-

View metadata, citation and similar papers at core.ac.uk brought to you by .{ CORE

provided by Crossref

Japan J. Indust. Appl. Math. (2014) 31:231-262
DOI 10.1007/s13160-013-0131-3

ORIGINAL PAPER Area 2

Convergence of the invariant scheme of the method
of fundamental solutions for two-dimensional potential
problems in a Jordan region

Hidenori Ogata - Masashi Katsurada

Received: 19 September 2012 / Revised: 9 September 2013 / Published online: 24 September 2013
© The Author(s) 2013. This article is published with open access at Springerlink.com

Abstract We examine the invariant scheme of the method of fundamental solutions
for two-dimensional potential problems, that is, Dirichlet boundary value problems
of the Laplace equation in a Jordan region, with the charge points and the collocation
points obtained by a conformal mapping of the exterior of a disk to the exterior of
the problem region. By a theoretical error analysis, we show that the approximate
solution of the invariant scheme converges to the exact solution exponentially and
some unnatural assumptions needed in the conventional scheme are removed in the
convergence theorem of the invariant scheme.

Keywords Method of fundamental solutions - Charge simulation method - Laplace
equation - Invariant scheme - Conformal mapping

Mathematics Subject Classification (2000) 65N80 - 65N35 - 65N12 - 35J05 -
35J08

This work was supported by JSPS KAKENHI Grant Number 22540116.

H. Ogata (&)

The Department of Communication Engineering and Informatics, Graduate School of Informatics and
Engineering, The University of Electro-Communications, 1-5-1 Chofu-ga-Oka,

Chofu 182-8585, Japan

e-mail: ogata@im.uec.ac.jp

M. Katsurada

The Department of Mathematics, School of Science and Technology,
Meiji University, 1-1-1 Higashi-Mita, Kawasaki 214-8571, Japan

@ Springer


https://core.ac.uk/display/191391298?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

232 H. Ogata, M. Katsurada

1 Introduction

In this paper, we consider the “invariant scheme” of the method of fundamental solu-

tions (MFS) for two-dimensional potential problems, that is, Dirichlet boundary value

problems of the Laplace equation in a Jordan region, and we propose an arrange-

ment of the points used in the method by a conformal mapping. We consider the

two-dimensional Dirichlet problem of the Laplace equation
Au=0 in£2

[ u=1f on I, @

where §2 is aregion in the two-dimensional Euclidean plane and the boundary I = 92
is a closed Jordan curve. Throughout in this paper, we equalize the two-dimensional
Euclidean space R? to the complex plane C'. The MFS gives an approximate solu-
tion of the potential problems (1) by a linear combination of the two-dimensional
fundamental solutions of the Laplace operator

N
1
u@) ~u'$ () = —5 > 0jloglz — ¢l )
j=1

where ¢; € C\ 2(j =1,2,...,N) are called the “charge points” and given by
the user and Q; € R(j = 1,2,..., N) are called the “charges” determined by
the way given below. We call the approximation (2) the “conventional scheme” of
the MFS. We remark that the approximate solution uy satisfies the Laplace equa-

tion Aug\(,:) = 0 exactly in the problem region §2. Regarding the Dirichlet boundary

condition, we choose the charges Q; by the collocation method so that ugg) sat-
isfies the boundary condition approximately. Namely, we choose boundary points
zieI'(i =1,2,..., N)which are called the “collocation points” and determine the
charges Q; by the collocation equation

Wz = f@) (=1,2,...,N), 3)

which is equivalent to the system of linear equations for Q ;

Gu Guip -+ Gin 01 f(z1)
Gy Gxn --- Goy 0> B f(z2)
: : : : e 7 “
Gni Gn2 --- GnwwN On fzn)

Gij=—5-loglzi —¢jl G, j=1,2,...,N).

1 Throughout this paper, we denote the set of all the positive integers by N, the set of all the integers by Z,
the set of all the real numbers by R and the set of all the complex numbers by C.
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Convergence of invariant scheme of fundamental solution method 233

As shown above, the MFS is a very simple method and its computational cost is low.
In addition, as shown in [5], this method achieves high accuracy such as exponential
convergence under some conditions. Due to these advantages, the MFS is used widely
in science and engineering.

However, the conventional scheme of the MES lacks the very basic natural property
that the solution is invariant with respect to trivial affine transformation such as scaling
of coordinates

z—az and {j — agj, (5

where o (# 0) is a real constant, and the origin shift for the boundary data

f@) — f)+e, (6)
where c¢ is a constant. The exact solution u of the potential problem (1) transforms

u(z) = u(az) = u(z)

under the transformation (5) and

u(z) - u(z) +c¢
under the transformation (6), which, however, is not the case with the approximate
solution ug\?) of the conventional scheme (2) of the MFS. Murota gave a solution to
this problem, that is, a scheme of the MFS which is invariant under the trivial affine

transformations (5) and (6) [6,7]. The scheme, which is called the “invariant scheme”,
gives an approximate solution of the problem (1) in the form

N
1
u(z):uﬁ&(z)=co—g§ Q;loglz —¢jl. @)
j=1

where ¢; € C\ 2 (j=1,2,...,N) are the charge points given by the user, Cy € R
isaconstantand Q; € R(j = 1,2,..., N) are the charges subject to the constraint

N
> 0,=0. ®)
j=1

The approximate solution uE\I,) of the invariant scheme (7) also satisfies the Laplace
equation exactly in the problem region §2 and, regarding the boundary condition,

we choose the constants Co and Q; (j = 1,2,..., N) by the collocation method
so that uy satisfies the boundary condition approximately. Namely, we choose the
“collocation points” z; € I' (i = 1,2, ..., N) and we determine the constants C and

Q;(j=1,2,..., N) by the collocation equation
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234 H. Ogata, M. Katsurada

uy @) = f@) (=12,...,N), ©)
and the Eq. (8), which are equivalent to the system of linear equations for Cp and Q ;

G G2 ---Gin 1 01 f(z1)
Gy Gy ---Goy 1 0> f(z2)

. . : . . . ’ (10)
Gn1 Gya---Gyn 1 || ON fzwn)
1 1 | 0 Co 0
Gij=—5-loglzi — ¢l (. j=12,....N).
The approximate solution of the invariant scheme ug\l,) satisfies the invariance properties
of the exact solution of the potential problem. In fact, under the coordinate scaling (5),

the approximate solution u(ID (z) transforms as
I I <
uf,v)(z) = Cp— E;Qj log |z — &jl
1 J;/
— Co — 7 ; Qjlogla(z —&;)l

N
1
I €8}
= uy (z) — gloglalj;Qj =uy (2)
——
0

due to the constraint (8). And, under the origin shift (6), the approximate solution
ug\l,) (z) transforms as ug\l,) (z) — ug\l,) (z) + ¢ since the constants transforms as Cy —
Co+cand Q; — Q;(j=1,2,...,N).

