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Abstract In this paper, we propose a new procedure to deform spectral triples and
their quantum isometry groups. The deformation data are a spectral triple (A,H, D), a
compact quantum group G acting algebraically and by orientation-preserving isome-
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a proper generalization of the cocycle deformation of Goswami and Joardar.
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1 Introduction

An important source of examples of non-commutative manifolds in the sense of A.
Connes (spectral triples, [8]) relies on 2-cocycle deformations. For instance, the so-
called ‘isospectral deformations’ [9] of compact spin manifolds admitting an action of
a torus (or an action of the abelian group Rd ) may be seen as a by-product of Rieffel’s
machinery which, given a C∗ or Fréchet algebra A on which R

d acts, produces a
one-parameter continuous field of C∗-algebras {Aθ }θ∈R with A0 = A. The cocycle
involved in this case is the usual Moyal 2-cocycle in R

d . When A is the algebra
underlying a spectral triple (A,H, D), and the action ofRd lifts to an isometric action
on H, i.e. an action commuting with D, Rieffel machinery produces a new (family
of) spectral triple(s) (Aθ ,H, D). The paradigm there consists in the noncommutative
torus within its metric version.

In the present work, we generalize the deformation procedure through quantum
group 2-cocycles (Goswami and Joardar [14]) which is a way to produce new spectral
triples from a given one. Our procedure is based on the notion ofmonoidal equivalence
(introduced by Bichon et al. [6]) of (some subgroup of) its quantum isometry group
[13]. The generalized procedure here leads to examples that cannot be obtained by
2-cocycle deformations.

The paper is structured as follows. In the first section, we recall some basic material
and in the second we describe the deformation procedure. In the third section, we
show that 2-cocycle deformations are particular cases of our deformation procedure.
Moreover, not all examples are from 2-cocycles: in the fourth section, we give such
an example that is not a 2-cocycle deformation, proving our procedure is a proper
generalization of the one by Goswami and Joardar. Finally in the last section, we
prove that the quantum isometry group of the deformed spectral triple is a certain
deformation of the quantum isometry group of the original spectral triple.

Beforewe end this introduction,wewill clarify somenotation.Given aHilbert space
H, the inner product 〈·, ·〉 is linear in the second variable. Moreover, for ξ, η ∈ H, ξ∗
is the functionalH → C : η �→ 〈ξ, η〉 and ξη∗ the rank one operatorH → H : ζ →
ξ 〈η, ζ 〉. We will denote by B(H) resp.K(H) the bounded resp. compact operators on
H and for a bounded or unbounded operator D on H, σ(D) will be used to denote
its spectrum. Given a C∗-algebra A, the multiplier algebra of A will be denoted by
M(A), and for a subset B of A, we define 〈B〉 to be the linear span of B, [B] the
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Deformations of spectral triples and their quantum isometry… 675

closed linear span, S(B) the ∗-algebra generated by the elements of B and C∗(B)

the C∗-subalgebra of A generated by the elements of B. Furthermore, we use ωξ,η to
denote the linear functional which maps a ∈ B(H) to 〈ξ, aη〉 where ξ, η ∈ H, having
linearity in the inner product in the second variable.

An algebraic tensor product will be denoted by �, while the minimal C∗-algebraic
tensor product and a tensor product of Hilbert spaces is denoted by ⊗. The tensor
product of von Neumann algebras is denoted by⊗. We will also use the leg numbering
notation in three and multiple tensor products: for a ∈ A ⊗ A, we let a12 = a ⊗
1A, a23 = 1A ⊗ a23 and a13 = (id⊗ τ)(a ⊗ 1A), all three elements in A ⊗ A ⊗ A
where τ(a ⊗ b) = b ⊗ a.

For a Hopf algebra H , the coproduct, counit and antipode will be denoted by 
, ε
and S resp. We also use the Sweedler notation 
(h) = h(1) ⊗ h(2). A left, resp. right
H -comodule is a vector space A endowed with a linear map α : A → H � A resp.
α : A → A� H satisfying (
⊗ id)α = (id⊗ α)α resp. (α ⊗ id)α = (id⊗ 
)α. If A
is an algebra and α is multiplicative, it is called a coaction of H on A and A is called
an H -comodule algebra. If A and B are a right resp. left H -comodule algebra with
resp. coactions α and β, A�

H
B will denote the algebra {z ∈ A � B|(α ⊗ id)(z) =

(id⊗β)(z)}.

2 Compact quantum groups and monoidal equivalences

We start this section with a short overview of the theory of compact quantum groups.
The theory is essentially developed in [24,26] and also explained in [15].

2.1 Compact quantum groups and representations

Definition 2.1 ([26]) A compact quantum group G is a pair (C(G),
), where C(G)

is a unital, separableC∗-algebra and
 : C(G) → C(G)⊗C(G) a unital ∗-morphism
such that

1. (
 ⊗ id)
 = (id⊗
)
,

2. [
(C(G))(C(G) ⊗ 1)] = C(G) ⊗ C(G) = [
(C(G))(1 ⊗ C(G))],
implementing coassociativity and the cancellation properties.

Moreover, there exists a unique state h on C(G) which is left and right invariant in
the sense that (id⊗h)
(x) = h(x)1C(G) = (h⊗id)
(x) for all x ∈ C(G) [15,24,26].
This state is called the Haar state of G. In the classical case that C(G) = C(G) for a
classical compact group G, the Haar state is the state on C(G) obtained by integrating
along the Haar measure.

It is well known that, like compact groups, compact quantum groups have a
rich representation theory [15,24,26]. A right unitary representation of a compact
quantum group G = (C(G),
) on a Hilbert space H is a unitary element U of
M(K(H) ⊗ C(G)) satisfying (id⊗ 
)U = U12U13. Analogously, a left unitary
representation of G on H is a unitary element U of M(C(G) ⊗ K(H)) satisfying
(
 ⊗ id)U = U13U23. In this paper, all representations will be right representations
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676 L. De Sadeleer

unless indicated otherwise. The dimension of H is called the dimension of the rep-
resentation. Identifying M(K(H) ⊗ C(G)) with B(H ⊗ C(G)), the C∗-algebra of
C(G)-linear adjointable maps on the Hilbert-C∗-moduleH⊗C(G), we will also see
representations as maps u : H → H ⊗ C(G) : ξ → U (ξ ⊗ 1C(G)) satisfying that
〈u(ξ), u(η)〉C(G) = 〈ξ, η〉1C(G), (u ⊗ id)u = (id ⊗ 
)u and [u(ξ)(1 ⊗ a) : ξ ∈
H, a ∈ C(G)] = H ⊗ C(G).

Moreover, there is the notion of tensor product of representations: if U and V
are representations of a quantum group G = (C(G),
) on Hilbert spaces H1,H2,

respectively, the tensor product U ⊗ V of U and V is defined as U ⊗ V = U13V23 ∈
M(K(H1 ⊗ H2) ⊗ C(G)). Furthermore, we call a representation U of G on H irre-
ducible if Mor(U,U ) = C1B(H), where

Mor(U 1,U 2) := {S ∈ B(H2,H1)|(S ⊗ 1C(G))U
2 = U 1(S ⊗ 1C(G))}

for representations U1 and U2 on H1 resp. H2. An important result states that every
irreducible representation is finite dimensional and that every unitary representation
is unitarily equivalent to a direct sum of finite dimensional irreducible representa-
tions. Finally, for every irreducible unitary representations, there exist the notion of
contragredient representation [15,26].

For a compact quantum group G, we denote by Irred(G) the set of equivalence
classes of irreducible representations ofG, and for x ∈ Irred(G), we will always take
a unitary representative Ux ∈ B(Hx ) ⊗ C(G). By ε, we will denote the class of the
trivial representation 1C(G).

Also for a compact quantum group G = (C(G),
) and an equivalence class
x ∈ Irred(G), wewill denote by (ωξ,η⊗idC(G))Ux amatrix coefficientwhere ξ, η ∈ H
and define O(G) to be the linear span of matrix coefficients of all irreducible (hence,
finite dimensional) representations of G:

O(G) = 〈
(ωξ,η ⊗ idC(G))U

x |x ∈ Irred(G), ξ, η ∈ Hx
〉
,

even more, the matrix coefficients of the irreducible representations form a basis of
O(G). Note that O(G) is a unital dense ∗-subalgebra of C(G) which has, endowed
with the restriction of 
 to O(G), the structure of a Hopf ∗-algebra. This is a very
nontrivial result obtained in [26]; see also [15]. Also, for a x ∈ Irred(G), letO(G)x =
〈(ωξ,η ⊗ idC(G))Ux |ξ, η ∈ Hx 〉. Then, we have 
 : O(G)x → O(G)x �O(G)x and
O(G)∗x = O(G)x .

Definition 2.2 ([3]) Let G be a compact quantum group. The reduced C∗-algebra
Cr (G) is defined as the norm closure ofO(G) in the GNS-representation with respect
to the Haar state h ofG.The universalC∗-algebraCu(G) is defined as theC∗-envelope
ofO(G). Note that ifG is the dual of a discrete (classical) group �, we have Cr (G) =
C∗
r (�),Cu(G) = C∗

u (�).

Remark 2.3 Note that for a given compact quantum group G, we have surjective
morphisms between the different completions of O(G): Cu(G) → C(G) → Cr (G).
We will think of all these algebras as describing the same quantum group.
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Deformations of spectral triples and their quantum isometry… 677

Definition 2.4 Let G = (Cu(G),
G) and H = (Cu(H),
H) be compact quantum
groups equipped with their universal C∗-norms. Suppose moreover that there exists a
surjective map θ : Cu(G) → Cu(H) satisfying 
H ◦ θ = (θ ⊗ θ)
G. Then we call
H a quantum subgroup of G. Equivalently, G is called a quantum supergroup of H.

Definition 2.5 ([15]) Let G be a compact quantum group. Let

c0(Ĝ) = ⊕x∈Irred(G)B(Hx ), �∞(Ĝ) =
∏

x∈Irred(G)

B(Hx ).

Then we call Ĝ the dual quantum group of G which has the structure of a discrete
quantum group (see [20] for the definition and results).

Using the notation V = ⊕x∈Irred(G)Ux , we can define the dual comultiplication


̂ : �∞(Ĝ) → �∞(Ĝ)⊗�∞(Ĝ) : (
̂ ⊗ id)(V) = V13V23.

2.2 Actions of compact quantum groups and the spectral subalgebra

Definition 2.6 ([18]) Let B be a unital C∗-algebra and G = (C(G),
) a compact
quantum group. A right action of G on B is a unital ∗-homomorphism β : B →
B ⊗ C(G) such that

1. (β ⊗ idC(G))β = (idB ⊗
)β

2. [β(B)(1 ⊗ C(G))] = B ⊗ C(G).

Analogously, a left action is a unital ∗-morphism β ′ : B → C(G) ⊗ B satisfying
the analogous conditions. We say that the action is ergodic if Bβ = {b ∈ B|β(b) =
b ⊗ 1} = C1B .

One can choose to call themap in this definition ‘a coaction’ as it is a coaction of the
C∗-algebraC(G) on B. However,we choose to call it an action of the compact quantum
group to be compatible with the classical case: if C(G) = C(G) and B = C(X) with
G a classical compact group and X a compact space, it is an action of G on X .

One can prove that in the case of ergodic actions, there is a unique invariant state
on B [7], which we will denote by ω.

Note that the most evident example is a quantum group acting on itself by comul-
tiplication. In that situation, one can check that ω = h.

Using the intimate link between the ergodic action of a compact quantum group
on a unital C∗-algebra and the representations of the quantum group, one has the
following result.

Proposition 2.7 ([7]) Let B be a unital C∗-algebra and β : B → C(G) ⊗ B a left
ergodic action of G on B. Define for every x ∈ Irred(G),

Kx = {
ζ ∈ Hx ⊗ B | Ux

12ζ13 = (
idHx ⊗β

)
ζ
}
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678 L. De Sadeleer

and

Bx = 〈(ξ∗ ⊗ 1B)ζ | ζ ∈ Kx , ξ ∈ Hx 〉.

Then, the spaces Bx with x ∈ Irred(G) are called the spectral subspaces of B and

B = 〈(ξ∗ ⊗ 1B)ζ | x ∈ Irred(G), ζ ∈ Kx , ξ ∈ Hx 〉

is a dense unital ∗-subalgebra of B, which we will call the spectral subalgebra of
B with respect to β. Moreover, β|B is an algebraic coaction of the Hopf ∗-algebra
(O(G),
) on B.
Remark 2.8 An action β : B → B ⊗ C(G) of G on B is called universal if B is the
universal C∗-algebra of B. It is called reduced, if the map (id⊗h)β : B → B onto
the fixed point algebra Bβ is faithful.

In Remark 2.3, we saw that a compact quantum group can be described using dif-
ferent C∗-algebras, having the same underlying (dense) Hopf ∗-subalgebra. Similarly
here, given an action β : B → B ⊗C(G) ofG on B, passing through B we can asso-
ciate to it its universal and reducedC∗-completions Bu and Br , and we have surjective
morphisms: Bu → B → Br .

2.3 Monoidal equivalences between compact quantum groups

Definition 2.9 ([6]) Let G1 = (C(G1),
1) and G2 = (C(G2),
2) be two compact
quantum groups. G1 and G2 are called monoidally equivalent if there exists a bijec-
tion ϕ : Irred(G1) → Irred(G2) which satisfies ϕ(εG1) = εG2 together with linear
isomorphisms:

ϕ : Mor(x1 ⊗ · · · ⊗ xr , y1 ⊗ · · · ⊗ yk)

→ Mor(ϕ(x1) ⊗ · · · ⊗ ϕ(xr ), ϕ(y1) ⊗ · · · ⊗ ϕ(yk)),

satisfying

ϕ(1) = 1, ϕ(S ⊗ T ) = ϕ(S) ⊗ ϕ(T ),

ϕ(S∗) = ϕ(S)∗, ϕ(ST ) = ϕ(S)ϕ(T ) (2.1)

whenever the formulas make sense. The collection of maps is called a monoidal equiv-
alence.

Note that this is indeed the usual definition of equivalence between strict monoidal
categories, but adapted to the concrete case of the category of representations of a
compact quantum group.

