figures, the y-axes represent the value of D,, while the x-axes represent elapsed time
(in second). From these figures, we see that D,, with Algorithm 3.1 decreases faster than that one with PHEGM
after the first 1000s elapses. Besides, {D,} generated by the algorithms, in general, is not monotone and the
behavior of it also depends on the stepsize of A,,.

Experiment 2 The feasible set C is the intersection of six balls with the same radius r = 2 and the centers
as a1 = (1,0,0,...,0), a2 = (-1,0,0,...,0), a3 = (0,1,0,...,0), as = (0,—-1,0,...,0), a5 =
0,0,1,0,...,0), ag = (0,0, —1,0,...,0). Note that C # ¢ because O € C. In this experiment, we chose
gi is the zero vector for all i. Foreachi = 2, ..., N, two matrices P;, Q; are randomly generated! satisfying
the conditions of the problem. Two matrices P;, Q1 are made similarly such that Q| — P) is negative definite.
Thus fi is strongly monotone. From the properties of P; and Q;, EP(f;,C) ={0}and 0 € EP(f;, C) for all
i =2,3,...,N.Hence, F = NN EP(f;, C) = {0}. Each bifunction f; satisfies conditions (A1)-(A4) with

i=1

1 We randomly chose A’ik € [—m,0], Aék ell,m], k=1,...,m, i =2...,N.Set @1, Q’z as two diagonal matrixes with
eigenvalues {)J] X }:;1 and {Aék }:Lzl, respectively. Then, we make a positive definite matrix Q; and a negative semidefinite matrix
T; by using random orthogonal matrixes with Q’z and @ , respectively. Finally, set P, = Q; — T;.
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Fig. 8 Behavior of D,, in Experiment 2 for Algorithm 3.1 and PHEGM with A, = 1/2.01¢;

c’i = cé = ||P; — Q;||/2 [30, Lemma 6.1]. We chose ¢; = ¢; = max {cl1 i=1,2,..., N}. The parameters
v and A, are chosen as in Experiment 1. Figures 6, 7 and 8 describe the behaviors of { D, } generated by the
algorithms with X, = ﬁ, A = ﬁ and A, = 2'01—1C1, respectively. The obtained results are similar to those
in Experiment 1.

5 Conclusions

The paper extends the subgradient extragradient method for variational inequalities to equilibrium problems.
Based on this extension, some cyclic iterative algorithms are proposed for finding a particular solution of
a system of equilibrium problems. The algorithms can be considered as modifications of the extragradient
method. Some preliminary numerical experiments are implemented to illustrate the convergence of the pro-
posed algorithm and compare it with the parallel hybrid extragradient method.
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