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1 Introduction

Gravitational tensor hierarchies are a common feature of gauged supergravity compact-
ifications as they result from the reduction of p-forms in the component spectrum that
are charged under the higher-dimensional superdiffeomorphisms [1-7]. Upon compactifica-
tion, some of the components of the gravitino generally become massive but leave behind
massless non-abelian gauge fields from mixed components of the frame and their super-
partners. What remains is a hierarchy of differential forms of various spacetime degrees, all
charged under the residual diffeomorphisms compatible with the splitting of the compacti-
fied spacetime. Further decoupling this structure from the lower-dimensional supergravity
fields, one is left with a hierarchy of p-forms charged under the non-abelian gauge algebra
of diffeomorphisms of the compactification manifold.

Such hierarchies of p-form fields, or “tensor hierarchies” as they have come to be known,
come in various forms including abelian, non-abelian, and gravitational hierarchies. The
simplest such hierarchy arises in any theory containing a p-form field (p > 0) on a product
spacetime X X Y: here the de Rham differential d — dx + dy becomes a sum and the
p-form splits into a collection of p-forms on X valued in g-forms on Y. (In this case the
“hierarchy” structure is encoded in the ordinary de Rham complex on Y.)

In particular, any dimensional reduction of a theory containing a p-form field will give
rise to a tensor hierarchy of this type. In the typical situation, the p-form fields in question



are generalizations of the 1-form field of Mawell theory: abelian gauge transformations
of such fields are exterior derivatives of (p — 1)-form gauge parameters and the exterior
derivative of such a potential is an invariant (p 4+ 1)-form field-strength. The presence
of such abelian p-forms is typical in extended supergravity and higher-dimensional super-
gravity theories: these theories have additional spinor degrees of freedom arising from a
larger gravitino, and the additional spin-0 and spin-1 degrees of freedom of the “gravi-p-
forms” are needed to balance this without introducing more spin-2. Well-known examples
include the graviphoton (+ scalar) of 4D, N = 2 supergravity and the 3-form of eleven-
dimensional supergravity.

Gravitational tensor hierarchies arise naturally, then, in extended supergravity and
higher-dimensional supergravity theories on product manifolds. More generally, the back-
ground spacetime can have the structure of a non-trivial bundle over Y, in which case the
mixed components of the graviton become the Kaluza-Klein gauge field for the algebra of
diffeomorphisms on Y. The reduced components of the gravi-p-forms are charged under
this non-abelian gauge algebra: in addition to their usual abelian p-form transformation,
they transform as matter fields under Y diffeomorphisms.

The structure of the gravitational tensor hierarchy can be generalized by replacing the
collection of dimensionally reduced forms with a more general set not necessarily resulting
from any dimensional reduction. Maps between these new forms must be defined to replace
the de Rham differential. Provided this is done in a manner compatible with the de Rham
complex of forms on X, there results an abelian tensor hierarchy of forms on X with values
in this new complex.

Abstracting further, the algebra of diffeomorphisms on Y can then be replaced with
a general non-abelian gauge algebra provided a representation is assigned to each degree
in the new hierarchy. The action of this algebra should satisfy certain “equivariance”
conditions with respect to the de Rham differential on X and the maps of the p-form
hierarchy. These conditions can be interpreted as gauging the abelian hierarchy with
respect to the new non-abelian gauge algebra; such hierarchies are referred to as “non-
abelian tensor hierarchies”.! It is important to emphasize that the p-forms of the hierarchy
transform linearly under the non-abelian group. Despite the terminology, the non-abelian
aspect of the gauge structure is only that of the gauge field with the “tensors” transforming
as matter fields.

Motivated by applications to supergravity compactifications, the defining conditions
of such hierarchies were reformulated in [13] and interpreted as coming either from closure
of the algebra of abelian and non-abelian gauge transformations or from the requirement
that there exist enough gauge-covariant field-strengths. Assuming both of these conditions,
the resulting structure is that of a double chain complex that extends the superspace de
Rham complex and is equivariant under the action of the non-abelian gauge group. Being
a differential chain complex in superspace, such theories naturally define supersymmetric
characteristic classes, provided the appropriate traces are supplied. In particular, it is

!The conditions defining such a general non-abelian tensor hierarchy were formulated in [8] in an attempt
to construct six-dimensional superconformally invariant gauge theories (see also [9, 10]). The mathematical
structure of these models was investigated further in [11, 12].



possible to define the analogs of Maxwell/Yang-Mills invariants, higher Chern/Pontryagin
classes, and Chern-Simons/BF-type invariants.

To better understand the four-dimensional phenomenology of such theories [4, 24, 56],
we first embedded the abelian [14] and later the non-abelian [13] tensor hierarchies into
flat, 4D, N = 1 superspace and explicitly constructed their manifestly supersymmetric
invariants. The field-strengths of such hierarchies satisfy their Bianchi identities identically?
and can be used to construct the usual Maxwell-type actions. The superspace differential
operators involved in the Bianchi identities turn out to be the adjoints of those appearing
in the gauge transformations of the super-p-form potentials. Because of this, the potentials
and field-strengths can be used to construct a quadratic BF-type invariant. By an abuse
of language, we will refer to this as a quadratic Chern-Simons-type invariant for reasons
that will hopefully become clear if they are not already.

In order to construct cubic and higher-order Chern-Simons-like actions (including the
dimensional reductions of actual abelian Chern-Simons invariants), what is needed is a
set of composite superfields constructed from the field-strengths that satisfy the same con-
straints (i.e. Bianchi identities) as the field-strengths themselves. Such a construction of the
Chern-Simons terms suffices since the inhomogeneous part of the p-form transformations
is abelian. Finding this set of composite superfields and checking the constraints requires
considerable effort in the prepotential formulation since the constraints are not linear in
superspace derivatives. Indeed, it is not clear a priori that such a set of composites exists
even in the abelian version of the hierarchy. In the non-abelian case the required interplay
between hierarchy identities, gauge-covariant superspace D-algebra identities, and Bianchi
identities seems miraculous.

This work originated in the desire to understand this “miracle” and to obviate the
cumbersome calculus of the prepotential formalism by reinterpreting it in superspace
differential-geometric terms. In such a formulation, the field-strengths are specific Lorentz-
irreducible parts of super-(p+1)-forms [15]. The complicated Bianchi identities they satisfy
are relations “descendant” from the condition that the superforms be closed (or exact by
the Poincaré lemma). Since the superspace de Rham operator is a graded derivation, the
wedge product of closed forms is closed and the miraculous cancellations of the prepo-
tential formalism would just be descendants of this trivial fact. Finally, it was imagined
that the Chern-Simons-like actions would simply be the integral of the (pullbacks of the)
higher-dimensional super-Chern-Simons form.

As it turns out, this interpretation is overly-simplistic for two reasons. The first is
that the closed superforms that define irreducible representations of the super-Poincaré
algebra do not form a ring under multiplication: to get an irreducible supermultiplet from
a superform, many parts must be set to zero as conventional constraints (similarly to what
is done to the torsion in superspace supergravity theories). On the other hand, when two
lower-degree forms are wedged together they will generally give contributions violating
these conditions and ruin the picture sketched above. This problem can be circumvented

2They are given explicitly in terms of off-shell “prepotential” superfields. Such a (finite) set of prepo-
tentials exists only because we have chosen to work in a superspace admitting no more than four real su-
percharges.



by defining an improved form in the same cohomology class that satisfies the original

conditions on the irreducible superform.?