It is important to choose the charge points ¢; and the collocation points z; suitably
for a good approximation in the both two schemes of the MFS. In the special case that

the problem region 2 is a disk
2=D,={zeCllzl <p} (p>0),

it is natural to choose the charge points ¢; and the collocation points z; uniformly on
concentric circles, that is,

¢j=opw!, zj=pa’ (j=1,2,...,N), (11)
where w = ¢*™/N and o is a real constant called the “assignment parameter” such
that o > 1. We call the positioning of the charge points and the collocation points
an “equi-distant equally phased arrangement” of assignment parameter o. It is known
theoretically that the method of fundamental solutions works quite well if we choose
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Convergence of invariant scheme of fundamental solution method 235

the charge points ¢; and the collocation points z; as (11) as in the theorems below. For
the conventional scheme, we have the following theorem [5].

Theorem 1 We consider the conventional scheme of the MFS applied to a potential
problem (1) in a disk region D,. We assume that the charge points {; and the collo-
cation points z; of the MFS are in an equi-distant equally phased arrangement (11)
of assignment parameter o > 1. Then, the following (1) and (i) hold true.
() If we assume that (op)N — pV # 1, then the collocation equation (4) of the
conventional scheme has a unique solution.
(i) We further assume that op # 1 and the Fourier coefficients of the boundary data

f

1
f) = / fpe*T e M dr (n € Z)
0

decay exponentially, that is, there exist constants Ay > O anda (0 < a < 1)
such that

|Fm)| < Apa" (¥n € 7). (12)

Then, the following error estimate of the conventional scheme of the MFS holds.

o™V ifo<all?
sup |u(z) —un(@)| < AfCc(p,a,o) x No™Nifo=a1?
zeD, AV if o >a 2,

where Cc(p, a, o) is a positive constant depending on p, a and o only.

For the invariant scheme, we have the following theorem?.

Theorem 2 We consider the invariant scheme of the MFS applied to a potential prob-
lem (1) in a disk region D,. We assume that the charge points {; and the collocation
points z; of the MF'S are in an equi-distant equally phased arrangement (11) of assign-
ment parameter o > 1. Then, the following (i) and (ii) hold true.
(1) The collocation equation (4) of the invariant scheme with the Eq. (8) has a unique
solution.
(i) We further assume that the Fourier coefficients of the boundary data f decay
exponentially as in (12). Then, for the error of the invariant scheme, we have the

inequality
o N ifo<al/?
sup |u(z) — ug,)(z)l <AsCi(p,a,0) X No™Nifo=a"1?
z€D, a¥? if o >a" 2,

where C1(p, a, o) is a positive constant depending on p, a and o only.

2 The result on the convergence of the invariant scheme is not given in the previous papers as far as the
authors know, but we can obtain the convergence theorem easily in a way similar to the proof of Theorem 1.
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236 H. Ogata, M. Katsurada

We remark that the convergence theorem of the invariant scheme for a disk region D,
does not require the somewhat unnatural assumptions that

0p)¥ —p" #1 and op # 1,

which are needed in the convergence theorem of the conventional scheme for a disk
region. It may be a reflection of the fact that the solution uE\I,) of the invariant scheme
has invariance properties under trivial transformations (5) and (6).

In the cases of general regions, it is a difficult problem how to choose the charge
points and the collocation points since it is not trivial how to position the points
uniformly. Katsurada gave a solution of positioning the points [4]. Namely, he proposed
to use the images of points in an equi-distant equally phased arrangement (11), that
is, he proposed to use the points

gjzd/(a,ow«/) and ijlll(pw-/) (j=12,...,N), (13)
with a conformal mapping
U:{weCllwl>p}— C\LR2, (14)

which is assured to exist by Riemann’s mapping theorem and admits a conformal
extension to {w € Cl|lw| > ap} (0 < @ < 1), as the charge points ¢; and the
collocation points z; of the conventional scheme of the MFS, and he presented a
convergence theorem for the conventional scheme with the charge points and the
collocation points (13). Katsurada also proposed to use the charge points and the
collocation points of the MFS obtained by an interior conformal mapping [3].

The purpose of this paper is to extend Katsurada’s result to the invariant scheme
of the MFS. Namely, we propose to use the points (14) as the charge points ¢; and
the collocation points z; also in the invariant scheme of the MFS and give a conver-
gence theorem of this scheme. The convergence theorem for the conventional scheme
(Theorem 3.1 of [4]) requires the assumptions that

op # 1 and the capacity of the curve {¥ (ope”™ ") € C|0 < T < 1} # 1,

which are rather unnatural from a physical point of view. It is, however, shown in
this paper that the convergence theorem for the invariant scheme does not need these
unnatural assumptions. It is an advantage of the invariant scheme of the MFS compared
with the conventional scheme, and it may be a reflection of the fact that the invariant
scheme has the invariance properties under the trivial affine transformations (5) and
(6).

The contents of this paper are as follows. In Sect. 2, we prepare some notations for
the analysis of the invariant scheme of the MFS. Especially, we introduce a Hilbert
space to which the exact solution u, the approximate solution ug\l,) of the invariant
scheme and the boundary data f belong and whose norm is used to estimate the error
of the invariant scheme. In Sect. 3, we present main theorems of this paper, which
show the convergence of the invariant scheme of the MFS. We present the proof of the
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Convergence of invariant scheme of fundamental solution method 237

theorems in Sect. 4. In Sect. 5, we summarize this paper and give some concluding
remarks.

2 Preliminaries

Throughout this paper, we use the notation S' = R/Z. Functions defined on S' are

periodic functions of period 1. We reduce our problem to a problem of approximating

functions on S! and use a technique based on the Fourier analysis for our purpose.
Following [4], we prepare a family of functions for the analysis of the invariant

scheme of the MFS. Let .7 be the set of all the real valued finite Fourier series, that

is,

7 ={o(@ =X §me?™|gm) e C

nez

are zeros except for a finite number of them and 9(—n) = ¢(n) (Vn € Z) }

For each (¢, s) € (0, +00) x R, we define the norm || - ||¢.s on .7 by

1/2
lolle.s = {Z |a(n)|262'”':125} :

nez
where
"= [27T|n| (n#0)
- 1 (n=0),
and define the Hilbert space Z¢ s as the completion of .7 in the norm | - [ s.

Hilbert space Z¢ s is originally introduced by Arnold for the analysis of the spline-
trigonometric-Galerkin method [1].
We also prepare the following notations.

1. We define the order relations “>" and “>" on (0, +00) x R respectively by
(€1,51) = (€2,82) <= €1 > e 01 (€1 = €2 and 51 > 52)
and
(€1,51) > (€2,52) <= (€1,51) = (€2, 52) and (€1, 51) # (€2, 52),

that is, the order relations “>" and “>" are the lexicographic order relations.
2. We define the sets Ay and Ay for N € N respectively by

N N
AN:[nEZ‘_3§n<E] and AN=[%ESl‘n€AN}.
Related to the functional spaces 2 s, we have the following lemma.
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238 H. Ogata, M. Katsurada

Lemma 1 If (e1, 51) > (€2, 52), then the natural inclusion Z¢, s, > Zey.5, €XiSts
and is compact.