Definition 2.10 ([6]) Let G = (C(G),
) be a compact quantum group. A unitary
fiber functor is a collection of maps ψ such that

• for every x ∈ Irred(G), there is a finite dimensional Hilbert space Hψ(x),
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Deformations of spectral triples and their quantum isometry… 679

• there are linear maps

ψ : Mor(x1 ⊗ · · · ⊗ xk, y1 ⊗ · · · ⊗ ys)

→ B(Hψ(y1) ⊗ · · · ⊗ Hψ(ys ),Hψ(x1) ⊗ · · · ⊗ Hψ(xk)) (2.2)

which satisfy the Eq. (2.1) of Definition 2.9.

Remark 2.11 ([6]) To define a unitary fiber functor it suffices to attach to every x ∈
Irred(G) a finite dimensional Hilbert space Hψ(x)(Hε = C) and to define the linear
maps

ψ : Mor(x1 ⊗ · · · ⊗ xk, y) → B(Hψ(y),Hψ(x1) ⊗ · · · ⊗ Hψ(xk ))

for k = 1, 2, 3 satisfying

ψ(1) = 1 (2.3)

ψ(S)∗ψ(T ) = ψ(S∗T ) if S ∈ Mor(x ⊗ y, a), T ∈ Mor(x ⊗ y, b), (2.4)

(ψ(S) ⊗ id)ψ(T ) = ψ((S ⊗ id)T ) if S ∈ Mor(x ⊗ y, a), T ∈ Mor(a ⊗ z, b),

(2.5)

(id ⊗ ψ(S))ψ(T ) = ψ((id⊗ S)T ) if S ∈ Mor(x ⊗ y, a), T ∈ Mor(a ⊗ z, b),

(2.6)

together with a non-degenerateness condition

[ψ(S)ξ |a ∈ Irred(G), S ∈ Mor(b ⊗ c, a), ξ ∈ Hψ(a)] = Hψ(b) ⊗ Hψ(c).

In fact, the notions of unitary fiber functor andmonoidal equivalence are equivalent,
which is stated in the following proposition, taken from Proposition 3.12 in [6].

Proposition 2.12 Let G1 be a compact quantum group and ψ a unitary fiber functor
on it. Then there exists a unique universal compact quantum groupG2 with underlying
Hopf algebra (O(G2),
2)with unitary representations Uψ(x) ∈ B(Hψ(x))⊗C(G2),
x ∈ Irred(G1), such that

1. Uψ(y)
13 Uψ(z)

23 (ψ(S) ⊗ 1) = (ψ(S) ⊗ 1)Uψ(x) for all S ∈ Mor(y ⊗ z, x),
2. the matrix coefficients of the Uψ(x), x ∈ Irred(G1) form a linear basis of O(G2).

Moreover, the set {Uψ(x)|x ∈ G1} forms a complete set of irreducible representations
of G2 and the unitary fiber functor ψ on G1 will induce a monoidal equivalence
ϕ : G1 → G2.

The following theorems of Bichon et al. will be crucial in our main result. They
explain what extra structure a monoidal equivalence induces.

The first theorem follows from Theorem 3.9 and Proposition 3.13 of [6].
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680 L. De Sadeleer

Theorem 2.13 ([6])1 Let G1 be a compact quantum group and let ψ be a unitary
fiber functor on G1. Denote with ϕ : G1 → G2 the monoidal equivalence induced by
ψ (see previous proposition).

1. There exists a unique unital ∗-algebra B equipped with a faithful state ω and
unitary elements Xx ∈ B(Hϕ(x),Hx ) � B for all x ∈ Irred(G1) satisfying
(a) X y

13X
z
23(ϕ(S) ⊗ 1) = (S ⊗ 1)Xx for all S ∈ Mor(y ⊗ z, x),

(b) the matrix coefficients of the Xx form a linear basis of B,
(c) (id⊗ ω)(Xx ) = 0 if x �= ε.

2. There exist unique commuting coactions β1 : B → O(G1) � B and β2 : B →
B � O(G2) satisfying

(id⊗ β1)(X
x ) = Ux

12X
x
13 and (id⊗ β2)(X

x ) = Xx
12U

ϕ(x)
13

for all x ∈ Irred(G). Moreover, ω(b)1B = (h ⊗ idB)β1(b).
3. The stateω is invariant under β1 and β2. Denoting by Br the C∗-algebra generated

byB in theGNS-representation associatedwithω and denoting by Bu the universal
enveloping C∗-algebra ofB, the Hopf algebraic coactions β1 and β2 admit unique
extensions to actions of the compact quantumgroups on Br , resp. Bu. These actions
are reduced, resp. universal and they are ergodic and of full quantum multiplicity
(see [6] for the definition).

Definition 2.14 In what follows, we will call B theG1 −G2-bi-Galois object associ-
ated with ϕ.

In the spirit of this theorem, we can introduce the notion of isomorphism of unitary
fiber functors, which will be equivalent to the isomorphism of the associated bi-Galois
objects.

Definition 2.15 (Def. 3.10 in [6]) Let ψ and ψ ′ be two unitary fiber functors on
a compact quantum group G. We say they are isomorphic if there exist unitaries
ux ∈ B(Hϕ(x),Hψ(x)) such that

ψ ′(S) = (uy1 ⊗ · · · ⊗ uyk )ψ(S)(u∗
x1 ⊗ · · · ⊗ u∗

xr )

for all S ∈ Mor(y1 ⊗ · · · ⊗ yk, x1 ⊗ · · · ⊗ xr ).

Proposition 2.16 Let ψ and ψ ′ be two unitary fiber functors on a compact quantum
groupG. LetBψ ′ andBψ be the associated bi-Galois objects with respective coactions
βψ, β ′

ψ . Then, ψ and ψ ′ are isomorphic as unitary fiber functors if and only if there
exists a ∗-isomorphism λ : Bψ → Bψ ′ , satisfying (λ ⊗ id)βψ = βψ ′λ.

Moreover, De Rijdt and Vander Vennet proved in [11] that there exists a bijection
between actions of monoidal equivalent compact quantum groups. Indeed, letG1 and

1 In the original statement of [6], the coaction β1 is a right coaction of O(G1), but for what follows, we
want a left coaction of O(G1) and a right coaction of O(G2). Applying Bichon’s theorem on the inverse
monoidal equivalence ϕ′ : G2 → G1, one gets the theorem stated here. Note that, when doing that, we
should write Xϕ(x), x ∈ Irred(G1), but for notational convenience, we write Xx , x ∈ Irred(G1).
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Deformations of spectral triples and their quantum isometry… 681

G2 be two compact quantum groups, and ϕ : G1 → G2 be a monoidal equivalence
between them. Let B, β1, β2, Xx be as in the previous theorem. Suppose moreover
that we have a C∗-algebra D1 and an action α1 : D1 → D1 ⊗ C(G1) of G1 on D1.
Using the dense Hopf ∗-algebras, we have a coaction α1 : D1 → D1 � O(G1) of
O(G1) on D1 and we can define the ∗-algebra:

D2 = D1 �
O(G1)

B = {a ∈ D1 � B|(α1 ⊗ idB)(a) = (idD1 ⊗β1)(a)}.

Moreover, in [11], the authors prove that the same construction with the inverse
monoidal equivalence ϕ−1 will give D1 again up to isomorphism.

Theorem 2.17 Given the data above, there exists an action α2 = (id⊗β2)|D2
onD2.

Moreover, if α1 is ergodic, α2 is ergodic as well.

Toend this subsection,wehave a look at the inversemonoidal equivalence.We rephrase
Proposition 7.6 from [11] in our notations.

Proposition 2.18 Let G1 and G2 be two compact quantum groups and ϕ : G1 →
G2 a monoidal equivalence with bi-Galois object B. Denote by ϕ−1 : G2 → G1
the inverse monoidal equivalence with bi-Galois object B̃ generated by the matrix
coefficients of unitaries Z y ∈ B(Hϕ−1(y),Hy) � B̃, y ∈ Irred(G2) and coactions

δ1 : B̃ → B̃ � O(G1) and δ2 : B̃ → O(G2) � B̃ such that

(id⊗δ1)Z
y = Z y

12U
ϕ−1(y)
13 and (id⊗δ2)Z

y = U y
12Z

y
13.

Then,

π : O(G1) → B �
O(G2)

B̃ with (id⊗π)(Ux ) = Xx
12Z

ϕ(x)
13

is a ∗-isomorphism intertwining the comultiplication
1 with the coaction (β1⊗ id) =
(id⊗δ1).

3 Deformation procedure for spectral triples

Before we start with the description of the deformation procedure, we recapitulate the
notion of spectral triples and that of CQG acting on spectral triples.

3.1 Spectral triples and compact quantum groups acting on them

Definition 3.1 ([8]) A (compact) spectral triple (A,H, D) consists of

1. a unital ∗-algebra A acting as bounded operators onH,
2. a Hilbert space H,
3. an unbounded self-adjoint operator D on H with compact resolvent such that

[D, a] is bounded for all a ∈ A.
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Definition 3.2 ([8]) Two spectral triples (A1,H1, D1) and (A2,H2, D2) are called
isomorphic, if there exists an isomorphism of Hilbert spaces φ : H1 → H2 and
an isomorphism of ∗-algebras λ : A1 → A2 such that φD1 = D2φ and φ(aξ) =
λ(a)φ(ξ) for arbitrary ξ ∈ H1, a ∈ A1.

In [4,13], Bhowmick and Goswami described how compact quantum groups can
act isometrically and be orientation-preserving on a non-commutative manifold, i.e. a
spectral triple.

Definition 3.3 ([4]) Let (A,H, D) be a compact spectral triple, G = (C(G),
) a
compact quantum group andU a unitary representation ofG onH. Then,G is said to
act by orientation-preserving isometries on (A,H, D) with U if

• for every state φ on C(G), we have UφD = DUφ where Uφ := (id⊗φ)(U ),
• (id⊗φ) ◦ αU (a) ∈ A′′ for all a ∈ A and state φ on C(G); where αU (T ) :=
U (T ⊗ 1)U∗ for T ∈ B(H).

This definition is a very strong one: it ensures the existence of a universal object in
the category of all compact quantum groups acting by orientation-preserving isome-
tries. However, in some cases, the second condition is too weak: the quantum group
representation onH may behave badly with respect to the algebra A in the sense that
the induced action of the CQG onA is not a CQG-action on the C∗-closure ofA. This
is in some situations a disadvantage. Therefore, we note the following proposition of
Goswami, found in [14].

Proposition 3.4 Let (A,H, D) and (C(G),
,U ) be as above. Then there exists a
unital *-algebra A1 such that

1. A1 is SOT-dense in the von Neumann algebra M = A′′,
2. αU is algebraic on A1, i.e. (αU )|A1

: A1 → A1 � O(G),
3. [D, a] is bounded for every a ∈ A1,
4. (A1,H, D) is again a spectral triple.

Proof This follows from sections 4.4.3 and 4.4.4 and theorem 4.10 in [14]. ��
Driven by Proposition 3.4, we will use the following definition:

Definition 3.5 Let (A,H, D) be a compact spectral triple,G = (C(G),
) a compact
quantum group and U a unitary representation of G on H. Then, G is said to act
algebraically and by orientation-preserving isometries on (A,H, D) with U if

• for every state φ on C(G), we have UφD = DUφ where Uφ := (id⊗φ)(U ),
• αU is algebraic onA, i.e. (αU )|A : A → A�O(G)where αU (T ) := U (T ⊗1)U∗
for T ∈ B(H).

In what follows, we will always work with compact quantum groups acting alge-
braically on the algebra A.

3.2 Deformation procedure for spectral triples

In this subsection, we will describe the actual deformation procedure for spectral
triples. The deformation data to start with are:
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• a spectral triple (A,H, D) of compact type,
• a compact quantum group G1 = (C(G1),
1) acting algebraically and by
orientation-preserving isometries on (A,H, D) with a unitary representation U
and

• a unitary fiber functor ψ on G1.

The unitary fiber functor will induce a new compact quantum group G2 and a
∗-algebra B with left resp. right coaction of O(G1) resp. O(G2). Using this, one can
deform the data one by one to obtain a new, deformed, spectral triple on which G2
acts in an appropriate way.

To be more precise, consider the following:

1. As ψ is a unitary fiber functor on G1, following Theorem 2.13 there exists a
compact quantum group G2 and a monoidal equivalence ϕ : G1 → G2. We will
call G2 the deformed quantum group.

2. Let (B, ω) be the ∗-algebra and faithful invariant state associated with ϕ with the
coactions

β1 : B → O(G1) � B and β2 : B → B � O(G2).

3. Let Xx ∈ B(Hϕ(x),Hx ) � B be the unitaries such that

(id⊗ β1)X
x = Ux

12X
x
13 and (id⊗ β2)X

x = Xx
12U

ϕ(x)
13 .

4. Let u : H → H ⊗ C(G1) : ξ �→ U (ξ ⊗ 1) be the representation of G1 on H and
denote by α = adU : A → A � O(G1) : a → U (a ⊗ 1C(G1))U

∗ the algebraic
coaction of O(G1) on A.

We start by introducing the deformed data and proving some basic facts about them.

Proposition 3.6 Defining L2(B) to be the GNS space of B with respect to ω and
� : B → L2(B) the GNS map, we have that :

1. there exists a unitary representation β ′
1 of C(G1) on L2(B) such that β ′

1(�(b)) =
(id⊗�)(β1(b));

2. β ′
1 is ergodic, i.e. if ξ ∈ L2(B) such that β ′

1(ξ) = 1 ⊗ ξ , then ξ ∈ C�(1B).
3. The vector space H �

C(G1)
L2(B) = {ξ ∈ H ⊗ L2(B)|U12ξ13 = (idH ⊗β ′

1)(ξ)} is
a Hilbert space which we denote by H̃.

Proof 1. As ω is faithful on B, � is injective and hence β ′
1 is well defined on �(B).

Using that β1 is a well-defined coaction of O(G1) and that ω is β1-invariant, β ′
1

can be extended to a unitary representation on L2(B).
2. Let ξ be an element in L2(B) satisfying β ′

1(ξ) = 1 ⊗ ξ . Take a sequence (bn)n
in B with �(bn) → ξ in L2-norm, then for P = (h ⊗ idL2(B))β

′
1 we see that

P(�(bn)) → P(ξ) = ξ since P is a continuous operator on L2(B). Seeing that
P(�(bn)) = ω(bn)�(1B) ∈ C1B concludes this proof.
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3. It follows directly that H �
C(G1)

L2(B) is a vector subspace of the tensor product

Hilbert space H ⊗ L2(B). As the representations u and β ′
1 of G1 on H resp.