The second complication is that the Chern-Simons action is defined by a form that
is not closed whereas the “ectoplasm” method used to construct supersymmetric actions
specifically requires the use of closed forms [20, 21]. Fortunately, it is known how to handle
this situation [16, 17]: in addition to the Chern-Simons form C' constructed by wedging
superform potentials and field-strengths, one constructs a second, inequivalent form K that
is both manifestly gauge invariant and satisfies dK = dC. (That such a form exists is a
phenomenon called “Weil triviality” [19], cf. section 4.1.) This gives a closed superform
J = C — K which, in turn, defines the superspace completion of the component Chern-
Simons action by the ectoplasm procedure (cf. section 4).

Despite these complications to the naive geometrization of the prepotential hierarchy,
we will find that it is possible to give a recursive formula for the composite superfields
defining the Chern-Simons invariants of any non-abelian tensor hierachy of the type defined
in reference [13]. Furthermore, it is possible to solve these recursion relations to obtain all
of the superspace invariants explicitly. We demonstrate this in detail by reproducing the
cubic invariant found in [13] and deriving a new quartic invariant. The former was recently
used (in conjunction with a superspace Hitchin functional) to derive the scalar potential
of eleven-dimensional supergravity in backgrounds admitting a (not necessarily closed) Go
structure [23]. The quartic invariant would be a main ingredient in a similar analysis for
seven-dimensional supergravity backgrounds [22].

Outline. We begin in section 2 with a review of the non-abelian tensor hierarchy in
the prepotential formulation and use this to describe the problem of constructing Chern-
Simons-like gauge-invariant superspace actions. This pre-geometrical description is refor-
mulated in terms of super-p-forms in section 3 where the composite superfields appearing
in the construction of the (secondary) characteristic classes are interpreted as products
of closed superforms. In section 4 we relate these composite superforms to supersymmet-
ric invariants by way of “ectoplasm”. This method takes as input a closed superform of
spacetime degree four and returns a chiral superspace integral. As mentioned above, the
product of closed irreducible superforms is not a closed irreducible superform. In sec-
tion 4.1, we construct a gauge-invariant composite superform with which we modify the
original composite superform to obtain a closed, irreducible, composite superform. Ap-
plying the ectoplasm method, this corrected composite form gives the Chern-Simons-like
superspace action. Since the construction is in terms of superforms, the result is manifestly
supersymmetric and gauge-invariant by the same logic as that for bosonic Chern-Simons
invariants. In section 5, we use this technology to derive and solve a recursion formula
for all Chern-Simons-like actions for any non-abelian tensor hierarchy. We summarize our
conclusions in section 6.

3By “irreducible” we will always mean as a representation of the super-Poincaré algebra. In particular,
a form can be both composite (i.e. constructed by wedging non-composite forms) and irreducible (i.e. it
satisfies the same constraints as the non-composite form of the same degree).



As we will see throughout our presentation, the use of superforms streamlines the con-
struction of geometric invariants and simplifies or obviates many cumbersome and delicate
calculations. We have attempted to make this paper self-contained but have been neces-
sarily brief in our review of superform methods. A pedagogical introduction to superforms
in the context of tensor hierarchies may be found in reference [30].

2 Prepotential formalism

The papers [13, 14] were motivated by the goal of writing a supersymmetric theory in
D > 4 dimensions, particularly eleven-dimensional supergravity, in 4D N = 1 language.
The results obtained were more general, with no assumptions being made about whether
the four-dimensional tensor hierarchy had been obtained from a higher-dimensional theory
or not. In the present work we will not be as careful to maintain this full generality, although
this choice is primarily made to keep the notation simple. Instead we will implicitly assume
that the four-dimensional tensor hierarchy arises from a p-form in D dimensions, where
the D-dimensional theory is being put on a background R* x M, with M a (D — 4)-
dimensional internal space. Note that p should be odd in order for us to have a non-trivial
Chern-Simons action.

In this case, the bosonic four-dimensional tensor hierarchy is comprised of axions a,
which are zero-forms in spacetime and p-forms on M, spacetime one-forms A, which are
(p — 1)-forms on M, spacetime two-forms By, valued in internal (p — 2)-forms, spacetime
three-forms Cgp. valued in internal (p — 3)-forms, and spacetime four-forms Dgpeq valued in
internal (p—4)-forms. Note that if p = 3 there simply are no Dgj.q fields, and if p = 1 there
are only axions and 1-forms. These forms can be multiplied, using the wedge product for
forms on M, and if D = n(p+1)—1 for some n > 1, then we can construct a D-dimensional
Chern-Simons action by wedging one potential and n — 1 field-strengths and integrating
the resulting D-form over R* x M. By integrating just over M, we get a 4D Chern-Simons
action for the tensor hierarchy.

Additionally, if we are reducing a supergravity theory in D dimensions, then we can also
incorporate the 4D gauge fields coming from off-diagonal components of the D-dimensional
metric. These are spacetime one-forms which are tangent vectors on M, and their corre-
sponding non-abelian gauge group is the group of diffeomorphisms on M (whose Lie algebra
can be identified with I'(T'M ), the space of vector fields on M with the usual Lie bracket).

In [13], it was explained how to embed these structures into 4D, N = 1 superfields.
The non-abelian gauge vectors A, were promoted to T'M-valued super-1-forms A4 (with
the lowest components of the superfield A4, matching the bosonic fields of the same name)
which were used to build gauge covariant super-derivatives Dy = {D,, Dq, @d} by

Dy = 04 — ([,A)a, D, =D, — (/.:A)a, 'DO" = Dd — (ﬁA)d- (2.1)

Here £ 4 is the Lie derivative along the vector field A which acts on differential forms of
the internal space.



The bosonic fields of the hierarchy are embedded in superfield prepotentials as [15]

1 _
a = 5((13 + @), (2.2a)
1 . _
Aa = _Z(a'a)aa[paypd]v y (22b)
Bay = — L [(0a0)a D5 — (6)*  Da S| (2.2¢)
ab 9 ab)q B ab gra ) .
1 . _
Cabc = geabcd(a-d)aa [Da, Do’z]X‘a (22(1)
Dabcd = %Eabcd(DQF - @QF)‘ (226)

Here @ is a covariantly chiral superfield valued in p-forms on M, V is a real superfield
valued in (p — 1)-forms, ¥, is a covariantly chiral spinor superfield valued in (p — 2)-forms,
X is a real superfield valued in (p — 3)-forms, and I is a covariantly chiral superfield valued
in (p—4)-forms. A vertical slash means that we take the lowest component of the superfield.

The non-abelian gauge transformations take the form 65 = £, S for any of the hierar-
chy superfields S, where A is a T'M-valued real superfield parameterizing the non-abelian
gauge transformations and the super-1-form A4 transforms as 0 A4 = Dy (with the
Lie derivative inside of D4 now acting on vector fields). The gauge-invariant part of the
non-abelian vectors is captured by a T'M-valued covariantly chiral spinor superfield W,
satisfying D*W, = DaW?.