Proof 1t is easy to prove that Z¢, 5, C Zo,.5, if (€1, 51) > (€2, 52). In order to prove
that this inclusion is compact, we remark that we can equalize ¢ € Z¢, 4, to asequence

{ (n)elnl_ } g € 12, Then, the inclusion mapping 2%,.5, <> Ze,.s, is equalised
ne

to the mapping of{go(n)elnlns1 } el’to

[poens] = {pme'n - @renr] et

Since the sequence {(ez/el)“"QSZ_Sl }neZ decreases monotonously as n — 00, this
mapping is compact. O

Related to the expression of the approximate solution of the invariant scheme (7)
and (8), we define the integral operator A for function ¢ on S! by

1 . .
Aq(1) =q(0) = — / log | (pe>™™) = W (ape™™) | {q(0) ~ G(O)} 6, (15)
sl

Using the integral operator A, the approximate solution of the invariant scheme on the
boundary I" is written as

ul) (W (pe?™ ) = Agyn(r) (e s (16)

with

av(@) =Co+ D 0;8 (r——), (17)

JEAN

where Co and Q; (j € Ay) are real constants such that

>, 0;=0 (18)

JEAN

and 6 (-) is the Dirac delta function. The constants Cop and Q ; (j € Ay) are determined
by the collocation equation

ul) (W (pw)) = F(W (pa')) (i € Ay) (19)

and the Eq. (18). We denote the set of functions gy of the form (17) whose real
constants Cp and Q; (j € Ay) satisfy the condition (18) by Zy. Related to Py, we
have the following lemma, which can be proved easily.
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Convergence of invariant scheme of fundamental solution method 239

Lemma 2 1. For arbitrary qny € 9N, we have

gnm) =gy(m) if n=m mod N and n,m #0 mod N.
gvm) =0 if n=0 mod N and n #0.

2. In C Zesif(e,s) < (1,—1/2).

In this paper, we express the solution of the potential problem (1) as a single layer
potential

1 .
u(z) =q(0) = 5— / log |z — ¥ (ope™™)|{q(6) — G(0)} o (20)
Sl

with charge density g(0) (0 € S 1), and, then, we have

u(¥ (pe™™M)) = fF(W(pe*™7)) = Aq(r) (v e Sh. 1)

We regard the approximate solution uﬁ\l,) by the invariant scheme as a single layer

potential with discrete charge density g (>~ ¢) and estimate the error on the boundary
f — ug\l,))lp by measuring the error of the charge gy — g by the norm || - || ¢ of a
Hilbert space 2  for some(e’, s”) € (0, +00) x R.

3 Main theorem

The following theorem is the main result of this paper.

Theorem 3 We consider the application of the invariant scheme of the MFS to the
potential problem with the charge points {; and the collocation points zj given by

2j = W(pa)), ¢;=W(opw)) (je Ay, (22)
where ¥ is a conformal mapping

v {weCllwl > p} - C\ 2, (23)

o = e*™/N and o is a constant such that o > 1. We assume the following conditions.

1. The conformal mapping ¥ admits a conformal extension to{w € Cl|lw| > ap},
where o is a constant such that 0 < a < 1.
1. oca< 1.

Then, the following (1) and (ii) hold true.

(1) The collocation equation (19) of the invariant scheme with the Eq. (18) have a
unique solution, that is, the coefficient matrix of the system of linear equations
(10) with ¢ and z; given by (22) is regular.
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240 H. Ogata, M. Katsurada

(ii) We further assume that the real constants a and t satisfy
l<a!'< 02, (a_l,t) < (oz_l, —1/2)

Then, there exists a constant C > 0 such that, for sufficiently large N € N and
for arbitrary f with f, € ffr‘faq,,, where f, is defined by f,(t) = f(W(peZ””)),
the following error estimate of the invariant scheme holds.

1 o
If = uSlmsry < Clfpllgr N2, (24)

where s is an arbitrary real constant, H* (I") is the set of functions v defined on I
such that the function v, (1) = V(¥ (pe?™7)) defined on S' belongs to the usual
Sobolev space H*(S') and lvllasry = lvpll gs sty (v € HY(I)).

It is interesting that the order of the convergence in (24) is, neglecting N’s power, the
same as the order of the convergence of the conventional scheme with o > @~/ and
the invariant scheme with o > a~!'/2 applied to problems in disk regions as shown
respectively in Theorems 1 and 2. We also remark that the condition thatf, € 2,1,
is satisfied if and only if the boundary data f(z) is an analytic function in the annulus
ap < |z] < p/a.

Remark 1 From the viewpoint of actual computations, it is important to measure the
error by the supremum norm. If s > 1/2 and v € H*(I"), we have v € C(I") and’

Ivllee = Cllvllgsry (Vv € H (IM)).

In fact, we have for 6 € S!

@ ()| = | D" 5, < > [5,(n)]
neZ nez
1/2 1/2
=> 07 Gmln’ < |Za—2x] [Z |@(n>|zn%]
nez nez nez

and ZneZQ_zs < oo since s > 1/2. Therefore, if s > 1/2 and f, € Z,-1 , we have
1 _
Ifo = @M plloo < Cllfpllg1, N a2,
and, by the principle of the maximum, we have

1 _
sup [u(z) — ulY @) < Cll foll g1 ,N°~"a"/2.
7€

3 Throughout this paper, the symbols “C, C’, ...” etc. denote positive constants and take different values
in different lines.
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Convergence of invariant scheme of fundamental solution method 241

Remark 2 The condition that f, € 21, is satisfied if and only if the boundary data
f(z) is an analytic function in a neighborhood of the boundary I". In fact, if f(z) is
analytic in the region {lI/(w) |ro <|w| < pz/ro} with rq such that 0_2,0 <rg<p,
we have

2
roSIWISp—]
ro

. n]
O (%’) sup [|f<ww>)|

and the condition that f, € 2,1, holds for arbitrary a such that ro/p < a < 1.
Conversely, if the condition that f, € 2,1 , holds, let

Fiw) =D fpmuw", F_(w) =D f(—mw™".
n=0 n=1

The function % (w) is analytic in a neighborhood of {w € C||w| < 1} and the
function .%_ (w) is analytic in a neighborhood of {w € C ||w| > 1} . Hence, the func-
tion .# = %, +.%_ is analytic in a neighborhood of the unit circle {w € C ||w| = 1}.

Let
w
F(w) =% (—) .
Jo

Then, the function F (w) is analytic in a neighborhood of the circle {w € C ||w| = p}
and coincides with the transformed boundary data f (¥ (w)) on the circle {w € C ||w|
= p}. It implies that the transformed boundary data f (¥ (w)) is analytic in a neigh-
borhood of the circle {w € C ||w| = p} and, then, the boundary data f(z) is analytic
in a neighborhood of I".

Theorem 3 is obtained as a special case of the following theorem.

Theorem 4 Let (€, 5), (§,1) € (0, 4+00) X R, and o be the parameter appearing in
(22) such that o > 1. We assume the following conditions.