L2(B) are continuous andH �
C(G1)

L2(B) is the kernel of u ⊗ idL2(B) − idH ⊗β ′
1,

H �
C(G1)

L2(B) is complete.

Proposition 3.7 We have

1. Hx �
C(G1)

L2(B) is isomorphic withHϕ(x) for all x ∈ Irred(G1).

2.

H �
C(G1)

L2(B) =
⊕

λ∈σ(D)

Vλ �
C(G1)

L2(B)

where Vλ is the eigenspace of λ ∈ σ(D).
3. Vλ �

C(G1)
L2(B) is finite dimensional for each λ ∈ σ(D).

Motivated by the first fact, wewill callHϕ(x) the deformation ofHx for x ∈ Irred(G1).

Proof 1. Analogously toH �
C(G1)

L2(B), we define for x ∈ Irred(G1)

Hx �
C(G1)

L2(B) = {z ∈ Hx ⊗ L2(B)|Ux
12z13 = (id⊗β ′

1)(z)}.

Now note that, for x ∈ Irred(G1) and ξ ∈ Hϕ(x), Xx (ξ ⊗ �(1B)) ∈
Hx �

C(G1)
L2(B), and for z ∈ Hx �

C(G1)
L2(B), (idHϕ(x) ⊗ω′

1)(X
x∗z) ∈ Hϕ(x)

where ω′
1 : L2(B) → C : η �→ 〈�(1), η〉. Hence, we can define the follow-

ing maps:

fx : Hϕ(x) → Hx �
C(G1)

L2(B) : ξ �→ Xx (ξ ⊗ �(1B)),

gx : Hx �
C(G1)

L2(B) → Hϕ(x) : z �→ (idHϕ(x) ⊗ω′
1)(X

x∗z).

Using that β ′
1 is ergodic (Proposition 3.6(2)), one can check that gx (z)⊗�(1B) =

Xx∗z which ensures that fx and gx are inverse to each other. Finally, using that
Xx is unitary, it is easy to see that fx and gx are also unitary.

2. Note first that as D has compact resolvent, there exists a sequence of real eigen-
values (λn)n with finite dimensional eigenspaces and such that limn→∞ λn = ∞.
Hence,wehaveH = ⊕

λ∈σ(D) Vλ and alsoH⊗L2(B) = ⊕
λ∈σ(D) Vλ⊗L2(B).As

U and D commute, there is a subrepresentationUλ ofU on Vλ for every eigenvalue
λ, such that for Vλ �

C(G1)
L2(B) := {ξ ∈ Vλ ⊗ L2(B)|(Uλ)12ξ13 = (id⊗β ′

1)ξ},
we have

H �
C(G1)

L2(B) =
⊕

λ∈σ(D)

Vλ �
C(G1)

L2(B).
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3. Finally, decomposing Uλ into irreducible representations of G1, we have Vλ =
Hx1 ⊕ · · · ⊕ Hxl for some l ∈ N, xi ∈ Irred(G1). Hence,

Vλ �
C(G1)

L2(B) = (Hx1 ⊕ · · · ⊕ Hxl ) �
C(G1)

L2(B)

=
(
Hx1 �

C(G1)
L2(B)

)
⊕ · · · ⊕

(
Hxl �

C(G1)
L2(B)

)

= Hϕ(x1) ⊕ · · · ⊕ Hϕ(xl ), (3.1)

where we used the first statement of this proposition. This last direct sum of finite
dimensional Hilbert spaces implies Vλ �

C(G1)
L2(B) to be finite dimensional. ��

Proposition 3.8 D ⊗ idL2(B) restricts to an unbounded self-adjoint operator D̃ on

H̃ = H �
G1

L2(B) of compact resolvent.

Proof As D has compact resolvent, its restriction Dλ to Vλ is multiplication with λ for
every λ in the spectrum. Therefore, Dλ⊗id can be restricted to Vλ �

C(G1)
L2(B) ⊂ Vλ⊗

L2(B). Taking the direct sum, we get an unbounded operator D̃ onH �
C(G1)

L2(B)with

domain {(ξn)n ∈ ⊕
λn∈σ(D) Vλn �

C(G1)
L2(B)| ∑n |λn|2‖ξn‖2 < ∞}. By construction,

we have D̃ = ∑
λ∈σ(D) λ(Pλ ⊗ id), where Pλ is the projection H → Vλ. Hence,

it has compact resolvent by proposition 3.7(3) and self-adjoint as D is self-adjoint.
Moreover, asH ⊗ L2(B) = ⊕

λ∈σ(D) Vλ ⊗ L2(B), it is the restriction of

D ⊗ idL2(B) =
⊕

λ∈σ(D)

Dλ ⊗ idL2(B) :
⊕

λ∈σ(D)

Vλ ⊗ L2(B) →
⊕

λ∈σ(D)

Vλ ⊗ L2(B)

toH �
C(G1)

L2(B), concluding the proof. ��

Proposition 3.9 Define Ã = A �
O(G1)

B := {z ∈ A � B |(α ⊗ idB)(z) =
(idA ⊗β1)(z)}. Then Ã is a ∗-algebra endowed with a coaction α2 = (id⊗β2)|Ã :
Ã → Ã�O(G2) ofO(G2). Moreover, Ã acts by bounded operators on H̃: for z ∈ Ã,
we have L̃z : H̃ → H̃ : v �→ zv by multiplication on B and action of A on H as a
bounded operator on H̃.

Proof The first statement is an application of Theorem 2.17. For the second, note that
Ã ⊂ A � B and A � B act by bounded operators on H ⊗ L2(B). Hence, it suffices
to prove that Ã leaves H̃ invariant. Indeed, we have for a ∈ Ã, ξ ∈ H̃,

(idH ⊗β ′
1)(aξ) = (idA ⊗β1)(a)(idH ⊗β ′

1)(ξ)

= (α ⊗ idB)(a)U12ξ13 = U12a13U
∗
12U12ξ13 = U12(aξ)13.

��

123



686 L. De Sadeleer

Theorem 3.10 (Ã, H̃, D̃) constitutes a spectral triple.

Proof Combining all the previous propositions, it suffices to prove that the commutator
of D̃ with an element a ∈ Ã is bounded. For that, we will first prove that Ã leaves
the domain of D̃ invariant and secondly we will prove that the commutator of D̃ and
an arbitrary a ∈ Ã is bounded. Let z be an arbitrary element in A � B and let ξ

be an arbitrary nonzero vector in dom(D ⊗ id). We will prove zξ ∈ dom(D ⊗ id).
As ξ ∈ dom(D ⊗ id), there exists a sequence ξn in dom(D) � L2(B) such that
simultaneously ξn → ξ and (D ⊗ id)ξn → (D ⊗ id)ξ for n → ∞. Note that as A
leaves the domain of D invariant, A� B leaves the core dom(D) � L2(B) of D ⊗ id
invariant and hence zξn ∈ dom(D) � L2(B) for all n. Moreover, as A has bounded
commutator with D, one can prove that [D⊗id, z] is bounded on dom(D)�L2(B) and
(D⊗ id)z(ξn)n is a Cauchy sequence and thus converging. As zξn is an element of the
core converging to zξ and ((D⊗id)z(ξn))n converges, we know that zξ ∈ dom(D⊗id)
and (D ⊗ id)zξn → (D ⊗ id)zξ . We can conclude that (A � B)(dom(D ⊗ id)) ⊂
dom(D ⊗ id) and it follows directly that Ã(dom(D̃)) ⊂ dom(D̃).

Finally, we prove that D̃z − z D̃ is indeed bounded on the domain of D̃. Let ξ ∈
dom(D̃) be arbitrary and take a sequence ξn → ξ in dom(D)� L2(B). Then we know
from above that simultaneously

(D ⊗ id)zξn → (D ⊗ id)zξ,

z(D ⊗ id)ξn → z(D ⊗ id)ξ

and that [D ⊗ id, z] is bounded on dom(D) � L2(B). Combining that, one can prove
that indeed D̃z − z D̃ is bounded on the domain. ��

Theorem 3.11 There exists a unitary representation Ũ of C(G2) on H �
C(G1)

L2(B)

such thatG2 acts algebraically and by orientation-preserving isometries on (Ã, H̃, D̃)

with Ũ .

Proof Using the coaction β2 : B → B � O(G2) and the CQG-action β2 : Bu →
Bu ⊗C(G2), one can construct, along the lines of Lemma 5 in [7] and the discussion
above it, a representation Ũ0 ∈ M(K(L2(B)) ⊗ C(G2)) such that

Ũ0(�(b) ⊗ a) = (� ⊗ idC(G2))
(
β2(b)(1B ⊗ a)

)
.

Moreover, we know this is a unitary representation and furthermore,

β2(b) = Ũ0(b ⊗ id)Ũ∗
0 . (3.2)

Now, one can prove that idH ⊗Ũ0 ∈ M(K(H ⊗ L2(B)) ⊗ C(G2)) restricts to a
representation Ũ ∈ M(K(H �

C(G1)
L2(B)) ⊗ C(G2)). Indeed, as β1 and β2 com-

mute, one has (β ′
1 ⊗ idC(G2))Ũ0 = (idC(G1) ⊗Ũ0)(β

′
1 ⊗ idC(G2)), and hence for
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ξ ∈ H �
C(G1)

L2(B) and a ∈ C(G2), one has

(idH ⊗β ′
1 ⊗ idC(G2))(idH ⊗Ũ0)(ξ ⊗ a)

= (idH ⊗ idC(G1) ⊗Ũ0)(idH ⊗β ′
1 ⊗ idC(G2))(ξ ⊗ a)

= (idH ⊗ idC(G1) ⊗Ũ0)(U ⊗ idL2(B) ⊗ idC(G2))(ξ13 ⊗ a)

= (U ⊗ idL2(B) ⊗ idC(G2))
(
(idH ⊗Ũ0)(ξ ⊗ a)

)
134.

Then it suffices to prove that Ũ commutes with the Dirac operator of the deformed
spectral triple and that there is a coaction of O(G2) on Ã. As D̃ is the restriction of
D⊗ idL2(B) and Ũ is the restriction of idH ⊗Ũ0, it follows directly that they commute.
Using Theorem 2.17, we know that, given the coaction

α1 = adU : A → A � O(G1) : a → U (a ⊗ idA)U∗,

there is a coaction α2 : Ã → Ã � O(G2) : z → (idA ⊗β2)(z). Using (3.2), α2 =
idA ⊗ adŨ0

and regarding elements of A as operators on H, we have α2 = adŨ . ��
Theorem (Main result) 3.12 Let (A,H, D) be a compact spectral triple and let
G1 = (C(G1),
1) be a compact quantum group acting algebraically and by
orientation-preserving isometries on (A,H, D) with a unitary representation U.
Moreover, let ψ be a unitary fiber functor on G1.

Then there exist a spectral triple (Ã, H̃, D̃), a compact quantum group G2 =
(C(G2),
2) monoidally equivalent to G1 and a unitary representation Ũ of G2 on
H̃ such that the monoidal equivalence is associated with ψ andG2 acts algebraically
and by orientation-preserving isometries on the new spectral triple with Ũ .

Denoting B to be the (G1 − G2)-bi-Galois object, one has

Ã = A �
O(G1)

B, H̃ = H �
C(G1)

L2(B), D̃ = (D ⊗ idL2(B))|H̃ . (3.3)

In what follows, we will call this deformation procedure ‘monoidal deformation’.
To end this section, we will show that via the inverse monoidal equivalence on the

deformed quantum group and spectral triple, one can obtain the original data again.

Theorem 3.13 Let (A,H, D) be a spectral triple, G1 a compact quantum group
acting algebraically and by orientation-preserving isometries on (A,H, D). Letψ be
a unitary fiber functor, inducing a monoidal equivalence ϕ : G1 → G2 with bi-Galois
object B. Denote by ϕ−1 : G2 → G1 the inverse monoidal equivalence with bi-Galois
object B̃. Then,

(
A �

O(G1)
B �

O(G2)
B̃,H �

C(G1)
L2(B) �

C(G2)
L2(B̃), D ⊗ idL2(B) ⊗ idL2(B̃)

)

is isomorphic with (A,H, D) as spectral triples (Definition 3.2).
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Proof From Proposition 2.18, one obtains the following ∗-isomorphisms:

A αU→ A �
O(G1)

O(G1)
id⊗π→ A �

O(G1)
B �

O(G2)
B̃

which are all compatible with the coaction ofC(G2). Furthermore, recall the unitaries

f ϕ
x : Hϕ(x) → Hx �

C(G1)
L2(B) : ξϕ(x) �→ Xx (ξϕ(x) ⊗ �(1B))

for x ∈ Irred(G1) of proposition 3.7. Note that these unitaries intertwine the repre-
sentations of G2 on the two Hilbert spaces. We then also have

f ϕ−1

ϕ(x) : Hx → Hϕ(x) �
C(G2)

L2(B̃) : ηx �→ Zϕ(x)(ηx ⊗ �̃(1B̃)),

and combining them we have a unitary:

θ x : Hx → Hx �
C(G1)

L2(B) �
C(G2)

L2(B̃) : ηx �→ Xx
12Z

ϕ(x)
13 (ηx ⊗ �(1B) ⊗ �̃(1B̃)).

Denoting by X and Z resp. ⊕x∈Irred(G1)X
x and ⊕x∈Irred(G1)Z

ϕ(x) (where we take the
direct sum over the decomposition H = ⊕x∈Irred(G1)Hx ), we then have a unitary

θ = ⊕x∈Irred(G1)θx : H → H �
C(G1)

L2(B) �
C(G2)

L2(B̃) :

ξ → X12Z13(ξ ⊗ �(1B) ⊗ �̃(1B̃))

and hence

(id⊗ π)(αU (a))θ(ξ) = (id⊗ π)(U (a ⊗ 1C(G1))U
∗)X12Z13(ξ ⊗ �(1B) ⊗ �̃(1B̃))

= X12Z13(a ⊗ 1B ⊗ 1B̃)Z∗
13X

∗
12X12Z13(ξ ⊗ �(1B) ⊗ �̃(1B̃))

= X12Z13(aξ ⊗ �(1B) ⊗ �̃(1B̃)) = θ(aξ), (3.4)

proving that θ(aξ) = (id⊗π)(αU (a))(θ(ξ)). This concludes the proof. ��

4 Cocycle deformation of spectral triples

In this section, we will fix a spectral triple (A,H, D), a quantum group G acting
algebraically on it by orientation-preserving isometries and a unitary fiber functor ψ

on G, which satisfies dim(Hx ) = dim(Hψ(x)) for every x ∈ Irred(G). Unitary fiber
functorswhich satisfy this conditionwill be called dimension preserving andmonoidal
deformation via a dimension-preserving unitary fiber functor, a dimension-preserving
monoidal deformation. Bichon et al. proved in [6] that dimension-preserving unitary
fiber functors are in one-to-one correspondence with 2-cocycles on the dual quantum
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group. Using this, we will prove that dimension-preserving monoidal deformation
is equivalent to the cocycle deformation introduced in [14]. In this section we will
frequently use slight adaptations of the work of Bichon et al. [6].