The bosonic gauge transformations from the hierarchy now lift to superfield gauge
transformations parameterized by chiral A, real L, chiral spinor YT, real =, and chiral II
superfields valued in (p — 1)-, (p — 2)-, (p — 3)-, (p — 4)-, and (p — 5)-forms respectively.
Note that if p = 3, as in the reduction from eleven-dimensional supergravity, then the last
two gauge parameters do not appear. The transformations are

5% — DA, (2.3a)
§V = %(A —A) - 0L, (2.3b)
550 = —iﬁQDaL 4 0Ta + ()ad, (2.3¢)
6X = %(D“Ta —DaY%) — 92 — Quw, L), (2.3d)
5T = —3@25 +OTT+ (1) T (2.3¢)

Here 0 is the exterior derivative acting on differential forms on M, and ¢, is contraction of
a form by a vector field v. The object Q(-,-) is the so-called Chern-Simons superfield,

(1), 5) = 6"DaS + BaD™S + 5 (D + De) S, (2.4)

which takes as input a covariantly chiral spinor superfield ¢/ and a real superfield S.*

Tts name derives from the property (in flat superspace for simplicity) D*Q(v,S) = %*D?D,S +



It is possible to construct a set of gauge-invariant (under the hierarchy transforma-
tions (2.3), and covariant under the non-abelian gauge transformations) field-strength su-

perfields,
E =00, (2.5a)
U= %(@-c@) _ov, (2.5b)
W, = —%@QDQV + 054 + (1)o@, (2.5¢)
H= %(Daza — DX — X — QLuw, V), (2.5d)
G = —%232)( + 0 + (tw)*Za. (2.5¢)

Of these, E, W, and G are chiral superfields, whereas U and H are real superfields. They
satisfy the Bianchi identities

0=0FE, (2.6a)
0= %(E — E)-0U, (2.6b)
0= —iﬁDQU + OWo + (tw)aE, (2.6¢)
0= %(DO‘WQ — DgW) —0H — Q(uw, U), (2.6d)
0= —i@QH +0G + (1) W, (2.6¢)

In the next section we will relate the repeating patterns in (2.3), (2.5), and (2.6) to the
action of the superspace de Rham operator on superforms.

We can now write a candidate super-Chern-Simons action as
Sscs = Re [z / d*xd?0 Tr(g + X %w, + re)] + / d*zd*@ Tr(Vh — Xu), (2.7)

where e, u, wy, h, and g are composite superfields built out of the field-strengths (2.5),
with e, w,, and ¢ chiral, and v and h real. Here the Tr represents an integration of the
internal (D — 4)-form over the internal space (and for cases other than those coming from
dimensional reduction, it is possible to assign a suitably generalized meaning). Then the
conditions for gauge invariance of Sgog under the hierarchy transformations (2.3) are the

%(Do‘wa — Ddzzd)S so if o — Wy = —iDQDaV, then —iDQQ(VV, V) = W*W, gives the superspace
version of dQ? = F' A F. In terms of superforms, this corresponds to deforming the 3-form field strength
H — dB + X [51] by the Chern-Simons super-3-form X = tr (2 AdA + 1 A®) [52, 53]. (Applications to the
chiral anomaly in superspace were studied in [54, 55].)



“descent relations”

0 = de, (2.82)
0— 2%_(@ — &) - ou, (2.8b)
0= —%@QDQU + Owqg + (tw)at, (2.8¢)
0= %(Dawa — Dait®) — Oh — Quwy, u), (2.84)
0= —%th + 99 + (vw)“wa. (2.8¢)

In other words, the composite fields must satisfy the same Bianchi identities (2.6) as the
field-strengths themselves. This means that to build a quadratic super-Chern-Simons ac-
tion, we should simply take e = E, u = U, wy, = Wy, h = H, and ¢ = G. To build
actions that are higher order in the number of fields apparently requires significantly more
work, and in [13, 14] this was done to cubic order essentially by writing down all possible
terms which could appear in the composites and then fixing the relative coefficients by
solving (2.8).

This concludes our review of our previous results on non-abelian tensor hierarchies and
their Chern-Simons invariants in 4D, N = 1 superspace. The main result of this paper
can now be stated precisely as the explicit construction of any Chern-Simons action of the
form (2.7). The lemma we will need to establish is the following

Claim 1. Suppose that we have constructed the composites ey, uy, Wy, hy, and g, that
solve the descent equations (2.8) and are of order n in the field-strength superfields. Then
the composite superfields

ens1 = Eep, (2.92)
Ups1 = %(E + E)uy, + %U(en +én), (2.9b)
wl = EBwd + W, + %ﬁQ(DaUun — UDuy,), (2.9¢)
hst = %(E - B)h + %H(en +80) + Qwn, U) + (W, 1) (2.94)

— DU (tw)attn — i(tw) “UDatty, + DU (1yy) “tt + i(1y3) a UD Yy,
In+1 = Egn + Gepy + W05 o + i@Q(Hun —Uhy,), (2.9¢)
of order n 4+ 1 also satisfy the descent relations.

The most straightforward proof of Claim 1 is to substitute the expressions (2.9) into
the descent relations (2.8) and verify that all terms cancel using the Bianchi identities (2.6).
This, however, does not elucidate the structure of the recursion relation nor the underlying
reason the descent equations admit a non-trivial solution in the first place. Instead, a
constructive proof of this claim will be given in section 5 once we have developed the
necessary supergeometry.



3 Superforms

In this section we geometrize the prepotential formalism of the previous section by recasting
it in terms of differential forms in superspace [15]. We define a superform w of degree p by
the naive extension of the coordinate expression of a bosonic p-form,

1
w= 2?dsz” A A dlele_“Mp (2). (3.1)

Here 2™ = (2™,0",6") stands for the Cartesian super-coordinates and dz™ A dzV =
—(—=1)MNg@zN A dzM is the graded wedge product. The de Rham operator

d=dz" = d-Moy, (3.2)

0zM

maps super-p-forms to super-(p + 1)-forms with

1
dw = —dzMr A A dZM A d2N Onwar, o, (2)

=
1

= HdzMP A Ad2MA dzNG[Nlel_.Mp}(z). (3.3)

Here [ ) denotes graded anti-symmetrization of indices. The partial derivatives super-

commute [Oy7, On] = OarOn — (—1)MNOn0Onr = 0. Thus, the super-de Rham operator is a
differential and we can construct the superspace analog of the de Rham complex

QO 0— Lo 4 ol (3.4)

Gauge potentials A are defined by closed forms dFF = 0 = F = dA through the
Poincaré lemma and we would like to extend this to superspace gauge potentials. The
naive solution Fap, . a, = p! O, An...n,) does not define a linear representation of the
supersymmetry algebra because the fermionic coordinate derivatives do not commute with
the supercharges. The solution to this problem is to pass to a super-covariant basis of
forms by introducing flat superspace vielbeins F4™ and their inverses Ej*

d=dMEyAEAM0y = EAD 4. (3.5)
Similarly, we rearrange
1
w = HEAP A ANEMwa g (2). (3.6)

The flat superspace covariant derivatives D4 = (Dy, D¢, 0,) commute with the super-
charges but now the frames carry torsion T4 = dE“. This changes the formula (3.1) for
the exterior derivative to the covariant version

1
!

1

dw EY AN BN A BEY <D[BwA1...Ap](Z) + QT[BAchICAz...Ap](Z)) (3.7)

Here | | indicates that  is to be omitted from the anti-symmetization.



The collection of superfields wa;,...4,(2) is taken to be graded-anti-symmetric so that
the components of a p-form w which are dimension-(1(¢ 4+ u) + v) are superfields of the
form

Wy ey i@ t+u+v=np. (3.8)

They are symmetric under interchange of any two spinor indices, but anti-symmetric under
any other exchange of indices. To automatically keep track of these symmetry properties,
it can be useful to introduce commuting spinor variables s® and 5%, and anti-commuting
vector variables ¥®, which allows us to use more compact notation,

_ . . a1 ot =00 e ay a
Wso55-50php = Way - audgduar—apS "8 8 -8 ughtt . qh, (3.9)

(Note that since the spinor indices are symmetrized, we can have p-forms with p > 4 in four
dimensions. Such “over-the-top forms” appear in closely-related hierarchies [7, 37, 38].)

In flat 4D, N = 1 superspace there is only one non-vanishing torsion Ti,4* = —2i(0%) 44 -
Thus the independent components appearing in the exterior derivative of a p-form (3.7)
can we written as

(dW)S...sg...gr,p...w = (—1)t+“v8¢ws...sg...g¢...¢ + tDsws...sg...§¢...¢ + ’LLDgws...sg...gd;...d,
+ 2i(— 1P u(0") s5Ws. o550 595-pas (3.10)

where t +u + v = p 4+ 1, is the degree of dw. As in the ordinary case, we say that w is
closed if dw = 0, and w is exact if w = dn.