1. The conformal mapping ¥ of (23) admits a conformal extension to {w € C||w| >
ap} (0O <a < 1).

) 11 5 1 1
. (,§)<(,t)<<a,—§>.

s 1 2
3. maxl—Z,g] < € < min [8, %] . If € = 6, we further assume s < t and, if
o

€ = 6 = o, we further assume s < >
4. oa < 1.

3
5. |, 5) < (€, 9).

Then, the following (i) and (ii) hold true.
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242 H. Ogata, M. Katsurada

1) Forarbitraryfe Zs.r and sufficiently large N € N, there exists a unique function
qN € DN such that

Agy = f on Ay. (25)

(ii) There exists a constant C > 0 such that

- ~ e\N/2
17 = Agulles < CIT s N0 (5)77, (26)
where P (e, s, 8, t) is defined by
max{s—1z,—t} if Se=lando ' <8 <o
max{s—t,s—1} zf&e:azand0§5<02
P e =2 2
Ple.s.6.1) = max{s—t,—1} ife=0""8ando <8 <o @7

max{s—t,—, —1} if (5,€) = (0,07 1)
max{s—t,s—1, =1} if (5,€) = (62, 1)
s—t otherwise.

Remark 3 Since the definition of P (¢, s, 8, t) by (27) is rather complicated, we rewrite
(27) by using a figure. Figure 1 shows the region of (8, €) satisfying the assumption
of Theorem 4 and, using this figure, we can rewrite (27) as

max{s — ¢, —1} if (8,€) € H\{(0,07 1)}
max{s—1t,s—1} if (8,€) e Hy\{(c?, 1)}
max{s—z,—1} if (8,€) e L1\ {(o,07), (02, 1)}

Pe, s, 8,0 = max{s—t, —t,—1} if (8,¢€) = (o, o hH (28)
max{s —t,s—1,—1} if (8,¢€) = (6%, 1)
s —t otherwise.
Fig. 1 The region where (8, €) € e=290
exists (the shadowed area)
g
Ly
H _
’ e=0"%
L de=0
de=1
0
O 1 ¢ o’
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The aim of this paper is to prove Theorem 4. Theorem 3 is obtained by putting

§=ale=1, ug,)(lll(,oez”if)) = Agn(t) and f = f, in Theorem 4, whose
assumptions are satisfied as follows.

1.

The first assumption is satisfied.
The relation (8, 1) = (a~', 1) < (@~', —1/2) holds true and the relation (8, 1) =
(@', 1) > (1, 1/2) holds true for arbitrary r € R since 1 < a~'(< o2).

The relation € > max{o 28,8 '} holds true since 0 28 = 0 2a~ ! <1 =¢
and 8! = ¢ < 1 = ¢, which are obtained by 1 < a~ ! < &2, The relation
€ < min{8, 028~} holds true since § = a~' > 1 = € and 628~! = 0%a >

1 = €, which is obtained by 1 < a~! < o2. In addition, from the inequality

max{o 28,81} < € < min{8, 028"}, the definition of P(e, s, 3, ) (28) and
Fig. 1, we find P(e,s,8,1) = P(1,s,a™ ", 1) =5 — 1.

The fourth assumption is satisfied.

Since € = 1 > «, we have (¢, 5) > («, 3/2) for arbitrary s € R.

We remark that the right hand side of (26) decays as N increases, that is,

‘ N/2
NP(ess.n) (%) =o(l) as N — oo.

In fact, we have € /8 < 1 and, if ¢ = §, we have

max{s — t, —t} if (6,¢)=(1,1)
P(e,s,8,t) = { max{s —t,s — 1} if (8,¢) = (0,0)
s —t otherwise.

Then, we have P (e, s, 6, t) < 0 from the assumptions of the theorem.

Remark 4 In the error analysis of the conventional scheme in [4], the solution u is
represented as a single layer potential

1 .
u(z) =—5— / log |z — ¥ (ope*™%)|q(6) do
Sl

and the integral operator Ac given by

1 . .
Acq(r) = =5~ / log |¥ (pe™") — W (ape*™)|q(0) db
Sl

is used for the error estimation. Theorem 3.2 of [4] presents the unique solvability
of the collocation equation and the convergence of the same order as (26) of the
conventional scheme of the MFS under the assumptions of Theorem 3 and, in addition,
the assumption that

op #1 and the capacity of the curve {¥ (cpe’™")|t € §'} £ 1,
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244 H. Ogata, M. Katsurada

which is unnatural from physical point of view. We remark that, in Theorem 3, these
unnatural assumptions are removed.

We now present the sketch of the proof. First, we consider the special case that the
problem region is a disk D, = {z € C||z| < p}, that is, the conformal mapping ¥ is
the identity. In this case, the integral operator A is the operator L given by

~ 1 it i ~
Lq(r) =q(0) = 5~ / log |pe™™ ™ — ape*™|{q(8) — q(0)} d6, (29)
Sl

alld we can show the existence of a unique function gy € Yy such that Lgy =
f on Ay, thatis, the unique solvability of the collogation equation (9) with the Eq. (8)
and estimate the error of the approximate solution || f —Lgy || s by elementary calculus
of the Fourier series. Second, in the case of a general region £2, we split the operator
Aas A =L + K, where K is the integral operator given by

1 lp(peZNi‘r) o lI/(O,peZTIiQ) R
Kao) =5 [ log| =0 e O | la®) —q0)1 8. G0)
s1

Then, regarding K as a compact perturbation of the isomorphism L, we show that A is
an isomorphism, there exists a unique function gy € Zy such that Agy = f on Ay,
that is, there exists a unique solution of the collocation equation (9) with the Eq. (8)
and estimate the error || f — Agp||e.s by the application of the Riesz—Schauder theory.

4 Proof of the main theorem
4.1 Step 1—case of a disk region
First, we consider the special case that the region §2 is a disk D, and the conformal

mapping ¥ is the identity mapping. In this case, the approximate solution of the
invariant scheme is given by

1 .
(0]
Uy (Z):CO__Zn ng Qjloglz —opw’|, €1}
N

where the constants Co, Q; (j € Ay) are determined by the collocation equation

ul (po') = f(pa') (i€ Ay) (32)
and the constraint
> 0j=0 (33)
JEAN
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The integral operator A is the operator L given by (29). Using the function

1 .
G(0) = —=—loglop — pe™™™|,
27

the integral operator L is given by the convolution
Lg =4(0) + G x{g —q(0)}.
Since the Fourier coefficients of G (6) are given by [5]

o=l

0
6(,1) — 47‘[|I’l| (n # )

1
— 5,7 loglop) (n=0),
T

the Fourier coefficients of Lg are given by

—In|

Lam = | 2pud® @ #0) (34)

q(0) (n=0).
Therefore, we have the following lemma.

Lemma 3 For arbitrary (¢, s) € (0, +00) x R and arbitrary o (> 1), the operator
L: Zcs — Zses+1 s an isomorphism.