4.1 Cocycles on the dual of a compact quantum group

Let G be a compact quantum group.

Definition 4.1 2 Let G be a compact quantum group and (c0(Ĝ), 
̂) its dual. We say
a unitary element � ∈ M(c0(Ĝ) ⊗ c0(Ĝ)) is a 2-cocycle on Ĝ if it satisfies

(� ⊗ 1)(
̂ ⊗ id)(�) = (1 ⊗ �)(id⊗
̂)(�). (4.1)

Denoting for x ∈ Irred(G), px to be the projection c0(Ĝ) → B(Hx ), we will say a
cocycle is normalized if (pε ⊗ id)� = pε ⊗ id and (id⊗pε)� = id⊗pε. From now
on, we will always assume 2-cocycles to be normalized.

Proposition 4.2 ([6]) Let � be a normalized unitary 2-cocycle on Ĝ and denote

�(2) = (� ⊗ 1)(
̂ ⊗ id)(�) = (1 ⊗ �)(id⊗ 
̂)(�).

Then there exists a unique unitary fiber functor ψ� on G such that

Hψ�(x) = Hx , ψ�(S) = �S, ψ�(T ) = �(2)T

for all S ∈ Mor(y ⊗ z, x) and T ∈ Mor(x ⊗ y ⊗ z, a) and x, y, z ∈ Irred(G).
Moreover, it is dimension preserving.

Proof The proof follows directly as our ψ satisfies the conditions of Remark 2.11.
That it is dimension preserving follows directly by construction. ��

Using this unitary fiber functor, one can make a new compact quantum group
G� = (C(G�),
�) [6] and a monoidal equivalence ϕ : G → G� along the lines of
Proposition 2.12. Note that the dual quantum group will be (c0(Ĝ�), 
̂�), where

c0(Ĝ�) =
⊕

x∈Irred(G)

B(Hx ) = c0(Ĝ)

and


̂�(a)ψ�(S) = ψ�(S)a

in which 
̂�(a) = �
(a)�∗.

2 In [6], the authors use another convention for cocycle. In fact, if � is a cocycle in our sense, �∗ is one
in the sense of Bichon and coauthors.
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Proposition 4.3 ([6]) For every dimension-preserving unitary fiber functor ψ on a
quantum group G, there exists a normalized unitary 2-cocycle � on Ĝ such that
ψ ∼= ψ�.

Proof The proof is a slightly adapted version of the proof of proposition 4.5 in [6]. ��
This theorem tells us that every dimension-preserving monoidal equivalence comes
from a cocycle. The next step to prove that a dimension-preserving monoidal defor-
mation of a spectral triple is a cocycle deformation is to introduce the algebraic notion
of a 2-cocycle. We will prove that every 2-cocycle on the dual of a compact quantum
group induces an algebraic 2-cocycle on the compact quantum group and that the
monoidal deformation is equivalent to a cocycle deformation of the spectral triple as
was introduced by Goswami in [14].

4.2 Algebraic 2-cocycle deformation of a spectral triple

We will start with defining the algebraic counterpart of a 2-cocycle on the dual of a
compact quantum group. In algebraic literature (for example Schauenburg [19]), the
definition and theorems are stated for Hopf algebras. We make slight adaptations to
Hopf ∗-algebras.

Definition 4.4 Let H be a Hopf algebra.

1. An (algebraic) dual 2-cocycle on H is a linear map σ : H � H → C, such that

σ(a(1), b(1))σ (a(2)b(2), c) = σ(b(1), c(1))σ (a, b(2)c(2))

for all a, b, c ∈ H . Moreover, a dual 2-cocycle is called normalized if σ(1, h) =
σ(h, 1) = ε(h) for all h ∈ H .

2. A dual 2-cocycle is called invertible if there exists a linear map σ ′ : H � H → C

such that

σ(a(1), b(1))σ
′(a(2), b(2)) = ε(a)ε(b) = σ ′(a(1), b(1))σ (a(2), b(2)).

In this case, σ ′ is called the inverse dual cocycle and written as σ−1. Moreover,
σ−1 satisfies

σ−1(a(1)b(1), c)σ
−1(a(2), b(2)) = σ−1(a, b(1)c(1))σ

−1(b(2), c(2)).

3. If H is a Hopf ∗-algebra, a dual 2-cocycle σ is called unitary if it satisfies

σ(a, b) = σ−1(S(a)∗, S(b)∗).

In that case, we also have

σ−1(a, b) = σ(S(a)∗, S(b)∗).
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In the rest of the section, when we use 2-cocycles on Hopf ∗-algebras, we will
always assume them to be unitary.

Using such a dual 2-cocycle, we can make a new ∗-algebra and several new H -
comodule ∗-algebras. We will use the following linear maps:

• U : H → C : h �→ σ(h(1), S(h(2))),
• V : H → C : h �→ U (S−1(h)).

One can prove that for U−1(h) = σ−1(S(h(1)), h(2)) and V−1(h) = U−1(S−1(h)),

one has U (h(1))U−1(h(2)) = ε(h) = U−1(h(1))U (h(2)) and V (h(1))V−1(h(2)) =
ε(h) = V−1(h(1))V (h(2)).

Definition 4.5 Given an invertible dual 2-cocycle σ on a Hopf ∗-algebra
(H,
, ε, S,∗ ), we define (Hσ ,
σ , εσ , Sσ ,∗σ ) to be the twisted Hopf ∗-algebra,
which

• is isomorphic to H as a co-algebra,
• has multiplication defined by g ·σ h = σ(g(1), h(1))g(2)h(2)σ

−1(g(3), h(3)),
• has antipode Sσ (h) = U (h(1))S(h(2))U−1(h(3)),
• has counit εσ = ε

• and has involution h∗σ = V−1(h∗
(1))h

∗
(2)V (h∗

(3)).

Definition 4.6 We define

1. C#σ H to be a Hσ − H -bicomodule ∗-algebra which
• is isomorphic to H as right H -comodule,
• has twisted multiplication (1#g)(1#h) = σ(g(1), h(1))#g(2)h(2),
• has a coaction β1 : C#σ H → Hσ � (C#σ H) : (1#h) �→ h(1) ⊗ (1#h(2)),
• and has involution (1#h)∗C#σ H = 1#V−1(h∗

(1))h
∗
(2)

and
2. Hσ−1#C to be a H − Hσ -bicomodule algebra which

• is isomorphic to H as left H -comodule,
• has twisted multiplication (g#1)(h#1) = g(1)h(1)#σ−1(g(2), h(2)),
• has a coaction β2 : Hσ−1#C → (Hσ−1#C) � Hσ : (h#1) �→ (h(1)#1) ⊗ h(2),
• and has involution (h#1)∗Hσ−1#C = h∗

(1)V (h∗
(2))#1.

Definition 4.7 Let H be a Hopf ∗-algebra and σ an invertible dual 2-cocycle on H .
Let A be a right H -comodule ∗-algebra with coaction α : A → A � H . We define
Aσ−1#C to be a right Hσ -comodule ∗-algebra which

• is isomorphic to A as vector space,
• has multiplication (a#1)(a′#1) = a(0)a′

(0)#σ
−1(a(1), b(1)),

• has a coaction α̃ : Aσ−1#C → (Aσ−1#C) � Hσ : (a#1) �→ (a(0)#1) ⊗ a(1),
• and has involution (a#1)∗C#σH = a(0)V (a∗

(1))#1.

Theorem 4.8 Let H be a Hopf ∗-algebra and A a right H-comodule ∗-algebra with
coaction α : A → A � H. Denote B = Hσ−1#C. Then,

A�
H
B ∼= Aσ−1#C.
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Proof We have the natural ∗-algebraic isomorphisms

A
α→ A�

H
H

id⊗ε→ A.

Using it as vector space isomorphisms, deforming the multiplications and using that
B and H are isomorphic as left H -comodules, it is easy to check that we have a
well-defined ∗-algebra isomorphism

λ : Aσ−1#C → A�
H
B : (a#1) → a(0) ⊗ (a(1)#1).

��
In this paragraph, we give a slightly adapted version of a result of Goswami and

Joardar in [14].

Theorem 4.9 ([14]3) Let (A,H, D) be a spectral triple and G a compact quantum
group acting on it algebraically and by orientation-preserving isometries with the
representation U. Let σ be an (algebraic) unitary dual 2-cocycle on O(G). Then,

(a) there exists a representation πσ : Aσ−1#C → B(H),

(b) (Aσ−1#C,H, D) is a spectral triple.

Proof (a) Denote the coaction α = adU of O(G) on Aσ−1#C by α(a) = a(0) ⊗ a(1).
Let N be a dense subspace of H such that U (N ) ⊂ N � O(G), and on that
subspace, let U (ξ) = ξ(0) ⊗ ξ(1). Then we can define for a ∈ Aσ−1#C:

πσ (a) : H → H : ξ �→ a(0)ξ(0)σ
−1(a(1), ξ(1)).

In section 4.3 of [14], it is proved that πσ (a) is bounded for all a ∈ Aσ−1#C and
that πσ is a well-defined ∗-morphism.

(b) This is theorem 4.10(4) in [14]. ��

4.3 Linking dimension-preserving monoidal equivalences with algebraic
cocycles

In Proposition 4.3, we proved that there is an equivalence between dimension-
preserving unitary fiber functors on a compact quantum group G and cocycles on
the dual Ĝ. In the following Theorem 4.10, we will prove that there is also an equiv-
alence between cocycles on Ĝ and (algebraic) dual cocycles on O(G). Moreover, we
will show in Theorem 4.11 that the bi-Galois object B associated with the monoidal
equivalence induced by the fiber functor will be of the form B = O(G) σ−1#C.

3 We want to note that Goswami erroneously referred to [16] to explain the deformation of the Hopf ∗-
algebra. Indeed, Majid uses a reality condition and Goswami a unitarity condition, which makes the theory
of Majid not applicable here. We developed a new deformation of the star structure using a unitary cocycle
which results in Definitions 4.5 and 4.6.
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Theorem 4.10 LetG be a compact quantum group. If � is a unitary 2-cocycle on the
dual Ĝ, the formula

σ(uxi j ⊗ uy
kl) = 〈ξ xi ⊗ ξ

y
k ,�(ξ xj ⊗ ξ

y
l )〉, x, y ∈ Irred(G) (4.2)

defines a unique (algebraic) unitary dual 2-cocycle σ onO(G). On the other hand, if
σ is an (algebraic) unitary dual 2-cocycle on O(G), formula 4.2 uniquely defines a
unitary 2-cocycle � on Ĝ.

Proof Under the first assumption, as the uxi j constitute a basis of O(G), the bilinear
map σ is well defined. Using the cocycle property (4.1) of �, one can check that σ

satisfies the dual cocycle condition in Definition 4.4(1). It is normalized and unitary
as � is normalized and unitary. Under the second assumption, � is uniquely and well
defined as element of M(c0(Ĝ) ⊗ c0(Ĝ)). The dual cocycle condition in Definition
4.4(1) will imply the cocycle condition (4.1) of�. Again,� is normalized and unitary
as σ is. ��

Remark that, as �∗ is the inverse of �, we see that σ ′ associated with �∗ is the
convolution inverse of σ . We will denote it with σ−1 and we have

σ−1(uxi j ⊗ uy
kl) = 〈ξ xi ⊗ ξ

y
k ,�∗(ξ xj ⊗ ξ

y
l )〉.

Theorem 4.11 LetG be a compact quantum group with a dimension-preserving uni-
tary fiber functor ψ . Let B be the bi-Galois object associated with ψ with coaction
β1 : B → O(G1) � B; let � be the unitary 2-cocycle on the dual Ĝ associated with
ψ ∼= ψ� and σ the algebraic dual 2-cocycle equivalent to� (Proposition 4.10). Then
there exists a ∗-algebra isomorphism

χ : B → O(G) σ−1#C,

such that (id⊗χ)β1 = 
 ◦ χ .