We have ordered the terms so that the superfield in the first has the lowest dimension,
the next two have dimension one-half higher, and the last has dimension one higher. Solving
this covariant closure condition dF = 0 now gives covariant components for the potential
A but there are way too many components in a general potential p-form to define an
irreducible representation of the super-Poincaré algebra. (An unconstrained superfield is
reducible and we have a large collection of such superfields.) This is solved by setting the
lower-dimensional components of the covariant field strength F' to zero. This is analogous
to the torsion constraints in superspace supergravity: when this doesn’t trivialize the form,
the conditions give a covariant superfield because the constraints are covariant. The first
component that is not set to vanish (i.e. that with the lowest dimension) must then satisfy
the relation

(Ua)sgws...sg...ga¢...¢ =0, (3.11)
which follows from (3.10) with the lower-dimension components set to zero.? In table 1 we
give the solutions to this condition for all 4D, N = 1 p-form field-strengths [15].

One then inserts this component into the next-higher dimension closure condition and
solves the next-higher component in terms of D and D on the first and so on. This gives
conditions on the superfields in the table below.%

5The exception is when the dimension-£ components are non-zero, which we have for the 1-form field-
strengths (cf. table 1).

This seemingly ad hoc (and potentially inconsistent, if there is no solution to (3.11)) procedure can
be justified by interpreting the de Rham operator in terms of the Chevalley-Eilenberg differential of the
super-translation algebra. In this context, the procedure is computing the Lie algebra cohomology of this
superalgebra with values in the module of superfields [27].

~10 -



P strength constraints prepotential top component

0| Fa=DU D?DU =0 U=2+ F,=Do,DU+c.c.

1| Faa=(0W)y |DW=0& DW=DW | W=D?DV Fop=Dogy,W+c.c.

2| Froa=(00)aeH | H=H & D?H=0 |H=DX+DX | Fuype=¢apeqDo?DH+c.c.
3| Fapab = (0ab)apG DG =0 G=D’X Foped = Eapea D> G+c.c.

Table 1. Embedding of p-forms in closed superforms. The component p-forms are embedded into
closed super-(p + 1)-form field-strengths F' as originally shown in [15]. Each field-strength can be
written in terms of an invariant scalar or spinor superfield. These satisfy constraints that can be
solved in terms of prepotentials. Numerical coefficients are neglected in this table for simplicity
but can be found in section 2 (for the constraints and prepotentials) and in appendix A (for the
superform components).

Based on table 1, we again see a pattern (as was mentioned in the previous section)
between the structures of the constraints and prepotential solutions. Although not included
in the table, this pattern extends to the gauge variations as well. It is not always appreciated
that these rhyming structures are simply consequences of nilpotency at various levels of the
complex. In the original superforms paper [15] this is observed as prepotential solutions
having a “memory” of the gauge transformations and in [14] it is remarked that there is
a “beautiful symmetry” between the constraints, solutions, and variations. This is not
a coincidence and merely follows from w = dy solving dw = 0 identically and dx = do
leaving w invariant. However, when this is checked by crunching through D-calculus it
appears quite a bit more impressive. This is because the linear closure condition dw = 0 is
not necessarily linear in D’s when expressed in terms of superfields. Closure of the 3-form
involves the quadratic operator D?, while closure of the 1-form is cubic in D. This means
that at each degree, the nilpotency of d is in terms of non-trivial higher-order D-identities.
For example, the prepotential solution for W, in the super-de Rham complex works because

D°D*D,, = Dy D*D*. (3.12)

Since this is equivalent to the nilpotency relation d(dF) = 0 (for deg(F) = 1), we did
not need to know (3.12) to write down the prepotential solution. In more complicated
superspaces (e.g., higher-dimensional, N > 1, curved, etc.) these identities are often
significantly more complicated and ways to avoid having to rely on them are subsequently
more valuable. Without this geometric perspective, checking things as simple as gauge
covariance can become forbiddingly involved.

Returning to the matter at hand, the procedure above gives irreducible, off-shell rep-
resentations of the Poincaré group. Achieving these properties required that certain lower-
dimensional components of the superform vanish. This condition is not preserved by the
wedge product, as is easy to see by considering the product of two 1-form field-strengths F
and F’: the lowest non-vanishing components are Fg; = F F!, Fgz = FsF% and their conju-
gates. This is in contradiction with the conditions for an irreducible 2-form field-strength
since, as we see from the second row of table 1, the lowest-dimension non-vanishing com-
ponent of an irreducible, closed 2-form is Fiy.
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Contrary to the case of ordinary de Rham forms then, irreducible superforms do not
give rise to a differential graded superalgebra. In section 4 we will construct superspace
actions from closed irreducible 4-forms. To apply this to composite forms we will have to
address this apparent obstruction to irreducibility.

3.1 Differential supergeometry of tensor hierarchies

We are now in a position to complete the geometrization of the non-abelian tensor hi-
erarchies reviewed in section 3.1. At the most abstract level such hierarchies are double
complices of superspace de Rham forms (3.4) with values in a differential complex of rep-
resentations GL(K") of some Lie algebra [14]:

K*:0—K L k' L g? L g3 (3.13)

When the Lie algebra is gauged, the de Rham operator d — D acquires a connection and
the new differential ¢ must commute (in the appropriately graded sense) with this covariant
exterior derivative [13].

A large family of realizations of this setup arise in compactification scenarios in which
a higher-dimensional theory of differential forms is reduced on a super-vector bundle over a
smooth bosonic base Y of some dimension n. Then the representation spaces K = Q(Y))
are the spaces of forms on Y and the differential ¢ is the de Rham operator on Y. The
gauging is by the diffeomorphisms on Y with the gauge field identified with the mixed
components of the frame (with one leg in the tangent directions of the base and one in the
superspace fiber). In the apparently more general situation of the abstract hierarchy, the
notation needed to keep track of the many ingredients defining the representation complex
and gauging can be quite cumbersome. To avoid this, we will proceed using the notation
and language arising from compactifications.”
A g-form of the abelian hierarchy is a sum of super-p-forms with values in Q?7P(Y') for

p - 07 et Q)
q
0 = PR @ (). (3.14)
p=0

Denoting, as in section 2, the de Rham operator on Y by 9, the differential Q on this
abelian hierarchy is

Q=d+q, with ¢g= (=19 on QR 0 QI PY). (3.15)

Here d is the superspace de Rham operator acting on superforms as defined by (3.10) and
the alternating sign is needed to have ¢ anti-commute with d. Redoing the analysis of
closed (g + 1)-form field-strengths for this complex is unnecessary since this is just the
usual double complex construction in which QF = 0 is solved by F' = QA for some g-form

"This is much less of a restriction than it may initially seem since it applies to any situation in which the
complex (3.13) admits a free resolution [29]. In this case there will be an analog of Y with its local coordinate
derivatives and 1-forms so that we can continue to use the concepts and notation from compactifications
for this new formal bosonic space.
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A% In terms of prepotentials, one sees that this is (2.5) with W turned off. We note that
F now also has a degree-zero part

FO = Q) = a0 = %(E + E), where E =09. (3.16)

Gauge symmetry again takes the form 6C = QA, where A®~1) is obtained from the
expressions for C(P~1) by substituting the gauge parameter superfields A, L, T¢, =, and II
in for the prepotentials ®, V', 3% X and I respectively. The invariance of the superforms
F®+1) again follows from nilpotence of the differential, Q% = 0.