Proof Itis obvious that the operator L is linear and surjective from (34). Forg € Z¢ ,
we have

1LgIe i1 = L] + D |Lam)| (ee)*"@x|n)>+D
neZ\{0}

=[O+ >

neZ\{0}

- 1 -
=GO +5 > gmPerarin)®.
neZ\{0}

ol 2

(0e)?" @ |n|)>+D

el

This gives the inequality
1
E”‘]”e,s < ILgllge.s+1 = llglle.s,
which shows that the operator L is an isomorphism. O
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Remark 5 In [4], the integral operator Lc¢ given by

1 . .
Leq(r) =~ / log |pe*™'™ — ape*™|4(6) do
b4
sl!
is used instead of L given by (29) for the analysis of the conventional scheme applied

to problems in a disk region. The operator L¢ is shown to be an isomorphism from
Ze s 10 Z5e 541 under the somewhat unnatural assumptions that

(op)N — pV #1 and op # 1.
Lemma 3 for the integral operator L given in this paper does not need these unnatural
assumptions.

The following theorem shows the unique solvability of the collocation equation
(32) with the Eq. (33) and gives an error estimate of the invariant scheme for the case
of a disk region D,,.

Theorem 5 We consider the invariant scheme of the MFS (31) for potential problems
(1) in a disk region D,,.

1. The collocation equation (32) with the Eq. (33) have a unique solution ug\l,) for
arbitrary (8,t) € (0, +00) x R and arbitrary boundary data f such that f, €
2. We assume that (¢, s), (8,t) € (0, +00) x R and o (> 1) satisfy

1 s 1 _ o2
6,t) >(1,=), max{—,—-t <€ <minid, — .
2 02’ § 1)

1
If§ =€, we assume s < t. if € = o, we assume s < 7 Then, if the function f,
on S' belongs to Zs 1, we have
G)N/Z

I
1fo = @Mplles < Cl Folls NP0 (a

for sufficiently large N € N, where (ug\l,)) o 1S the function on S ! given by

@

D
(uy N

27‘[i‘L’)7

)p(T) = uy (pe

and P (e, s, 8, t) is defined by (27).
Theorem 5 is proved by the following lemma.

Lemma 4 1. For arbitrary function q on S', there exists a unique function gy € Py
such that

Lgy =Lg on Ay. (35)
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2. We assume that (¢, s), (§,1) € (0, +00) x R and o (> 1) satisfy

8,1) ! ! ! ) ! < e <min!é !
) >1—,—=), —max{s, -} <e<min{é, -}.
o’ 2 o2 5 )

1
If e = 6, we assume s < t. If € = 1, we assume s < ——. Then, for arbitrary

Sfunction g € Zs.; and gy € Dy determined by (35), we have

e\N/2
g = axles = Cllglls NPE0 (5)

for sufficiently large N € N, where Py(€, s, 8, t) is defined by

max{s — ¢, —t — 1} if Se=0"2and 072 <8 <1
max{s —t, s} iffe=1land 1 <§<o
| max{s — 1, -1} ife=0"28and 1 <8 <o
Pot€. 5.0 =1 axts — 1.1 — 1, =1} if 5.€) = (1,02 (36)
max{s —t,s, —1} if 8,€)= (0,07
s—1t otherwise.

Proof of Theorem 5 Since the operator L : 2,15, — %5, is an isomorphism
from Lemma 3, there exists a unique function ¢ € Z,-15,_1 such that Lg = f, for
fo € Zs,,. Then, there exists a unique function gy € P such that Lgy = Lg =
f»on Ay from Lemma 4, and remarking that the parameters (0_1 e, s—1,0718, 1— 1)

satisfy the assumption of Lemma 4, (u 5\1,)) o = Lgy satisfies

I fp—Lgnlles = Cllg —gnllg-1e5-1

S, a5, e\N/2
SC/||61||U45,1—1NP0(0 €,5—1,0718,1—-1) (E)
! e\N/2
< Clfllsa NP0 (2) 7,

where we remark gy € 2,1, and, then, g — gy € Z,-1,,_, since (0~ 'e, s —
D) < (1, —1/2). o

Proof of Lemma 4 We here prove the unique solvability of the collocation equation
only, and postpone the estimation of ||g — g ||¢ s to the appendix.

We show the unique solvability of the collocation equation Lgy = Lg on Ay by
giving the solution explicitly. The collocation equation is equivalent to the equation

1 e i .
Co—5- ,g: Qjloglp —opw "V = Lg (ﬁ) (eAy), (37
N
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if we express ¢y as (17). Multiplying the both sides by @~ 7' (p € Z) and taking the
sum with respect to i € Ay, we have

1 i
Co=~ 2. Lq (ﬁ) (38)

ieAN
oV (p) D 0= o Lg (ZN) (p#0 mod N),  (39)
J GAN I€EAN

where we used the constraint (8), the formula

; Nif n=0 mod N
nj _
Z wr = [0 otherwise (40)

JEAN

and the function

1 : ;
vy (@) === D oMloglz —ope|

ieAN

(ze((:\{apwfu € Anl, peZ). 41)
We can also express the function gop N) () as [5]

[m|
N 1 )
(N)(Z)_ (N)(resz) ir meZ Tl (—) M if p=£0 mod N

N N e
T log|z —©0)"| if p=0 mod N

(42)

and, especially, we have

o N 5 o™ :
)= 1 > #0 if p£0 mod N.
T = ||

m=p

Then, we can divide the both side of (39) by goI(JN) (p) and we obtain

Z 0 P Q; = (N)( ) Z “)_mLCI( )

JEAN ieAn

Multiplying the both sides by w”* (k € Ay) and taking the sum with respect to
p € An \ {0}, we obtain

_iyLq(/N)
ple=i) 227 (43)
TIPS

PEAN\{O} ieAy
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Therefore, we obtain a unique solution Cp and Q; (j € Ay) of the Egs. (37) and (8).
It means that there exists a unique function gy € Zy which satisfies the collocation
equation Lgy = Lg on Ay. O

4.2 Step 2—=case of a general region

We split the integral operator A into A = L + K, where K is the integral operator
given by (30). Using the function

t]/(pCZTIi‘E) _ (1’(0',0627-“9)
pGZnir _ 0~'0627rit9

)

1
k(t,0) = —— log‘
27
the operator K is given by

Kq(r) =/k(f, 0){q () —q(0)}do.

sl
The Fourier coefficients of K g are given by

Kqm)= > k,m3g(-m),

meZ\{0}

where 7<\(n, m) are the Fourier coefficients of k(z, ), that is,

k(n,m) = / / k(z, 0)e™ 2T dr dg.
Stx st
The following lemma shows the compactness of the operator K.
Lemma 5 We assume the following conditions.

1. The conformal mapping ¥ : {w € Cllw| > p} — C\ 2 admits a conformal
extension to {w € Cllw| > ap} (0 < @ < 1).
2. The parameters (€, s), (§,1) € (0, +00) x R, a and o (> 1) satisfy

(€,5) > (3,1) and (8.1) < (l,—l),
o 2 o 2

Then, the operator K : Z¢  —> Zs.1 is compact.