Proof Denoting ϕ : G → G� to be the monoidal equivalence associated with ψ , we
can find unitaries ux = Hx → Hϕ(x), as dim(ϕ(x)) = dim(x) for all x ∈ Irred(G) .
Fixing a x ∈ Irred(G), we can define Y x = Xx (ux ⊗ 1) ∈ B(Hx ) � B and

Y ′ = ⊕x∈Irred(G)Y
x ∈ M(c0(Ĝ) ⊗ Br )

(where we take the direct sum over all classes, all of them with multiplicity one). Note
that the matrix coefficients of the Xx constitute a basis of B by Theorem 2.13. As the
ux are unitaries, also the matrix coefficients of the Y x (let us call them bxi j ) and hence
of Y ′ form a basis of B. As both the (uxi j )i j,x and (bxi j )i j,x are bases of O(G) resp. B,
we have a vector space isomorphism

χ : O(G) → B : uxi j �→ bxi j ,
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which is compatible with the coactions (i.e. (id⊗χ)
 = β1 ◦ χ ). Moreover, one can
prove that, analogously as in the proof proposition 4.5 of [6], Y ′ satisfies the equation

(
̂ ⊗ id)(Y ′) = Y ′
13Y

′
23(� ⊗ 1B). (4.3)

As (
̂ ⊗ id)(Y ′) = (
̂ ⊗ χ)(V) by construction and (
̂ ⊗ id)(V) = V13V23 by
definition of V, one can prove that

χ(uxi j u
y
st ) = 〈ξ xi ⊗ ξ

y
s ⊗ id, (
̂ ⊗ id)(Y ′)(ξ xj ⊗ ξ

y
t ⊗ id)〉

= 〈ξ xi ⊗ ξ
y
s ⊗ id, (Y ′

13Y
′
23(� ⊗ id))(ξ xj ⊗ ξ

y
t ⊗ id)〉

=
∑

p,q

χ(uxip)χ(uy
sq)σ (uxpj , u

y
qt ),

where we used Theorem 4.10. Hence, also χ(uxi j )χ(uy
st ) = ∑

k,l χ(uxiku
y
sl)σ

−1

(uxk j , u
y
lt ), which means

χ(a)χ(b) = χ(a(0)b(0))σ
−1(a(1), b(1)). (4.4)

Finally, to check that χ is a ∗-algebra isomorphism, note that by the previous equation,
we also have

χ(ab∗) = χ(a(0))χ(b∗
(0))σ (a(1), b

∗
(1)),

and hence

χ(uxi j )
∗ =

∑

k,l

χ(uxk j )
∗χ

(
uxkl(u

x
il)

∗) =
∑

k,l,p,q

χ(uxk j )
∗χ(uxkp)χ

(
(uxiq)

∗)σ
(
uxpl , (u

x
ql)

∗)

=
∑

l,q

χ
(
(uxiq)

∗)σ
(
uxjl , (u

x
ql)

∗)

by unitarity of the Ux and the Y x , which implies that

χ(a)∗ = χ(a∗
(1))σ (S(a(3))

∗, a∗
(2)) = χ(a∗

(1))V (a∗
(2)), (4.5)

where V (a) = σ(S−1(a(2)), a(1)) as before. This proves the last statement. ��

4.4 Dimension-preserving monoidal deformation is isomorphic to algebraic
2-cocycle deformation

In this last paragraph of Sect. 4, we state and prove the main result of this section: the
Goswami–Joardar cocycle deformation amounts to our deformationwith a dimension-
preserving monoidal equivalence.
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Theorem 4.12 Let (A,H, D) be a spectral triple,G a compact quantum group acting
on it algebraically and by orientation-preserving isometries via a unitary representa-
tion U and letψ be a dimension-preserving unitary fiber functor onG. Denoting by B
the corresponding bi-Galois object, there exists an (algebraic) unitary dual 2-cocycle
σ such that (A �

O(G)
B,H �

C(G)
L2(B), D̃) defined in Sect. 3 and (Aσ−1#C,H, D) are

isomorphic as spectral triples.

Remember that B is the bi-Galois object associated with the fiber functorψ , L2(B)

the GNS-space with respect to the invariant state ω = (h ⊗ id)β1 and the deformed
Dirac operator D̃ from Sect. 3. We give the proof via some propositions.

Proposition 4.13 1. There exists a unitary Y ∈ M(K(H) ⊗ Br ) such that φ : H →
H �

C(G)
L2(B) : ξ → Y (ξ ⊗ 1) is an isomorphism of Hilbert spaces.

2. Under this isomorphism, φD = D̃φ.
3. A �

O(G)
B ∼= A σ−1#C with σ the algebraic dual 2-cocycle associated with the

dimension-preserving unitary fiber functor ψ .

Proof 1. Recall the unitaries ux : Hx → Hϕ(x) from the proof of Theorem 4.11 and
the mutually inverse unitaries

fx : Hϕ(x) → Hx �
C(G)

L2(B) : ξ �→ Xx (ξ ⊗ �(1B))

and

gx : Hx �
C(G)

L2(B) → Hϕ(x) : z �→ (idHϕ(x) ⊗ω′
1)(X

x∗z)

from the proof of Proposition 3.7 point 1. Therefore, defining φx = fx ◦ ux =:
Hx → Hx �

C(G)
L2(B), φ′

x = u∗
x ◦ gx : Hx �

C(G)
L2(B) → Hx and Y =

⊕x∈Irred(G)Y x , we can make φ = ∑
x∈Irred(G) φx (where in both cases we take

the sum over the irreducible representations appearing in the decomposition ofU )
such that φ(ξ) = Y (ξ ⊗ 1) for ξ ∈ H. Y is unitary and hence φ is the desired
isomorphism of Hilbert spaces.

2. We have to prove that φ(Dξ) = D̃(φ(ξ)) for ξ ∈ dom(D). Denoting Pλn resp. P̃λn

to be the projection onto Vλn resp. Vλn �
C(G)

L2(B), note that, as Y = (id⊗χ)(U )

and U commutes with D, φ(Pλnξ) = P̃λn (φ(ξ)). Then,

∑

n

|λn|2‖P̃λn (φ(ξ))‖2 =
∑

n

|λn|2‖φ(Pλn (ξ))‖2 =
∑

n

|λn|2‖Pλn (ξ)‖2 < ∞

as ξ ∈ dom(D) and hence φ maps the domain of D into the domain of D̃. Also,
by the previous remark, trivially, D̃n = D̃|Vλn �

C(G)
L2(B)

commutes with φ for all n.

Taking the direct sum, we can conclude that also D̃ commutes with φ.
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3. The proof follows from Theorems 4.8 and 4.11. ��
Finally, it suffices to prove that the actions of the algebras on the Hilbert spaces are
isomorphic.

Proposition 4.14 The action ofA σ−1#C onH is isomorphic to the action ofA �
O(G)

B
on H �

C(G)
L2(B), i.e. if φ : H → H �

C(G)
L2(B) and (id⊗χ)α : A σ−1#C →

A �
O(G)

B are the isomorphisms of the previous proposition, we have:

φ(a ·σ ξ) = (id⊗χ)α(a)φ(ξ).

Proof Let a ∈ A and ξ
z,m
n be the n-th basisvector in the m-th summand of Hz in the

decomposition of H. Using the Hilbert space isomorphism φ : H → H �
C(G)

L2(B)

and the notation a ·σ ξ
z,m
n for the deformed action of a#1 ∈ A σ−1#C on ξ , we will

prove that

φ(a ·σ ξ) = (id⊗χ)α(a)φ(ξ),

by proving

a ·σ ξ = Y ∗(id⊗χ)α(a)(Y (ξ ⊗ 1)).

First, we compute a ·σ ξ
z,m
n . Writing

U (ξ
x,k
j ⊗ id) =

∑

i

ξ
x,k
i ⊗ ux,ki j , (4.6)

and noting that αU (a) = U (a ⊗ 1)U∗ and that a ·σ ξ = a(0)ξ(0)σ
−1(a(1), ξ(1)) where

U (ξ ⊗ 1) = ξ(0) ⊗ ξ(1), we only need a calculation to check that

a ·σ ξ z,mn =
∑

x,k,i, j,q

ξ
x,k
i 〈ξ x,kj , aξ z,mq 〉

∑

s

σ−1(ux,ki j (uz,msq )∗, uz,msn ), (4.7)

which is a finite sum as (αU )|A is an algebraic coaction. Using, moreover, the cocycle
relations, we get

a ·σ ξ z,mn =
∑

x,k,i, j,q

ξ
x,k
i 〈ξ x,kj , aξ z,mq 〉

∑

t,r

σ−1((uz,mtr )∗, uz,mtn )σ (ux,ki j , (uz,mrq )∗) (4.8)

Next, we will compute Y ∗(id⊗χ)αU (a)Y (ξ
z,m
n ⊗ 1). Writing Y (ξ

x,k
j ⊗ id) =

∑
i ξ

x,k
i ⊗ χ(ux,ki j ), we have

Y ∗(id⊗χ)αU (a)Y (ξ z,mn ⊗ 1) =
∑

x,k,i, j,q

ξ
x,k
i 〈ξ x,kj , aξ z,mq 〉

⊗
∑

s,t

(χ(ux,ksi ))∗χ(ux,ks j (uz,mtq )∗)χ(uz,mtn ). (4.9)
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Note now that by Eq. (4.4),

χ(ux,ks j (uz,mtq )∗) = χ(ux,ksv )χ((uz,mtr )∗)σ (uxv j , (u
z
rq)

∗)

and by unitarity of the uxi j and the χ(uxi j ) and Theorem 4.11, we get

∑

s,t

(χ(ux,ksi ))∗χ(ux,ks j (uz,mtq )∗)χ(uz,mtn ) =
∑

t,r

σ−1((uz,mtr )∗, uz,mtn )σ (ux,ki j , (uz,mrq )∗),

(4.10)

which implies that

Y ∗(id⊗χ)αU (a)Y (ξ z,mn ⊗ 1) =
∑

x,k,i, j,q

ξ
x,k
i 〈ξ x,kj , aξ z,mq 〉

∑

t,r

σ−1((uz,mtr )∗, uz,mtn )σ (ux,ki j , (uz,mrq )∗).

We can conclude that

φ(a ·σ ξ) = (id⊗χ)α(a)φ(ξ),

and with this, the proof of Theorem 4.12 is completed. ��

5 Constructing a non-dimension-preserving example

In this section, we will construct an example of a monoidal deformation coming from
a non-dimension-preserving monoidal equivalence. We will use the spectral triple on
the Podleś spheres [17] defined in [10] and SUq(2), which acts on it in the appropriate
way.

5.1 Monoidal equivalences on SUq(2)

We look at orthogonal quantum groups and SUq(2) in particular.

Definition 5.1 ([21]) Let n ∈ N and F ∈ GL(n,C) with FF = cIn ∈ RIn . Then,
Ao(F) is defined as the universal quantum group generated by the coefficients of the
matrix U ∈ Mn(Ao(F)) with relations

• U is a unitary and
• U = FUF−1.

Moreover, Ao(F) = (C(Ao(F)),U ) is a compact matrix quantum group (as defined
in [24]). They are called universal orthogonal quantum groups.
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As the matrices F are not in one to one correspondence with the universal quantum
groups (i.e. different matrices F can define the same universal quantum groups), it is
necessary (but not so hard) to classify the quantum groups Ao(F). This has been done
in [6].

Proposition 5.2 For F1, F2 matrices in GL(n,C) with Fi Fi = ±1, we say

F1 ∼ F2 if there exists a unitary v ∈ U (n) such that F1 = vF2v
T .

Then,

Ao(F1) ∼= Ao(F2) if and only if F1 ∼ F2.

Therefore, we will describe a fundamental domain for ∼ as is done in [6].

Proposition 5.3 A fundamental domain of ∼ is given by the following classes of
matrices:

•
⎛

⎝
0 D(λ1, . . . , λk) 0

D(λ1, . . . , λk)
−1 0 0

0 0 1n−2k

⎞

⎠ with k, n ∈ N, 2k ≤ n,

0 < λ1 ≤ · · · ≤ λk < 1

•
(

0 D(λ1, . . . , λn/2)

−D(λ1, . . . , λn/2)
−1 0

)
with 0 < λ1 ≤ · · · ≤ λn/2 ≤ 1,

n ∈ N even.

Remark 5.4 Note that for F ∈ GL(2,C), up to equivalence, there only exists matrices
of the form

Fq =
(

0 |q|1/2
− sgn(q)|q|−1/2 0

)

for q ∈ [−1, 1]\{0}.
Definition 5.5 ([24,25]) Let q ∈ [−1, 1], q �= 0. Let A be the universal uni-
tal C∗-algebra generated by two elements α, γ satisfying relations such that U =(

α −qγ ∗
γ α∗

)
∈ M2(A) is a unitary matrix. With coproduct 
(Ui j ) = ∑

k Uik ⊗Ukj ,

SUq(2) = (A,
) is a compact quantum group.

Proposition 5.6 With Fq defined in Remark 5.4, we have Ao(Fq) ∼= SUq(2).

Note that this last statement indeed implies that the only orthogonal quantumgroups
defined through matrices of dimension 2 are the quantized versions of SU (2).

We state some results obtained by deBichon et al. in [6] (Corollary 5.4 andTheorem
5.5).

Theorem 5.7 Let F1 ∈ GL(n1,C) with F1F1 = c11, c1 ∈ R. Then,
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• a compact quantum group G is monoidally equivalent to Ao(F1) if and only if
there exist a F2 ∈ GL(n2,C) with F2F2 = c21, c2 ∈ R and c1

Tr(F∗
1 F1)

= c2
Tr(F∗

2 F2)

such that G ∼= Ao(F2).
• In this case, denote by O(Ao(F1, F2)) the ∗-algebra generated by the coefficients
of Y ∈ Mn1,n2(C) ⊗ O(Ao(F1, F2)) with relations

Y is unitary and Y = (F1 ⊗ 1)Y (F−1
2 ⊗ 1),

then O(Ao(F1, F2)) �= 0 and it is the (Ao(F1)-Ao(F2))-bi-Galois object with
coactions β1 of O(Ao(F1)) and β2 of O(Ao(F2)) such that

(id⊗β1)(Y ) = (U1)12Y13 and (id⊗β2)(Y ) = Y12(U2)13,

where the Ui are the unitary representations of Ao(Fi ), whose matrix coefficients
generate the quantum groups.

• The monoidal equivalence preserves the dimensions if and only if n2 = n1. In
this case, we denote the unitary 2-cocycle by �(F2). The �(F2) describe up to
equivalence all the unitary 2-cocycles on the dual of Ao(F1).

Remark 5.8 In [2], Banica shows that the irreducible representations of Ao(F) can be
labeled by N (say rk , k ∈ N). Moreover, for dim(F) = n, he states that dim(rk) =
(xk+1 − yk+1)/(x − y), where x and y are solutions of X2 − nX + 1 = 0 for
n ≥ 3 and dim(rk) = k + 1 for n = 2. Hence, it is easy to show by induction that
if ϕ is a monoidal equivalence between SUq(2) and Ao(F) with dim(F) ≥ 3, then
dim(ϕ(rk)) > dim(rk) = k + 1 for every irreducible representation rk with k ≥ 1.

Moreover, looking at the concrete orthogonal quantum group SUq(2), it is possible
to classify all compact quantum groups which are monoidally equivalent to SUq(2):
indeed, applying the result of the last paragraph to the specific situation of F = Fq , we
know exactly what the quantum groups are which are monoidal equivalent to SUq(2).

Proposition 5.9 ([6]) Let 0 < q ≤ 1. For every even natural number n with 2 ≤ n ≤
q + 1/q, there exists a monoidal equivalence on SUq(2) such that the multiplicity
of the fundamental representation is n. Concretely, SUq(2) ∼mon Ao(F) with F =(

0 D(λ1, . . . , λn/2)

−D(λ1, . . . , λn/2)
−1 0

)
, where 0 < λ1 ≤ · · · ≤ λn/2 ≤ 1 and

∑n/2
i=1

1
λ2i

+ λ2i = q + 1/q.