Gauging the hierarchy means that we replace the superspace de Rham differential
d — d 4 with the gauge-covariant exterior derivative defined by (2.1). This is no longer a
differential, since

d4 = —Lr, (3.17)

where F is the non-abelian super-2-form field-strength related to the superfield W of sec-
tion 2 by Fsy = soyuW (cf. table 1). Using the compactification language, we may think
of F as a super-2-form valued in vector fields on Y so that it is sensible to contract it with
forms on Y. A differential can then be constructed as

Q=da+qg+.r, (3.18)
where the contraction operator is such that [13]

qur +uvrq = LF. (3.19)
Explicitly, the contraction term acts on superforms by

LFWs..s5..5pp = (1) THt0(Lr,, Ws. 5559 + (1) T uv(er,, Jws...s5...59..0

1
+ 5(_1)17"!‘1,[](,0 - 1)(wa¢)w8...s§...§w...w- (320)

Having constructed a covariant superspace differential (3.18), the rest is straightfor-
ward. Gauge transformations, gauge-covariant field-strengths, and Bianchi identities are all
given in terms of Q. We collect the explicit expressions for the superform gauge fields and
field-strengths in appendix A. The covariant constraints coming from superform closure
are displayed in (2.6). (To see how exactly these constraints arise, see §5 of [30].)

4 Ectoplasm

The ectoplasm formalism [20, 21] is a way of constructing supersymmetric D-dimensional
actions from closed, irreducible superforms of degree D. Specializing to D = 4, let us
first consider the case of standard super-de Rham cohomology. Suppose J is a closed
super-4-form and define

1
SJ = ﬂ d4$8ab8d<]abcd’. (4.1)

SEXpliCitly, F= nyié F[p7q+1,p] with F[p’q] = dA[p,l,q] + (—l)p+18A[p’q,1] for A = ZZ:O A[p,q,p].
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This is supersymmetric because under a supersymmetry transformation we have

1

. 1 .
58, = Mga/d4$5adeQdJabcd‘ — 24€a/d4x€adeD@Jabcd}

= éed/d4$6abcdan&bcd‘ = O, (4.2)
where for brevity we combined 4Q4 = eQq + £4Q%. Here the second equality holds be-
cause @ and D differ by a spacetime derivative, while the third equality holds by closure:
0 = (dJ)dabed = DeJabed — 40/4J4/beq- Furthermore, if the lowest-dimension non-vanishing
components of J are Jy 5, = —4(Gab)s4J0 and its conjugate (as is the case if J is irre-
ducible, as shown in table 1), then Jy will be a chiral superfield and the highest-dimension
component of J will be Jypeq = éeabcd(DQJo — D?Jy). Therefore, the action (4.1) takes the
manifestly supersymmetric form

S; =Re [z / d4xd29J0]. (4.3)

Note that Sy, = 0 for any globally defined 3-form L. We can use this as follows: as
pointed out in section 3, if the closed super-4-form J is obtained from lower-degree forms
by wedging, J, Gab will generally not be the lowest-dimensional component. Then we can
try to shift J by an exact form, J' = J — dL (for some gauge-invariant 3-form L), so that
the lowest dimensional component of J' is J Zy bab’ In this case,

S; =S5 =Re [z / d4xd29J(’)]. (4.4)

We now extend this construction to the non-abelian hierarchy.

The ectoplasmic invariants for the non-abelian tensor hierarchy are the natural analogs
of (4.1) suggested by the substitution d — Q. More specifically, the condition is that if
{J®) 1 is a collection of superforms with bi-degree (p, D —p) and with (QJ)®) =0, then

1
Si=o: / d'x / gabed j0) | (4.5)
24 M aoc

is a supersymmetric action. Moreover, if the lowest-dimension component of J*) is Jé?ab =
_4(&ab)dBJ0 then
DaJo =0, S;=Re [z / d4xd29/ Jo] : (4.6)
M

The proofs of these statements follow the same steps as above, but with some extra terms
getting dropped. For instance,

1 ~ 1 4 -
08y = & / d'z / Qs ) | = &t / d'z / DT
24 M 24 y

1 =G abc 4 5 3
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Here the first term vanishes because it is a combination of a total spacetime derivative and
a piece that is a Lie derivative of a top form on M. The second term vanishes because it
is a total derivative on M. Finally, the last form J®) must be zero because it is a bosonic
(D — 3)-form on a (D — 4)-dimensional manifold. The other proofs proceed similarly.
By using the same manipulations, we can also show that if the polyform J is Q-exact
then S; = 0.

4.1 Weil triviality

Our interest is in supersymmetrizing Chern-Simons actions. The basic bosonic action can
be given by defining a Chern-Simons super(-poly)form using the potential and field-strength
superforms C' =} C® and F = > F)

wp=CAF" L (4.8)

and then integrating w7(l4)‘ over four-dimensional spacetime and the internal space,

1
Scsn = — d4xeab6d/ w® (4.9)
M

24 nabed|*

This action is gauge invariant under both the non-abelian gauge transformations (since it
is invariant under internal diffeomorphisms by construction) and under the abelian gauge
transformations which leave F' invariant and transform C by 6C = QA. To see this,

5Scsm = — / dheeted / (QUA A F™™)) gpea| = 0, (4.10)
24 "
where we exploit the fact that the integral of a Q-exact form is zero from integration by
parts on spacetime and on the internal manifold, and the fact that a top (bosonic) form
cannot be the contraction of anything.
Of course w,, is not O-closed in general, and in particular (an)(5) 2 0 except in the
trivial case of n = 1, so Scg,, is not supersymmetric in general. The case n = 1 is special
and does give a supersymmetric result

1
Sscsy = Sosy = o7 [ d'ae® / | = Re [z / d*zd*0 / r} (4.11)
24 M M

For n > 1, the act of supersymmetrization involves finding a different polyform K, that is
invariant under abelian gauge transformations and satisfies QK,, = F" = Qu,,. (Actually
we only need it to hold in degree five, (QK,)® = (F")®).) In this case the form .J,, =
wy, — K, is O-closed and can be used to build a supersymmetric, gauge-invariant action.
The existence of the gauge-invariant class K is a phenomenon known as Weil triviality [19].

We will use (relative [31]) cohomology [32, 33] to construct the relevant superinvariants.
This was applied to the construction of Chern-Simons-like invariants in [16-18] based on
earlier work on Weil triviality [19]. In the next section we will implement this procedure
in the case of the quadratic and higher-order Chern-Simons actions.
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5 All Chern-Simons actions

In this section we prove Claim 1 in subsection 5.1 and use it to find all possible Chern-
Simons-like invariants of the form (2.7) in subsection 5.2. The two subsections are indepen-
dent and so the reader interested only in the solution can skip directly to subsection 5.2.

We begin by dispensing with an ambiguity in the formalism of section 2: suppose
we have another set of globally defined (so built from the basic field-strengths E, U,
W< H, and G) composite superfields {¢,v, 0% x,v}. Then we can always get a solution
to (2.8) by constructing {e,u,w®, h,g} from {¢p,v,0% x,~v} in the same way that the set
{E, U, W H,GY} is constructed from {®, V, %% X ,T'} in (2.5). That is, the composite field-
strengths would be exact in the field-strengths, not the prepotentials. The corresponding
action (2.7) can then be written, after integrations by parts, in terms of field-strengths
alone. So if we are interested in super-Chern-Simons actions which are not equivalent to
completely gauge-invariant constructions, then such actions are trivial. This is consistent
with the cohomological formulation of Chern-Simons actions presented in [13].