We can prove this lemma in the same way as the proof of Lemma 4.3 of [4].

From the above lemma, we can regard the operator A as a perturbation of the
isomorphism L by the compact operator K. Then, A is a Fredholm operator and is
shown to be an isomorphism by the Riesz—Schauder theory as in the following lemma.
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Lemma 6 We assume the following conditions.

1. The conformal mapping ¥ : {w € C||w| > p} admits a conformal extension to
{fweCllwl=ap} (0 <a < 1).
2. The parameters (€, s), (§,t) € (0, +00) x R, a and o (> 1) satisfy

a 1 1 3
(;, 5) < (E,S) < (E, —5) .

Then, the following (i) and (ii) hold true.

(i) The operator A : Zes = Zoe s+1 is bounded.
(i) Moreover if ao < 1, then the operator A is an isomorphism.

Proof (i) The operator L : Z¢ s — Zse.s+1 is bounded from Lemma 3 and the
operator K : Z¢ s — Zse.s+11s compact, that is, it is bounded from Lemma 5,
whose assumptions are satisfied since (o€, s + 1) < (a’l, —1/2). Therefore,
the operator A = L + K : Zc s — Zse.s+1 18 bounded.

(i) Since the operator A = L + K is a Fredholm operator of index 0, we only have

to prove that A is injective. We assume that g € Z. s satisfies Aq = 0. Then,
we have ¢ = —L~!'K¢. From Lemma 5, Kgq € -1, for arbitrary t < —1/2
andg = —L7'Kq € Z(say-1—1- Since oo < 1, g is analytic and, then, we
have g = 0 from the lemma below.

O

Lemma 7 Let I" be a smooth closed Jordan curve in C and q : S' — R be a Hélder
continuous function. Then, if Aq = 0, we have g = 0.

Proof We here use the notations
¢(0) = W(ope?™?) (6 e Sh,
Loy = {c@10 € 5},

£2, = (the interior of I)), .QZ, o = (the exterior of I7,).
We define the function u(z) (z € C) by
—~ 1 —~
u(z) =¢q(0) — 7 log |z — £(0)[{q () —q(0)} d6.
Sl

The function u(z) is harmonic in C \ I, and continuous in C by Theorem 15.8b of
[2]. From the assumption, we have u = O on " and, then, # = 0 in §2 by the principle
of the maximum for harmonic functions. We let v be the conjugate harmonic function
of u

1
VD) =~ / arglz — £(©)}){q(0) — 3(0)) d6
T
Sl
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and put f = u + iv. Since ¥ = 0 in £2, we have v = cj(const.) in £2. Then, f is an
analytic function in £2,, and f = icy in £2. It follows that f = icy in £2,, by the
identity theorem and, then, u = 0 in £2,,. From the continuity of u in C, we have
u=0on I,

The function u is harmonic in £2; ), continuous in £2;, U I%;, and u = 0 on
I'5p. Then, the function u(¥ (w)) is harmonic in {w € C|lw| > op}, continuous
in {w € C||lw| > op} and satisfies the boundary condition u(¥ (w)) = 0 on {w €
Cllw| = op}. Therefore, u(¥ (w)) = 0in {w € C||w| > op}, and, then, u(z) = 0 in
Q) » U I'5p. Consequently, the function f is analytic in C \ I, and

icy in 25,

icin @, @

1
f@ =30~ 5- / loglz — £(O)Hq(©®) — (0} o =

s1
where ¢; is a real constant. Differentiating it with respect to z, we have

s / q(®) —3(0)
27 g —z
s1

40 =0 inC\ Iy = 25U 2,

Introducing the function

i(g(®) —q(0))

q( ) = ,
9t @)
we have
1 q(¢) .
p(Z)Ez—m CTZd;-:O lnC\ng.
Top
For z € I,
p+(@@) = lim p(¢)=0 and p_(z) = lim p(¢) =0,
{—>z {—>z
€8Q26) {'E.Qép
and we have

4@ =pr@)—p-(2)=0 (z€Tly)

from Sokhotskyi’s formula [2] and g(8) — 7(0) = 0 (0 € S!). Substituting it into
(44), we have

ic in 24,
icy in .Q(/,p

() =7q(0) =

and g(0) = ¢; = ¢ = O since g(0), c; and ¢ are real constants. Therefore, we have
q(0) =q(0) + {q(0) — g0} =0 (6 € §"). m|
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Lemma 8 We assume that the conformal mapping ¥ admits a conformal extension
to{w € C|lw| > ap} (0 < a < 1), and the parameters (€, s), (5, t) € (0, +00) x R,
o and o (> 1) satisfy the following conditions.

! 1 1 5 1 3
. (;,—5) <( ,t)< (a,—z)

2. —5 max [6, E] <e< min[S, 5] Afe =1, weassume s < —1/2. If e =6, we
o

assume s < t.
3. oo < 1.

o (2 <en
=2 ) < (e ).
o 2 g
Then, the following (i) and (ii) hold true for sufficiently large N € N.

(1) The collocation equation for gy € Dn
Agy = Aq on Ay, (45)

where q is a given function of 25+, has a unique solution qy.
(ii) There exists a constant C > 0 such that, for arbitrary q € Zs; and gy € Dy
determined by (45) we have
e\N/2
9= anlless = Cliqlls. NPE0 (5) 77
where Py(e, s, 8, t) is defined by (36).

Proof (i) If we write gy € Py as (17), the collocation equation (45) is equivalent
to the system of linear equations for Co and Q; (j € Ay)

Go=1f, (46)
with
G= . Gij =—L10g|4’(pw")—¢’(opwj)l,
2
Q — [Qi]ieANi| and f — [[Aq(l/N)]leAm} . (47)
| Co 0

Then, we have

(The collocation equation (45) is uniquely solvable.)
<= (The coefficient matrix G of the linear system(46) is regular.)
<= (IfGQ =0,then Q =0.)
< (Ifgy € 9y and Agy = 0 on Ay, then gy = 0.).
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Therefore, we only have to show that, if gy € Py and Agy = 0 on Ay, we
have gy = 0.

The operator L : Z¢ s — Zoe s+1 18 anisomorphism by Lemma 3 and the oper-
ator A : Zes = Zoe s+11s anisomorphism from Lemma 6, whose assumptions
are satisfied since (o/o, 1/2) < (€, 5) < ((ca)~', =3/2). Then, we have

lgnlles < CllAGN lloes+1 < C'IL™ Agle.s,

where we remark gy € Z¢ s from (¢,s5) < (1, —1/2) and Lemma 2. We now
let

wo = gn — L™ Agy,

which belongs to Z¢ s and satisfies that

L™"Agn = qn — wo,
LqN = Lw() on AN, (48)
wo =L~ N(L — A)gy.