Let 0 > q ≥ −1. Then for every natural number n with 2 ≤ n ≤ |q + 1/q|,
there exists a monoidal equivalence on SUq(2) such that the multiplicity of the
fundamental representation is n. Concretely, SUq(2) ∼mon Ao(F) with F =⎛

⎝
0 D(λ1, . . . , λk) 0

D(λ1, . . . , λk)
−1 0 0

0 0 1n−2k

⎞

⎠, where k ∈ N, 2k ≤ n, 0 < λ1 ≤ · · · ≤

λk < 1 and
∑k

i=1
1
λ2i

+ λ2i + n − 2k = |q + 1/q|.
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5.2 Monoidal deformation of the Podleś sphere

In Sect. 4, we proved that our monoidal deformation of spectral triples is a gener-
alization of the cocycle deformation, developed in [14]. In this subsection, we will
give a concrete example to prove that our construction is a genuine generalization:
we will construct a monoidal deformation of the Podleś sphere (with spectral triple of
Dabrowski et al. [10]) which is not a 2-cocycle deformation. First, we recapitulate the
definition of the Podleś sphere S2q,c and the spectral triple on it. Then we will use the
results of Sect. 5.1 to apply the construction of Sect. 3.

5.2.1 The Podleś sphere, its spectral triple and its quantum isometry group

The Podleś sphere was initially constructed by Podleś in [18] as follows. Let q ∈
(−1, 1) \ {0} and t ∈ (0, 1]; hence c = t−1 − t ≥ 0. We define O(S2q,c) to be the
∗-algebra generated by elements A, B which satisfy the relations

A∗ = A, AB = q−2BA,

B∗B = A − A2 + c1, BB∗ = q2A − q4A2 + c1.

One can see that for q = 1, we have A∗ = A, AB = BA, B∗B = BB∗ = A−A2+c1
and this is the classical sphere: taking A = z + 1/2, B = x + iy, r2 = c + 1/4, we
indeed have

x2 + y2 + z2 = B∗B + A2 − A + 1/4 = c + 1/4 = r2.

The associated quantum space is called the Podleś sphere S2q,c.
Note first that for q ∈ (0, 1), setting

x0 = t (1 − (1 + q2)A), x−1 = t (1 + q2)
1
2

q
B, x1 = −t (1 + q2)

1
2 B∗,

we see that the definition in [10] with {x0, x−1, x1} is equivalent to the original defin-
ition of Podleś given above. Moreover, defining

Ã = 1 + t−1qγ ∗α − t−1ρ(1 − (1 + q2)γ ∗γ ) + t−1γα∗

1 + q2

B̃ = qα2 + ρ(1 + q2)αγ − q2γ 2

t (1 + q2)
,

(where ρ2 = q2t2

(q2+1)2(1−t)
) if t �= 1 and

Ã = γ ∗γ, B̃ = qαγ,

if t = 1, one can prove that the unital ∗-subalgebra of C(SUq(2)) generated by Ã and
B̃ is isomorphic to O(S2q,c) where c = t−1 − t , sending A to Ã and B to B̃.
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Doing as above, we have three equivalent descriptions of the Podleś sphere.
The spectral triple on S2q,c we use, is the spectral triple developed by Dabrowski

et al. in [10]. The spectral triple uses the representation theory of SUq(2) described
by Banica in [2]. To be compatible with [10], we use their notation. For each n in
{0, 1/2, 1, . . .}, there exists a unique irreducible representation Dn of SUq(2) (r2n in
Banica’s notation) with dimension 2n + 1. For example , we have

D1/2 =
(

α −qγ ∗
γ α∗

)

and

D1 =
⎛

⎝
α∗2 −(q2 + 1)α∗γ −qγ 2

γ ∗α∗ 1 − (q2 + 1)γ ∗γ αγ

−qγ ∗2 −(q2 + 1)γ ∗α α2

⎞

⎠ .

Denoting dnk,l to be the k, l-matrix coefficient of Dn , one can prove that

{
dnk,l | n = 0,

1

2
, 1, . . . ; k, l = −n,−n + 1, . . . , n − 1, n

}

form an orthogonal basis ofK = L2(SUq(2), h), the GNS-space corresponding to the
Haar state h of SUq(2). Moreover, we will denote enk,l the multiples of dnk,l such that
{enk,l} form an orthonormal basis of K.

Furthermore, consider the following closed subspace of K :

H :=
[
en± 1

2 ,l
| n = 1

2
,
3

2
, . . . ; l = −n,−n + 1, . . . , n − 1, n

]
.

Then, one can prove that Ã and B̃, as defined above, leaveH invariant and we have a
faithful ∗-morphism π : O(S2q,c) → B(H) : A �→ Ã|H , B �→ B̃|H , which makes it
possible to identify O(S2q,c) with its image.

Finally, we can define an appropriate Dirac operator by setting

D(en± 1
2 ,l

) = (c1n + c2)e
n
∓ 1

2 ,l
,

where c1, c2 ∈ R, c1 �= 0 are arbitrary constants.
In [10], the authors prove that (O(S2q,c),H, D) constitutes a well-defined spectral

triple. As


SUq (2)(e
n
± 1

2 ,l
) =

∑

k=−n,−n+1,...,n

en± 1
2 ,k

⊗ enk,l ,

it is easy to see that 
SUq (2) induces a unitary representation U of SUq(2) on
H. By [10], the spectral triple is equivariant with respect to this representation
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and, hence, SUq(2) acts algebraically and by orientation-preserving isometries on
(O(S2q,c),H, D). We will use this representation and the monoidal equivalences of
Sect. 5.1 to deform this spectral triple.

5.2.2 Monoidal deformation of the Podleś sphere

To conclude this section, we construct a non-dimension-preserving example. Now, we
know that there is a well-defined spectral triple (O(S2q,c),H, D) on which SUq(2)
acts algebraically and by orientation-preserving isometries. Furthermore, we know
from Proposition 5.9 what the monoidal equivalences of SUq(2) are and we know that
those monoidal equivalences are non-dimension preserving by Remark 5.8. Putting all
this together, we can apply the construction described in Sect. 3 to get the following
theorem.

Theorem 5.10 Let q ∈ [−1, 1]\{0} and n be a natural number with 3 ≤ n ≤ |q +
1/q|.

If q > 0 and n is even, let λ1, . . . , λn/2 be strict positive real numbers not bigger
than 1 such that λ21 + · · · + λ2n/2 + 1/λ21 + · · · + 1/λ2n/2 = q + 1/q and define F to
be the n by n matrix:

F =
(
0 D(λ1, . . . , λn/2)

−D(λ1, . . . , λn/2)
−1 0

)
.

If 0 > q, let k be a natural number k ≤ n/2 and λ1, . . . , λk be strict positive real
numbers such that 0 < λ1 ≤ · · · ≤ λk < 1 and

∑k
i=1

1
λ2i

+ λ2i + n − 2k = |q + 1/q|
and define F to be the n by n matrix

F =
⎛

⎝
0 D(λ1, . . . , λk) 0
D(λ1, . . . , λk)

−1 0 0
0 0 1n−2k

⎞

⎠ .

With F defined as above, there exists a non-dimension-preserving monoidal
equivalence ϕ from SUq(2) to Ao(F) (introduced in Definition 5.1). Denoting by
O(Ao(Fq , F)) the algebra constructed in 5.7, O(Ao(Fq , F)) is the associated bi-
Galois object and the following triplet is a spectral triple:

(

O(S2q,c) �
O(SUq (2))

O(Ao(Fq , F)), H �
C(SUq (2))

L2 (O(Ao(Fq , F))
)
, D̃

)

.

Moreover, Ao(F) acts algebraically and by orientation-preserving isometries on the
new spectral triple. As ϕ is non-dimension preserving, it is not a 2-cocycle deformation
à la Goswami and Joardar [14].
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6 Deformation of the quantum isometry group

The goal of this last section is to prove that the deformation (in the sense of Theorem
3.12) of the quantum isometry group of a spectral triple (defined by Bhowmick and
Goswami) is the quantum isometry group of the deformed spectral triple. We start by
recalling some concepts and results of [4].

Definition 6.1 (Definition 2.7 in [4]) An R-twisted spectral triple (of compact type)
is given by a triple (A,H, D) and an operator R on H where

1. (A,H, D) is a compact spectral triple,
2. R is a positive (possibly unbounded) invertible operator such that R commutes

with D.

Remark 6.2 We note that in Definition 2.7 in [4], there is a third condition in the
definition of R-twisted spectral triple. However in remark 2.11 of [4], the authors state
that this third condition is not necessary. Therefore, we gave the definition above.

Such an operator R is linked with the preservation of a non-commutative analogue
of a volume form.

Definition 6.3 ([4]) Let R be a positive invertible operator and (A,H, D) an R-
twisted spectral triple. Then a compact quantum group G acting on (A,H, D) by
orientation-preserving isometries is said to preserve the R-twisted volume if one has

(τR ⊗ id)(αU (x)) = τR(x)1C(G)

for all x ∈ ED , where τR(x) = Tr(Rx) and ED is the ∗-subalgebra of B(H) generated
by the rank-one operators of the form ηξ∗, η, ξ eigenvectors of D.

In what follows, we will denote by QR(A,H, D) (or just QR) the category of
all compact quantum groups acting by R-twisted volume- and orientation-preserving
isometries with the morphisms of quantum groups which are compatible with the
representations on H.

Moreover, one can prove (as is done in [12]) that for every compact quantum group
acting by orientation-preserving isometries, there exists an operator R such that the
quantum group is an element of QR .

Now, Goswami and Bhowmick proved in [4] that there exists a universal object in
QR(A,H, D).

Theorem 6.4 (Theorem 2.14 in [4]) For any R-twisted spectral triple (A,H, D),

there exists a universal (initial) object (QISO0
R(A,H, D),U0) in the category QR.

The representation is faithful.

For notational convenience, we will write QISO0
R if there is no confusion possible

about the spectral triple. However, in general αU0 may not be faithful even ifU0 is so.
Therefore, one has the following definition.

Definition 6.5 (Definition 2.16 in [4]) Let C = C∗({( f ⊗ id)αU0(a) | a ∈ A, f ∈
A∗}) be the C∗-subalgebra of C(QISO0

R) generated by elements of the form ( f ⊗
id)αU0(a), a ∈ A.
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704 L. De Sadeleer

Then, C is aWoronowiczC∗-subalgebra ofQISO0
R and the compact quantum group

QISOR(A,H,D) = (C,
QISO0
R |C

)

is called the quantum group of R-twisted volume- and orientation-preserving isome-
tries or simply quantum isometry group.

In Sect. 6.3, we will prove that if (A,H, D) is an R-twisted spectral triple and

ϕ : QISOR(A,H,D) → G2

is a monoidal equivalence, then there exists an operator R̃ such that (Ã, H̃, D̃) is an
R̃-spectral triple and G2 = QISOR̃(Ã, H̃, D̃). But before we do that, we describe,
given a monoidal equivalence ϕ : G1 → G2, how to construct a monoidal equivalence
between certain Woronowicz-C∗-subalgebras (Sect. 6.1) resp. quantum supergroups
(Sect. 6.2) of G1 and G2.

6.1 Inducing monoidal equivalences on Woronowicz-C∗-subalgebras

Definition 6.6 ([1]) Let G = (C(G),
) be a compact quantum group and A a C∗-
subalgebra of C(G) such that 
(A) ⊂ A ⊗ A and [
|A(A)(A ⊗ 1)] = A ⊗ A =
[
|A(A)(1 ⊗ A)]. Then, A is called a Woronowicz C∗-subalgebra. We will write
A = (A,
|A ) for the quantum group.

It is good to remark that the notion of compact quantum quotient group introduced
in [22] is a special case of a Woronowicz C∗-subalgebra. However, it is still unknown
whether all Woronowicz C∗-subalgebras are compact quantum quotient groups.

In this section, let G = (C(G),
) be a CQG and A a Woronowicz C∗-subalgebra
ofG. To define a unitary fiber functor onA, it is good to examine its representations. It
is easy to see that every representationU ofA on a Hilbert spaceH is a representation
of G and that every representation V of G is a representation of A if and only if
V ∈ M(K(H) ⊗ A). To distinguish, we will write UG for a representation U of A
seen as representation of G. Moreover, we have the following proposition:

Proposition 6.7 Let U be a unitary representation ofA. Then, U is irreducible if and
only if UG is irreducible.

Proof We know that U resp. UG is irreducible if and only if Mor(U,U ) = {T ∈
B(H)|(T ⊗ id)U = U (T ⊗ id)} resp. Mor(UG,UG) equals C1B(H). As it is directly
clear that Mor(U,U ) = Mor(UG,UG), the proposition is proved. ��

Analogously as before, we will write xG if we look at the equivalence class x ∈
Irred(A) seen as equivalence class in Irred(G). Using this proposition, the unitary
fiber functor is easily made: let G1 be a compact quantum group and ϕ : G1 → G2
a monoidal equivalence between them. Suppose, moreover, that A1 is a Woronowicz
subalgebra of G1. Then, we can construct a unitary fiber functor on A1 = (A1,
|A1 )
by restricting ϕ to the representations of A and prove it is a monoidal equivalence
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between A1 and a compact quantum group A2 such that C(A2) is a Woronowciz
C∗-algebra of G2.

Proposition 6.8 Let G1 be a compact quantum group, A1 a Woronowicz C∗-
subalgebra ofG1 andψ a unitary fiber functor onG1. Then there exists a unitary fiber
functor ψ ′ on A1 = (A1,
1|A1 ) such that ψ ′(x) = ψ(xG1) for all x ∈ Irred(A1).

Proof Let x ∈ Irred(A1). Define Hψ ′(x) to be Hψ(xG) and ψ ′(S) = ψ(S) for every
S ∈ Mor(y1 ⊗ · · ·⊗ yk, x1 ⊗ · · ·⊗ xr ), y1, . . . , yk, x1, . . . , xr ∈ Irred(A1). As ψ is a
unitary fiber functor, ψ ′ will satisfy all the necessary conditions to be a unitary fiber
functor as well.

Denoting by ϕ : G1 → G2 the monoidal equivalence associated with ψ ; we can see
that C(G2) as the C∗-algebra generated (as vector space) by the coefficients of the
Uϕ(x), x ∈ Irred(G1). Now, we can define A2 as the C∗-algebra generated (as vector
space) by the coefficients of the Uϕ(xG1 ), x ∈ Irred(A1). Equivalently,

A2 = [(ω ⊗ id)Uϕ(xG1 )|x ∈ Irred(A1)]

and we also write

A2 = 〈(ω ⊗ id)Uϕ(xG1 )|x ∈ Irred(A1)〉.