Moreover, an “exact” (in the cohomological sense) composite action of this sort can
even give zero contribution to the action. For constructions involving dimensional reduc-
tion, where we expect the composite fields to be internal forms of the appropriate degree
and we restrict the engineering dimension to match the standard Chern-Simons action, this
can only happen in contributions to x. In particular, we can have

n—3 n—4
v =Y aE'E"FUH +) (0 EYEM T FUDUW, + c.c.)
k=0 k=0

i
ot

+ (cxEFE"SRUDUDLUDLDAU + c.c.), (5.1)
0

B
Il

with ag, by, and ¢; being complex constants (and with a; = a,—3_x). Constructing the
corresponding h = —9x and g = —%Z_)Q:z: and plugging into the action (2.7) gives zero
after integration by parts (it will be proportional to the wedge product of two U’s, which
vanishes since U is an odd degree form on the internal space). We must keep this ambiguity
in mind when constructing solutions to (2.8).

5.1 Proof of claim 1

As mentioned below Claim 1, the most obvious way to verify the stated recursion relations
is to plug them into the Bianchi identities and check that they are satisfied identically.
Doing so would prove the claim but does not give any insight into how the recursion
relation is found or why a solution may be expected to exist in the first place, so we have
decided to present a constructive proof in terms of the supergeometry underlying the non-
abelian tensor hierarchy instead. The proof of the all-orders action (section 5.1.2) is longer
and more technical than that for the quadratic action (section 5.1.1) so we present the
latter first.
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5.1.1 Quadratic action

We need to find a polyform Ky which is gauge invariant (so only constructed out of field-
strength superfields), and that satisfies (QK3)®) = (F2)®). Because of the way the Q
operator mixes different degrees, we must proceed systematically. Define the weight of a
superform component to be the sum of the number of vector and un-dotted spinor indices.
Then any component of QK5 of weight w only depends on components of Ks whose weights
are less than or equal to w (cf. eq. (3.10)). For this reason, we can build K» starting with
the lowest weights. Within a given weight, we start at the highest degree and work down.
The components of the superforms used here are reviewed and defined in appendix A.
The lowest-weight component of (F2)() is

(F2)®) ., = 6FVES | = 24i(54,)sDsUG. (5.2)
Comparing with?
5 = 4
(QK2)£*§)§¢¢ = 3D§K§ g)ngp’ (5.3)
we deduce that we can set
KW = 8i(Gyu)ssUG 5.4
2 55 i(Gyy)ssUG. (5.4)

We now have the relevant components of a polyform Jo = wy — K> satisfying (QJQ)(5) =0,
but we still need to put it in the form where we can read off the action. (The remaining,
higher-weight components of K, necessary to fully fix (QJ3)®) = 0 do not enter into the
following analysis so we will not bother to present them here.) To do this, we must remove
the component J2(t)§§¢ by subtracting an exact piece (QL2)® which will not affect the
action. We have

Ty = =20 F), 4+ 208 FY = ~2(0)sDsV H + 2(0)5sXDsU. (5.5)

We can remove this by choosing a polyform L, with no weight zero or one components,
and whose first weight two component is

L) = —i(@yy)*(DaVH — XDgU). (5.6)

Then the action can be read off from the component

(Jo— QL)W = COFY —20WED) —scBE® 20t FM

B U 5P Yy S
@ 2O @ opn 7B
+ G I~ Kysspy = 2Dslsgy
= —4(Tyyp)ss [@G + XYW, +TE+ %@Q(VH - XU)] . (5.7)

Note that all explicit 9’s and ¢’s have canceled out of this expression.
This leads to the action

S =Re [z / d*xd?6 /M@G + 2W, + FE)] + / d*zd*o /M(VH - XU). (5.8)

9We can assume that K> has no components of weight zero above degree two, weight one above degree

three, or weight two above degree four since they are not required to match any non-zero components
of (F2)(®),
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5.1.2 Higher-order actions

Now we will show that the procedure above can be adapted for higher orders in the number
of fields as well. By our previous arguments and the structure of Q-cohomology, it will
always be possible to find polyforms K, and L,, such that J, = w, — K, satisfies (QJn)(5) =
0 and (J, — QLn)(4) has (J, — QLn)éiizpw = —4(0ypyp)ssIno as its lowest non-vanishing
component. In practice however, this can be very computationally intensive for n > 3 and
is a significant calculation even for n = 3. However, we will argue that there is a shortcut.
Suppose one can find a gauge-invariant polyform M,, such that F,, = F"~! — QM,, has the

same components as F'. That is,

e the only weight zero components of F,, are FS; = —iDu, and F%O) = %(en + én),
where u,, is a real superfield and e, is chiral;

2)

e the only weight one component of Fy, above degree one is F,"2 = —(oy)as(wyy —
i(tyw)%uy), where wg is chiral;

e the only weight two components of F,, above degree two are Fs{gww = —4(Gy)s59ns
ngggw = i(0y)sshn, and Ffﬁgwlp = —(6¢¢)d§ﬁdhn, where g, is chiral and h,, is real;

e and the superfields e,,, uy, WS, hy, and g, are gauge-invariant composites, constructed
from (and of degree n — 1 in) the field-strengths {E, U, W, H,G}.

If we can find such an M,,, then we have
wp,=CAF, —Q(CAM,)+ FNM,. (5.9)

The third term above is already completely gauge invariant and corresponds to adding
a piece to the action which can be written purely in terms of field-strengths (and hence
represents an ambiguity in the super-Chern-Simons action). The second term is Q-exact
and hence will not contribute to the action. Thus, we are free to replace w, by C A F,
in our construction of .J,. Once we have done that, the procedure to find the action
proceeds exactly as in the quadratic case. In particular, we need to find K, such that
(QK,)®) = F AF,. The only component we need comes from

(FAF)D,, =3FFY 437 FY) = 12i(54y)ss(DsUgn + GDsuy),  (5.10)

555 n 5§ ssyYpT ns
leading to
Ky = 4i(Gyy)ss(Ugn + Guy). (5.11)
To get rid of
T =20 FY 120 F) = —2(04)(DsVhy — XDsuy), (5.12)
we set
L),y = ~i(549)5(DaVhy — XDgun). (5.13)
Putting the pieces together, this gives
Jno = Bgn + %W a + Dep + iﬁ(m — Xuy), (5.14)
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and

Ssosn = Re [l / d'zd*) / (Dgn + W0 + Tep)
M

+ / d*zd*o /M(th — Xuy,). (5.15)

What remains is to find M,, and the components of F,,. Suppose that we have already
found the solution for n — 1. We need M, to satisfy

OM, =F" ' - F,=FAF" 2 -F,=FAF, 1+ Q(FAM, 1) —F,, (5.16)

so we can set M, = F'A\ M, _1 + 6 M, where §M is such that FF AF,,_1 — Q(dM) has the
same components as F. But this is a short task since both F' and F,_1 have been put
into the same simple form and so the procedure to find §M is the same as finding Ko,
though here we need to find more components. As we construct M, we can also read off
the components of F,, = FAF,_1 — Q0M.