Since gy satisfies the collocation equation (48), we have
_ e\ N/2
127" Aqxlles = llgy = wolle,s = Cllwolls, NE0 (5)

if wy € Zs,; from Lemma 4, whose assumptions are satisfied from the assump-
tions of this lemma. The operator L : %Zs5; — Zss.+1 is an isomorphism
from Lemma 3 and the operator L — A = —K : 2y — Zos.:+1 1S com-
pact and, then, it is bounded from Lemma 5, whose assumptions are satisfied
since (¢,5) > (a/o,1/2) and (06,t + 1) < (@71, —1/2). Then, we have
wo =L~ YL — A)gy € Zs.¢ and

lwolls. = IL™"(L = A)gnlls.c < CIIL — A)gnllos.i+1 < C'llgnlle.s-
Gathering the above three inequalities, we have

G)N/Z

lgnlles < C”QNHG,SNPO(QS"SJ) (8

and, then,

) e\N/2
{1 _ cNPotessn (5) ] lgnlles <O.

We here remark that

N/2
NPo(s.0.0) (g) =o(l) asN — oc.
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(i)

In fact, we have € /§ < 1 and, if ¢/6 = 1, we have

max{s — ¢, —t — 1}if 8,€) = (o1, 07D
Py(e,s,8,t) = { max{s — 1, s} if 6,e¢)=1(1,1)
s—t otherwise
< 0.

Therefore, for sufficiently large N € N, we have ||gy|le,s = 0 and gy = 0.
We have aunique solution gy € Zy of the collocation equation Agy = Agon Ay
for arbitrary ¢ € %5, by the former part of this proof. We remark that ¢ €
Zes since (€,5) < (8,1) and, then, gy — ¢ € Zcs since gy € Ze s due to
(e,5) < (1, —1/2) and Lemma 2. Since the operators L : Z¢ s — Zge.s+1 and
A Zes > Zoes+1 are already shown to be isomorphic, we have

lgy = glle.s < CIA@GN — Dlloess1 < C'ILT Algy — @)lle.s-

Now we let

w=gy—L"Algy — q),

which belongs to 2. ; and satisfies that

L~'Algy —q) = qn — w,
Lgy = Lw on Ay, (49)
w=q+L YL —-A)gn—q).

Since gy satisfies the collocation equation (49), we have

G)N/Z

1L AN = @lles = llgy = wles < Cllwlls, NPED (2

ifw € Zs,; from Lemma 4, whose assumptions are satisfied from the assumptions
of this lemma. Since the operator L — A = —K : Zcs = Zos.0+1 1s already
shown to be compact and, then, bounded, we have w = g+ L! (L-A)(gn—q) €
Zs.r and

lwlls., = llg + L™ (L — A)gn — D lls.s
< liglls. + IL™(L — A)gn — Dlls.s
< liglls.c + CIL = A)gn = Dllos,i+1
< liglls.c + C'ligy — qlle.s-

Gathering the above three inequalities, we have

e\N/2
lan = qlles = CNPE0 (S) 7 lglls + llgn = qlle.)-
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Since NF0(€:5:8.0 (¢ /§)N/2 = o(1) as N — oo from the discussion of the former
part of this proof, we have

e\N/2
lgn = qlles = C'llgls, eN e (Z)77

O

Proof of Theorem4 (i) Let f € Zs.- Then, there exists a unique function g €
Zy-15,—1 such that Ag = f from Lemma 6, whose assumptions are satisfied

by
o 1 1 1 ) 1 3
—=)<l{—-—=)<|—t-1)<|—,—2
o 2 o 2 o oo 2

and o < 1. For this g, there exists a unique function gy € Zy such that

Agy = Ag on Ay from Lemma 8, whose assumptions are satisfied for
(e/o,s — 1) and (§/0, t — 1) by the following.

(72) <G = ()
— =) <l{—t-1)<|{—,—).
o 2 o oo 2

1 5 o € |6 o

- —max{—,—1 < — <min{—, —t.Ife/o = §/o, we further assume
o2 o’ 8 o o’ 8
s—1<t—1.Ife/o =6/0 = 1, we further assume s — 1 < —1/2.

- oa < 1.
(oz 1) €
(=) < (S ),
o 2 o B
It means that there exists a unique function gy € Zy such that Agy = f on
ApN.
(ii) First, we remark that ¢ — gy € 2,1, from (/0,5 — 1) < (§/0,t — 1)

and Lemma 1. Since the operator A : Z¢ /5 51 — Ze s is an isomorphism from
Lemma 6, whose assumptions are satisfied by

a 1 € ) 1 3

- = <(—,s—1)< —t=1)<{—,—=

o 2 o o oo 2
and o < 1, we have

If = Agnlles = 1A — gM)lles < Clg — g llo-1c.5-1

I e\N/2
SC/||61||U—'5,;71NP°(U es—1,0718,1—1) (5)
e\N/2
< C"llAglls NP0 (<)

=C"||flls NF©s5D (S)N/z |
’ 1)
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Here, we used the factthat A : 2 15, — 25, is an isomorphism on the first
and third inequalities, which holds true by the discussion in the former part of
this proof, and we used Lemma 8 on the second inequality, whose assumptions
are satisfied by the discussion in the former part of this proof. Therefore, we
obtain the theorem. O

5 Concluding remarks

In this paper, we proposed to position the charge points and the collocation points of
the invariant scheme of the MFS using a conformal mapping of the exterior of a disk to
the exterior of the problem region as Katsurada proposed for the conventional scheme
of the MFS. A theoretical analysis shows exponential convergence of the invariant
scheme, which resemble that of the conventional scheme. It is remarkable that the
convergence theorem of the invariant scheme does not need the unnatural assumptions
which are needed in the convergence theorem of the conventional scheme. This may
be a reflection of the fact that the invariant scheme has the invariance properties under
the trivial affine transformations.

The results of this paper give the error estimate of the invariant scheme only on
the boundary of the problem region and does not give an error estimate on the whole
region. It seems difficult to give an error estimate in the interior of the region. The
reason is that we estimate the error using the exterior conformal mapping which
gives the charge points and the collocation points. We reduce our problem to the
approximation error estimate of the function u(¥ (pe®™*)) on S!, but the mapping
function ¥ cannot be extended to the whole disk {w € C||w| < p}, that is, the range
of the conformal mapping ¥ cannot cover the whole region 2. Thus, it is difficult to
estimate the error in the interior of the region using the exterior conformal mapping. It
may be possible to estimate the error on the whole region if we use an interior mapping
function @ : {w € C||lw| < p} — £2, which admits a conformal extension to a disk
{w € C|lw| < Bp} with B > 1 as in Katsurada’s study for the conventional scheme
[3].

From practical point of view, exterior conformal mappings are useful compared with
interior conformal mappings. It is because we can position the charge points freely in
the exterior of the problem region using a exterior conformal mapping while the area
where the charge points can be positioned is restricted using an interior conformal

mapping.

Appendix: Proof of Lemma 4—estimation of [|g — gn||¢,s

First, we rewrite the expression of the Cp and Q; (j € Ay) given by (38) and (43)
Substituting (38) and (43) into

Gn(n) = Coduo + D, Qjo™
JEAN
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and using the formula (40) and the expression (34) of Lg, we have

4ﬂwN)(p) Z "HA if n#0 mod N
m=n il
N =170 + 2 > Zarqgm)if n=0
meZ\{0}
m=0
0 if n=0 mod N andn # 0.