Note that they are indeed algebras: if x, y ∈ Irred(A1), then the product of a matrix
coefficient of Uϕ(x) and one of Uϕ(y) is a matrix coefficient of the tensor product of
them. By construction, this tensor product is a direct sum of representations ϕ(zi )
where all zi are in Irred(A1).

Now, it is clear thatψ ′ induces amonoidal equivalenceϕ′ betweenA1 and a compact
quantum group with algebra A2.

Theorem 6.9 With themap
′
2 = 
2|A2 ,A2 = (A2,


′
2) is a compact quantumgroup.

Moreover the monoidal equivalence ϕ′, induced by ψ, is an equivalence between A1
and A2.

Proof Written differently, A2 is the closed linear span of the elements u
ϕ(xG1 )

i j , x ∈
Irred(A1). For 
′

2 defined as above, we get:


′
2(u

ϕ(xG1 )

i j ) =
∑

k

u
ϕ(xG1 )

ik ⊗ u
ϕ(xG1 )

k j ,

and as x ∈ Irred(A1), we see that 
′
2(A2) ⊂ A2 ⊗ A2. Now, denote by ε′ and S′

the restrictions of the counit ε and antipode S of G2 defined on O(G2) to A2. Then,
A2 = 〈(ω ⊗ id)Uϕ(xG1 )|x ∈ Irred(A1)〉 = O(A2) is a Hopf ∗-algebra which is
dense in A2. This proves that A2 = (A2,


′
2) is indeed a compact quantum group. By

construction of ϕ′, it is evident that it is a monoidal equivalence between A1 and A2.
��
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Before we go the next paragraph, we want to explore how the (G1 −G2)-bi-Galois
object behaves with respect to the (A1 − A2)-bi-Galois object .

Theorem 6.10 Let G1,G2,A be compact quantum groups such that C(A) is a
Woronowicz C∗-subalgebra of C(G1) and such that ϕ : G1 → G2 is a monoidal
equivalence. Let B be the G1 − G2-bi-Galois object with β1 : B → O(G1) � B. Let
ϕ′ be the monoidal equivalence between A1 and A2 as defined above and define B′ to
be the A1 − A2-bi-Galois object with γ1 : B′ → O(A1) � B′. Then we have

B′ = {b ∈ B|β1(b) ∈ O(A1) � B}

and γ1 = β1|B′ .

Proof From the original proof of Theorem 2.13 (which is theorem 3.9 in [6]), we
know that B′ = ⊕x∈Irred(A1)B(Hϕ(x),Hx )

∗ and B = ⊕x∈Irred(G1)B(Hϕ(x),Hx )
∗.

Hence, B′ ⊂ B. Also, Xx ∈ B(Hϕ(x),Hx ) �B is defined such that (ωx ⊗ id)(Xx ) =
(δx,yωx )y∈Irred(G1) for all ωx ∈ B(Hϕ(x),Hx )

∗. By definition, we see that for x ∈
Irred(A1), Xx = XxG1 . As β1 resp. γ1 are defined by (id⊗β1)(Xx ) = Ux

12X
x
13

(x ∈ Irred(G1)) resp. (id⊗γ1)(Xx ) = Ux
12X

x
13 (x ∈ Irred(A1)), it follows directly

that γ1 = (β1)|B′ . Moreover, if x ∈ Irred(A1),Ux
12X

x
13 ∈ B(Hϕ(x),Hx )�O(A1)�B

and hence for b ∈ B′, β1(b) ∈ O(A1) � B. If x ∈ Irred(G1) but x /∈ Irred(A1),
Ux
12X

x
13 /∈ B(Hϕ(x),Hx ) � O(A1) � B and hence for b ∈ B but b /∈ B′, β1(b) /∈

O(A1) � B. This concludes the proof. ��
Remark 6.11 In the special case of compact quantum quotient groups, a compact
quantum quotient group of G1 will be monoidally equivalent to a compact quantum
groupwhich has as algebra aWoronowiczC∗-subalgebra ofG2.Whether that compact
quantum group is a compact quantum quotient group as well is still unknown [22].

6.2 Inducing monoidal equivalences on supergroups

In this subsection we describe, given a monoidal equivalence ϕ : G1 → G2, how to
construct a monoidal equivalence between certain quantum supergroups of G1 and
G2.

So, let G1 and G2 be two compact quantum groups and let ϕ : G1 → G2 be
a monoidal equivalence. Moreover, suppose G1 is a compact quantum subgroup of
a compact quantum group H1. As we have done in Sect. 6.1 for Woronowicz C∗-
subalgebras, we will describe a method to construct a unitary fiber functor onH1 from
the monoidal equivalence ϕ.

Let π : Cu(H1) → Cu(G1) be the surjective morphism which is compatible with
the quantum group structure. Now note that for a representation U of H on a Hilbert
space H, (idH ⊗π)U is a representation of G1. Therefore, for x ∈ Irred(H1), define
xG1 to be the equivalence class of (id⊗π)Ux as representation of G1 and

• if (id⊗π)Ux is irreducible, let HxG1
= Hx ;

• If (id⊗π)Ux is reducible, say (id⊗π)Ux = ⊕n
i=1U

yi , yi ∈ Irred(G1), then let
HxG1

= ⊕n
i=1Hyi .

123



Deformations of spectral triples and their quantum isometry… 707

If x1, . . . , xr , y1, . . . , ys are classes of irreducible representations ofH1 withU
xi
G1 =

⊕ ji U
ziji and U

yi
G1 = ⊕kiU

tiki , we denote for a morphism S ∈ Mor(x1 ⊗ · · · ⊗
xr , y1 ⊗ . . . , ys), SG1 = ⊕

j1,..., jr ,k1,...ks S
j1,..., jr
k1,...ks

to be the morphism S, but seen

as element of
⊕

j1,..., jr ,k1,...ks Mor(z1k1 ⊗ · · · ⊗ zsks , t
1
j1

⊗ · · · ⊗ trjr ), i.e. S
j1,..., jr
k1,...ks

∈
Mor(z1k1 ⊗ · · · ⊗ zsks , t

1
j1

⊗ · · · ⊗ trjr ).
Then, we can define the following map:

Proposition 6.12 LetG1,G2,H1 and ϕ be as above. For x ∈ Irred(H1) with U
xG1 =

(id⊗ π)Ux = ⊕n
i=1U

yi , yi ∈ Irred(G1), define Hψ ′(x) = ⊕n
i=1Hϕ(yi ) and for S ∈

Mor(x1 ⊗ · · · ⊗ xr , y1 ⊗ . . . , ys) with SG1 = ⊕
j1,..., jr ,k1,...ks S

j1,..., jr
k1,...ks

, let ψ ′(S) =
⊕

j1,..., jr ,k1,...ks ϕ(S j1,..., jr
k1,...ks

). Then the collection of maps

Hx �→ Hψ ′(x) S ∈ Mor(x1 ⊗ · · · ⊗ xr , y1 ⊗ . . . , ys) �→ ψ ′(S)

constitutes a unitary fiber functor ψ ′ on H1.

The proof follows directly by construction ofHψ ′ and ψ ′(S). By Theorem 2.12, there
exists a compact quantum group H2 and a monoidal equivalence ϕ′ : H1 → H2. In
Theorem 6.13, wewill describe the bi-Galois object associatedwith ϕ and the compact
quantum group H2 explicitly.

Theorem 6.13 LetG1,G2,H1 be compact quantum groups such thatG1 is a compact
quantum subgroup of H1 with surjective morphism π : Cu(H1) → Cu(G1). Let
ϕ : G1 → G2 be a monoidal equivalence as above and let H2 and ϕ′ : H1 → H2 be
the compact quantum group and monoidal equivalence induced by ϕ by Propositions
6.12 and 2.12. Denoting by B the (G1-G2)-bi-Galois object associated with ϕ, by B̃
the (G2-G1)-bi-Galois object associated with ϕ−1 and by B′ the (H1-H2)-bi-Galois
object associated with ϕ′, we have

B′ ∼= O(H1) �
O(G1)

B (6.1)

and

O(H2) ∼= B̃ �
O(G1)

O(H1) �
O(G1)

B (6.2)

using the right resp. left coactions (id⊗π)
H1 : O(H1) → O(H1) � O(G1) resp.
(π ⊗ id)
H1 : O(H1) → O(G1) � O(H1) of O(G1) on O(H1).

Proof Let Xx , x ∈ Irred(G1) be the unitaries from Theorem 2.13 associated with
ϕ. Define for x ∈ Irred(H1), X

xG1 = ⊕n
i=1X

yi if UxG1 = (id⊗π)Ux = ⊕n
i=1U

yi ,
yi ∈ Irred(G1). Moreover, define for x ∈ Irred(H1),

Y x = Ux
12X

xG1
13 ∈ B(Hϕ′(x),Hx ) � O(H1) � B. (6.3)
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We claim that the Y x with the functional ω′ = hH1 ⊗ ω (hH1 is the Haar state of
H1) satisfy the properties 1(a), 1(b) and 1(c) of Theorem 2.13 applied to ϕ′. Indeed,
we have for x, y, z ∈ Irred(H1) and S ∈ Mor(y ⊗ z, x),

Y y
13Y

z
23(ϕ

′(S) ⊗ id) = U y
13X

yG1
14 Uz

23X
zG1
24 (ϕ′(S) ⊗ id)

= U y
13U

z
23X

yG1
14 X

zG1
24 (ϕ′(S) ⊗ id)

= U y
13U

z
23(S ⊗ id)X

xG1
13

= (S ⊗ id)Ux
12X

xG1
13

= (S ⊗ id)Y x .

Moreover, (id⊗ω′)Y x = (id⊗hH1 ⊗ ω)(Ux
12X

xG1
13 ) = 0 if x �= ε.

Hence to prove (6.1), it suffices to prove that the matrix coefficients of the Y x

constitute a linear basis ofO(H1) �
O(G1)

B. Note first that the matrix coefficients of the

Y x are elements of O(H1) �
O(G1)

B. Indeed,

(
id⊗(idO(H1) ⊗π)
H1 ⊗ idB

)
Ux
12X

xG1
13

= Ux
12U

xG1
13 X

xG1
14 = (id⊗ idO(H1) ⊗β1)U

x
12X

xG1
13 .

Moreover, as every irreducible representation of G1 is a subrepresentation of some
xG1 , x ∈ Irred(H1), the matrix coefficients of the XxG1 resp. theUx form a basis of B
resp.O(H1). Hence, thematrix coefficients of the Y x are linearly independent. Finally,
we prove that they are also generating. Let z be an arbitrary element ofO(H1) �

O(G1)
B.

Then, z is of the form
∑

λ
i j
st u

x
i j ⊗byst where the u

x
i j resp. b

y
st are the matrix coefficients

of theUx resp. X y , x ∈ Irred(H1), y ∈ Irred(G1) andλ
i j
st ∈ C. As z ∈ O(H1) �

O(G1)
B,

∑
λ
i j
st u

x
ik ⊗ π(uxk j ) ⊗ byst = ∑

λ
i j
st u

x
i j ⊗ uy

sr ⊗ byrt , hence z is a linear combination of

matrix coefficients of Ux
12X

xG1
13 . As the unitaries satisfying properties 1(a), 1(b) and

1(c) of Theorem 2.13 are unique, the Y x are those unitaries and B′ ∼= O(H1) �
O(G1)

B.
This concludes the proof of the first result (6.1).

For the second result 6.2, let Z y , y ∈ Irred(G2) be the unitaries from Theorem
2.13 associated with ϕ−1. If UxG1 = (id⊗π)Ux = ⊕iU yi for x ∈ Irred(H1), yi ∈
Irred(G1), we will denote Uϕ(xG1 ) = ⊕iUϕ(yi ) and Zϕ(xG1 ) = ⊕i Zϕ(yi ) ∈
B(Hx ,Hϕ′(x)) � B̃.

Therefore, we can define

V ϕ′(x) = Z
ϕ(xG1 )

12 Ux
13X

xG1
14 .

Then, one can prove analogously as above that for x, y, z ∈ Irred(H1) and S ∈
Mor(y ⊗ z, x),
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V ϕ′(y)
13 V ϕ′(z)

23 (ϕ′(S) ⊗ id) = Z
ϕ(yG1 )

13 U y
14X

yG1
15 Z

ϕ(zG1 )

23 Uz
24X

zG1
25 (ϕ′(S) ⊗ id)

= Z
ϕ(yG1 )

13 Z
ϕ(zG1 )

23 U y
14U

z
24X

yG1
15 X

zG1
25 (ϕ′(S) ⊗ id)

= Z
ϕ(yG1 )

13 Z
ϕ(zG1 )

23 U y
14U

z
24(S ⊗ id)X

xG1
14

= Z
ϕ(yG1 )

13 Z
ϕ(zG1 )

23 (S ⊗ id)Ux
13X

xG1
14

= (ϕ′(S) ⊗ id)Z
ϕ(xG1 )

12 Ux
13X

xG1
14

= (ϕ′(S) ⊗ id)V ϕ′(x).

The argument to prove that the matrix coefficients of V ϕ′(x) form a linear basis of
C(H2) is the same as in the first part of the proof. ��
Moreover, the newly constructed compact quantum group H2 is a supergroup of G2.

Proposition 6.14 We have a surjective morphism of compact quantum groups π ′ :
Cu(H2) → Cu(G2) such that

(id⊗π ′)V ϕ′(x) = Uϕ(xG1 ) (6.4)

for every x ∈ Irred(H1), implying that G2 is a quantum subgroup of H2.