Starting with weight zero, we have at degree two

(FAF,_)P =2rVFY. = 2D UDsu,_1, (5.17)
leading to

sMY = UDsup 1. (5.18)

At degree one we have

n—1s

(FAF,_ — sM)Y = pOFD 4 pWE©O 4 55770

) _ 7 =
—§(E + E)Dgun,1 — ing(enfl + énfl)
+ 8U15§un_1 — U@gaun_l

= —iE@gun_l — %@gU@n_l — %@gUén_l — %U@gén_l

= —iDguy, + D6 M), (5.19)
where
Uy = %(E + E)up-1 + %U(enfl +en1), MY = —%(E — E)un-1, (5.20)
and where we made use of the Bianchi identities
oU = —%(E —FE), Oup_q= —%(en_l —€n1), (5.21)

which are simply a consequence of the Q-closure of F' and F,_1, respectively. The final
weight zero piece is at degree zero,

(FAF,_1 — QM)© = FOFD _ 95370

n—

1 _ ) _
= (B +E)(en-1+En-1) + %(E — B)up_

1 _
= 5(@n + en), (5.22)
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where
en = FEen_1. (5.23)

Note that we have now derived the recursion relations (2.9) for e,, and u,,. Proceeding with
weight one, we have at degree three,
(FAF,1 —QsM)&) =2rVFD —or@FWY, - o(r)susMY
= 2i(0)as(DsU (wy
— (W —i(tw)*U)Dsupn—1)
+2(0y)as(ew)*(UDstn—1)
= Zi(ad,)ag(ﬁgUwf{_l — W*Dsuy,_1q
— DU (1) *tn—1 — iUDs(tyy) *Un_1), (5.24)

which leads to

OME) = i(0)as(Uws_y + W1 — iU (W) un—1)- (5.25)

(1)

At degree two — recalling that Mj (1)

is fixed to be the conjugate of M3’ since all of our

superforms are real —

(FAF,_1 — QM)? = —FOFD — pWpD _p sy — pisp®

s n—1s s n—1s
= —DyUDsuy—1 — DsUDsup—1
— Ds(UDsup—1) — Ds(UDsup_1), (5.26)
which can be canceled by choosing
j _ . _. 1 _.
oMY = —%(aw)ad(Do‘UDo‘un,l + DAUD o1 + SU{D*, D* Jup ). (5.27)

We can then read off wy, from

2 2 1 1 1 2 0
(FAF,y — M) = FOF? 4+ FOFRD — FVFD 4 pOFD

n—1 n—1
— DsoMS" + DyoM" — 96MS) — (17)5p0M©
(o )as(wS: — i) un), (5.28)
which gives (after some algebra)
w® = Buwl_ |+ Wep_y + %1‘32(2}%%_1 — UDup_1). (5.29)

Moving on to weight two, we have at degree five,

(F A Fn 1)L(§§).§1/)¢v - 3F( )Ffl)lssw +3 §(§1)/)¢F(1)
= 122(J¢¢)§§(D§Ugn_1 + GDgun_l), (5.30)

which can be canceled by setting

5Mg(g3p¢ = 4i(0ypy)ss(Ugn—1 + Gup_1). (5.31)
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Going down to degree four, we must first cancel

(F A Fn_l)g;éw - F(l)Ff’Lg)lss Fs(squFT(})l s
= (Uw)sg(—DgUhn,1 + HDsuy, 1), (5.32)
which can be done by setting
(5]\4E )111 = Z(lep) 5(@@Uhn_1 — H@dun_l). (5.33)
Then we can read off g, from
_ 4) (0)(4) DG )@
(FAF,1 QéM)ggww =FVF 7 sopy — 28 TR T — AR F T
@) m@ 4) @) _ ()
FopFnlis+ F,, F 2Ds 5Msw1p
— 0OMG),, + (1LF)sp0MY,)
=: —4(Tyy )559n; (5.34)
where, again suppressing some algebra,
gn = Egn—1 + Gep—1+ Wawnfla + 2@2(Hun71 - Uhnfl)- (5-35)

4

Finally, we have

2 2 1
(FAF, —oM)? = FOF® o FOF?) 4 FOFE) _opOF!
—2FDFY + FO RO ) psaM;J — Do M}
— (1)su M — (17) 50 MLV
= i(0g)sshn + 2050 M. (5.36)

(2)

We do not have to directly compute 5M because h, can be isolated by contracting,

yielding hy, = £(6%)%*(F AFp_1 — QM) This leads to

ada’

1 _ 1
h, = §(E + E)hn_1 + §H(6n_1 + én—l) -+ Q(wn_l, U) -+ Q(I/V, un_1)
—iDU(tw)atin—1 — i(tw)* UDgtp—1
+ i@dU(Lw)dun_l + i(Lw)dUﬁdun_l (5.37)
and completes the derivation of the recursion relations (2.9).

5.2 Solution of the recursion relations

In this section, we solve the recursion relations (2.9) to all orders in n. To do this, we will
first treat n as a continuous parameter. Then the first recursion relation can be written as

(edn — E)e, =0, (5.38)

which has the general solution
en, = cE" (5.39)
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for some n-independent quantity c¢. Since we want es = E, this fixes ¢ = E~! and the
general solution is e, = E" L.
Moving on to the next equation we have

<d E+E

edn —
2

1 _
) Up = 5(157”*1 + E"hHu. (5.40)
In general, for constants a and b we have
g L P ifb#a
(edn —a)~ [p"] = ¢ bra ’ (5.41)

Then we can find the solution for u,, by adding the homogeneous solution to a particular
solution,

E+E\" 1 E+E\! _
Uy = C( + > 4= <ed(f1— + ) [(En—1+En—1)U]

2 2 2
E—{-E n En—l — gn—1
= —U. 5.42
¢ ( 2 > E—E (5.42)
Demanding that ug = U fixes ¢ = 0, so
Enfl _ Enfl
= — U. 5.43

Note that the denominator can always be canceled, so the solution is always polynomial in
the fields.
Proceeding, we have

a B B i En—l _ En—l
w® = c*E" + (ean — E)71 [E” e — 5D2 < 7 UD“U)}
- En72 E_‘nfl
— CE" 4 pE2we - Lp? | (B __\uypu|. 5.44
R 2 E—E  (E—E) (5:44)
Matching n = 2 requires
' _, [ 2E—FE
o— _g2we 4 Lp2p? (2222 ypey 5.45
giving
] _ 1)En72 Enfl _ En—l
@ = (n—nErwe e | (D DETT | UDU
wn = (n—1) 2 E_E (E - E)2
= (n—1)E"2We - %@Q(anDO‘U), (5.46)
where

. _iuin_(n_l)En727En71_Enfl
" OEU  E-E (E — E)2

(5.47)
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The solutions for h,, and g, can be obtained similarly, but the expressions are unil-
luminating. Instead, we will simply list the results for n = 3 and n = 4. The cubic
Chern-Simons invariant is defined by the composite superfields

e3 = E2, (5.48a)
uz = (E + E)U, (5.48b)
wg = 2EW® — %@Q(UDO‘U), (5.48¢)
hy = (E+ E)H + 2Q(W,U) — 2iDU (1w)aU + 2iDaU (143) U, (5.48d)
g3 = 2EG + WW, — %@Q(UH), (5.48¢)

The solution agrees with the results found in [13]. The quartic Chern-Simons invariant is
defined by the following solution to the descent relations:

es = E?, (5.49a)
uy = (E*+ EE + E*)U, (5.49D)
wd = 3EW® — %152[(2E + E)YUDU],
hy = (E* + EE + E*)H
+[(2E + E)(2D*UW,, + UD*W,) + 2D*EUW,, + c.c.]
+ iUDO‘U(ﬁQDaU — 9D4 Do DU + Dy D)
- iU@dU(DQEdU — 9DDYDLU + DYDU) — iUD Dy UD DU
+ %UDQU@QU 4D UDSUD DU — iD*UDsUD DU
— 2i(E + E)(D°U(1w)alU — DaU(143)2U) + iD*EU (1yy) o U
— iD&EU (133)U — i(tbw)*(E + E)UDLU + i(1y3)a(E + E)UDU, (5.49¢)
g1 = 3E°G + 3EW°W,, — %132((219 + EYUH + 2UDUW,, + UDUW®
— iUDU (tw)aU + iUDU (143) V). (5.49d)

This result is new and would be relevant, for example, for a reduction of seven-dimensional
supergravity to four dimensions.