Then, we have

lg — anliZs = 1§0) = Gn O + D [gm) — g (m)*e*" 27 [n)>
n7#0

< GO —gn O +2m* 12 > gmPeH nf*
nGZ\AN

+2 > lgvmP M 4+ > g — gy )P n >

nEZ\AN ne An\{0}
=T+ Qm)* QT +2Ts + Ty).

The terms 77, T» and T3 are estimated in the same way as [4] as follows. Regarding
T, we have

~ ~ 1 o "M
N O) —GO) = — > ———q(m),

m##0

and

2
G m) (8" - [m|~+D P
m 0m+#£0 q -

(471)2 @)

m=0
;é m#Q

< Cosliglls N2 D (a8) 2N

< Cls, lqli} (S)N X N720+D if §e =02 ands < —1
= Coslldllsg \ 5 N26=D  otherwise,

where we remark that the underlined sum is convergent since (8,7 + 1) > (1, 1/2)
and we used (68) "2 < €/8 (< 8¢ > o~2) on the third inequality.
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Regarding 7>, we have

2(s—t) 2in|
~ n €
B= > GePsr i - (5)

neZ\ Ay (2m) 5

N26=D e\ N 5 nI\26™" ey20n-N
N (€ Somy2s2int 2 (M €
== (5) X @mrea

@u* \s/ L= N 5

N2 (e)N” 2 (|n|)2“‘” e\ 2nl/N-1
< —7—1\= q X sup — (—)
Qm)2 \s T ey | \N 8

_ e\ N
Ce/&,s,t”‘]”B,tNZ(S 1) (5) i

IA

where we used €/§ < 1 on the second inequality and we remark that the underlined
supremum is finite since (€/8, s — 1) < (1, 0).
Regarding 73, we have

Ty= > D> [gnUN + p)P NN + p|*
peAN\{O} [€Z
10

= > lGv(PD_ NN 4 p*
peAN\{0} 1#0

Ces NN D" gy (p),
pEAN\{0}

A

where we remark that gy (n) = 0if n = 0 mod N and n # 0 on the first equality
and the underlined sum is convergent by (¢, s) < (1, —1/2), and

2 2
. N o~Im
lgn(p)I? < [m] [Z ] |61(m)|]

m=p

2
2_2p| ey MY
<|pl‘o E lg(m)|8™'m" - (06)

m=p (27T)t
< 1 DL @ PSS im0 0 8) A
(27[) m=p m=p

(a)

ol

N
where we used gpI(,N ) (p) = — obtained from (42) on the second inequality.

T 4r
Since the sum (a) is convergent by (¢4, t) > (1, —1/2) and estimated as
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(a) = Z IN + p|~2t+D (g 5) 2N +PI
IeZ
= 1pI V@) I £ SN + p| 2 HD (05) 2N
130
< |p| 2D (58) 2Pl 4 €, s N720HD (6 5) 2N —IPD)

we have

Ty < CesuNZeN > e pPs Zp'lZﬁ(m)Faz'm'm”]

peAN\{0} m=p

x {1pI 724D (08) 2 4 Cpy N720HD 0y 72V 42001

= CoaN () 3 [me)lzaz'm'm”]

peAyN\{0}

x[(%) GeN-2rl 4 (If]l) (;Ta)fvzm]

< Cesallgl} N7 (3)

N N=2|p|
s () oo e (M) (5)
pean\ioy | \IPI N 08

» (6\N [N? if Se=1land? >0
= Cessaolldlls. (E) | N26=D otherwise.

Regarding 74, we have

PN _ N o Im_
g —Gn () = qn) — ——z7— > ———q(m)
4 on (p) i Iml
N o~Iml .
= —— 2 @ —gm),
4 gn (0) = 1M
m#n
where we used N |
oW o
0= 4 2 Tl
m=n
and
2
N ? O'_‘m| —~ —~ 2 25
D e ed WD G —gumy| ein>
neAy\{0} 47T<Pn (o) m=n |m|
m#n
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2 2
2l 12(s+1) o Im_ o Im_
<2 > (o) qu(m +1> a4
neAN\{O} m=n m=n
m#n m#n

= 2(T41 + Tyo),

where we used

on the second inequality. 7y is estimated as follows. We have

2 2
o~ Iml | |~+D

= Im
2 T gm)| < Zm(m)w Y
m#n m;ﬁn

— (o 8)—\m|

Z g (m) 262 m? 2(05)*2\m||m|72(t+1)

m=n

m ;én m#n

(2 )2t

(®)
(50)

Since the part (b) is convergent since (68,7 + 1) > (1, 1/2) and estimated as

(b)f E (0_5)—2|N[+n||Nl+n|—2(1+1) < CG(SN_2<[+1)(05)_2(1\,_‘”'),
1=/
1£0

we have

the right-hand side of (50) < Cls ,N~2*D (@8) 2N 1D 3" [g(m) 282" lm*
mgn
and

T4] S C,/,(;,,N_z(H—l)(US)_ZN
z (0_6)2\n|(0,6)2|n||n|2(s+l) Z |’q\(m)|282|m|m2[

neAn\{0} m=n

m#n
) e\ N
= Cl N*D (E)
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2(s+1)
<y (|1’z]_|) (0256) N =20 5 ) 2520

neAy\{(0} mi”
m=+*n
B e\ N |}’l| 2(s+1) B ~
< C(/nS,INZ(S 1) (_) ||q||§t sup (_) (0286) (N/In|-2)
Y neay\o) [ \ N

e)N 8 [N—Z(f“) if Se=0c"2ands < —1

<C// 2 (_ )
= Cosillalls.s 5 N26=1  otherwise.

T4, is estimated as follows.

2
2nly. 1254+1) oImh
Ton= D, (@)t Q)
ne An\{0} m=n
m#n
S Z (O,G)Z‘Vl‘|n|2(b+1) . CUN—2O_—2N+2|H‘ . |’q\(n)|2
neAn\{0}
N 2s—t+D) s 5 \N=20n]
2(s—1) (€ ~ 0 \122[n] 21 |n| 0
< CaNC () D GPet (N —
neAn\{0}

2(s—t+1) N-2|n|
_n (€N [n| )
< Cg,tN2(S " (g) ”6]“(%,1 : sup (_) (T)
nean\0y | \ NV eals

, (NN [N?2 ife=0"28ands—1 < —1
= Cepsanallalisg (3) | N26=0 otherwise.

We summarize the above results as follows.

€

)N (N2P1 + N2P2 + N2P3 + N2P41 + N2P42)
s s

lg — w12, = Clial, (

where

—(t+1) if Se=0"2ands < —1
P = .
s —t otherwise,

Py=s—1,

Pl if e =1and? >0

37 s —t otherwise,

po [~ +D if Se=02ands < —1
T s =1t otherwise,

-1 if e=o"28ands —1t < —1

Py = .
42 [s—t otherwise.

Therefore we obtain the lemma.
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