Proof The map π ′ is well defined by (6.4) as the matrix coefficients of the V ϕ′(x)

constitute a linear basis of O(H2). Moreover, it is a linear surjection and it follows
directly that it is coalgebramap. It suffices to prove thatπ ′ is an algebramap. Therefore,
denoting by f : O(G2) → B̃ �

O(G1)
B the isomorphism of Proposition 2.18 (applied

to ϕ−1 : G2 → G1) such that (id⊗ f )Uϕ(x) = Zϕ(x)
12 Xx

13, x ∈ Irred(G1) it is easy to
see that

(idHϕ′(x) ⊗ f −1)(idHϕ′(x) ⊗ idB̃ ⊗ε ⊗ idB)V ϕ′(x)

= (idHϕ′(x) ⊗ f −1)(id⊗ idB̃ ⊗ε ⊗ idB)(Z
ϕ(xG1 )

12 Ux
13X

xG1
14 )

= (idHϕ′(x) ⊗ f −1)(Z
ϕ(xG1 )

12 X
xG1
13 )

= ⊕i (idHϕ′(x) ⊗ f −1)(Zϕ(yi )
12 X yi

13)

= ⊕iU
ϕ(yi ) = Uϕ(xG1 ) = (idHϕ′(x) ⊗π ′)V ϕ′(x)

ifUxG1 = ⊕iU yi . Hence, (id⊗ f −1)(id⊗ idB̃ ⊗ε ⊗ idB) = (id⊗π ′), proving that π
is multiplicative as composition of algebra maps. This concludes the proof. ��

Finally, we prove that the two monoidal equivalences ϕ and ϕ′ make isomorphic
deformed spectral triples.

Proposition 6.15 LetG1,G2,H1 be compact quantum groups such thatG1 is a com-
pact quantum subgroup of H1 with surjective morphism π : Cu(H1) → Cu(G1)

and let ϕ : G1 → G2 be a monoidal equivalence as above. Let H2 and ϕ′ be the
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710 L. De Sadeleer

compact quantum group and monoidal equivalence induced by ϕ as in Proposition
6.12. Suppose H1 resp. G1 acts algebraically and by orientation-preserving isome-
tries with a unitary representation V resp. U on a spectral triple (A,H, D) such that
U = (id⊗ π)V . Denoting by B the (G1-G2)-bi-Galois object associated with ϕ, by B̃
the (G2-G1)-bi-Galois object associated with ϕ−1 and by B′ the (H1-H2)-bi-Galois
object associated with ϕ′, the deformed spectral triples

(A �
O(G1)

B,H �
C(G1)

L2(B), D̃)

and
(
A �

O(H1)
B′,H �

C(H1)
L2(B′), D̃′

)
,

(where D̃′ is the deformation of D along ϕ′) are isomorphic.

Proof It is easy to see that the map

λ : A �
O(G1)

B → A �
O(H1)

O(H1) �
O(G1)

B : z �→ (αV ⊗ idB)z13

is an isomorphism of ∗-algebras with inverse (idA ⊗εH1 ⊗ idB). Moreover, let
φ : H �

C(G1)
L2(B) → H �

C(H1)
L2(O(H1) �

O(G1)
B) : η → V12η13. Then defining

φ′ : H �
C(H1)

L2(O(H1) �
O(G1)

B) → H �
C(G1)

L2(B) : ξ �→ (id⊗hH1 ⊗ id)V ∗
12ξ ,

one can prove that φ′(ξ)13 = V ∗
12ξ ∈ H �

C(H1)
L2(O(H1) �

O(G1)
B) as in Proposition

3.7. Hence, it follows that φ′ = φ−1. Moreover, φ D̃ = D̃′φ. Finally, we have for
z ∈ A �

O(G1)
B and η ∈ H �

C(G1)
L2(B),

λ(z)φ(η) = V12z13V
∗
12V12η13

= V12z13η13,

= φ(zη)

completing the proof. ��

6.3 Deformation of the quantum isometry group

6.3.1 Deformation of the universal object in QR(A,H, D)

In this paragrah, we will investigate how the universal objects in the category
QR(A,H, D) behave with respect to our deformation procedure.

Proposition 6.16 Let R be a positive invertible operator such that (A,H, D) is a
R-twisted spectral triple. Let G1 be a compact quantum group acting algebraically
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and by orientation-preserving isometries on (A,H, D) with a representation U and
suppose ϕ : G1 → G2 is a monoidal equivalence. Denote by (Ã, H̃, D̃) the deformed
spectral triple (Theorem 3.12). Then there exists a positive invertible operator R̃ such
that (Ã, H̃, D̃) is an R̃-twisted spectral triple on whichG2 acts by R̃-twisted volume-
and orientation-preserving isometries. Moreover, applying the same construction to
ϕ−1, we obtain R again.

Proof We can decompose H as

H = ⊕x∈Irred(G1)Hx ⊗ Wx

for some Hilbert spaces Wx , where the direct sum is taken over all x ∈ Irred(G1), all
with multiplicity one. As D commutes with the representation U , D is of the form
D = ⊕x∈Irred(G1) idHx ⊗Dx where the Dx are operators Wx → Wx . As G1 acts by
R-twisted volume-preserving isometries,

(τR ⊗ id)(αU (x)) = τR(x)1C(G)

for all x ∈ ED , where τR(x) = Tr(Rx) and ED is the ∗-subalgebra of B(H) generated
by the rank-one operators of the form ηξ∗, η, ξ eigenvectors of D. Therefore, also
(τR ⊗ hG1)(αU (x)) = τR(x) from which it follows (as in the proof of theorem 3.8 of
[14]) that Rmust be of the form R = ⊕x∈Irred(G1)F

T
x ⊗Rx , where Fx is thematrix such

that hG1(u
x
i j (u

y
st )

∗) = δx,yδi,s (Fx ) j t
Tr(Fx )

(described by Woronowicz [26]) and Rx : Wx →
Wx positive operators. As (A,H, D) is an R-twisted spectral triple, R and D commute
and hence each Dx commutes with Rx for all x ∈ Irred(G1). Now, in this presentation,
H̃ = ⊕x∈Irred(G1)Hϕ(x) ⊗ Wx and D̃ = ⊕x∈Irred(G1) idHϕ(x) ⊗Dx . Therefore, define

R̃ = ⊕x∈Irred(G1)F
T
ϕ(x) ⊗ Rx . Then, R̃ is again positive and invertible and it commutes

with D̃. Moreover,G2 acts by R̃-twisted volume-preserving isometries by the defining
property of Fϕ(x). It is clear that the inverse construction gives R again. ��
Theorem 6.17 Let R be a positive invertible operator on a Hilbert space H and let
(A,H, D) be an R-twisted compact spectral triple on which QISO0

R(A,H, D) acts
algebraically. Suppose ϕ : QISO0

R(A,H, D) → G2 is a monoidal equivalence with
bi-Galois object B. Then, G2 ∼= QISO0

R̃
(Ã, H̃, D̃) for R̃ as in Proposition 6.16.

Remark 6.18 Note that the condition that QISO0
R(A,H, D) acts algebraically

on (A,H, D) is not essential. If QISO0
R(A,H, D) does not act algebraically

on (A,H, D), we know from Proposition 3.4 that there exists a ∗-algebra A1
which is SOT-dense in A′′ such that (A1,H, D) is a compact spectral triple
on which QISO0

R(A,H, D) acts algebraically. Moreover, QISO0
R(A,H, D) ∼=

QISO0
R(A1,H, D) by proposition 3.9 of [14].

Proof of theorem 6.17 By Proposition 6.4, there exists a universal object
QISO0

R(A,H, D) in the categoryQR of compact quantum groups acting by R-twisted
volume- and orientation-preserving isometries on (A,H, D). For notational conve-
nience, we will denote this quantum group by QISO0

R. Now, as ϕ : QISO0
R → G2 is
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a monoidal equivalence, G2 acts algebraically and by orientation-preserving isome-
tries on (Ã, H̃, D̃) = (A �

O(QISO0
R)

B,H �
C(QISO0

R)

L2(B), D̃). Denote by R̃ the operator

constructed in Proposition 6.16. ThenG2 is a quantum subgroup of QISO0
R̃
(Ã, H̃, D̃).

Moreover, themonoidal equivalenceϕ−1 : G2 → QISO0
R(A,H, D) induces a unitary

fiber functorψ ′ onQISO0
R̃
(Ã, H̃, D̃) byProposition 6.12;wewill denote the deformed

quantum group byH1 and the monoidal equivalence associated withψ ′ (for notational
convenience) by ϕ′−1 : QISO0

R̃
(A,H, D) → H1 and the associated bi-Galois object

by B̃′. As G2 is a quantum subgroup of QISO0
R̃
(Ã, H̃, D̃), QISO0

R(A,H, D) is a
quantum subgroup of H1 by Proposition 6.14 and both act by R-twisted volume-
and orientation-preserving isometries on (A,H, D) by Proposition 6.15. Hence by
universality,

QISO0
R(A1,H, D) ∼= H1 (6.5)

and also

G2 ∼= QISO0
R(Ã, H̃, D̃).

This completes the proof. ��

6.3.2 Deformation of the quantum isometry group

In this paragraph, we use Sect. 6.1 and paragraph 6.3.1 to strengthen the result of
Theorem 6.17 to quantum isometry groups.

Theorem 6.19 Let (A,H, D) be an R-twisted compact spectral triple such that
QISO0

R(A,H, D) acts algebraically on (A,H, D). Suppose moreover that we have
a monoidal equivalence

ϕ : QISO0
R(A,H, D) → G2.

Then there exists a monoidal equivalence

ϕ′ : QISOR(A,H, D) → QISOR̃(Ã, H̃, D̃),

where (Ã, H̃, D̃) is the spectral triple obtained by deformation with ϕ by Theorem
3.12 and R̃ the operator obtained from Proposition 6.16.

Remark 6.20 One can make again Remark 6.18 here.

Proof of theorem 6.19 Denote the universal object of QR for notational convenience
by QISO0

R = (C(QISO0
R),U0). Analogously, QISO0

R̃
= QISO0

R̃
(Ã, H̃, D̃). As

C(QISOR) = C∗({( f ⊗ id)αU (a) | a ∈ A, f ∈ A∗}), it is a Woronowicz C∗-
subalgebra of QISO0

R and hence we can apply the theory of section 6.1. We obtain
a compact quantum group H2 and a monoidal equivalence ϕ′ : QISOR → H2
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and it suffices to prove H2 = QISOR̃(Ã, H̃, D̃). Note now that as QISO0
R acts

algebraically on (A,H, D), we can decompose A into spectral subspaces Ax and
define the subset I of Irred(QISO0

R) by I = {x ∈ Irred(QISO0
R) | Ax �= 0}.

Then we have C(QISOR) = C∗({uxi j | x ∈ I }) and I = Irred(QISOR). More-

over, C(H2) = C∗({uϕ(x)
i j | x ∈ I }) and by theorem 7.3 of [11], we know

that also I = {x ∈ Irred(QISO0
R) | Ãϕ(x) �= 0}. Hence, we can conclude that

H2 = QISOR̃(Ã, H̃, D̃).
This concludes the proof. ��

6.4 Deformation of the quantum isometry group of the Podleś sphere

In this last subsection, we use Sect. 6.3 to find the quantum isometry group of the
newly constructed spectral triple in Theorem 5.10. Therefore, we investigate first the
quantum isometry group of the Podleś sphere.

Definition 6.21 ([17]) Define B to be the unital ∗-subalgebra of C(SUq(2)) gener-
ated (as ∗-algebra) by the elements α2, γ ∗γ, γ 2, αγ and γ ∗α. The closure of B is
a Woronowicz C∗-algebra of SUq(2) and the associated compact quantum group is
called SOq(3).

In the classical situation, we know that SO(3) is a quotient group of SU (2); indeed,
SO(3) = SU (2)/{−1, 1}. In the quantum versions this is also true: we can prove that
Z2 is a normal quantum subgroup of SUq(2) and SUq(2)/Z2 equals SOq(3).

Theorem 6.22 ([5]) Let S2q,c be the Podleś sphere as defined in Sect. 5.2. Then,

QISOR[O(S2q,c),H, D] ∼= SOq(3).

Now, we will investigate how the monoidal equivalences of SOq(3) are induced
by those of SOq(2) to apply Theorem 6.19 to find the quantum isometry group of the
spectral triples constructed in Theorem 5.10.

We defined SOq(3) as coming from a Woronowicz-C∗-subalgebra of SUq(2).
Using the theoremsofSect. 6.1,wewill use the inductionmethod to constructmonoidal
equivalences on SOq(3). Therefore, fix amonoidal equivalence between SUq(2) and a
suitable Ao(F ′) with dim(F ′) ≥ 3. As SOq(3) = SUq(2)/Z2, we find a Woronowicz
subalgebra I (F ′) of Ao(F ′) such that SOq(3) is monoidally equivalent to I (F ′). Now
Theorem 4.1 in [23] gives us a concrete description of I (F ′).
Theorem 6.23 (Theorem 4.1 in [23]) Let F ∈ GL(n,C) be such that FF = ±In.
Then every Woronowicz subalgebra of Ao(F) is a quantum quotient group. Moreover,
it has only one normal subgroup of order 2 with quantum quotient group C∗(r2m)

(where r2m is as in the parametrization of Banica [2]).

Applying this theorem to F = Fq , it affirms that SOq(3) is the only compact quan-
tum quotient group of SUq(2). Applying it to F = F ′, we get a concrete description
of I (F ′). By Remark 5.8, it can be seen that the induced monoidal equivalence is not
dimension preserving and hence not a 2-cocycle deformation (by Proposition 4.2).

Combining all of this, we get:
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Theorem 6.24 Let F ∈ GL(n,C) be such that FF = ±In and ϕ : SUq(2) → Ao(F)

a monoidal equivalence with bi-Galois object B = Ao(Fq , F). Define I (F) to be the
C∗-algebra generated by the Ui jUkl where U is the unitary in Mn(Ao(F)) satisfying
the relation U = FUF−1 as in Definition 5.1. Define P(Fq , F) to be the ∗-algebra
generated by the Yi jYkl where Y is the unitary in Mn,2(C)⊗O(Ao(Fq , F)) described
in Theorem 5.7. Then there exists a monoidal equivalence ϕ′ : SOq(3) → I (F) with
bi-Galois object B′ = P(Fq , F) which is not dimension preserving (by Remark 5.8).

Now, we are ready to characterize the quantum isometry groups of the spectral
triples constructed in Theorem 5.10.

Theorem 6.25 Let q ∈ [−1, 1]\{0} and n a natural number with 3 ≤ n ≤ |q + 1/q|.
If q > 0, suppose n is even. With the matrix F defined as in Theorem 5.10, I (F) as
constructed in Theorem 6.24 is the quantum isometry group of the spectral triple

(

O(S2q,c) �
O(SUq (2))

O(Ao(Fq , F)), H �
C(SUq (2))

L2(O(Ao(Fq , F))
)
, D̃

)

from Theorem 5.10.
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