6 Conclusions

In this paper we have elucidated the supergeometry underlying gauged p-form hierarchies
in 4D, N = 1 superspace and used it to construct all of the associated Chern-Simons-like
invariants. This was done by describing the four-dimensional part in terms of superforms
and extending the resulting de Rham complex to a double complex of forms covariantly
coupled to non-abelian gauge fields. This construction defines field-strengths of the super-
de Rham complex which can be wedged together to make superforms that extend the
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bosonic Chern-Simons forms. For each such Chern-Simons superform, we could construct
a second manifestly gauge-covariant superform such that their difference was closed (Weil
triviality). These closed forms then defined manifestly supersymmetric actions by the
ectoplasm method of integration.

For the cubic Chern-Simons invariant, this procedure recovers the action first con-
structed in [13] and used in [23] to compute the exact scalar potential of M-theory on
backgrounds with Go structure. More generally, these constructions are expected to apply
to higher-dimensional /extended supergravity theories. As an illustration of our general
solution, we explicitly wrote out the quartic invariant which is new and could, in principle,
be used to compute the scalar potential for seven-dimensional supergravity.

Extensions of the method to N = 2 superspace [39], 5D, N = 1 [40], and 6D, N =
(1,0) [35, 36, 44, 50] should also be possible. Complications arise in these superspaces in (at
least) two ways. First, if we intend to keep the representations off-shell, we must consider
embeddings into projective [47-49] and harmonic [45, 46] superspaces [43]. Second, there
is an additional subtlety if we wish to connect super-p-forms to their bosonic counterparts
at the component level (although this is not necessary for the abstract construction). It is
well-known that the 4D, N = 1 super-de Rham complex of irreducible super-p-forms defines
multiplets which include bosonic p-forms. In superspaces with more than four supercharges
this is no longer universally true. In 5D, N = 1 superspace, for example, the irreducible
“3-form” is instead a multiplet of superconformal gauge parameters [27, 57].

Eventually, one would like to go beyond the computation of scalar potentials and
obtain the effective action for such theories complete with gravity couplings (including all
gravitino superfields). This is not trivial and it would be interesting to know what the
conditions on the general hierarchy might be that would make this possible. Partial results
come from minimal coupling to old-minimal supergravity [30] or, as emphasized in [25, 26],
even more simply from conformal superspace [41, 42].
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A Superform components

In section 2, we reviewed the embedding of the bosonic p-form potentials into superfield
prepotentials (cf. eq. (2.2)). In this appendix, we further embed these components and
prepotentials in superforms. It is not necessary to understand the details of this embedding
to construct the Chern-Simons super-invariants, but we will be explicit in our presentation
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as they are needed to project the superspace action to components and because we use
some of the expressions here in the proofs of section 5.
We begin with the zero-form bosonic potential, the axion, which was given by

a:f(<1>+<1>)]. (Al)

It is clear how we can lift this to a super-zero-form, also known as a superfield; we just
remove the | and write

O = %(cp + 3. (A.2)

In this section our goal is to find superforms C'?) which will have the bosonic potentials
sitting in their bottom components and a set of field-strengths F'®) related to them by
F@t+l) — gC®) . Since we have already defined C©), we can compute

D&, P = %aw(é +B). (A.3)

1 1
FY = - D2, Y = $

1
2
With some foresight, we can rewrite these expressions in terms of the superfield U =
(@ — 8)/2
. = 1 1,

FY =ip,u, FY =-iDU, FiV = ~04"(Da, Da]U. (A.4)
Note the similarity between Fé}l) and (2.2b). We can take this as a sign to make the
(justifiable [27, 30]) ansatz that

_ 1 . _
c® =ip,v, ¢V =—iD,V, c;”:—z&;;a[pa,z)d]v (A.5)

That is, we have simply replaced U with V to go from F M to ¢M. But now that we have
CW, we can compute F? = dCW,

ss ss 55 st 5
FO = — L [(00) P DOWs — (640)* Dl (A.6)
i 2 Y)a B vy) gé

2 2 & 2
Cs(z) = Cs(? = CSEE) =0, CS(¢) = (Uw)socz 5 ng'l/’) = _(Uw)a§2 5
i - -
Cpi = =5 |(000)a” DS = (344)* 3 Da T’ (A7)

Then F®) = dC® has non-vanishing components

) 3 « 3 _ & =
FS), = ioy)ssH,  Fl = (0py) Do,  FL), = —(@y)*sDaH,
3 1 —a\aa a
F, ziw)zb = gEvya(0%)*[Da, De]H. (A8)
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Similarly,

Y = (04y)fDaX, O = —(54)%DaX,

C(S) _ Z'(O'w)ng, C( )

s5Y s — sy
1 . _
Cians = gEwiva(0°)° Dy Dal X, (A.9)
4 _ ~ 4) _ (4 o 1 _
Fs(sww = 4(U¢’¢5)SSG7 Fgggww = —4(501#1&)55(;7 Fs¢)ww = §5ww¢aU§aDaGa
F(4) — 15 O.a_DaG F(4) — EE (DQG o DQG) (A 10)
sy = 9EVPvaTas B Sygyy T gEYYYY , ,
and
4) _ = 4) _ @ 1 _
4) 1 4 ) 9 — o
Capss = gEvuadas DT, Cyppy = gvpwu(DT = DT). (A.11)

One can check that dC™® = 0, so the hierarchy stops here.
Moreover, the gauge transformations can also be cast in this language with

§5C®) = gAP=1), (A.12)

where the components of the forms AP~ are obtained by taking the expressions for
C®=1) and substituting A, L, T% and Z for ®, V, % and X respectively. The
field-strengths F(P*1) are invariant by the nilpotency of the super-de Rham differential,
SF@+Y) — 22A(-1) — .

For the non-abelian tensor hierarchy, we can almost take the same expressions for the
polyforms C' and F = QC as in the abelian tensor hierarchy [14] but using the full non-
abelian expressions (2.5). The only additional modifications we need to make are in degree
two, where we need to modify the expressions as

2 2
_ & - 1 : 3 =
+ (UQM,) 5 <2Dd25 - 5(@,;\,)@5‘/ + (Lw)'BDdV>, (A.13)

and similarly for F®) with ¥ — W and V — U. For a more explicit step-by-step derivation,
we refer to [30].

As before, the gauge symmetry is simply dC = QA with 6F = Q?A = 0 by the
nilpotency of Q. The expressions for A are obtained by substituting the gauge parameter
superfields in for the prepotentials in the expressions for C' (including the given modifica-
tions in degree two).

A.1 Composite forms

We also need to be able to take wedge products of superforms. For the four-dimensional
part of the forms, this works in a straightforward way with numerical factors determined
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in the same way as for ordinary differential forms and signs determined by the character of
the relevant indices (i.e., spinor or vector). The wedge product of two polyforms is given by
extending the usual wedge product by linearity. For our purposes there is one additional
wrinkle, which is that our objects are also ordinary differential forms in the internal space.
Since we generally write our objects with the spacetime indices explicit and the internal
indices implicit, the wedge product of two objects w A & can get an additional sign when
the internal degree of w and the spacetime degree of £ are both odd. As examples, here
are the rules for constructing the components of F' A F up to degree two'"

(FAF)O) = pO R0, (A.14a)

(FAF)H =2F0pM) (A.14Db)

(FAF)Y =20 FY, (A.14c)

(FAF)Y =2FrOF® _op®pl) (A.14d)

(FAF)? =2rOF? _op®pl) (A.14e)
2 2 1

(FAF)S =2FOF2 —apMFY, (A.14f)
@) _ o 5(0) (2 (1) (1)

(FAF) ) =2FOF2 —2FVFD. (A.14g)

Of course some of these are zero since FS(SQ) = F 3(52) = 0, but those terms are included to

give the general pattern. For a more complicated relevant example,

(FAF)Y  —op@p®

(1) ((3) (1) ((3)
G e — AFVFY) — 4RV F (A.15)

() () _ g2 (2
- ) + 2R F) — sFC)F

(T s
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